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The Toms-Winter conjecture

Fact (Toms, ’08)

There exist 2 non-isomorphic simple, separable, unital, nuclear
C*-algebras with the same K-theory and traces.
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(i) A has finite nuclear dimension;
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For a simple, separable, unital, nonelementary, nuclear
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() Ais Z-stable;
(i) A has finite nuclear dimension;
(iii)y A has strict comparison of positive elements;
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Fact (Toms, ’08)

There exist 2 non-isomorphic simple, separable, unital, nuclear
C*-algebras with the same K-theory and traces.

Conjecture

For a simple, separable, unital, nonelementary, nuclear
C*-algebra A, the following are equivalent:

() Ais Z-stable;
(i) A has finite nuclear dimension;
(iii)y A has strict comparison of positive elements;
)

(iv) Ais an inductive limit of nice building blocks (2-NCCW
complexes, direct sums of M, ® O, @ C(T)).
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Fact (Toms, ’08)

There exist 2 non-isomorphic simple, separable, unital, nuclear
C*-algebras with the same K-theory and traces.

Conjecture

For a simple, separable, unital, nonelementary, nuclear
C*-algebra A, the following are equivalent:

(i) Ais Z-stable;
(i) A has finite nuclear dimension;
(iii)y A has strict comparison of positive elements;
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The Jiang-Su algebra

UHF algebras:

M-stable algebras (of the form A ® Mp~) are very regular:
UHF adds uniformity.
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The Jiang-Su algebra

Jiang-Su algebra:

M M
a Mzw & M3°° >
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Jiang-Su algebra:
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Z is a simple inductive limit of Zp- 3 (pictured), with unique
trace.
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Z is a simple inductive limit of Zp- 3 (pictured), with unique
trace.

Like a UHF algebra, satisfies Z = Z @ Z and Z-stability adds
uniformity.
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The Jiang-Su algebra

Jiang-Su algebra:

M. M
a Mzw & M3°° >

Z is a simple inductive limit of Zp- 3 (pictured), with unique
trace.

Like a UHF algebra, satisfies Z = Z @ Z and Z-stability adds
uniformity.

K.(Z) = K.(C), so Z-stability is much less restrictive than
UHF-stability.
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Dimension

Covering dimension

dim X < nif and only if for every open cover U of X,
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Dimension

Covering dimension
dim X < nif and only if for every open cover U of X,
3 a partition of unity {e)}.en € C(X, C) of nonnegative
functions s.t.
(i) {ex}aen is (n+ 1)-colourable, where functions ey, , ey, of
the same colour must be orthogonal, i.e. ey, ey, = 0;
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3 a partition of unity {e)}.en € C(X, C) of nonnegative
functions s.t.
(i) {ex}aen is (n+ 1)-colourable, where functions ey, , ey, of
the same colour must be orthogonal, i.e. ey, e), = 0; and

(i) {supp ex}ren is subordinate to U/.
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Dimension

Covering dimension

dim X < nif and only if for every open cover U of X,
3 a partition of unity {e)}ren € C(X, C) of nonnegative
functions s.t.
(i) {ex}ren is (n+ 1)-colourable, where functions ey, , e, of
the same colour must be orthogonal, i.e. ey, e), = 0; and

(i) {supp ex}ren is subordinate to U/.

e
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Nuclear dimension and decomposition rank

Decomposition rank (Kirchberg-Winter '04)
A C*-alg. A has decomposition rank < n if
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Nuclear dimension and decomposition rank

Decomposition rank (Kirchberg-Winter '04)
A C*-alg. A has decomposition rank < n if

(\/approx.
c.p.C. (pt-IH11) /p_ c.
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Nuclear dimension and decomposition rank

Decomposition rank (Kirchberg-Winter '04)
A C*-alg. A has decomposition rank < n if

A = A
N O
FO De o EBF n
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Nuclear dimension and decomposition rank

Decomposition rank (Kirchberg-Winter '04)
A C*-alg. A has decomposition rank < n if

(\/approx. n
c.p.C. (pt-1111) c/pc Zorder 0
e
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Nuclear dimension and decomposition rank

Decomposition rank (Kirchberg-Winter '04)
A C*-alg. A has decomposition rank < n if

(\/approx. n
c.p.C. (pt-1111) c/pc Zorder 0
e

Order 0 means orthogonality preserving,
ab=0= ¢(a)g(b) =0.
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Nuclear dimension and decomposition rank

Decomposition rank (Kirchberg-Winter '04)
A C*-alg. A has decomposition rank < n if

(\/approx. n
c.p.C. (pt-1111) c/pc Zorder 0
e

Order 0 means orthogonality preserving,
ab=0= ¢(a)g(b) =0.

Think: (controlled) noncommutative span, (n+ 1) colours.
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Nuclear dimension and decomposition rank

Nuclear dimension (Winter-Zacharias ’10)
A C*-alg. A has decomposition rank < n if

(\/approx. n
c.p.C. (pt-1111) c/pc Zorder 0
e

Nuclear dimension is defined by a slight tweaking of the
definition of decomposition rank.
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Nuclear dimension (Winter-Zacharias ’10)

A C*-alg. A has decompeositionrank nuclear dimension < n if
c.p.c. (\/aﬂpﬁﬁ ﬂz c.p.C.
. order 0

l 0 @ EBI n

Nuclear dimension is defined by a slight tweaking of the
definition of decomposition rank.
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Nuclear dimension and decomposition rank

Nuclear dimension (Winter-Zacharias ’10)

A C*-alg. A has decompeositionrank nuclear dimension < n if
c.p.c. (\/aﬂpﬁﬁ ﬂz c.p.C.
. order 0

l 0 @ EBI n

Nuclear dimension is defined by a slight tweaking of the
definition of decomposition rank.

While dr (A) < oo implies A is quasidiagonal, dimpyuc(Op) = 1
(for n < ) for example.
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Verifying the Toms-Winter conjecture

Z-stability dim e S

[ strict comparison } limit structure

[special ind uctive}
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Verifying the Toms-Winter conjecture

Z-stability dim e S

Rardam ('04)

[ strict comparison } limit structure

[special ind uctive}
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Verifying the Toms-Winter conjecture

Z-stability dim e S

with additional hypotheses:
Winter ('12), Matui-Sato (arXiv '11),
Toms-White-Winter

special inductive
limit structure

[ strict comparison }
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Verifying the Toms-Winter conjecture

Z-stability dim e S

Classification

(additional hypotheses,
[ strict comparison }

esp. UCT):
Kirchberg/Phillips ('00),
Lin ("11)

special inductive
limit structure
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Verifying the Toms-Winter conjecture

Z-stability dim e S
\\ Winter ('04),
Wlnter-Zacharlas ("10)

[special ind uctive}

[ strict comparison } limit structure
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Verifying the Toms-Winter conjecture

Wmter ("12)

M\H

speCIaI mductwe}

[ strict comparlson I|m|t structure
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Verifying the Toms-Winter conjecture

[special ind uctive}

[ strict comparison } limit structure
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Z-stability and nuclear dimension

A test question for Z-stable = finite nuclear dimension, without
classification:

What is the nuclear dimension of C(X, Z) = C(X) ® Z?
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Z-stability and nuclear dimension

A test question for Z-stable = finite nuclear dimension, without
classification:

What is the nuclear dimension of C(X, Z) = C(X) ® Z?

On the one hand:

Since

dimp,cC(X, Mp) = dim X, may expect

dimpucC(X, Mp) = dim X (= dimp,:C(X, Z) = dim X).
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Z-stability and nuclear dimension

A test question for Z-stable = finite nuclear dimension, without
classification:

What is the nuclear dimension of C(X, Z) = C(X) ® Z?

On the one hand:

Since

dimp,cC(X, Mp) = dim X, may expect

dimpucC(X, Mp) = dim X (= dimp,:C(X, Z) = dim X).

On the other hand:
The simple case (classification) suggests dimp,:C(X, Z) is
universally bounded.
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Z-stability and nuclear dimension

A test question for Z-stable = finite nuclear dimension, without
classification:

What is the nuclear dimension of C(X, Z) = C(X) ® Z?

Answer:
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Z-stability and nuclear dimension

A test question for Z-stable = finite nuclear dimension, without
classification:

What is the nuclear dimension of C(X, Z) = C(X) ® Z?

Answer:

Theorem (T-Winter)
dimp,cC(X, 2) < 2.
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Z-stability and nuclear dimension

A test question for Z-stable = finite nuclear dimension, without
classification:

What is the nuclear dimension of C(X, Z) = C(X) ® Z?

Answer:

Theorem (T-Winter)

dimpeC(X, Z) < 2. (Even if dim(X) = 1010"))
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Z-stability and nuclear dimension

Theorem (T-Winter)
dimp,cC(X, 2) < 2.
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Z-stability and nuclear dimension

Theorem (T-Winter)
dimp,cC(X, 2) < 2.

In fact, dr C(X, Z) < 2.
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Z-stability and nuclear dimension

Theorem (T-Winter)
dimp,cC(X, 2) < 2.

In fact, dr C(X, Z) < 2.

Every Z-stable AH algebra A satisfies dr A < 2.
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Some key ideas in the proof:
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“Tracially” approximate, orthogonal partition of unity in
C(X, Mn)oo-
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Some key ideas in the proof:

“Tracially” approximate, orthogonal partition of unity in
C(X, Mn)oo-

Fill the (tracially small) holes with an embedding of Cy(Z, O5),

Embedding exists by quasidiagonality of Cy((0, 1], O2)
(Voiculescu, '91).
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Some key ideas in the proof:

“Tracially” approximate, orthogonal partition of unity in
C(X, Mn)oo-

Fill the (tracially small) holes with an embedding of Cy(Z, O5),

Embedding exists by quasidiagonality of Cy((0, 1], O2)
(Voiculescu, '91).

Kirchberg-Rardam ('05): dimp,cCo(Z, O2) < 3.
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Questions

Is dimpuc(A ® Z) < oo for every nuclear C*-algebra A?
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Questions

Is dimpue(A® Z) < oo for every nuclear C*-algebra A?
Equivalently, is dimpuc(A ® Z) universally bounded for such A?

Can we approximate C(X) inside C(X, M) in a 2-dimensional
way (3 colours)? At least, < dim X dimensions?
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Questions

Is dimpue(A® Z) < oo for every nuclear C*-algebra A?
Equivalently, is dimpuc(A ® Z) universally bounded for such A?

Can we approximate C(X) inside C(X, M,) in a 2-dimensional
way (3 colours)? At least, < dim X dimensions? Or is it
necessary to put C(X) into C(X, Mp)?
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