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ABSTRACT. We extend the notion of Rokhlin dimension from topological dynamical sys-
tems to C*-correspondences. We show that in the presence of finite Rokhlin dimension
and a mild quasidiagonal-like condition (which, for example, is automatic for finitely
generated projective correspondences), finite nuclear dimension passes from the scalar
algebra to the associated Toeplitz—Pimsner and (hence) Cuntz—Pimsner algebras. As a
consequence we provide new examples of classifiable C*-algebras: if A is simple, unital,
has finite nuclear dimension and satisfies the UCT, then for every finitely generated pro-
jective H with finite Rokhlin dimension, the associated Cuntz—Pimsner algebra O(H) is
classifiable in the sense of Elliott’s Program.

1. INTRODUCTION

The topological notion of covering dimension was extended to the noncommutative
context by Winter and Zacharias in [27]. Their nuclear dimension has contributed to the
most important and broadly applicable advances in the theory of nuclear C*-algebras in
the last 40 years. For example, the Toms—Winter conjecture asserts that finite nuclear
dimension is often equivalent to structural properties analogous to those exploited by
Connes in his proof of uniqueness of the injective II;-factor ([5]). In a remarkable break-
through, this audacious conjecture was confirmed in the unique-trace case in [19], and
has now been confirmed for much broader classes (see [4]). As another stunning example,
in 2015 finite nuclear dimension led to the completion of Elliott’s Classification Program
for the cases of most interest (cf. [7], [23]). In short, nuclear dimension has revolutionized
the field.

It is thus important to know which examples have finite nuclear dimension. In the
influential paper [15] it was shown that all Kirchberg algebras have nuclear dimension at
most three. (In fact, they have dimension one; see [] and [1§].) In [22] Szabo proved
that if Z™ acts freely on a compact metric space X of finite covering dimension, then the
associated crossed product C'(X) xZ" has finite nuclear dimension. His work was inspired
by and depended upon [I0], where the classical measure-theoretic Rokhlin property was
exported to the realm of topology. This so-called Rokhlin dimension makes sense in the
noncommutative context too, so we can study it for C*-dynamical systems. There is
mounting evidence that Rokhlin dimension is for C*-dynamical systems what nuclear
dimension is for C*-algebras: ubiquitous and fundamental.

For example, it is intimately connected with nuclear dimension via the crossed product
construction. One of the main results of [10] was that A x,Z has finite nuclear dimension
whenever A does and the automorphism « has finite Rokhlin dimension. Since A X,
Z can be realized as a Cuntz—Pimsner algebra, it is natural to seek an extension of
Rokhlin dimension to the context of C*-correspondences, then ask whether the associated
Toeplitz—Pimnser and/or Cuntz—Pimsner algebras have finite nuclear dimension?

That is the subject of this paper. Indeed, we generalize Rokhlin dimension to C*-
correspondences in Definition [3.1] then prove the following.
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Theorem 1.1. Suppose that H is a countably generated C*-correspondence over a sepa-
rable unital C*-algebra A, satisfying a technical quasidiagonal-like condition (see Theorem

[1.17). Then
(dimpue (7T (H)) + 1) < 2(dimpyue(A) + 1) (dimgek (H) + 1).

The quasidiagonal-like condition is probably unnecessary, and would be if a certain
algebra could be shown directly to have finite nuclear dimension (cf. Lemma [4.1). In
any case, it is satisfied in many examples, including all finitely generated projective
correspondences (see Example .

As an application, we provide new examples of classifiable C*-algebras in the sense
of Elliott’s Program. Thanks to [7] and [23], this amounts to verifying simplicity, finite
nuclear dimension and the Universal Coefficient Theorem (UCT) of [17].

Corollary 1.2. (Corollary Assume A is simple, unital, satisfies the UCT and has
finite nuclear dimension. For every finitely generated projective H with finite Rokhlin
dimension, the associated Cuntz—Pimsner algebra O(#H) is also simple, unital, satisfies
the UCT and has finite nuclear dimension.

Note that we’ve substantially generalized the C*-dynamical system case from [10, The-
orem 4.1] because A x,7Z is the Cuntz—Pimsner algebra over a singly generated projective
correspondence. Also, this corollary holds whenever Theorem does, so it’s likely true
for arbitrary correspondences of finite Rokhlin dimension (and definitely true when the
quasidiagonal-like hypothesis is satisfied).

The proof of Theoremfollows [10] very closely, at least in spirit. The main technical
innovation is finding suitable replacements for the outgoing and incoming maps used in
the proof of Theorem 4.1 in [10]. But we also have to worry about the nuclear dimension
of the range of the outgoing maps, an easy task in the crossed-product case. The majority
of the paper is devoted to laying out these issues, and resolving them. Once that is done,
the proof of finite nuclear dimension is very similar to [10].

Here is an outline of what follows. In Section [2 we establish notation and give
relevant background information on nuclearity, nuclear dimension, Hilbert C*-modules,
C*-correspondences, and Cuntz—Pimsner algebras. Section [3| is about the definition of
Rokhlin dimension for C*-correspondences. The heavy lifting is contained in Section [4]
culminating with the proof of our main result (Theorem [4.17). In Section [f] we observe
a cute application: in certain circumstances, reduced amalgamated free products have
finite nuclear dimension. Finally, in Section [6] we show how to use work of Schweizer

([120]) to deduce Corollary [1.2] from Theorem [1.1]

2. PRELIMINARIES

2.1. Notation and terminology. Throughout all that follows, we will use the following
conventions, assumptions, and notation. When we refer to an ideal of a C*-algebra, we
mean a closed, two-sided ideal. If A is a C*-algebra, let A, Ball;(A), M(A), and Z(A)
denote the positive cone, unit ball, multiplier algebra, and center, respectively, of A. If
x,y € A are self-adjoint, let x =~. y, x L y, and = L, y mean ||z — y|| < €, zy = 0,
and zy =, 0, respectively. If C,D C A, let C’ denote the commutant of C' in A and
let C' C. D mean that for every contraction ¢ € C, there is a d € D satisfying ¢ ~. d.
If p: A — B is a linear map to a C*-algebra B, we will say that ¢ is e-contractive if
o]l < 14 €. We will use the abbreviation c.p.(c.) to mean completely positive (and
contractive). We write K for the compact operators on ¢*(N). For a C*-algebra A, we
define
Ay = A(N, A) /cy(N, A),
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and view A as a subalgebra of A, in the canonical way (consisting of elements represented
by constant sequences).

2.2. Order zero maps and nuclear dimension. Throughout this section let A and
K be C*-algebras.

Definition 2.1. A c.p. map ¢ : K — A is order zero if it preserves orthogonality: for
every pair of positive elements x1, x5 € K,

T L1y = 77/}(1'1) 1 1/)(1‘1)

Definition 2.2. A has nuclear dimension at most n, written dimy,.(A4) < n, if for
every finite subset F' C A and ¢ > 0, there is a finite-dimensional C*-algebra K =
KO9®...o K™ acp.c map p: A— K, and a c.p. map ¢ : K — A satisfying

(1) ||t o p(a) — a|| < € for every a € F, and
(2) for each i =0, ...,n, the restriction of ¢ to K is contractive and order zero.

The following is well-known and underpins many nuclear dimension computations in
the literature.

Lemma 2.3. Fix m,n € N. Let A be a C*-algebra. Then dimy,.(A) < m(n+1) — 1 if,
for every finite set F' C A and € > 0, there exists a C*-algebra B of nuclear dimension at
most n and c.p. maps

A B2 A

such that 1 is c.p.c., ¢ is a sum of m c.p.c. order zero maps, and ||9¢(a) — al| < € for
a€l.

Proof. By [24] Proposition 2.5], we only need to show that the inclusion of A into Ay
has nuclear dimension at most (m + 1)n — 1 To this end, let ' C A be finite and let
e > 0. Find B, %, and ¢ as in the hypotheses, for the finite set F' and with ¢/2 in place
of €. Since B has nuclear dimension at most m, we can factor the identity map on B, up
to 5= on Y(F), as

B-Py Kk B

such that § is c.p.c. and « is a sum of (m+ 1) c.p.c. order zero maps. Then the inclusion
A — A factors, up to € on F, as

A2 K2 A
where §1 is c.p.c., and ¢a decomposes as a sum of n(m + 1) c.p.c. order zero maps. O
If J QA is an ideal, then by [28, Proposition 2.9] we have
dimyue(A) < dimyye(J) + dimpge(4/J) + 1.

However a slight modification of the proof of [I1l, Proposition 5.1] implies the following
statement.

Proposition 2.4. If J < A has a quasicentral approximate unit consisting of projections,
then dimy,e(A) = max{dimyuc(J), dimpy,.(A/J)}.
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2.3. Correspondences. Throughout this section let A be a unital C*-algebra. We give a
brief overview of C*-modules (all of which are assumed to be over A), C*-correspondences,
and Cuntz—Pimsner algebras. For comprehensive treatments, see [3, 7, [16].

Let H be a Hilbert C*-module. We say H is full if the set (H, H) := {(x,y) : =,y € H}
is dense in A.We say H is free if it has an orthonormal set of generators; it is finitely
generated projective if it is an orthogonal direct summand in a finitely generated free
module.

If £ is another C*-module, we denote by B(H,K) and K(#, ) the adjointable and
compact operators from H to K, respectively. K(H,K) is the closed span of operators
sy (over x € K,y € H), where

(1) ewy(2) =2 (y,2)n, z€H.

In the case H = K, we write B(H) and K(H). Besides the operator norm topology,
there is another natural topology on B(H,K): a sequence T, converges strictly to T if
T,(x) = T(x) and T)¥(y) — T*(y) for every x € H and y € K. If {H,;}icsr is a collection
of C*-modules, their direct sum € H;, defined as

{(x)ier € HH, | Z@u%) converges in norm},

is also a C*-module. If H is a free C*-module whose orthonormal generators are indexed
by a set I, then H = @, A.
We will need the following important theorem of Kasparov.

Theorem 2.5 (Kasparov’s stabilization theorem). If H is a countably generated, then
there is a countably generated free C*-module H’ satisfying

HOH =H.

Kasparov’s stabilization theorem implies K(#) is isomorphic to a hereditary subalgebra
of A® K. By [28, Proposition 2.5], this implies

(2) dlmnuc(K<H)) S dimnuc(A)‘

We say H is a C*-correspondence (or simply a correspondence) if there is a unital
injective *-homomorphism w : A — B(H). The map w is called the left action of A on
H and we will write w,(z) as a.x. The simplest example is the identity correspondence,
which is the C*-module A (over A) with the left action given by left multiplication. If
{H,;}icr is a collection of correspondences, their direct sum @ H; is also a correspondence
with the left action given by wgyy, = @ wy,.

We say two correspondences ‘H and K are unitarily equivalent (and write H ~ K) if
there exists an adjointable map U : ‘H — K such that

(1) U(a.z) = a.U(x) for every x € H and a € A, and
(2) U*U = idy, and UU* = idk.
The algebraic tensor product H ® K of two correspondences H and K is naturally a
right A-module with an A-valued semi-inner product given by

(3) (1 @ y1,2 @ y2) = (Y1, (®1,T2). Ya).

Denote by H ® K the C*-module obtained from H ® I by separation and completion. In
H ® K, the following identity holds

(4) r®(a.y)=(r.a)®y, reEH,yek,a€cA

There is an injective *-homomorphism B(H) — B(H ® K) given by T — T ® 1, where
(T®1)(xr®y) = Tr®y (and a *~homomorphism A’ N B(K) — B(H ® K) given by
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T — 1®T). In particular H ® K is a correspondence, called the interior tensor product
of H and K. Elements of the form h ® k € H ® K are called elementary tensors.
If H is a correspondence over a C*-algebra A, define

Hoo = (N, H)/co(N, H),

and one can easily check that this is a correspondence over the sequence algebra A,
in the obvious way. It contains H as the subset consisting of elements with constant
sequence representatives. In particular, the product (in either order) of an element of A,
and an element of H makes sense as an element of this H...

For a correspondence ‘H over a C*-algebra A, a representation of H on a C*-algebra B
is a pair (7, 7) consisting of a *-homomorphism 7 : A — B and a linear map 7 : H — B
satisfying 7(a.x.0) = 7w(a)7(z)w(b) and 7(x)*7(y) = 7((z,y)) for every z,y € H and
a,b € A. Denote by C*(m, ) the C*-subalgebra of B generated by 7(A) and 7(H). We
say a representation (m,7) admits a gauge action if there is an action f of T = {z € C :
|z| = 1} on C*(w,7) such that 5.(w(a)) = w(a) and B,(7(§)) = 27(§) for all a € A and
EeH.

2.4. Cuntz—Pimsner algebras. We now briefly review the construction of Cuntz—
Pimsner algebras. These were first defined by Pimsner in [16]. Note that [16] contains

the proofs of Theorems and [2.10, and Proposition . See also [3], Section 4.6]
For a single correspondence H, set H*® = A and H®* = H ® --- ® H. The full Fock
space and p*-cutoff Fock space over H are the correspondences defined by

0 p—1
F(H)=EPH™ and F,(H)=PH™
k=0

k=0

We say an elementary tensor x = 1 ® - -+ ® x;, € H®* C F(H) has length k and write
|z| = k. When H is a free module with orthonormal basis {; }ics, we set W equal to the
set of all elementary tensors in the &;, and

(5) We={peWl|ul =k}, We={peW]|ul <p}

The left action of A on F(H) is given by a. (x; ® -+ - Q@xy) = (a.21) ® - - - ® 2. Moreover
for each = € H we define the creation operator T, € B(F(H)) by T.(a) = z.a and
T, (21®  ®@x,) =100,®-Q1,. Ifa € H set T, = a, and if v = 7, ®- - - @1, € H*
set T, =T, ---T},. Note that for an elementary tensor ,

o) = 4 @V =y eyl =l
0, lyl < |l

Using rank-one operators e, ,, € K(H®/*l H®¥l) associated to elementary tensors in F(H),
we have the identity

(6) T =) oy @ lyor,
k=0

where convergence is understood to be strict.

Definition 2.6. Let H be a correspondence over A. The Toeplitz—Pimsner algebra T (H)
is the C*-subalgebra of B(F(H)) generated by A and {7} | =z € H}.

Theorem 2.7. Let T(#H) be the Toeplitz—Pimsner algebra of a correspondence H over
A.
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(1) For every aw € C, z,y € H, and a,b € A, the creation operators satisfy

(7) Towry =L+ Ty, Thup=0alpb, TT,= (xy).
In particular,
(8) T(H) = span{T,T; | v,y € F(H) elementary tensors}.

(2) ([8]) The Toeplitz—Pimsner algebra T (H) is the unique C*-algebra (up to isomor-
phism) generated by a representation (m,7) of H, such that

w(A) Nspan{t(x)7(y)* | z,y € H} =0,

and which admits a gauge action.

The Toeplitz—Pimsner algebra is too large for many purposes, so we define the Cuntz—
Pimsner algebra O(H) to be a natural quotient of 7(H). Denote by J(H) the C*-
subalgebra of B(F(H)) generated by

UBE ).
n=0 k=0

The multiplier algebra M(J(H)) can be identified with all T € B(F(H)) satisfying

both TJ(H) C J(H) and J(H)T C J(H). In particular, there is there is an inclusion

T(H) C M(J(H)). (However, note that 7 (H) may not contain J(H).)

Definition 2.8. The Cuntz—Pimsner algebra O(H) is the C*-algebra Q(T (H)), where

Q: M(J(H)) — M(J(H))/J(H) is the quotient map. We denote by S, the image of
the creation operator 7T, under Q.

Here is another description of O(H). Let Iy; = ANK(H) C B(H). Since I is an ideal
in A and F(H)I3 is a B(F(H))-invariant subcorrespondence of F(H), we can conclude
K(F(H)I) = span{e,, | z,y € F(H)Zy} is an ideal in B(F(H)).

Proposition 2.9. K(F(H)Iy) C T(H), and in particular K(F(H)I) = ker Q|r(z). In
other words,

O(H) = T(H)/K(F(H) ).

Theorem 2.10. Let O(H) be the Cuntz—Pimsner algebra of a correspondence H over
A. For every a € C,z,y € H, and a,b € A, the following identity holds:

Saz+y - aSz + Sy7 Sa.x.b — @bev S;Sy = <LE, y>
Remark 2.11. If H is a finitely generated projective correspondence, then K(H) =
B(H) (see [26]) and hence A NK(H) = A. Since A is unital, K(F(H)Ix) = K(F(H)).
This shows 7 (H) contains all of K(F(H)) and O(H) = T(H)/K(F(H)). At the other

extreme, if ANK(#H) = {0}, the kernel of @ is trivial and hence there is a *-isomorphism
O(H) — T(H) sending a to a and S, to T,.

3. ROKHLIN DIMENSION FOR C*-CORRESPONDENCES

Here is our definition of Rokhlin dimension for C*-correspondences.

Definition 3.1. Let A be a separable C*-algebra and let H be a countably generated
correspondence over A. We say that H has Rokhlin dimension at most d, dimgk(H) < d,
if any p € N, there exist positive contractions

{fzi}lzo ..... & kez/p C Ase N A
satisfying
(1) fifl, =0for all I and all k # K,
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(2) Zk,l fi =1, and
(3) z. fl = fii1. 2 In Heo, for all k, I, and z € H.

Remark 3.2. (i) One can of course reformulate this definition without using the sequence
algebra A,, and the sequence correspondence H.,. Namely, we have dimg.(H) < d if
and only if, for any € > 0, any p € N, any finite set ' C A, and any finite set V C H,
there exist positive contractions

{f]lg}l:O,...,d;kEZ/p CcA
satisfying
(1) IfLfhl < e when k # k" and all I.
(2) 1k, fi =1l <e
(3) lz. fi = fiiq-2|l <eforallk, [, and z € V.
(4) |I[ff,all| < e for all k,l and a € F.

(i) If A is a C*-algebra and a € Aut(A), one may define a correspondence A% over A
as the singly generated C*-module A with with the left action given by a.b = a(a)b.
There is a canonical isomorphism O(A%) = A X, Z (this isomorphism fixes A and sends
S} to the canonical unitary of the crossed product). Our definition of Rokhlin dimension
of C*-correspondences is designed to (almost) coincide with the Rokhlin dimension of «
(with single towers) as defined by Hirshberg, Winter, and Zacharias in [10, Definition
2.3(c)]. Specifically, we ask for single towers all of height p + 1 (whereas their definition
of dimg,, (A4, @) < d asks that each colour has a single tower of height either p or p 4 1).
In [I0, Proposition 2.8 and Remark 2.9], they show that, up to a possible factor of
2, their Rokhlin dimension coincides with the version with single towers all of height
p + 1. The same argument applies to variants on the definition of Rokhlin dimension
for correspondences, and as such, we have chosen to work with the simplest version of
Rokhlin dimension.

(iii) We can simultaneously express condition (3) and the requirement that the Rokhlin
contractions commute with A by asking that, for any elementary tensor z € F(H),

L gl
2 Je = Jrypz 2

4. NUCLEAR DIMENSION OF TOEPLITZ-PIMSNER AND CUNTZ-PIMSNER ALGEBRAS

In [10, Theorem 4.1], it is shown that for a C*-algebra A with finite nuclear dimension
and an automorphism « : A — A of finite Rokhlin dimension, the crossed product A X, Z
has finite nuclear dimension. In this section we generalize this result to correspondences
of finite Rokhlin dimension (this is truly a generalization, see Remark (1)), subject
to a technical condition which is satisfied, for example, by correspondences which are
finitely generated and projective as Hilbert C*-modules.

One can recast the argument used to prove [10, Theorem 4.1] in terms of the Fock-space
representation of 7 (A%), where A® is as in Remark (i). Specifically, the argument
makes use of outgoing maps from 7T (A%) to a compression of the Fock space represen-
tation; the range of these maps land in a subalgebra of B(F(A®)) which, in this case, is
isomorphic to some M, (A). It is possible to then define incoming maps M,,(A) — T (A%),
using compressions by row vectors corresponding to Rokhlin towers. Our argument for
general correspondences is based on this outline; however, there are two significant tech-
nical differences. First, the codomain of the outgoing map will generally not be a matrix
algebra over A, and so further input is needed to get a (uniform) bound on its nuclear di-
mension. Second, there need to be suitable replacements for the row vector compressions
used to construct the incoming maps. In this section, we deal with these technicalities.
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4.1. A compressed Fock space representation and nuclear dimension. Let H be
a countably generated correspondence over A. For each p € N, form

p—1
Fo(H) = P H*.
k=0
Set
D,(H) = span{e,, ® 15F |x,y € F,(H) elementary tensors,
max{|z|, [y|} + k < p}.
This is a C*-subalgebra of B(F,(#)). Evidently, K(F,(H)) is an ideal of D,(H).

Lemma 4.1. Suppose that for every p € N, there is an approximate unit consisting of
projections in K(F,(#)) that are quasicentral in D,(H). Then for every p € N we have

dimpyue(Dp(H)) < dimypye(A).

Proof. By induction in p. It is not hard to see that D;(H) = A. Suppose the result holds
for D; fori=1,...,p. Set

Dy = S (e2y ® L) @ Ly <0 < max{lel, [y} + k < p} C Dyyr(H).
It’s clear that D, 2 D,(#) and that
Dyr(H) = C*(K(Fpri(H)) U D) and  K(Fper(H)) N D, = {0},

This shows that D,.1(#) is an extension of (an algebra isomorphic to) D,(#) by the
compacts K(Fp41(H)). The result follows by induction, Proposition 2.4 and By the
inductive hypothesis and , both of these algebras have nuclear dimension at most
dimy,.(A). By the hypotheses of this lemma, we may apply Proposition to conclude
that the nuclear dimension of D, 1(#) is also at most dimyc(A). O

Example 4.2. (i) If H is a finitely generated projective correspondence, then so is H®*
for any k£ > 0 (see [?, Proposition 4.7]). Hence, K(F,(H)) is unital for any p € N and we
get

K(Fp(H)) = Dp(H) = B(F,p(H)).
Thus, such H does satisfy the condition of Lemma (i.e., for every p, there is an
approximate unit of projections in K(F,(#)) which is quasicentral in D,(H)).

(ii) Let KC be countably generated free Hilbert A-module with orthonormal basis (&;)2;.
Let {a;}52, € Aut(A) be a sequence of automorphisms of A, and define a correspondence
by the left action a.§ = &.a;(a) for i € N. This correspondence also satisfies the
hypothesis of Lemma 4.1}

Proof. For yp =& --- &, € Wy, set
oy =0p0---00 EAUt(A),
and note that a.p = p.a,(a).
Let WZ, denote the finite subset of W, consisting of elementary tensors of length
< pin &, ...,&,. Define the finite rank projection ¢, = dewg ec¢. This projection is
P

quasicentral in D,(KC), since for p,v € W and k € N, for sufficiently large n (namely,
when n is greater than all indices of basis elements appearing in p and v), we have

n(Cpaw ® Lger) = Z €¢ Z €p.a®n,v@n

CGWQP neWy,

= Z €cc Z €u@n.ay(a),ven

cewr, news,
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- Z Z €¢.(¢,u@n)ary (a),ven

CEWQP neWy,

= E : €u@n.ay(a),ven

newy

- Z Z Cugn.ay(a),¢.(C.remn)

NEW), CEWZ,

= Z Epn.ay(a),ven Z €¢¢

neWy CEWQP
= €papy @ lerqn.
Ol

4.2. Incoming maps. This section works extensively with countably generated free cor-
respondences: first we use the structure of such a correspondence K to define incoming
maps D,(K) — T(K), and then we use Kasparov’s stabilization theorem to apply such
incoming maps to general countably generated correspondences. Throughout, K will
generally be a countably generated free correspondence, while H will be an arbitrary
(countably generated) Hilbert module or correspondence.

For a countably generated free correspondence K over A with orthonormal basis (&;)°,
recall that W C F(K) denotes the set of elementary tensors in this generating set, while
(from (B)) Wi and W, denote the subsets of elementary tensors of length k and < p
respectively. As Hilbert A-modules, we have

K= HA FK)=PA FK)=PA
Wy w

Wep
4.2.1. Free correspondences.

Lemma 4.3. Let A be a C*-algebra, let 5 be a Hilbert A-module, and let I be an
index set. There is an inclusion B(@); A) — B(; #¢). More specifically, an operator
S € B(D; A) acts adjointably on €; 7 via

(9) (Ti)ier (Z(<5j> S&).xi)jer,
el
where (&;);er is the canonical orthonormal basis for @, A.

Proof. The map a ® x + a.x implements an isomorphism between A ® ¢ and 7. Let
us show that the map m : (@;)ie;r ®  — (a;.x);e; extends to an isomorphism between

(B, A) ® A and @; . We have

((ai)i @ @, (bi)i @ y) (z, {(ai)i; (b:)i)- y)

<.T, Zasz?ﬂ

7

= Z<ai-x,bi-y>

= ((az )i, (bi-y):)
= (m((a;); ® x), m((b;); ® y))
so that m can be extended, as a (-, -)-preserving linear functional, to the tensor product

(; A) ® A. Moreover, the image of m contains the dense set consisting of finitely
supported elements in @), 7, so that m is a unitary operator.
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The result follows since T+ mT'm ™" is a *-isomorphism between B((€D; A) ® ) and

B(6P, ), and composing this with the natural embedding B(B; A) — B((; A) @)
yields a map satisfying @ U

Corollary 4.4. Let A be a C*-algebra, let K be a countably generated free correspon-
dence with orthonormal basis {;};e;, and define W_,, by . For each p € N, there is an
inclusion B(F(K)) < B(Byy_, F(K)) that sends ej.q, @ lger (where p,v € W, a € A,
and max{|ul, |[v|} + k < p)

(10) (@)cewe, = > Oty (1 a-0). Tugy)crew..,.
n:m' €W
and a (as an operator in B(F,(K))) to the operator
(11) (@)cews, = Y (¢1a-C).w)cew.,.
CEWap

Proof. Applying Lemma with H = F(K) and I = W,, yields an embedding ¢ :
B(Dy_, A) = B(Dy._, F(K)) such that for S € B(Dy,_, A) and (z¢)cew,,

US)(x)cews,) = Y (€ Sée)-w)vew.,-
CEW<p

We use the canonical identification of F,(K) with @W<p A to view ¢ as an inclusion of
(Fp(K)) to B(Byy_, F(K)). This identification takes an elementary tensor ¢ € W, to
the orthonormal basis element &. Since a € A acts on F,(K) by sending ¢ € W, to a.,

follows immediately. For , using and , first note that for ¢ € W,

p®an,  C=venn| =k
a,V 1 =
(€p.ap @ Lyer)(C) {07 otherwise.

For ¢ = p®n € W, where n € W, and for ' € W,
() (epaw @ Lyer)C) = (', p @ a.n)
_JWam), ¢ =pen =k
0, otherwise.

Putting this together, we have

Uewaw @ Iyor)(@)cews,) = Y (¢ (Epap ® Lyen)Q). wc) e,
CeWsp

= Z <5C’7M®77' <77,7 a. 77>' I#@n)C’GW@’
nn' €Wy

as required. U

Lemma 4.5. Let A be a C*-algebra, let 7 be a Hilbert A-module, and let I be a
countable index set. Let {T;}ic;r be a collection of isometries in B(7#) with orthogonal
ranges such that ), T;7;* converges strictly in B(.%). Then the map [T;]; : @, 7 — A
given by (z;)ier — Y _;c; Tiw; is an adjointable operator with adjoint given by

(12) [Ti]7(z) = (T} )ier-

Moreover, [T;]; is an isometry.
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Proof. The hypothesis that ), T;T7* converges strictly implies that the formula for [T;]}(x)
does define an element of @; H, and therefore this formula produces a well-defined map
H — @, H. For an indexed family (x;);c; of pairwise orthogonal elements of #, note
that >, z; converges to an element € H if and only if (z;);c; represents an element y
of @;H, and in this case, (z,7)y = (y,y)@,». Since the T; have orthogonal ranges, it
follows from these facts that [T;]; is a well-defined isometry. It is an easy calculation to
see that the formula for [T;]5 does indeed provide an adjoint to [T;];. O

Remark 4.6. The assumption that ), 7;T; converges strictly is not automatic; here is
an example. Let A = [°°(C) and let H = @y A4; write an element of H as (z]) where

for each j, >, |x|2 converges (and is uniformly bounded in 7). For each j € N, pick an
injective map 0; : N x N — N such that 0;(1, j) = 1. For each k € N, define T}, : H — H

by Te((s)) = (y) where |
j Cl?g/, 1= 9j<i/,/€);
0, otherwise.

Using the fact that the 0, are injective one easily computes
((; Z [f%); = {Tel(@]), Ti(a))).

so that each T} is isometric. InJecthty of the 0; also implies that the T}, have pairwise
orthogonal ranges.
To see that ), T;T; does not converge strictly, let us check that ), T, 77&; does not

converge (in H). Note that & = (6;1),, and that for (z7) € H,
TV T3 («]) = (xa,, (D)%),
where
Aj=10;(n,k) | n € N}.
By our choice of §;, we have 1 € A;, if and only if j = k. Therefore,

ZTka& §1-X{1,...n}

(viewing x1,...n} as an element of ZOO(N ) = A). The sequence (X{1,...n})n does not converge

.....

in norm) in A, so that T, T& does not converge in H.
k k g

,,,,,

Corollary 4.7. Let A be a C*-algebra, let K be a countably generated free correspon-
dence with orthonormal basis {;}icr, and define Wy, by . For any k > 0, there is an
isometry [T;]w, € B(Dyy, F(K), F(K)) given by

(@) new,, — Z T, (@y).

neWy
Proof. Note that (T,),ew, is a family of isometries with pairwise orthogonal images, and
that >, oy, 1,1, converges strictly to 1xx) — 17,(c) in B(F(K)). Thus setting [ = W,
and € = F (IC) the hypotheses of Lemmal[d.5|are satisfied; this lemma shows that [T}]w,
is a well-defined isometry. D

Remark 4.8. For each p € Nand 0 < k < p, we can regard [T ]w, as being an element in
B(Dy., F(K), F(K)) by identifying Py, F(K) with By, F(K) & --- & Dy, | F(K),
and deﬁmng [T)]w,, to be zero on Py, (IC) for k' # k.

Recall from Definition [2.8 that, for x € K, S, denotes the image of T, in the Cuntz—
Pimsner algebra O(K).
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Lemma 4.9. Let A be a C*-algebra, let K be a countably generated free correspon-
dence with orthonormal basis {}ier, and define W, by (5). Let p € N and let

G = (90, - --,9p—1) be an tuple of positive contractions in A. Set
p—1

(13) Rg = a[T)x € B{ED F(K), F(K)).
k=0 Wep

Define og : D,(K) — B(F(K)) to be the following composition:

R ‘R
D,(K) C B(F,(K)) = BEP F(K)) = B(F(K)),
W<p
where the first map is the inclusion given by Corollary £.4 Let Q : M(J(K)) —
M(J(K))/J(K) denote the quotient map. Then og(D,(K)) C Q~'(O(K)), and so there
exists a c.p. map
pe = Qooag:D,(K)— O(K).
This map satisfies
o€y ® lgan) = gk+\m|SzS;gk+\y|
for elementary tensors z,y in F,(K) and k € N such that max{|z|, |y|} + k < p.
Proof. Fora € A, p,v € W, and k > 0 such that e, ,, ® 1er € D,(K), and z € F(K),

we have

* (12) .
(Rgepaw ® lxerRg)(2) = Rglepan ® lan)(T7 g1 2)cew,

: Z O¢' ey (n',a.n). T;®n9\u®n|'2)C’EW<p
nnGWk

Z g\u@nl 77 Q. 77) T:®ng\v®n|'z

n,n €W

= gu—i—kTu( > Ty an) )Tg|+kz

n,n €Wy

Note that for a basis element £ € W,

{Zn eWy Tn’<77/7a-77>fla 5 = 77®€/777 S Wk,

T Ve =
> Tyl an)Tré . <k

n,n' €Wy

_Janed,  {=nafneW;
0, €] <k

= (1rwy — 1r.m0))E,

and by linearity, this formula continues to hold for all £ € F(K). Putting these together,
we find

(Rgepap ® leanRg)(2) = (gu+xTna(lrie) — Lru) Lo 9w + k)(2).

Define pg = Q o og : D,(K) = M(J(K)), and we see that (4.9) holds for z = p.a,y = v
where p, v € W.,. By density, (4.9) holds for all elementary tensors x,y, and the image
of pg is contained in O(K) (i.e., the image of og is contained in Q' (O(K))). O

Lemma 4.10. Let A be a C*-algebra, let I be a countably generated free correspondence
with orthonormal basis {¢;}e;, and define W, by (). Let G = (go,...,gp—1), let d be
the maximum value of ||g;g;||, ¢ # j, and define Rg by (13).
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(1) Regarding gi|cer as an element of B(P,,_ _, F(K)), we have
2
RgRg D25 g0|;c®0 + -+ gp,1|}c®p—1-

(2) Let w and z be elementary tensors in JF,(K) satisfying w. g ~s5 gi1jw|-w and
2. 91 X5 Giy|z)- 2. If k € N is such that max{|w|, |z|} + k < p, then

||[R2Rg, Ew,z @ 1IC®k] || < 2(]92 + 2)6
Proof. (1): For (z¢)cew., € @w._, F(K),
([Tl 92 Tolwi (@) cew, = [Ty, D gk - (@
CeEWy

= (XWk(C)giz : xC)CEW@,
and therefore,

Goliceo + -+ + gp_ er1 = Z[T v g [Tyl

~p2s E Wkglcgk’ ]Wk/
k,k!

— RRg.
where ¢ € W), and z € F(K).
(2): Using (1) we have
(ew,z ® 1/C®k)(RERg) %IJQ(S (ew’z ® 1]C®k)(gg‘lc®0 —'— e _|_ g§_1|’C®p_1)
= (€w,z ® Licor) (Gity o | icor+is1)
=€y g2 @ lger

WiGie 1)
Roos Cop,z.g2 ® 1ok
= ew 92 2 ® 1K®k

28 6% | WZ & 1K®k

= (gk+\w\|lC®k+\w|)(€w,z ® 1]C®k)
= (g(2]|’C®O + e + gifl‘](:@p_l)ew’z ® 1]C®k
~p2s (RERQ)(ew,z ® licer).
O

4.2.2. Countably generated correspondences. Let ‘H be a countably generated correspon-
dence over A. By Kasparov’s Stabilization Theorem (Theorem , there is a countably
generated free Hilbert A-module H’ such that their direct sum K = H & H' is free.
Choose a left action of A on H’ such that ANK(H') = {0} (one may take, for example,
the canonical left action of A on @y A). The diagonal action of A turns K into a corre-
spondence. The orthogonal projection Py € B(K) onto H @ 0 commutes with the image
of the left action of A on K, so for k£ > 0 the map

P®k T & - ®I‘kl—>PHl‘1®®PHl'k
is an orthogonal projection in B(KX®*).

Lemma 4.11. Let A be a C*-algebra, let ‘H be a countably generated correspondence
over A, and let K and Py be as above. Allowing P%’O to mean the identity map on A, we
have

( ) H@k P®k(lc®k)
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(2) Fp(H) = (5o Py")(F,(K)), and
(3) F(H) = (ZkzoP@)k)(f(/C))-

Proof. For the first part, the map Vi : 21 ® -+ - @ x, — (21,0) ® - - - @ (2, 0) implements
an isomorphism between the k-fold tensor product H®* and the image of Pg* in K&,
The second part follows easily from the first since the sums are finite. Lastly, it is clear
that the series >, ., P5* converges strictly to a projection in B(F(K)) with the desired
property. U

Denote the projections Zz;é PYF and > k>0 Pk given above by Pr 1) and Pry,
respectively. If z = (z1,11) ® -+ - ® (2, yr) € K is an elementary tensor, we say that

z is an H-elementary tensor if y; = --- = y, = 0. Equivalently, z is H-elementary if
PiF(z) = 2.

Proposition 4.12. Let (7, 7) be the representation of H in O(K) given by 7 : a — a
and 7 : &+ S(z0). Then there is a *-isomorphism ¢ : C*(7,7) — T (H) sending a to a
and S, 0) to T;.

Proof. Consider first the representation (7,7) of H in T(K) given by 7 : a — a and
T2+ Tz 0). It is clear that

7(A) Nspan{7(z)7(y)* : z,y € H} = {0}.

If we restrict the gauge action on 7 (K) to C*(, 7), Theorem[2.7] (2) gives a *-isomorphism
0 : C*(7,7) — T (M) sending a to a and T(z0) to T,. Now, since the left action of A on
H' was defined so that ANK(H') = {0}, eacha € A C IB%(IC) differs from any finite sum
of rank-one operators by at least ||a||. Therefore, ANK(K) = {0} and so by Remark [2.11]
there is a *-isomorphism 6 : O(K) — T(K) sending a to a and S(, ) to T(,,). Moreover,
it’s clear that 6(C*(w, 7)) = C*(7,7) so taking hob
is a diagram illustrating the maps involved.

(A, H) (™. 7) C*(r.7) € O(K)
\ B
(a— a,x—T,) (7, 7)
\
T(H) ; C*(7,7) C T(K)

a

Lemma 4.13. Let A be a C*-algebra, let ‘H be a countably generated correspondence
over A, and let K be as above. Let D)(K) be the C*-subalgebra of D,(K) generated by
elements of the form e, , ® 1xeor where x and y are H-elementary tensors. Then the map

V@@ @-@y T €(21,0)®@(2k,0),(y1,0)@ @ (¥1,0)

extends to an isomorphism v : D,(H) — D)(K). In particular if for each p, there is
an approximate unit of projections in K(F,(#H)) which is quasicentral in D,(H), then
dimpye(DY(K)) < dimpye(A).

Proof. The map V = 32_1 V, sending a to a and ;@ - - - @z, to (21,0)®- - - @ (2, 0) ex-
tends to a unitary from F,(H) to Pr,)(Fp(K)). Let [,m, k > 0 satisfy 0 < max{l, m} +
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k < pand let z,y,w, z € F,(H) be elementary tensors of lengths I, m,m, and k, respec-
tively. We have

VEer, iy ® lganV(w @ 2) =V (V. (Vy,Vw) @ Vz)
=V*(Vz. {y,w) @ Vz)
= €ay ® Lyer(w ® 2),
so v is implemented by unitary conjugation and the result follows. U

Corollary 4.14. Let A be a C*-algebra, let ‘H be a countably generated correspondence
over A, and let K be as above. Let G = (go, - - ., gp—1) be a tuple of positive contractions
in A. There is a c.p. map pg : D,(H) — T (H) such that, for elementary tensors x,y in
Fp(H) and k such that max{|z|,|y|} + &k < p,

(14) pg(ezy @ Lyer) = Grrio/ Te T, Grtiyl,
and the following commutes
7 (Lemma [4.13)
Dy(H) Dy(K) € Dy(K)
lﬁg lpg (Lemma [4.9)
T(H C*(m,7) C O(K
() 0 (Prop. [4.12) (m,7) (x)

Proof. Define pg : D,(K) — O(K) by Lemma and v : Dp(H) — D)(K) from Lemma
13 Letz =21 - @ and y =41 @ - - ® Yp,. We compute
Pg(V(€zy @ Lyer)) = pg(V(€r10-0m,y10-cym @ lasr))
= P (€(21,0)98(@1.0),(41,0)9-@(ym 0) @ Licsr)
= Gk+15(21,00@-@ (1,005 (y1,0)@ -6 (ym 0) Ik

and we see that the result is in C*(7,7) where (m,7) is as in Proposition 4.12] Hence,
the image of pg o 7 is contained in C*(w,7) and using 6 : C*(w,7) — T(H) defined by
Proposition 4.12] we may define

pg="00pgoy:D,H — T(H).
We further compute
Pg(V(exy @ Lyor)) = 0(grt1S(21,0)0 (21,0 (y1,0)@ -6 (ym,0) Tk+m)
= ngTwl®---®le;1®...®ymgk+m7

as required. O

Let A be a C*-algebra, let H be a countably generated correspondence over A. Consider

atuple G = (go, ..., gp—1) of positive contractions from A,,. We may lift this to a sequence
(G;) of tuples of positive contractions from A. Using this lift and Corollary we define
(15) pg = (pg.) - Dp(H) = O(H)ec-

Note that this is independent of the choice of the lift (G;).

Corollary 4.15. Let A be a separable C*-algebra, let H be a countably generated cor-
respondence over A, and let p € N. If G = (go,...,gp—1) is a tuple of orthogonal pos-
itive contractions in A, satisfying z. gy = gi4s. z for all k and all elementary tensors
z € Fp(H) then the c.p. map pg from is contractive and order zero.
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Proof. Analogously to (15]), define pg = (pg,) : Dp(K) = O(K)x and og = (og,) :
Dy(K) = B(F(K))o. We have
pg = 00 © pg 0y and
pg = Qos © 0g.
By Lemma (1) and the hypothesis,
1178, R, e ® Licosll| = 0

for all H-elementary tensors w,z € F(K). By the definition of v (from Lemma {4.13]),
this implies that
I[Rg, Rg,, ()| = 0
for all z € D,(#). By the formula for og, (from Lemma [4.9), it follows that og is order
zero. Consequently, pg o 7, and therefore also pg, is order zero.
To see that pg is contractive, we have by Lemma [4.10] (2) that

IR5, Rg, — > graler] — 0,
k

where G; = (go,i,.--,gp—1,). Since the g; are orthogonal and contractive, ), g? is con-
tractive. It follows from the formula for og, that og is contractive. Hence, so is pg. U

4.3. Proof of the main theorem. We have one technical lemma before the main result.
Forpe Nand £k =0,...,p—1, set

(16) dy(k) =1 —

dy k)

o T
Lemma 4.16. Let p be an odd integer. If fy,... f,—1 are positive contractions in a
C*-algebra A, then for any 0 < N <p —1,

p—1 p—1

(17) dp <fk+fp Ltk (mod p)> ~anz Jr-

—1
N P k=0

=

Proof. It’s easy to verify that
dp(k) + dp(B52 + k (mod p)) =1 for k=0,...,p— 1

so that

p—1 p—1

dp <fk:+fp +kmodp)> :ka’

k=0 k=0

Moreover,
ply p—1-—2N AN?
p—1 <2 <2N(1l————
”Zd ) (f Fepra ) < 2= < p—1 > p—1

so the result follows. O

We now have the ingredients to prove the main result.
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Theorem 4.17. Suppose that H is a countably generated C*-correspondence over a sep-
arable unital C*-algebra A. Assume further that for every p € N, there is an approximate
unit consisting of projections in K(F,(#)) that are quasicentral in D,(H). Then

(dimpye(7T(H)) + 1) < 2(dimpue(A) 4 1)(dimpor (H) + 1)

Remark 4.18. Example 4.2 gives two important examples of classes of correspondences
which satisfy the technical hypothesis of this theorem, namely, that for every p, there is
an approximate unit of projections in K(F,(#)) which is quasicentral in D,(#).

Proof. If either dimp,.(A) or dimgek(H, A) = oo there is nothing to show. Otherwise, let
dimpue(A) = n and dimgek(#H) = d. We will use Lemma [2.3| with m = d 4+ 1. Therefore
let I be a finite subset of 7(H) and fix € > 0.

Noting , we may assume without loss of generality that F' consists of elements of
the form T,T; where z,y are elementary tensors. Pick N such that every element of F'
is T, Ty for some elementary tensors z,y € JF, ~i+1(H). Let p € N be large enough so that

2N 4AN?

and let P € B(F(H)) be the projection onto the p-cutoff Fock space F,(H).

For k=0,...,p— 1, use d,(k) as defined in (16)); for convenience, we set d,(k) = 0 for
k > p. Using these, set A = diag(d,(0),...,d,(p — 1)) and let ¢ : T(H) — B(F,(H)) be
compression by vAP; that is, for elementary tensors ¢, z, v,

dp(ICNdp(IC] + 2] = [yDz @ (3, (1)- G (=G @G, Gl = yl;
0, <l < Tyl
(here it is convenient that d,(k) = 0 for & > p). It is not hard to see that ¢(7(H)) is

contained in D,(H).
Find Rokhlin contractions {fi}i—o...a: rez /p in As satisfying

(1) fifl, =0forall l and k # K/,

(2) Zk,l fllv =1,
(3) z. fl = f,iﬂzl. z for all k,[, and all elementary tensors z € F(H).

Note that (3) implies that 2. (f{)™ = (fi,.)™ # for all m € N, which in turn implies
that 2. g(f}) = g(f,i+|z|). z for any continuous function g € C([0, 1]). In particular,

(19) Z. (fllc)l/2 = (f1i+|z|)1/2~2
For [ =0,...,d, set

G'= ()7 (f™) amd G = ((fha ) (fhay, ),

two tuples of orthogonal positive elements in A. Define g, and pg as in Corollary [4.14}
using , Corollary tells us that these maps are c.p.c. and order zero.

To simplify notation, write p' and p' for pu and pg, respectively. Thus we have the
following diagram.

AT:T,)(C) = {

T(H) T(H)so
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By Lemma [4.1} D,() has nuclear dimension at most n. We shall show that this
diagram commutes, up to € on F. As ¢ is c.p.c. and each Y ,(p; + p) is overtly a sum
of 2(d+ 1) c.p.c. order zero maps, this will finish verifying the hypotheses of Lemma ,
and thus finish the proof.

Consider an element of F', necessarily of the form T, T, z,y € Fyy1(H). For the mo-

ment, assume that || > |y|. Applying ¢ to T, T}, using (6), and noting that /d,(k + |x[)

is within ,/% of \/d,(k + |y|) for k € Z/p, we have

p—1—|z|
HTTY) = S ki + )k + [y])eny @ Ly
k=0

p—1—|z|

(20) ~ aN Z dp(k + |2])eay @ Ly,
P k=0

where the error estimate in the last line is a maximum (rather than a sum) because of
orthogonality.
Next, applying p! to H(T,T;), we get
p—1—|x|

P od(T,T) = \/W Z dy(k + |2]) ' (eay © 1yor)

pllzl

Z dyp(k + 12) (fhoy o) T Ty (fo )

pfl
= dp(k> (fli)l/szT;(fli;—|:c|+|y\)1/2
k=|z|
-1
= Z dp(R) ()P T (fima) T

k=|z|

p—1
(21) = (> dy(k) )T,

k=|z|
and likewise,

-1
(22) oo o(T,TY) Z k) for ) TGT.
Summing these terms, we obtain
d d p—1
. . 20,22 .
D (0 + 4 0 o(T.Ty) N D> d(B)(fi+ fin ) T
1=0 1=0 k= \ |
Lemma 10 -
S ZZ (LT
1=0
= TxTy

By , this yields

d
> (0 + 0 0 )T, T;) ~ Ty
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as required. A nearly identical argument shows the same estimate in the case |z| < |y|. O

Corollary 4.19. Under the same hypotheses as the previous theorem,
(dimpue(O(H)) + 1) < 2(dimyue(A) + 1)(dimpek(H) + 1).

Proof. This follows from the fact that O(H) is a quotient of T (H) by the ideal K(F(H)Iy),
and by [28, Proposition 2.3]. O

5. NUCLEAR DIMENSION OF CERTAIN FREE PRODUCTS

We now use the results given in the previous sections to deduce finite nuclear dimension
of a certain class of reduced amalgamated free products. For a more comprehensive
treatment of free products, see the monograph [25]. We start with a well-known example.

Example 5.1. There is a *-isomorphism
C(T)*xC(T) = C(Fq).
Here the free product is being taken with respect to the state f — [ f(z)dz on C(T).

The free group Fy on two generators is not amenable, so the reduced group C*-algebra
is not nuclear and in particular has infinite nuclear dimension. What this shows is that
unlike other canonical C*-constructions, finite nuclear dimension is not in general pre-
served under the reduced amalgamated free product construction, even in the abelian
case. However, the next result by Speicher from [21] shows that there are exceptions.

Proposition 5.2. Let H; be correspondences over A. Then

(T(@ HZ)? E@Hz) = *A(T(HZ)7 EHZ)

Proposition 5.3. Let H be a correspondence over A and let I be an arbitrary (countable)
set. If dimpex(H) < 0o, then dimpk(P; H) < oo.

Proof. The left action of A on @, H is given by a. (2;)icr = (a. x;)ier. Let e >0,p € N, F
a finite subset of A and V a finite subset of €); H. Since the finitely supported elements
of @, H are dense, we may assume that V) consists only of finitely supported elements;
let N € N be such that each is supported on at most N elements. Set V' equal to the
set of all elements in H which appear in some component of some element of V; this is
a finite set. Find Rokhlin contractions ( f,i)i;gz"/;d € A for the correspondence H, with
respect to (¢/N,p, F,V'). For x = (2;)ie; € V,

fi- (@) = (f-2:) =ngn (@i fran) = (@0)- firr.

Thus, the fi are Rokhlin contractions for @, H, with respect to (e, p, F, V). Il
Question 5.4. For countably generated Hilbert modules H; and H,, is it the case that
dimpek(H1 @ He) = max{dimp.x(H1), dimpe(Hz)}?

In light of Theorem and Proposition [5.3] we obtain the following statement.

Theorem 5.5. Let H be a finitely generated projective correspondence over A. If
dimpu.(A) and dimgk(H) are both finite, then the amalgamated free product of any
finite number of copies of T (H) (with respect to the canonical expectation Ey) has finite
nuclear dimension.

In comparison with Example the following example demonstrates an interesting
consequence of Theorem
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Example 5.6. If ¢ is a minimal homeomorphism of T, then dimpggk(p*) is finite. By
Theorem [5.5] the nuclear dimension of

T(C(T)* )*T(C(T)*") = T(C(T) & C(T))

is also finite. Here the free product is being taken with respect to the usual conditional
expectation Eo(myec(T)-

6. CLASSIFIABILITY OF CERTAIN CUNTZ—PIMSNER ALGEBRAS

In this section we show that in the presence of finite Rokhlin dimension, the algebras
O(H) are often classifiable, by which we mean unital and simple with finite nuclear
dimension and satisfying the UCT (cf. [23]). “Satisfying the UCT” is a K K-theoretic
property for separable C*-algebras, equivalent to being K K-equivalent to an abelian
C*-algebra, introduced by Rosenberg and Schochet in [I7]. The class of algebras which
satisfy the UCT (sometimes called the bootstrap class) is closed under a number of natural
operations (see [I], §22.3 and §23]), although it is unknown whether every separable nuclear
C*-algebra is in this class.

Lemma 6.1. For simple C*-algebras, if A satisfies the UCT, so does O(H).

Proof. By [16, Theorem 4.4], the Toeplitz Pimsner algebra T (H) is K K-equivalent to
A. Consequently, T (H) satisfies the UCT whenever A does. Since O(H) is a quotient of
T (H) by the ideal K(F(H)Z), it suffices to prove (by the two-out-of-three principle) that
K(F(H)Zy) satisfies the UCT. To this end observe that F(H)Zy is countably generated,
so Kasparov’s stabilization result implies
K(F<H)IH D €2<A)) = K(fz(A)) =A ® K ~~Morita A7
where ~yoita denotes Morita equivalence of C*-algebras. Since A is simple, so is AQK =
K(F(H)Zn®C*(A)). This means every hereditary C* subalgebra B C K(F(H)Zy®l*(A))
is full, and hence satisfies
B ~~Morita K<F(H)IH ® 52 (A)) ~~Morita A
The result follows because K(F(H)Zy) is hereditary in K(F(H)Zy & (*(A)), and because

the UCT is preserved under Morita equivalence. O
Next, following Schweizer, we deal with simplicity of O(H).

Definition 6.2. H is called minimal if there are no nontrivial ideals J C A such that
{x,j.y)  z,y €H, j€J}CJ His nonperiodic if H®* ~ A = k = 0, where we
regard A as the identity correspondence over itself.

Generalizing the well-known fact that C(X) X, Z is simple if and only if the homeo-
morphism ¢ is minimal, Schweizer proved the following beautiful result.

Theorem 6.3 ([20]). O(H) is simple if and only if H is minimal and nonperiodic.

Note that minimality is automatic whenever the scalar algebra A is simple, so in this
case, we are left to worry about periodicity.

Lemma 6.4. If H has finite Rokhlin dimension, it is nonperiodic.

Proof. Assume dimpg(#H) < d and that there is some k > 0 such that H®* ~ A. This
means there is an adjointable unitary bimodule map U : H®* — A. Let v = U'(1,) and
fix € > 0. It is straightforward to check that dimge(H) < d implies dimgq(H®*) < d,

77777

three estimates:
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(1) [lf1£3]l < € for every I,

(2) IS (f+ f5) — 14 < ¢, and
(3) |lv. fl — fLo|| < € for every L.

Applying U to the third estimate gives || fi — fi|| < € for every I. Combining this with the
first estimate gives || f!|| < v/2¢ fori = 1,2. But this implies |32, fi+ f2l < 2(d+1)v/2,
which contradicts the second estimate when € is sufficiently small. Thus, H must be
nonperiodic. O

Combining Theorem and the previous lemma we see that for C*-correspondences
with finite Rokhlin dimension, O(#) is simple and unital whenever A is. For simple A,
by Lemma 6.1 O(H) satisfies the UCT whenever A does. Thus applying Theorem [4.17]
we obtain the following corollary.

Corollary 6.5. If A is classifiable, dimge(#H) < oo and for every p € N there is an
approximate unit consisting of projections in K(F,(H)) that are quasicentral in D,(H)
(e.g., if H is finitely generated projective), then O(H) is classifiable.

Example 6.6. Suppose A is a unital Kirchberg algebra and a: A — A is an automor-
phism with finite Rokhlin dimension (such automorphisms are generic by [10, Theorem
3.4]). If H is a countably generated free A-module with basis (;)2,, we can define a

=1
correspondence with the left action a.&; = &.a(a). Note that ANK(H) = {0}, so Re-
mark and the K K-equivalence of A and 7 (H) imply A is K K-equivalent to O(H).
Moreover, dimgok(H) < oo, so O(H) is a simple, separable C*-algebra with finite nu-
clear dimension. Since the creation operator associated to &; is a proper isometry, O(H)
must be a Kirchberg algebra. Invoking Kirchberg—Phillips classification, we conclude that
O(H) = A.

We end this paper by pointing out that our work does not recapture the interesting
examples of classifiable Cuntz—Pimsner algebras constructed by Kumjian in [I3]. Indeed,
it can be shown that they don’t have finite Rokhlin dimension.
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