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Definitions

Let A (unital, Banach algebra) be equipped with an operator space
structure (an assignment of norms |||, on M,(A) satisfying Ruan’s axioms)

- Ais a (unital) operator algebra if
1abl[ < |[alln]l b|»

Va,b € M,(A) and n € N.
(Equivalently, m: A x A — A, (a, b) — ab induces a completely contractive
linear map A ®p A — A).

- Ais a (unital) completely contractive Banach algebra if

ITai brel (i ey lam < Wil [bwe] [ m

V]aj] € Mn(A), [bke] € Mm(A) and n,m € N.
(Equivalently, m: A x A — A, (a, b) — ab induces a completely contractive
linear map A® A — A).



Operator (space) modules

e A - completely contractive Banach algebra;
e E - unital right A-module equipped with (complete) operator space structure;

E is a (right, unital) hA-module if
m:ExA—E, (x,a)~—x-a

induces a completely contractive linear map E ®, A — E.

fillod z°: category of right (unital) hA-modules with completely bounded
A-module maps.

E is a (right, unital) matrix normed (m.n.) A-module over A if

m:ExA—E, (x,a)—x-a

induces a completely contractive linear map E® A — E.

mndlod,”: category of right m.n.A-modules with completely bounded
A-module maps.



Examples: right unital hA-modules
For A unital operator algebra, E operator space.
> Awith a-a’ = aad’.

> E®, Awith (x®a)-a = x® (aa).

Examples: right unital m.n.A-modules

For A unital completely contractive Banach algebra, E operator space.
> Awith a-a’' = aa’.
> E®Awith (x®a)-a' :=x® (ad).
» CB(A, E) with (T - a)(b) = T(ab).
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CES Representation Theorem [Christensen—Effros—Sinclair (1987)]

Let A be a unital operator algebra, E and operator space and E € Mod a.
If E € #Mods”, there exist Hilbert space H, a complete isometry ¢: E — B(H) and a
completely isometric unital algebra homomorphism 7w: A — B(H) such that

o(x-a) = ¢(x)m(a), Vae A x€E.



Let o be a category, # a class of monomorphisms, and & a class of
epimorphisms.

I € o is JM-injective if any morphism whose codomain is /, can be extended

along morphisms in ./
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Relative Homological Algebra

Idea: Focus on extensions along (and liftings over) morphisms that
behave well under a forgetful functor.

Algebraic Module Categories: Hochschild 1950s
Additive Categories: Eilenberg—Moore 1960s

Banach and Topological Algebras: Taylor 1970s, Johnson, Helemskii,
Selivanoy, ...

Operator Algebras: Paulsen 1990s, Aristov, Wood, ...

Theorem [Helemskii, 1980s]

Let A be a unital C*algebra.
Every right Banach A-module is relatively projective if and only if A is
classically semisimple.
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In Allods® and mndlod ;"

Iz 1 has closed range and completely bounded
E———F = / o
inverse p~t: u(E) — E
kernel
F—»¢ — 7 is a completely open mapping

cokernel



For o an additive category and (., %) a class of kernel-cokernel pairs:

&x = (M, P) is an exact structure (in the sense of Quillen) if:
[EO] Forall Ec &, idg € .
[E0°P] For all £ € o, ide € 2.
[E1] A is closed under composition.
[E1°P] 2 is closed under composition.

[E2]  The pushout of a morphism in . along an arbitrary
morphism exists and yields a morphism in /.

[E2°P] The pullback of a morphism in & along an arbitrary
morphism exists and yields a morphism in .

In this case we say (&/,&z) is an exact category.

T. Biihler. Exact categories. Expo. Math., 28(1) 1-69, 2010.

Theorem [Ara-Mathieu], [Mathieu-R. 2022]

Let A be an operator algebra. The class &z max of all kernel-cokernel
pairs forms an exact structure on AMlod ;" and mndlod ;°.

Exact categories: (Allod;’, Exmax), (17272lod 3, X max)



Every additive category has the minimal exact structure &z, of the
split kernel-cokernel pairs.

Split: E F G

v 36

such that vu = idg, 70 = idg and uv + 07 = idg.

Exact categories: (Alod;’, Exmin), (mnllod’, Exmin)



Proposition

Let F: (o, &x) — B be the forgetful functor.
The class of kernel-cokernel pairs

Exvel = {(p,m) € x| (Fu,Fr) € Exmin}
forms an exact structure on 9. The relative exact structure.
We write &ze) = (Myrel, Prel)-
Fi: (Allod;®, Exmax) — O and F,,,: (mndlod®, Exmax) — On™
yield exact categories (A Mlod ", Exyel) and (mnlod®, Ex el).

An object / in an exact category with the relative exact structure is
relatively injective if | is M e-injective.

An object P in an exact category with the relative exact structure is
relatively projective if P is &P -projective.



Cohomological dimension in an Exact Category

(of,&z) be an exact category with &z = (M, P).
Let E € A. Inj ;,-dim(E) is the smallest n > 0 such that there exists:

E /0 -1 /n
idE\& Ko/ \ Ki / \ Kn-1 / \ K A’n

where I all #-injective and

Km m Km+1 in &x.

cohomological dimension of (¢, &xz) is

cohomdim(¢f, &x) := sup {Inj ,-dim(E) | E € Mod s}



Theorem [Mathieu-R. 2022]

Let A be a unital operator algebra. The following are equivalent:
> A is classically semisimple;
» cohomdim(AMod;°, Exrel) = 0;
» cohomdim(mndlod°, &x o) = 0.
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Proof:
k
A= @ M, (C) < > A is classically semisimple
i=1
Every object Every object Every o[ect
in mndlod;”° = in Allod;® <—= in fillody®

is relatively injective is relatively injective is relatively projective



