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Let A be a C*-algebra, o; a strongly-continuous R-action, and
B €R.

Definition
A KMSg state on (A, o) is a state ¢ such that

P(xy) = ¢(yoip(x))

for all x,y in a dense subalgebra of A.

3 is the inverse temperature. The set of KMSg states is a
Choquet simplex.
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Example
A= M,(C), oi(x)=exe ™ —H>0,

Tr(xe PH
P(x) = Tr((e—ﬁ’"))'
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Example
A= M,(C), oi(x)=exe ™ —H>0,

Tr(xe PH
P(x) = Tr((e—ﬁ’"))'

Tr(xy e ) = Tr(y e #H x)
= Tr(y (e PH x M) e=PH)

= Tr(yoig(x) effBH).
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® U a unitary, {V,: a € N*} commuting isometries satisfying
uv, = V,U?,

VaVb = Vab,
V;V, = Vp V] when ged(a, b) = 1.
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® U a unitary, {V,: a € N*} commuting isometries satisfying

Uv, = V,U?,
VoV = Vap,
V V= Vp V] when ged(a, b) = 1.

® Qur algebra:

T(N*x Z) = C; (Vo,U : aeNX)

univeral

=span{V,U"V} : a,be N* neZ}.
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® U a unitary, {V,: a € N*} commuting isometries satisfying

Uv, = V,U?,
VoV = Vap,
V V= Vp V] when ged(a, b) = 1.

e Qur algebra:

T(N*x Z) =
=span{V,U"V, : a,beN* neclZ}.

Vo, U : aeNX)

miveral(
univeral

® R-action: '
(Tt(Va):a'tVa, O't(U): U.
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Applying the Fourier transform to U allows us to substitute
YA VLUVE with VLfVE, f e C(T).

The relation UV, = V,U? becomes fV,; = V,f ow,, where

a

wy: T—=T, wiz)=2z%
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Low temperature equilibrium

Low temperature KMSg states (/5 > 1) can all be computed using
zeta functions as follows (an Huef-Laca-Raeburn):

® For 77 a probability measure on the circle T, the function

3 oo X
ny e\ a’ -8 n
¢y5(VaU Vb)—5a,bc(ﬁ);c /TZC dn

extends to a KMSg state.

Tyler Schulz University of Victoria

Supercritical equilibrium states



Low temperature equilibrium

Low temperature KMSg states (/5 > 1) can all be computed using
zeta functions as follows (an Huef-Laca-Raeburn):

® For 1 a probability measure on the circle T, the function

dns(VaU"VE) = Zc /C”dn

extends to a KMSg state.

® Equivalently,

Dop(VoUTVE) = 6,00 / 2dy,
T

where
o

1 _
v=Tgn= @ Z c ‘dwc*’r}.
c=1
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Subconformal measures

The formula for v, g is well-defined for all 3 > 0, but may not
extend to a state.

Theorem

The map v +— 1), g is an affine isomorphism between the KMSg
states on (T(N*x Z), 0+) and probability measures v on T
satisfying

Zu Pugr >0 (1)

for all n € N*, where 1 is the Mébius function.
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Subconformal measures

The formula for v, g is well-defined for all 3 > 0, but may not
extend to a state.

Theorem

The map v +— 1), g is an affine isomorphism between the KMSg
states on (T(N*x Z), 0+) and probability measures v on T
satisfying

Zu Pugr >0 (1)

for all n € N*, where 1 is the Mébius function.

We call a measure satisfying condition (1) -subconformal. A
more general form of this was investigated by Afsar, Larsen, and
Neshveyev.
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Subconformal measures

When 8 > 1, v is 3-subconformal if and only if v = Tgn for some
probability measure 7.

o

1 1
_ —B _
Y cPuen=— | ] —=—|n
ﬁ) c=1 C(B) p prime 1- p Bwp*
Z wd*u— Hl—p Wps | V.
d|n pln

These are inverse operations, up to scaling.
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Formulas

Some functions from number theory:

@(n) = of integers 1 < k < n with ged(k,n) =1

= nH 1- p_17
pln
ps(n)=n"T[1-p7",

pln

ord(z) =inf{n: z" =1}
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Supercritical equilibrium

Theorem

For 8 <1, the simplex of B-subconformal measures is affinely
isomorphic to the simplex of probability measures on N* U {oo}.
This isomorphism sends 6o, to Haar measure and d,, to the
finitely-supported measure defined by

n—B#elord(z)) if ord(z) divides n,
vns({z}) = { . o(ord(z))

otherwise.
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Supercritical equilibrium

Theorem

For 8 <1, the simplex of B-subconformal measures is affinely
isomorphic to the simplex of probability measures on N* U {oo}.
This isomorphism sends 6o, to Haar measure and d,, to the
finitely-supported measure defined by

n—B#elord(z)) if ord(z) divides n,
vns({z}) = { . o(ord(z))

otherwise.

Corollary

Haar measure is the unique non-atomic [3-subconformal measure
for g < 1.
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The phase transition

The extremal S-subconformal measures are parameterized by T for
B >1 and by N* U {oo} for g < 1.

How do we transition from a connected space to one which is
disconnected?
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The phase transition

If ord(z) = oo, then integrating:

n Lis(2") _
/Tz d(Tgé;) = f(ﬁ) ,  where Lig(z Zz c P

This tends to d,0 as 3 — 1%, which is the integral with Haar
measure.
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The phase transition

If ord(z) = n < oo, then

n k 00
T3d, = Z nh. Céﬁ(,ﬁ;)ézka where ((8,s) = Z(C +5)7A.
k=1 c=0
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The phase transition

If ord(z) = n < oo, then

n k 00
T3d, = Z nh. Céﬁ(,ﬁ;)ézk, where ((8,s) = Z(C +5)7A.
k=1 c=0

Compare this to the formula

1% :nn_ﬁ-M ord(z¥) = n/ ged(n
o = o oy O () = o/ el k)

These agree in the limit § — 1.
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The phase transition

Putting this together, we can now describe the phase-transition:

Un1 if ord(z) = n € N*|
lim Tg(sz =
p—1t Haar measure if ord(z) = oo.

The topology of T is completely forgotten in the phase transition!
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Future work

This is the first non-trivial example of phase transition with
non-unique supercritical equilibrium from number theory that we
are aware of.

Future work will examine the phase transitions for more general
number fields than @, where we expect similar behaviour.
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