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MCDUFF’S CHARACTERISATION

THEOREM (MCDUFF ‘69)
Let M be a separably acting Il; factor. TFAE:
@ M is McDuff, i.e. M= MQR.
@ M¥ N M is non-abelian
Q@ R—>MYNnM
Q My — MNM

Proof (3= 1) is via an abstract intertwining argument.
Two ingredients:

O RERX®R
e The tensor flip x ® y — y ® x is approximately inner.



NOW FOR C*-ALGEBRAS: STRONG SELF ABSORPTION
Aw = YR / Au) ] L, lnall <03,

o Works mutatis mutandis to characterise absorption of UHF
algebras of infinite type g@ A= AQ Mz‘” & Vlz'” Q@nA'

DEFINITION
Unital D # C is strongly self-absorbing if:
e D=D®D
e The flip map is approximately inner on D @ D.
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CONSEQUENCES OF APPROX INNER FLIP ON D ® D

e D is simple — exercise
e D has at most one trace @/ fz [ T(D)
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THE JIANG-SU ALGEBRA Z

WHAT IS THE RIGHT ANALOG OF R?
e Ms=? Too uncanonical.

o Q=@®,M,? Too big. Ma® 6 ¢ Q.

PROPERTIES OF 2
o Strongly self-absorbing with Ko(Z) = Z (and K1(2) =0). ¢ .
e Z has a trace (which is then necessarily unique).

A= A® Z necessary for classification by K-theory and traces.
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MCDUFF’S CHARACTERISATION FOR Z

Ais Z-stable <= Z —+ A, N A Mz %Ao\)"A ’.3
ORDER ZERO MAPS

A c.p.c. map ¢ : A— Bis order zero if it preserves orthogonality, i.e.
xy = 0 (say in As,) implies ¢(x)o(y) = 0.
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DEFINITION

Order zero ¢ : M, — Biis large if exists v € Bwith 15 — ¢(1p,) = V¥V
and ¢(e11)w* = w*.
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Z-STABILITY AND COMPARISON.

CUNTZ COMPARISON OF POSITIVE ELEMENTS (IN |, M,(A))
e a3 b« I(xm), Xx;mbxm — a. (Q o)

ea~b<«<—=azbandba L

Cuntz semigroup of A is almost unperforated if a®("1) < p®" = g < b.

THEOREM (R@GRDAM)

A g, unital Z-stable, implies the Cuntz semigroup of A is almost
unperforated.
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MEASURING LARGENESS IN TRACE

A sequence (7p)72 4 of traces on A induces a limit trace 7 on A,:

() = lim 7{x0). bi)e ¢

w

Write T,,(A) for the set of all limit traces.
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A PICTURE OF Z ZP ,'b" B ( {6 d[ﬂ/ﬂ MPNIGM1’0) &.[D)E M‘W@'g
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A MODERN ‘CONSTRUCTION’
Z is the unique inductive limit

[ g f
Zpe,qe = Lpe,qeo = Lpo,goo = -
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JIANG’S THEOREM
THEOREM J

A unital Z-stable C*-algebra A is Kj-injective.

e U t-)], 20 = unl W AR,

+ First consider case when A is M,~-stable.
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EXERCISE
For Mn-stable A, Ky(A) is generated by {[p]o : p a projection in A}. J




JIANG’S THEOREM

RECALL Z IS AN INDUCTIVE LIMIT OF Zp g=’S
o It suffices to show A ® Zo~ 3 is Kj-injective
e Fix unitary u € A® Z 30 With [u]y = 0.

0= A® SMgee = A® Zpoo g0 5 AR (Mpoo & Maoe) —

0,
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JIANG’S THEOREM

e Fix unitary u € A® Zs 30 With [u]y = 0.
e wlog g(u) =1,s0 u € (A® SMs)
Ki(A® SMe=) Ki(A® 2o 300) ——= Ki(A® (Moo & M)

. |

Ko(A® (Mo @ Mz )) =<—— Ko(A® Zao0 300 ) =<——— Ko(A® SMgeo)

CLAIM
Can replace u so that [u]y = 0 in K1(A ® SMge). J
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JIANG’S THEOREM
e Fix unitary u € A® Zs 30 With [u]y = 0.
0= A® SMgeo — A® Zpo goo -5 AR (Mpo & Mgoe) — 0,

e wlog g(u) =1,s0 u € (A® SMg)
e and wlog [u]y = 0in K1 (A ® SMe)
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