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MEA CUPLA

WRONG DEFINITION OF STRONG SELF-ABSORPTION

I CLAIMED UNITAL D # C IS STRONGLY SELF-ABSORBING IF:
e D=ED®D
e The flip map is approximately inner on D ® D.

BUT IN FACT
Unital D # C is strongly self-absorbing if:
e The flip map is approximately inner on D ® D.

and eitherE = D®°°)or A @ain Qpk s Goidan W eudoy

The point is that this gives an isomorphism ¢ : D 5 D ® D which is
approx unitarily equivalentto x — x ® 1p

HOWEVER: JUST ASSUMING D HAS APPROXIMATE INNER FLIP
Proof that D — A, N A = A=~ A® D still true

Converse holds when D is strongly self-absorbing.



JIANG’S THEOREM: UNITAL Z-STABLE C*-ALGEBRAS
ARE Ky INIECTIVE L] =0 velll) = yal &4

FOR A UNITAL AND My -STABLE
. C 1
e Ais Kj-injective

Mlua)
o Kp(A) generated by {[plo : p € P(A)}.

e Qo Vo) m){

RECALL Z IS AN INDUCTIVE LIMIT OF Zpc 3 S
o It suffices to show A ® Zp 3~ is Kj-injective f[gns.,,
e Fix unitary u € A® Z 30 With [u]y = 0.
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JIANG’S THEOREM

e Fix unitary u € A® Zs 30 With [u]y = 0.
o wlog g(u) = 1,50 U € (A® SMeg)™ - (5 CQT, AoV ): S
Ki(A® SMe=) Ki(A® Zoo 300) ——= Ki(A® (M2 & Mzoc))

EXPT L, P Ly = l

Ko(A® (Moo @ Maoo)) =—— Ko(A ® Zo00 goo) =<——— Ko(A ® SMgoo)

CLAIM
Can replace u so that [u]y = 0 in K1(A ® SMge). J
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JIANG’S THEOREM
e Fix unitary u € A® Zs 30 With [u]y = 0.
0= A® SMgeo — A® Zpo goo -5 AR (Mpo & Mgoe) — 0,

e wlog g(u) =1,s0 u € (A® SMg)
e and wlog [u]y = 0in K1 (A ® SMe)
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RECALL: MATUI-SATO. LIFT MCDUFFNESS TO TRACIALLY LARGE
ORDER ZERO MAP

A # M,, simple nuclear with unique trace. T (A ¥R

A, NA —=RYNR/

TN

M,

e What if A has more than one trace?

Fiean Te T F g 2 Mo = Aw oA oz T (G LN <\

W) sat thﬂ% : Wfol\?wf 0: ¥, Aok oz, T Lol)) <
Vee T, A,

Need to look at all traces simulateously, and obtain uniform estimates. 6



LOOKING AT ALL THE TRACES AT THE SAME TIME

e 7.(A)” doesn’t carry uniform information about all traces on A.
e A:* sees all traces — but not uniformly.

RECALL

Let 7 be a trace on a C*-algebra A. Then 7, (A) is a von Neumann
algebra iff the unit ball of Ais complete in || - ||2,,.

DeriNiTION Az CW) Ul = el
Let Abe a C*-algebra with T(A) # 0. |Ix||2,7(a) = suprc1(a) IXll2,r

v

7(4) _ {norm bounded, | -2 r(4-Cauchy sequences} (g

A
{norm bounded, || - [|2 7(4)-null sequences}

e Tracial completion of A. | - ||, 7(4) extends to A



T(4) _ {norm bounded, || - [|2,7(a)-Cauchy sequences}

A {norm bounded, || - [[2,7(4)-null sequences}

e Tracial completion of A. || - ||, 7(a) extends to AT
DEFINITION (CCEGSTW) My

A tracially complete C*-algebra is a pair (M, X) such that X ¢ T(M)
is a closed convex set such that

o ||X|l2.x = sup,cx T(x*x)!/2 is a norm on M.
e The unit ball of M is complete in || - ||2.x.
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MCDUFFNESS (AGAIN)

Various operations: follow constructions for finite vNa using || - |2 x
rather than || - ||2,-.

o (M X)BW,Y)=Ma )",

e (M, X)“ has algebra M* = >°(M)/{(Xn) : limpy || Xnl|l2,x = O}.
THEN
for || - ||2,x-separable tracially complete C*-algebras:

(M,X)§(M,X)@(R,{TR})<:>Mnf—>(4ﬂt,X)“ﬁM’.
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FROM POINTWISE TO UNIFORM?

FrROM

(Q[J)) <l
vr € T,(A), 36, : My — (A, N A'), such that 7(2)/¥d

To

3¢ : My — (A, N A", such that V7 € T, (A), 7(

ANOTHER EG: FOR A UNITARY U € (M, X)
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POINTWISE TO UNIFORM: MCDUFFNESS IS UNIVERSAL
(AT LEAST WITH A FACTOR CONDITION) T(ﬂ) . @

DEFINITION
(M, X) is factorial if X is a closed face of T(M). }

Automatic (but needs work) for (A’ ™V, T(4)). ) ¢r(aw)

EXAMPLE — THEOREM W"“"l -

[,
Let (M, X) be a McDuff tracially complete\‘é*-algebra and u € M
unitary. Then there exists self-adjoint h € M« with u = e’

o eg (AT T(A)) with A Z-stable.
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POINTWISE TO UNIFORM: MCDUFFNESS IS UNIVERSAL

A CLASSIFICATION TYPE EXAMPLE

Let A be a separable nuclear C*-algebra and M a finite von Neumann

A CONSEQUENCE OF CONNES’ THEOREM
algebra. Maps A — M are classified by traces. J

D QYA AU TogeCoy Yoo TM) 9 @ Na ¥ (it oy ¥)
v oty TU) 9 TU) T @A 44 5L D@ = wl) g ZETHD

Let A be separable nuclear C*-algebra, and (M, X) a McDuff factorial
tracially complete C*-algebra. Maps A — M are classified by traces.
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AMENABILITY FOR TRACIALLY COMPLETE

C*-ALGEBRAS 0 040 ¢X
MY S Ny el

M gy g b ol o

e N’ ‘i o alecd

THEOREM (CCEGSTW)

e Amenable McDuff factorial tracially complete C*-algebras are
approximately finite dimensional.

e They are then classified by the specified set of traces.
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