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MEA CUPLA
WRONG DEFINITION OF STRONG SELF-ABSORPTION

I CLAIMED UNITAL D 6= C IS STRONGLY SELF-ABSORBING IF:
D ⇠= D ⌦D
The flip map is approximately inner on D ⌦D.

BUT IN FACT

Unital D 6= C is strongly self-absorbing if:

The flip map is approximately inner on D ⌦D.

and either D ⇠= D⌦1 or

The point is that this gives an isomorphism ✓ : D
⇠=! D ⌦D which is

approx unitarily equivalent to x 7! x ⌦ 1D

HOWEVER: JUST ASSUMING D HAS APPROXIMATE INNER FLIP

Proof that D ,! A! \ A0 ) A ⇠= A ⌦D still true

Converse holds when D is strongly self-absorbing.

2

E) a certain central seqcme condition Merlos



JIANG’S THEOREM: UNITAL Z -STABLE C⇤-ALGEBRAS
ARE K1 INJECTIVE

FOR A UNITAL AND M21 -STABLE

A is K1-injective

K0(A) generated by {[p]0 : p 2 P(A)}.

RECALL Z IS AN INDUCTIVE LIMIT OF Z21,31 ’S

It suffices to show A ⌦ Z21,31 is K1-injective

Fix unitary u 2 A ⌦ Z21,31 with [u]1 = 0.

0 ! A ⌦ SM61 ! A ⌦ Z21,31
q�! A ⌦ (M21 � M31) ! 0,

3

[ u]
,

:O UEUIAT ⇒ un 1 in ACA)
.

•n

Mooch
it

=
HE b-¢0m] , Misiones) : £01}

Hit
A

10Mt

A 11

v. A- ④ Mis ④ A @Msn
$6B

,

-- 0
^

.

.
: qlu)Nhl in A ☒ lMz• ④ Mid

hit qlo) live A- ①Zamir Mylne ubyiio so qlo) =L .



JIANG’S THEOREM

Fix unitary u 2 A ⌦ Z21,31 with [u]1 = 0.

wlog q(u) = 1, so u 2 (A ⌦ SM61)⇠

K1(A ⌦ SM61) // K1(A ⌦ Z21,31) // K1(A ⌦ (M21 � M31))

✏✏

K0(A ⌦ (M21 � M31))

exp

OO

K0(A ⌦ Z21,31)oo K0(A ⌦ SM61)oo

CLAIM

Can replace u so that [u]1 = 0 in K1(A ⌦ SM61).

4

= IJEEGT,A④Mos ) : Eli)eEB

[u], 1-7
' [if =D .

. :[u ] , i eepln) in E ko LA ① lmao ④Me))=É¢p;]
.-1g;])

in
with pi ,qi E PCA ①( Mos Msu))

.

lift there to rllfadpiib hi ,k ; E CA Zippo) in k.CA ⑧ Mos)

we u e-
2AM '

.
.
.
.
e-211-ihneftiki.net#knwuRfw),=O



JIANG’S THEOREM

Fix unitary u 2 A ⌦ Z21,31 with [u]1 = 0.

0 ! A ⌦ SM61 ! A ⌦ Z21,31
q�! A ⌦ (M21 � M31) ! 0,

wlog q(u) = 1, so u 2 (A ⌦ SM61)

and wlog [u]1 = 0 in K1(A ⌦ SM61)
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RECALL: MATUI-SATO. LIFT MCDUFFNESS TO TRACIALLY LARGE
ORDER ZERO MAP

A 6= Mn, simple nuclear with unique trace.

A! \ A0
// // R! \R0

Mn

OO

What if A has more than one trace?

Need to look at all traces simulateously, and obtain uniform estimates.
6

THA)" ER

9 ok
,

taken =\

For each TE TEM Foy : Mn -1 Awn A
' 012 % (9+117)=1 .

Want ⑥ lilllially bye ohz.my p : Mn + AwnAlok . T.HN/--1-VtETw(A)
.



LOOKING AT ALL THE TRACES AT THE SAME TIME

⇡⌧ (A)00 doesn’t carry uniform information about all traces on A.

A⇤⇤
fin sees all traces — but not uniformly.

RECALL

Let ⌧ be a trace on a C⇤-algebra A. Then ⇡⌧ (A) is a von Neumann

algebra iff the unit ball of A is complete in k · k2,⌧ .

DEFINITION

Let A be a C⇤-algebra with T (A) 6= ;. kxk2,T (A) = sup⌧2T (A) kxk2,⌧

AT (A)
:=

{norm bounded, k · k2,T (A)-Cauchy sequences}
{norm bounded, k · k2,T (A)-null sequences}

Tracial completion of A. k · k2,T (A) extends to AT (A)
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AT (A)
:=

{norm bounded, k · k2,T (A)-Cauchy sequences}
{norm bounded, k · k2,T (A)-null sequences}

Tracial completion of A. k · k2,T (A) extends to AT (A)
.

DEFINITION (CCEGSTW)
A tracially complete C⇤-algebra is a pair (M,X ) such that X ⇢ T (M)
is a closed convex set such that

kxk2,X = sup⌧2X ⌧(x⇤x)1/2 is a norm on M.

The unit ball of M is complete in k · k2,X .
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MCDUFFNESS (AGAIN)
Various operations: follow constructions for finite vNa using k · k2,X
rather than k · k2,⌧ .

(M,X )⌦ (N ,Y ) = (M⌦N )
co(X⇥Y )

.

(M,X )! has algebra M! = `1(M)/{(xn) : limn!! kxnk2,X = 0}.

THEN

for k · k2,X -separable tracially complete C⇤-algebras:

(M,X ) ⇠= (M,X )⌦ (R, {⌧R}) () Mn ,! (M,X )! \M0.
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FROM POINTWISE TO UNIFORM?

FROM

8⌧ 2 T!(A), 9�⌧ : Mn ! (A! \ A0), such that ⌧(1) = 0

TO

9� : Mn ! (A! \ A0), such that 8⌧ 2 T!(A), ⌧(1) = 0?

ANOTHER EG: FOR A UNITARY u 2 (M,X )
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POINTWISE TO UNIFORM: MCDUFFNESS IS UNIVERSAL
(AT LEAST WITH A FACTOR CONDITION)

DEFINITION

(M,X ) is factorial if X is a closed face of T (M).

Automatic (but needs work) for (AT (A)
,T (A)).

EXAMPLE — THEOREM

Let (M,X ) be a McDuff tracially complete C⇤-algebra and u 2 M
unitary. Then there exists self-adjoint h 2 M! with u = eih.

eg (AT (A),T (A)) with A Z-stable.
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POINTWISE TO UNIFORM: MCDUFFNESS IS UNIVERSAL
A CLASSIFICATION TYPE EXAMPLE

A CONSEQUENCE OF CONNES’ THEOREM

Let A be a separable nuclear C⇤-algebra and M a finite von Neumann

algebra. Maps A ! M are classified by traces.

UNIFORM TRACE VERSION

Let A be separable nuclear C⇤-algebra, and (M,X ) a McDuff factorial

tracially complete C⇤-algebra. Maps A ! M are classified by traces.
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AMENABILITY FOR TRACIALLY COMPLETE
C⇤-ALGEBRAS

M idM
//

  

M

Fi

>>

THEOREM (CCEGSTW)
Amenable McDuff factorial tracially complete C⇤-algebras are

approximately finite dimensional.

They are then classified by the specified set of traces.

13

too EX

uhheato.TN#Kyy.filn1-Nlz.x-' 0am
mallN

o

↳c y ,
14

Cpc swathed .

A
,
B 2- Idle, Miller, TLAI, .HN -4¢ kg . unital .

ATM ± It
"

€ , TCA) E 1- (B)
.



Amenable by →MCDnyb-aiiallyuaqbtela-m-dyuupld.ee


