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Non-Commutative Stochastic Processes

Definition

Let (A, ) be a non-commutative probability space (NCPS); that is, A is
a unital C*-algebra and ¢ : A — C is a unital positive linear functional. A
self-adjoint non-commutative stochastic process (SA-NC-SP) is a
collection (X¢)teT of self-adjoint elements in A. The index set T is
considered a time parameter.
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Free Gaussian Markov Processes

Example, (Bozejko, Kummerer, Speicher; 1997)

@ H a real Hilbert space, H¢ the complexification of #.
@ F(Hc) the Fock space associated to Hc.
o 7: B(F(Hc)) — C the vacuum vector state.
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Free Gaussian Markov Processes

Example, (Bozejko, Kummerer, Speicher; 1997)

@ H a real Hilbert space, H¢ the complexification of #.
@ F(Hc) the Fock space associated to Hc.

o 7:B(F(Hc)) — C the vacuum vector state.

o (ft)teT a set of vectors in H{ with index set T.

@ A free (centred) Gaussian Markov process is (X;)teT Where
Xe = I(fe) + I"(f)

where [ and [* are the left creation and annihilation operators.

Paul Skoufranis (YorkU) NC Stochastic Processes and Bi-Free May 31, 2022



Free Gaussian Markov Processes
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@ F(Hc) the Fock space associated to Hc.

o 7:B(F(Hc)) — C the vacuum vector state.

o (ft)teT a set of vectors in H{ with index set T.

@ A free (centred) Gaussian Markov process is (X;)teT Where
Xe = I(fe) + I"(f)

where [ and [* are the left creation and annihilation operators.

@ Depends only on the covariance function ¢ : T x T — R where
c(l,r) = (fy, fr).
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Free Gaussian Markov Processes

Example, (Bozejko, Kummerer, Speicher; 1997)

@ H a real Hilbert space, H¢ the complexification of #.
@ F(Hc) the Fock space associated to Hc.

o 7:B(F(Hc)) — C the vacuum vector state.

o (ft)teT a set of vectors in H{ with index set T.

@ A free (centred) Gaussian Markov process is (X;)teT Where
Xe = I(fe) + I"(f)

where [ and [* are the left creation and annihilation operators.

@ Depends only on the covariance function ¢ : T x T — R where
c(l,r) = (fy, fr).

o free Brownian motion: ¢(¢, r) = min(¢, r) with T = [0, c0).
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Free Gaussian Markov Processes

Example, (Bozejko, Kummerer, Speicher; 1997)

@ H a real Hilbert space, H¢ the complexification of #.
@ F(Hc) the Fock space associated to Hc.

o 7:B(F(Hc)) — C the vacuum vector state.

o (ft)teT a set of vectors in H{ with index set T.

@ A free (centred) Gaussian Markov process is (X;)teT Where
Xe = I(fe) + I"(f)

where [ and [* are the left creation and annihilation operators.
@ Depends only on the covariance function ¢ : T x T — R where
c(l,r) = (fo, fr).
o free Brownian motion: ¢(¢, r) = min(¢, r) with T = [0, c0).
o free Brownian bridge: c(¢,r) = ¢(1 —r) for £ < r with T = [0, 1].
o free Ornstein-Uhlenbeck process: c(¢,r) = e 1*~"l with T =R.

Paul Skoufranis (YorkU) NC Stochastic Processes and Bi-Free May 31, 2022



Transition Operators

Bozejko, Kummerer, and Speicher compute the transition operators of
such processes.

Definition

Let (X¢)teT be a SA-NC-SP in a tracial von Neumann algebra (91, 7). For
t € T, let u; be the distribution of X;. Note W*(X;) is isomorphic to

LOO(Nt)-
For £,r € T with £ < r, an operator Ky, : Loo(ptr) = Loo(ft¢) where
Ewe(x,) (h(X:)) = (K¢, (h))(Xe)

for all Borel h € Loo(1ir) is called a transition operator of the process
(Xe)teT-

Paul Skoufranis (YorkU) NC Stochastic Processes and Bi-Free May 31, 2022 5/14



With A\ = \/c(t,t) for t € {£,r} and Ny, = C)ff/\rr) the transition

operators of free Gaussian Markov processes are integration against
gz (1= N0, ) V4N — y2dy
2 2\
(-3, - 2042 (2) (2) 2 () + (2))
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With A\ = /c(t, t) for. te{l,r}and A\, = C)ff/\rr) the t.ransitio_n
operators of free Gaussian Markov processes are integration against

27”\2 A% JVANZ — y2dy

(1= 22,2 = A, (14 22,) (%) ( ) + A7 ((A«)z + (Ay)2> |

The density of the bi-free central limit distribution with left covariance
c(¢,?), right covariance c(r, r), and mixed covariance c(¢,r) i

47r2>\2>\2 ( i r) \/‘mm dx dy

(1 _ A%,,)z ~ e (1 +)\§,r> (}\Le) (%) e <(Ae>2 N <{>2>
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Free Transformations

o R-Transform: Rx(z) = 3_ 50 kn+1(X)2".
o K-Transform: Kx(z) = 1 + Rx(z).
@ R-Transform for a Semicircular Operator: Rs(z) = ¢(5?)z.
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Free Transformations

R-Transform: Rx(z) = ano Knt1(X)z".

K-Transform: Kx(z) = % + Rx(z).

R-Transform for a Semicircular Operator: Rs(z) = ¢(5?)z.
Inversion Property: Gx(Kx(z)) = z = Kx(Gx(2)).
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Free Transformations

R-Transform: Rx(z) = ano Knt1(X)z".

K-Transform: Kx(z) = % + Rx(z).

R-Transform for a Semicircular Operator: Rs(z) = ¢(5?)z.
Inversion Property: Gx(Kx(z)) = z = Kx(Gx(2)).

Cauchy Transform: Gx(z) = ¢((z — X)™1) = [ 22 dux(x).
Cauchy Inversion: dpux(x) = limeyo —2S (Gx(x + ie)).
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Free Transformations

R-Transform: Rx(z) = ano Knt1(X)z".

K-Transform: Kx(z) = % + Rx(z).

R-Transform for a Semicircular Operator: Rs(z) = ¢(5?)z.
Inversion Property: Gx(Kx(z)) = z = Kx(Gx(2)).

Cauchy Transform: Gx(z) = ¢((z — X)™1) = [ 22 dux(x).
Cauchy Inversion: dpux(x) = limeyo —2S (Gx(x + ie)).
Additivity of R-Transforms: If X and X’ are freely independent,
Rx1x/(z) = Rx(z) + Rx/(z).
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Bi-Free Transformations

[(Voiculescu; 2016), (S; 2016), (Huang, Wang; 2016)]
@ Reduced Bi-Free Partial R-Transform:
Rx,v(z,w) =3, o1 finm(X, Y)2"W™.
@ Reduced Bi-Free Partial R-Transform for a Semicircular Pair:
R)SZ,S,(Z, w) = p(5,5,)zw.
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Bi-Free Transformations

[(Voiculescu; 2016), (S; 2016), (Huang, Wang; 2016)]
@ Reduced Bi-Free Partial R-Transform:
Rx,v(z,w) =3, o1 finm(X, Y)2"W™.
@ Reduced Bi-Free Partial R-Transform for a Semicircular Pair:
R)SZ,S,(Z, w) = p(5,5,)zw.

@ Inversion Property: li’x,y(z, w)=1- o Y(KXZ(Z")’Ky(W))
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Bi-Free Transformations

[(Voiculescu; 2016), (S; 2016), (Huang, Wang; 2016)]

Reduced Bi-Free Partial R-Transform:

Rx,v(z,w) =3, o1 finm(X, Y)2"W™.

Reduced Bi-Free Partial R-Transform for a Semicircular Pair:
R)SZ,S,(Z, w) = p(5,5,)zw.

Inversion Property: li’x,y(z, w)=1- o y(sz(gl),Ky(W))

Green's Function:
Gx,y(z,w) = @((z = X)H(w = Y) ™) = [ 7255ty dux,v (x,y).
Cauchy Inversion:

. 1 Gx,y(x+ie,y+ie)—Gx y(x+ie,y—ic)
dMX7Y(X,)/) = llme\O P%( 5 -
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Bi-Free Transformations

[(Voiculescu; 2016), (S; 2016), (Huang, Wang; 2016)]

Reduced Bi-Free Partial R-Transform:

Rx.v(z,w) =X, mo1 fnm(X, Y)z"w™.

Reduced Bi-Free Partial R-Transform for a Semicircular Pair:
K)SZ,S,(Z, w) = p(5,5,)zw.

Inversion Property: ﬁ’x,y(z, w)=1- Gx,y(KXZ(ZV),Ky(W))

Green's Function:

Gy (2 w) = (2 = X)Hw = Y)1) = fro 2oL dhuxy(x,).
Cauchy Inversion:

dux,y(x,y) = limeo - 1 57
Additivity of R-Transforms: If (X, Y) and (X', Y”) are bi-freely
independent, RX+X/ yiy(z,w) = Rx y(z,w)+ Ry yi(z,w).

( Gx,y (x+iey+ie)— GX,Y(X+"€7Y*"€))
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Bi-Freeness and Transition Operators

e (M, 7) a tracial von Neumann algebra and Xy, X, € 9 self-adjoint.
e E :9M — W*(X,) trace-preserving conditional expectation.
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Bi-Freeness and Transition Operators

e (M, 7) a tracial von Neumann algebra and Xy, X, € 9 self-adjoint.

e E :9M — W*(X,) trace-preserving conditional expectation.

@ S € Mt the value of E(S) is determined by the values of
T(E(S)X]) = 7(SX]) = 7(X]'S).
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Bi-Freeness and Transition Operators

(9, 7) a tracial von Neumann algebra and Xy, X, € 9t self-adjoint.

E : 9 — W*(X,) trace-preserving conditional expectation.

S € M the value of E(S) is determined by the values of
T(E(S)X]) = 7(SX]) = 7(X]'S).

Lo(97%, 7) GNS Hilbert space, £ = 19 € Lp(9M, 7).

For S € Mt let L(S) and R(S) denote the left and right actions of S

on Ly(9M, ) respectively.
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Bi-Freeness and Transition Operators

(9, 7) a tracial von Neumann algebra and Xy, X, € 9t self-adjoint.

E : 9 — W*(X,) trace-preserving conditional expectation.

S € M the value of E(S) is determined by the values of
T(E(S)X]) = 7(SX]) = 7(X]'S).

Lo(97%, 7) GNS Hilbert space, £ = 19 € Lp(9M, 7).

For S € Mt let L(S) and R(S) denote the left and right actions of S

on Ly(9M, ) respectively.

Then T(XPX) = (LX) R(X)™E,€).
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Bi-Freeness and Transition Operators

(9, 7) a tracial von Neumann algebra and Xy, X, € 9t self-adjoint.

E : 9 — W*(X,) trace-preserving conditional expectation.

S € M the value of E(S) is determined by the values of
T(E(S)X]) = 7(SX]) = 7(X]'S).

Lo(97%, 7) GNS Hilbert space, £ = 19 € Lp(9M, 7).

For S € Mt let L(S) and R(S) denote the left and right actions of S

on Ly(9M, ) respectively.

Then T(XPX) = (L(X)"R(X)™E,€).

Hence if du(x,y) = fr-(x,y) dx dy, then the transition operator

Ker @ Loo(ptr) = Loo(pe) is obtained via

(Ko (A)(x) = /Q By ) ke (x. dy)

where

fo.r(x,
ke, (x, dy) = M dy.

fo(x)
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Free Poisson Process

e (9, 7) be a tracial von Neumann algebra.

@ | — P; a projection valued process; that is, this map is normal,
projection valued, if /,J C [0, 1] are disjoint then P;P; =0 and
Py + Py = Py, and 7(Py) = || for all I C [0, 1] where |/| denotes
the Lebesgue measure of /.
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Free Poisson Process

e (9, 7) be a tracial von Neumann algebra.

@ | — P; a projection valued process; that is, this map is normal,
projection valued, if /,J C [0, 1] are disjoint then P;P; =0 and
Py + Py = Py, and 7(Py) = || for all I C [0, 1] where |/| denotes
the Lebesgue measure of /.

@ S centred semicircular free from {P; | I C [0,1]}.
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Free Poisson Process

e (9, 7) be a tracial von Neumann algebra.

@ | — P; a projection valued process; that is, this map is normal,
projection valued, if /,J C [0, 1] are disjoint then P;P; =0 and
Py + Py = Py, and 7(Py) = || for all I C [0, 1] where |/| denotes
the Lebesgue measure of /.

@ S centred semicircular free from {P; | I C [0,1]}.
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Free Poisson Process

e (9, 7) be a tracial von Neumann algebra.

@ | — P; a projection valued process; that is, this map is normal,
projection valued, if /,J C [0, 1] are disjoint then P;P; =0 and
Py + Py = Py, and 7(Py) = || for all I C [0, 1] where |/| denotes
the Lebesgue measure of /.

@ S centred semicircular free from {P; | I C [0,1]}.

@ X: = SPjo,)S is called a free Poisson process.

@ The transition operator is determined via the bi-free compound
Poisson distribution (Gu, Huang, Mingo; 2016) with rate A = r and
ijp Size vV = %5(170) =+ r;rg(S(L]_) .
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Freely Additive Increments

Definition

A SA-NC-SP (X;)teT in a NCPS (A, ¢) is said to have freely additive
increments if for all t; < tp < --- < t, in T, the operators
Xty Xty — Xtyy oo, Xe, — Xt,—1 are freely independent.
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Freely Additive Increments

Definition

A SA-NC-SP (X:)teT in a NCPS (A, ¢) is said to have freely additive
increments if for all t; < tp < --- < t, in T, the operators
Xty Xty — Xty o ooy Xt, — Xt,—1 are freely independent.

Theorem (S; 2022)

Let X and Y be freely independent self-adjoint operators in a tracial von
Neumann algebra (9, 7). Then

Gx(z) — Gx+y(w)
z — Kx(Gx+v(w))
In particular if (X¢)teT is a self-adjoint non-commutative stochastic

process with freely additive increments, the above holds for X = X, and
Y =X — X, forall £ <r.

GLx),R(x+Y)(Z, W) = —

A\
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Free Cauchy Process

Example (Biane; 1998)

The free Cauchy process is the SA-NC-SP with freely additive increments

where 1 .
duelx) = = a7 9

One can use the above to compute the joint density of (L(X¢), R(X;)) to
be

fo(x,y) = 1 Y4 r—2¢
GRS w2 x2 4+ 02 (x—y)2+(r—£)2
and thus
fﬂr(Xay) 1l r—1¢
k :’— = — .
R C A ) )
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Freely Adding NC-SP

Theorem (S; 2022)

Let X1, Xo, Y1, Yo be self-adjoint operators in a tracial von Neumann
algebra (9, 7) such that alg({ X1, Y1}) and alg({ Xz, Y2}) are freely
independent. Thus Gx,+x,(z) and Gy, ty,(w) can be computed. With

ka(Z) = KXk(GXH-Xz(Z)) and ka(W) = KYk(GY1+Y2(W))
for k = 1,2, we have

1 1
_l’_
Gxi+3,v1+v:(2, W) Gx4x,(2) Gyy v, (W)
1 1
GX1,Y1(WX1(Z)7WY1(W)) GXz,Yz(wX2(Z)7wY2(W))

Thus the transition operator of Y1 + Y, onto X + Xo can be computed.
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Thanks for Listening!
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