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ABSTRACT. We present a collection of questions related to the structure and
classification of nuclear C*-algebras.

The Ziirich International Congress of Mathematics in 1994 featured two talks
on the structure and classification of simple nuclear C*-algebras. In one, George
Elliott set out his ambitious classification conjecture for simple separable nuclear
C*-algebras ([129]). In the other, Eberhard Kirchberg described a solution to half of
Elliott’s conjecture ([244]) — this would later be published in [331] as the renowned
Kirchberg—Phillips theorem — together with his celebrated ‘Geneva theorems’ on
tensorial absorption. Over the next thirty years, and allowing for a certain amount
of modification, the other half of Elliott’s grand vision has been realised through
classification and structure theorems for simple nuclear C*-algebras (Theorems 2
and 3 below), which parallel Connes’ work on the structure and consequent unique-
ness of the injective 11y factor ([78]). Yet despite this success, there are many major
challenges that remain; our purpose in this article is to collate a series of open ques-
tions stemming from the structure and classification of nuclear C*-algebras. The
continued fast pace of progress made for an extra challenge we were not expecting:
some of our initial questions were (partially) answered during the time it took us to
assemble this collection. In particular, the preprint [2] answers Problem LXXXIX
in full and Problem XCI partially, and the very recent preprint [139] gives answers
to Problems XIX and XX and has impacts on others. We have left these problems,
and our commentary on them, essentially unchanged from our original version but
added addenda to the end of Sections 6, 11, and 25 setting out some of these
developments.

Kirchberg’s contribution to and influence on the classification and structure the-
ory for nuclear C*-algebras has been immense. A central theme of the paper is how
results — typically proved or inspired by Kirchberg — for purely infinite C*-algebras
lay down a road to follow for stably finite C*-algebras. It is no surprise that some
essence of Kirchberg and his work can be found in nearly every topic within this
paper.
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1. CLASSIFICATION AND STRUCTURE THEOREMS FOR SIMPLE NUCLEAR
C*-ALGEBRAS

Before turning to the questions, we start with a short summary of the current
state of structure and classification theorems for C*-algebras. Projections in opera-
tor algebras are either infinite or finite, according to whether they are Murray—von
Neumann equivalent to a proper subprojection of themselves. This provides the
foundation of the theory of von Neumann algebras in Murray and von Neumann’s
type decomposition, which ensures that a factor M is either finite (all projections
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are finite), the tensor product of a finite factor with B(H), or type III — purely
infinite — where all non-zero projections are infinite (and mutually equivalent in
the countably decomposable setting). Rgrdam’s famous example from [356] shows
that a corresponding result does not hold for C*-algebras. Nevertheless, there is
a profound dichotomy — due, perhaps inevitably, to Kirchberg! — which splits the
C*-algebras within the scope of classification into those that are stably finite (all
projections in all matrix amplifications are finite) and those that are purely infinite
(analogous to the type III factors; we defer the precise definition a few pages).

The Jiang—Su algebra Z from [229] appearing in the final part of the dichotomy
below is, in a precise sense, the most natural C*-analogue of the hyperfinite 1Ty
factor R,% and so Z-stability for a C*-algebra A (i.e. A= A® Z) is best regarded
as a C*-analogue of the McDuff property for a II; factor M (i.e. M =2 MQR).
The algebra Z also shares many properties with C and is K K-equivalent to it, so
that it can also be viewed as a non-commutative version of C.

Theorem 1 (Kirchberg’s dichotomy; [35, Corollary 3.11]). Let A and B be simple
non-elementary C*-algebras. If one of A or B is not stably finite, then A ® B is
purely infinite. In particular, every simple Z-stable C*-algebra is either stably finite
or purely infinite.

Structure and classification results for operator algebras go hand in glove. Mur-
ray and von Neumann’s uniqueness theorem for the (separably acting) hyperfinite
II; factor is a classification result, but it is Connes’ structural counterpart — the
abstract characterisation of hyperfiniteness in terms of amenability and injectivity
— which both makes the uniqueness theorem vastly applicable in examples (particu-
larly those coming from groups and dynamics) and underpins much of modern von
Neumann algebra theory.

Turning to C*-algebras, the unital classification theorem is a centrepiece result
established through the combined work of many researchers, including [244, 242,
331] for the purely infinite case — the Kirchberg—Phillips theorem — and [436, 437,
196, 197, 134, 409] which handle the finite case, including conceptual breakthroughs
by Winter ([436, 437]) and Gong, Lin, and Niu’s opus [196, 197], which is the
culmination of the long-term project of classifying by tracial approximation ([275,
277, 280], for example). The preprint [61] gives an alternative, more abstract, proof
of the finite case. We follow the notation of [61, Definition 2.3] and write KT, ()
for the classification invariant, consisting of K-theory together with the position of
the unit, traces, and their pairing.?

Theorem 2 (Unital classification theorem). Let A and B be unital simple separa-
ble nuclear Z-stable C*-algebras which satisfy Rosenberg and Schochet’s universal
coefficient theorem (UCT). Then A = B if and only if KT, (A) = KT,(B).

IThis result appears in Rgrdam’s book [361] as Theorem 4.1.10 and in [35], and we are grateful
to Mikael Rgrdam for pointing out that Kirchberg communicated his dichotomy theorem in the
mid-1990s. The form of the dichotomy for Z-stable C*-algebras in Theorem 1 was independently
noted in [191] soon after the introduction of Z.

2More precisely, Z is the minimal strongly self-absorbing C*-algebra ([434]). Strongly self-
absorbing C*-algebras are discussed further in Section 5.

3This formally differs from the Elliott invariant Ell(-) in that the order structure on Ky is
not included (though on the class of algebras covered by the unital classification theorem, this
order is recovered from tracial data, so the two invariants carry the same information). See the
discussion after [61, Definition 2.3] about the precise relation between these invariants.
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A non-unital classification — for C*-algebras satisfying the same hypotheses ex-
cept unitality — was announced independently by Gong and Lin and by the authors
with Carrién and Gabe around 2021. In the former case, this consists of the papers
[133, 192, 193, 194] (some of which are joint with Elliott and Niu). See the survey
article [195] for an account of the Gong—Lin—Niu tracial approximation approach to
classification, covering both the unital and non-unital cases. The latter approach
continues to be in preparation ([62]). We call simple separable nuclear C*-algebras
which are Z-stable and satisfy the UCT classifiable.

The classification theorems, and their proofs, split according to Kirchberg’s
dichotomy: the purely infinite case was settled independently by Kirchberg and
Phillips in the '90s (a detailed comparative overview of the two proofs is given in
[361]). Together with Carrién and Gabe, we wrote a history and survey of Theo-
rem 2 in the introduction to [61] (see also [429]), so we will be relatively brief here
and note that the classification of C*-algebras is obtained from a classification of *-
embeddings, and that the hypotheses involved split into two components. The first
batch of hypotheses — working with (unital) simple separable nuclear C*-algebras
— correspond to working with injective factors in the von Neumann situation. The
two other hypotheses — being Z-stable and satisfying the UCT — are more subtle.
We will have lots more to say about both, but for now, we note that one key differ-
ence is that there is an abundance of known non-Z-stable simple separable nuclear
C*-algebras out there (pioneered by Villadsen in [424] and refined to great effect
in [355, 356, 425, 411], for example), whereas it remains a major challenge whether
the UCT is automatic for (simple) separable nuclear C*-algebras (Problem II).

The existence of non-Z-stable C*-algebras led to regularity becoming a major
theme in the structure theory of simple nuclear C*-algebras. Initiated by Toms
and Winter’s analysis in [418], this centres around distinguishing (simple nuclear)
C*-algebras which are poorly-behaved (for instance, due to unusual ordered K-
theory) from those which are well-behaved. With the unital classification theorem in
place, the primary goal of the ‘regularity programme’ is to characterise Z-stability
within the class of (simple) separable nuclear C*-algebras.* The following structure
theorem sums up a major achievement of this endeavour to date.

Theorem 3 (Structure theorem; [247, 433, 435, 407, 294, 38, 67, 65]). Let A be a
simple separable nuclear non-elementary C*-algebra. The following are equivalent:

(i) A has finite nuclear dimension;

(7) A has nuclear dimension at most one;

(i) A is Z-stable.
If A is stably finite and all its traces are quasidiagonal,® then these are also equiv-
alent to

(") A has decomposition rank at most one.

Here, nuclear dimension and decomposition rank are the non-commutative cover-
ing dimensions from [439] and [253], respectively.® The unital classification theorem

41¢ is worth emphasising that ‘regularity’ type results, like Theorem 3, are expected to be
independent of the UCT.

5In the non-unital case, ‘all its traces are quasidiagonal’ must be interpreted to include traces
on hereditary subalgebras; see [65, Theorem 7.2].

6We have more to say about quasidiagonality further below, but as the quasidiagonality of all
traces condition in (i””) is necessary, having finite decomposition rank is a stronger condition than
finite nuclear dimension and is only applicable on the stably finite side of Kirchberg’s dichotomy.
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was first proved with finite nuclear dimension in place of Z-stability (and before it
was shown that they are equivalent). Approximately finite-dimensional (AF) C*-
algebras are precisely those of nuclear dimension zero. From this viewpoint, the
bound of one in Theorem 3(i’) allows one to view condition (i) as a one-dimensional
— or 2-coloured — C*-version of hyperfiniteness for von Neumann algebras.

There are strong parallels between the structure theorem and Connes’ theorem
which persist at the technical level of proofs. The last part of Connes’ proof is to
show that an injective II; factor M is hyperfinite after having established that it is
McDuff. This uses the approximately inner flip on R and an embedding M < R
(obtained from injectivity and providing the source of the finite-dimensional ap-
proximations needed for hyperfiniteness). In the unique trace case, the proof of
Theorem 3(ii) = (i) follows a coloured (or higher dimensional) version of this
argument; in their paper [294], Matui and Sato show how to use quasidiagonal-
ity (which, for nuclear C*-algebras, can be thought of as an analogue of Connes’
embedding M — R¥) together with a two-coloured version of the approximately
inner flip (a concept made explicit in [368]) to obtain finite decomposition rank
from Z-stability (in hindsight, their proof also views Z-stability as a 2-coloured
version of UHF-stability). Later, a 2-coloured version of quasidiagonality was given
in [368] to prove (ii) = (i) in the unique trace case, with increasingly more general
trace spaces handled in [38, 67].

While the equivalence in Theorem 3 gives two very different ways of accessing
the regularity needed for classification in examples,” both the conditions of finite
nuclear dimension and Z-stability are somewhat technical. Ideally, the structure
theorem would be further extended to characterise Z-stability of simple separable
nuclear C*-algebras in even more basic terms. For the infinite part of the structure
theorem, one of Kirchberg’s famous Geneva theorems shows the way.

Theorem 4 (Kirchberg). Let A be a simple separable nuclear C*-algebra. Then A
18 O -stable if and only if A is purely infinite.

Note that as a consequence of Kirchberg’s Theorems 1 and 4 and the existence
of traces on exact stably finite C*-algebras (see Theorem 8 below), any simple
separable nuclear Z-stable C*-algebra without a non-zero densely defined lower
semicontinuous trace is necessarily O.-stable.

We now turn to the definition of simple purely infinite C*-algebras, and empha-
sise the viewpoint that this is a straightforward condition on the order structure
of positive elements. Whereas projections play a key role in the structure of von
Neumann algebras, C*-algebras need not have many or even any projections, and
instead one must work with positive elements. The theory of Cuntz comparison
is the positive element version of Murray and von Neumann’s comparison theory
for projections in von Neumann algebras. For positive elements a and b in a C*-
algebra A, a is Cuntz below b, written a 32 b, if @ = lim,,,~ @}, bx,, for some sequence
()22, € A; they are called Cuntz equivalent when a 3 b and b 35 a. The Cuntz
semigroup Cu(A) is built from positive elements in the stabilisation A ® K modulo
Cuntz equivalence. (The Cuntz semigroup has been well-studied both as a tool
for C*-algebraic advances and, to some extent, as an object of interest in its own
right. The survey articles [14] and [174] are excellent places to get started.) Then

7Depending on the nature of an example of interest, one of these routes can be much more
tractable than the other. See the discussion in [61, Section 1.1.4].
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a simple C*-algebra A # C is purely infinite if any two non-zero positive elements
are Cuntz equivalent, or equivalently Cu(A4) = {0,00}. This should be compared
with the fact that a countably decomposable von Neumann factor which is not C
is type III if and only if all its non-zero projections are equivalent. Although it
is not immediate from this definition that simple purely infinite C*-algebras have
any projections, it turns out that they have real rank zero ([47, Proposition 3.9] for
the unital case; the non-unital case can be seen by combining this result with [30,
Theorem 1.2] and [47, Theorem 3.8]).

It is very natural to ask for a stably finite analogue of Theorem 4, i.e. to char-
acterise Z-stability for simple separable nuclear C*-algebras in terms of positive
elements. We will ask this in Problems XVIII and XXVI below, but we are cer-
tainly not the first to pose this question. Indeed, our exposition has proceeded
ahistorically — all of Theorem 3 and more was predicted in the highly prophetic
Toms—Winter conjecture from around 2008.

We need one more concept to describe the Toms—Winter conjecture. Functionals
on the Cuntz semigroup arise from quasitraces (as discussed in [302], for example).®
For a unital C*-algebra A (where this is easier to describe), let QT (A) denote the
set of normalised quasitraces. Then any 7 € QT'(A) induces an invariant of Cuntz
equivalence by
(1) d-(a) = lim 7(a*’™), ac(A®K),

n—oo
(extending 7 canonically to a densely defined lower semicontinuous quasitrace on
A®K). We say that a unital simple C*-algebra A has strict comparison® if for all
non-zero a,b € (A® K)4,

(2) d-(a) < d;(b) for all 7 € QT'(A) = a 3 b.

This is the same as Cu(A) being almost unperforated (see [358, Proposition 3.2,
which is generalised to an appropriate version of strict comparison in the non-simple
case). Notice that if a unital simple C*-algebra has no quasitraces, then the left-
hand side of (2) is vacuous and strict comparison is equivalent to A ® K being
purely infinite (which is equivalent to pure infiniteness of A). The notion of strict
comparison goes back at least to Blackadar’s ‘fundamental comparability question’
(version 2) in [25].19 For stably finite C*-algebras, we view strict comparison as
the appropriate C*-algebra version of the fact that the order on projections in a Iy
factor is determined by the trace. With this setup, the Toms—Winter conjecture
(and now mostly theorem) can be stated as follows.

Conjecture 5 (Toms—Winter). Let A be a simple separable nuclear non-elementary
C*-algebra. The following are equivalent:

(i) A has finite nuclear dimension;
(i) A is Z-stable;
(iii) A has strict comparison.

8In the context of the Toms—Winter conjecture, one can work with traces as, by Haagerup’s
Theorem 8, any quasitrace on an exact C*-algebra is a trace.
9The reader is warned that the literature contains many variants of ‘strict comparison’ (often
under the same name, and especially outside of the unital simple case covered here); one must be
careful about this when applying results.
10This is a version of (2) for projections, which was ultimately answered by Villadsen [424].



NUCLEAR C*-ALGEBRAS: 99 PROBLEMS 7

Conjecture 5 holds in the absence of (densely defined lower semicontinuous)
traces. We record this separately for later reference, though it essentially is con-
tained in the results described above.!!

Theorem 6. Let A be a simple separable nuclear (non-elementary) C*-algebra
with no non-zero densely defined lower semicontinuous traces. The following are
equivalent:

(i) A has finite nuclear dimension;
(7) A has nuclear dimension one;
(i) A is Z-stable;

(i) A is Os-stable;

(iii) A has strict comparison;

(1id) A is purely infinite.

Toms and Winter made their conjecture'? based on their analysis of Villadsen’s
construction in [418] before any of the stably finite parts of Theorem 3 were known
in generality. Sticking to our non-chronological approach, even before this, Rgrdam
proved (ii) = (iii) in Conjecture 5 (see [358, Corollary 4.6] for the unital case —
the non-unital case follows from [358, Corollary 4.7]; unlike all the other implica-
tions in the conjecture, this holds without nuclearity). The remaining challenge in
Conjecture 5 (Problem XVIII below) is (iii) = (ii). Matui and Sato made a ma-
jor breakthrough with this implication in 2012, establishing it under the additional
hypothesis that A has a unique trace, or more generally, when A has finitely many
extremal traces.

Theorem 7 (Matui-Sato; [293]). Let A be a unital simple separable nuclear stably
finite C*-algebra with strict comparison and finitely many extremal traces. Then A
is Z-stable.

This covers many natural examples (e.g. crossed products arising from uniquely
ergodic free minimal actions of discrete amenable groups), and the breakthrough
methods they introduced (see Section 6) sparked the modern use of von Neumann
algebraic techniques to tackle structural problems in simple nuclear C*-algebras.

2. THE QUASITRACE PROBLEM

Quasitraces are a technical generalisation of traces arising from dimension func-
tions. From a modern prospective, they correspond one-to-one with functionals on
the Cuntz semigroup, in that every such functional arises in the form (1) for some
quasitrace 7.1 The essential difference between quasitraces and traces is that the

HWe noted above that Theorems 1 and 4 give (i) = (iii) and (iii’), and the reverse direction
follows from Theorem 4 as O is Z-stable. (i) = (ii) is best done using a version of the dichotomy
theorem for simple C*-algebras with finite nuclear dimension ([439, Theorem 5.4], heavily using
Kirchberg’s work from [246]), and the reverse implication was first established by Matui and Sato
in [294] with the optimal bound later obtained in [38].

12Unf0rtunately, Toms and Winter failed to write down their conjecture in a joint paper; the
best early references are [418, Remarks 3.5], which is only for the finite case and uses decomposition
rank instead of nuclear dimension, and [439, Conjecture 9.3].

13As with traces, the term ‘quasitrace’ (by which we mean a 2-quasitrace) is sometimes used
to denote normalised functions, whereas other times, it may indicate a lower semicontinuous
extended function. In this paper, we are at times intentionally ambiguous to encapsulate different
variations on themes and questions in the literature.
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former need only be additive on commuting elements. Quasitraces have a long his-
tory, dating right back to Murray and von Neumann'’s first paper [304] (though the
terminology and their abstract study came later in [31]). Murray and von Neumann
originally showed that a II; factor has a unique quasitrace ([304, Theorem XIII})
and later showed the additivity in [305], so that II; factors have a unique trace.

A long-standing open question about quasitraces, which in spirit goes back to
[234, 235], asks whether the “quasi” is necessary. This is equivalent to Kaplansky’s
question of whether type II; AW*-factors are von Neumann algebras.

Problem I. If 7 is a bounded quasitrace on a C*-algebra, must T be a trace?

The following is a tremendous result by Haagerup ([201])!* in the unital case
and then extended to lower semicontinuous unbounded quasitraces on non-unital

C*-algebras by Kirchberg ([245]; see also [35, Remark 2.29(i)]):

Theorem 8 (Haagerup, Kirchberg). If A is an exact C*-algebra then all lower
semicontinuous quasitraces on A are traces.

For this reason, the open part of the quasitrace problem lies outside the realm
of nuclear C*-algebras.

There is an important consequence of this and Blackadar and Handelman’s work
[31], that we’ll often refer back to, as follows.

Corollary 9. If A is an exact stably finite C*-algebra then A has a lower semi-
continuous densely defined trace.

There is much more to be said about the quasitrace problem and its equivalence
to other problems (such as whether the minimal tensor product of stably finite
C*-algebras is again stably finite). For this and further recent developments, we
refer the reader to Milhgj and Rgrdam’s article [302] devoted to this problem.

3. THE UCT

The universal coefficient theorem (UCT) of Rosenberg and Schochet ([363]) pro-
vides a powerful method for computing K K-groups in terms of the operator K-
theory groups Ky and K;. The name comes from the analogous theorem in algebraic
topology, which, for suitable spaces X, computes the cohomology groups H*(X; G)
with coefficients in an abelian group G in terms of G and the homology groups
H,(X). For C*-algebras, one of the cleanest characterisations is that a separable
C*-algebra A satisfies the UCT if for every (o-unital)'® C*-algebra B such that
K. (B) is divisible, the natural map

(3) KK(A, B) —— Hom(K.(A), K.(B))

is an isomorphism. The fairly restrictive condition that K, (B) is divisible should
be regarded as a normalisation condition. If A satisfies the UCT in the sense above,
then for all C*-algebras B, there is a natural short exact sequence

(4)  Ext(K.(A),K.41(B)) —— KK(A,B) —%% Hom(K.(A), K.(B)),

14The preprint of this paper was completed in 1991 and was circulated among the community
from that point.

15With a suitable interpretation of the group KK (A, B), this also holds for non-o-unital C*-
algebras B — see [61, Appendix B], for example. Reducing the UCT to the o-unital case can be
done using [372, Proposition 1.11], for example.
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which splits unnaturally.!®

Although, on the surface, the UCT has an algebraic nature, it is usually verified
through analytic methods. For a C*-algebra B with K. (B) divisible, the functors
KK(-,B) and Hom(K,(-), K.(B)) are homotopy invariant, Morita invariant, half-
exact on semisplit extensions,'” and o-additive — in the case of KK (-, B), these are
deep analytic results of Kasparov ([236]). Using the naturality of the map a in (3)
and various six-term exact sequences arising from varying A in both sides of (3),
Rosenberg and Schochet establish several permanence properties for the class of C*-
algebras satisfying the UCT:!® it is closed under semisplit extensions, suspensions,
direct limits of nuclear C*-algebras, and K K-equivalence (in particular, homotopy
equivalence and Morita equivalence). Using the Pimsner—Voiculescu sequence and
Connes’ Thom isomorphism, the class is also closed under crossed products by Z
and R. It is easy to see that C satisfies the UCT, and hence the UCT holds on
a bootstrap class of separable C*-algebras that can be built from C by iteratively
applying these constructions. To show all commutative C*-algebras satisfy the
UCT, Rosenberg and Schochet used their permanence properties to reduce it first
to the case of CW complexes, and then to Co(R™), which is handled via Bott
periodicity. Pushing this further, they proved that all type I C*-algebras satisfy
the UCT, together with their inductive limits, thus including all approximately
subhomogeneous (ASH) algebras — the key observation being that all stable type
I C*-algebras admit a (typically transfinite) composition series with factors of the
form Cp(X) ® k.19

Beyond the ASH case, the most powerful method in practice for verifying the
UCT comes from the theorem of Tu below on amenable groupoids. The proof
uses the same techniques needed to prove the Baum—Connes conjecture for such
groupoids and is modelled on the result of Higson and Kasparov showing amenable
groups satisfy the Baum—Connes conjecture ([207]).

Theorem 10 (Tu; [421]). If G is a second countable locally compact Hausdorff
amenable groupoid, then C*(G) satisfies the UCT.

Tu’s theorem also follows from analytic methods obtaining a decomposition the-
orem for C*(G). In fact, he shows C*(G) is K K-equivalent to a direct limit of type I
C*-algebras. More recently, Barlak and Li ([18]) extended Tu’s theorem to twisted
groupoid C*-algebras C*(G,Y) under the additional hypothesis that G is étale by
using the Packer-Raeburn stabilisation trick ([321, 322]) to untwist the groupoid
at a suitable place in Tu’s proof. Combining this with Renault’s theorem ([343]),
every separable nuclear C*-algebra with a Cartan subalgebra satisfies the UCT.

160Qther normalisations are possible as well. For example, a separable C*-algebra A satisfies
the UCT if and only if for all C*-algebras B, K«(B) = 0 implies K K (A, B) = 0. Informally, this
implies that if there is any method for computing KK (A, -) in terms of K.(A), then there is an
exact sequence as in (4). The argument for this is a mapping cone construction similar to the
second part of the proof of [361, Corollary 8.4.6(ii) = (iii)].

17The failure of half-exactness of KK -theory in general is one of the impeti for the development
of E-theory ([206, 81]).

18Rosenberg and Schochet only consider permanence properties for nuclear C*-algebras, but
their arguments apply more generally as presented here.

190ne of many equivalent characterisations of type I C*-algebras is that every quotient contains
an abelian element (see [324, Chapter 6 and Definition 6.1.1 in particular] or [105, Chapter 4]).
Since the ideal generated by an abelian element is stably isomorphic to Co(X) ® K, repeatedly
using such ideals leads to the required composition series.
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There is a rather striking permanence property due to Dadarlat ([86]) that high-
lights the analytic nature of the UCT. If A is a separable nuclear C*-algebra and
every finite subset of A is approximately contained in a (not necessarily nuclear)
UCT subalgebra B C A, then A satisfies the UCT. When the subalgebras B form
an increasing union, this follows from a Milnor lim'-sequence, but there is no rea-
son to believe a priori that such local approximations can be arranged to be nested
(cf. [89]). Dadarlat’s proof involves a series of reductions, ending with the case
that A and each approximating subalgebra is simple and tracially AF, and then
classification techniques are used to force the subalgebras B to be nested.

In spite of the impressive collection of examples and permanence properties ob-
tained over several decades, it still remains unclear how large the class of C*-
algebras satisfying the UCT is. In the non-nuclear case, a result of Skandalis ([376])
shows that if G is a biexact group with property (T), then C}(G) fails the UCT. In
the nuclear case, the following UCT problem is wide open and is perhaps the most
important open problem about nuclear C*-algebras.

Problem II. Do all separable nuclear C*-algebras satisfy Rosenberg and Schochet’s
universal coefficient theorem?

There are several known reductions. An easy one is that if the UCT is preserved
under taking quotients of nuclear C*-algebras, then all nuclear C*-algebras satisfy
the UCT (use that any C*-algebra A is a quotient of its cone Cy((0,1]) ® A, which
is contractible, so will satisfy the UCT).

A much harder reduction, due to Kirchberg, is that if crossed products of separa-
ble nuclear C*-algebras by T satisfy the UCT, then all nuclear C'*-algebras satisfy
the UCT (see [27, Exercise 23.15.12]). Using Kirchberg’s ideas, it has also been
shown that if crossed products by both Z/p and Z/q for relatively prime natural
numbers p,q > 2 preserve the UCT for separable nuclear C*-algebras, then all
separable nuclear C*-algebras satisfy the UCT ([19, Theorem 4.17]).

Kirchberg has also shown how to reduce the UCT problem to the simple purely
infinite setting ([361, Proposition 8.4.5]). So, if all Kirchberg algebras satisfy the
UCT, then all separable nuclear C*-algebras satisfy the UCT. In fact, via a map-
ping cone construction and the Kirchberg—Phillips theorem, the UCT problem is
equivalent to the statement that every unital Kirchberg algebra A with K,(A) =0
is isomorphic to the Cuntz algebra Oy (see [361, Corollary 8.4.6(ii)]).

Almost nothing is known about the class of C*-algebras B for which the UCT ex-
act sequence (4) holds for all separable nuclear C*-algebras A. Indeed, to our knowl-
edge, the only B that are known to have this property are those with KK (-, B) =0
(so including B = 05, as well as all purely infinite von Neumann algebras, and mul-
tipliers of stable separable C*-algebras). Indeed, when B := C, KK(A,C) is the
K-homology group K°(A), and when B := Cy(R), KK (A, Co(R)) is the Brown—
Douglas-Fillmore extension group K'(A) = Ext '(A). Even in these cases it is
unknown if (4) holds in any more generality than when A satisfies the UCT.

A special case that has interested our AIM SQuaRE is when B = RY¥, the
tracial ultrapower of the separably acting hyperfinite II; factor R — we have been
(perhaps misleadingly) calling this the ‘R“-UCT problem’. As with all II; fac-
tors, K1(R*) = 0 and there is an isomorphism Ky(R*¥) = R given by sending a
projection in a matrix algebra over R* to its trace. If A is a separable nuclear
C*-algebra, then by Connes’ theorem, two *-homomorphisms ¢,1: A — R are
unitarily equivalent (and hence agree in K K) if and only if tr o ¢ = tr o). The
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injectivity of the map in the following problem essentially asks whether this gener-
alises from *-homomorphisms to ‘K K-maps’ A — R — does agreement on traces
imply agreement in K K7

Problem IIT (R“-UCT problem). If A is a separable nuclear C*-algebra, is the
natural map

(5) KK(A,RY) — Hom(Ky(A),R)
an isomorphism?

Surprisingly, the R“-UCT does hold when A = D is a finite strongly self-
absorbing C*-algebra (we discuss strongly self-absorbing algebras in more detail
in Section 5), which gives some evidence that it may hold generally. This is be-
cause R¥ is a quotient of D, and it is therefore separably D-stable.2’ Then one
combines the general result that K K (D, A) = Ky(A) whenever A is D-stable ([98,
Theorem 3.4]) with a standard separabilisation argument. This plays a crucial role
in the first-named author’s recently announced K K-classification of finite strongly
self-absorbing algebras ([370, Theorem C]).

In view of the slow rate of progress on the UCT problem, it becomes natural
to try to remove UCT assumptions from various results, including structural and
classification results and general properties of K K. We discuss a couple questions
along these lines here, and this theme recurs frequently later — for example, in
the discussion after Theorem 11, in Section 5, and in Problem LVII. The first such
problem concerns the computation of K-theory of tensor products. For C*-algebras
A and B, there is a natural Z/2-graded map

(6) a: K. (A) @ K.(B) = K.(A® B),

given in K by tensoring projections. In [374], Schochet showed that this is an
isomorphism whenever K, (B) is torsion-free, and A lives in a bootstrap class of
separable nuclear C*-algebras (containing inductive limits of type I algebras and
closed under stable isomorphism, under a ‘two-out-of-three’ property for short ex-
act sequences, and under crossed products by Z or R). Following Rosenberg and
Schochet’s work, one gets the same conclusion whenever A satisfies the UCT and
K.(B) is torsion-free.?!

The requirement that K,(B) is torsion-free is a normalisation condition. As
set out in [374, Section 4], if A is a C*-algebra such that (6) is an isomorphism
whenever K, (B) is torsion-free, then for any C*-algebra B one has a natural short
exact sequence

(7)) 0= K.(A) @ K.(B) - K.(A® B) 2 Tor"(K,(A), K.(B)) = 0

(where  has degree 1) known as the Kiinneth formula for tensor products. For
separable nuclear C*-algebras, the bootstrap classes used to obtain the Kiinneth
formula and the UCT are the same, but a priori, the Kiinneth formula for K-theory
is weaker than the full force of the UCT.

20Here D, denotes the C*-algebra ultrapower, and by separable D-stability of R*, we mean
that any norm-separable By C R“ is contained in a norm-separable D-stable subalgebra of R%.

21For non-nuclear C *-algebras, one gets this by showing that the class of separable C*-algebras
A, for which (6) is an isomorphism for all torsion-free K«(B), is closed under K K-equivalence.
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Problem IV (Kiinneth formula for tensor products). Let A be a separable nuclear
C*-algebra and B a separable C*-algebra such that K.(B) is torsion-free. Is the
natural map « in (6) an isomorphism?

In another direction, there is a natural topology on K K (A, B) (see [87] for a def-
inition and a discussion of the history), and the Hausdorffised groups K L(A, B) =
KK (A, B)/{0} play an important role in the classification theorem, dating back to
Rgrdam’s introduction of K L-groups in [353] (defined there only when A satisfies
the UCTY).

Under the UCT, the ‘universal multi-coefficient theorem’ of Dadarlat and Lor-
ing ([92]) readily implies that KL(-,B) preserves limits on the class of nuclear
C*-algebras in the UCT class. This was recently shown to hold without a UCT
condition by Carrién and the first-named author in [63]. In a similar direction,
it is easy to show that KK (A, B) is Hausdorff whenever A satisfies the UCT and
K. (B) is divisible. Without the UCT, divisibility of K,(B) alone should not put
many restrictions on KK (A, B), but divisibility conditions on the C*-algebra B
itself might. A positive answer to the following, in the case when B := R¥, for
example, would follow from a positive answer to Problem III. In the following, O
denotes the universal UHF algebra (so Ky(Q) = Q).

Problem V. If A is a separable nuclear C*-algebra and B is a (separably) Q-stable
C*-algebra, is KK (A, B) Hausdor(f?

On the structural side, the UCT has been used to produce various approximation
properties for nuclear regular C*-algebras of both an internal and external nature.
For external approximations, we defer the discussion to the next section on qua-
sidiagonality and AF-embeddability. Internally, the UCT has been used to produce
tracial approximations for certain C*-algebras in the work of Elliott, Gong, Lin,
and Niu in [135], which was one of the final steps in the Gong-Lin—Niu approach
to the stably finite side of Theorem 2.

Problem VI. If A is a unital simple separable nuclear Q-stable stably finite C*-
algebra such that every trace on A is quasidiagonal, does A have generalised tracial
rank at most one?

In the unique trace case, Problem VI has a positive answer. Matui and Sato’s
[294, Theorem 6.1] shows that unital simple separable nuclear quasidiagonal C*-
algebras which absorb a UHF algebra of infinite type are tracially AF. Matui and
Sato’s direct argument to access tracial approximations from quasidiagonality in
this context is very much in the spirit of the final steps of Connes’ proof that injectiv-
ity implies hyperfiniteness (as per the discussion following Theorem 3). Problem VI
asks whether we can obtain tracial approximations in the spirit of a regularity type
result, without the UCT.

4. QUASIDIAGONALITY AND AF-EMBEDDABILITY

A (C*-algebra is residually finite-dimensional if it has approximately isometric
finite-dimensional representations. Of course, no infinite-dimensional simple C*-
algebra can be residually finite-dimensional, but upon weakening genuine finite-
dimensional representations to c.p.c. approximately multiplicative maps, suddenly
a great many C*-algebras have such approximations (including all the stably finite
classifiable C*-algebras). This is the notion of quasidiagonality — a property that
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was first introduced by Halmos in the context of operator theory ([203]) and then
characterized by Voiculescu in terms of the aforementioned approximations ([428]).
Putting Voiculescu’s result another way, a separable C*-algebra A is quasidiagonal
if and only if it has an embedding into Q, with a c.p.c. lift to £ (Q). When
A is nuclear, the Choi-Effros lifting theorem ([70]) tells us that it is enough that
A is matricial field (MF), i.e. embeds into Q,; in this formulation, one sees the
links to Connes’ embedding problem (which originated in Connes’ observation that
separably acting injective II; factors embed into the von Neumann ultraproduct of
the hyperfinite II; factor). The condition of being MF is equivalent to being the
fibre at co of some continuous field of C*-algebras over N U {co}, whose fibre at
each n € N is finite-dimensional ([32, Theorem 3.2.2]).

In their seminal papers [32, 33], Blackadar and Kirchberg examined the com-
bination of nuclearity and quasidiagonality, calling such algebras NF' algebras (for
‘nuclear finite’ in the hope of a positive answer to the next problem). They demon-
strated that this property is equivalent to the existence of a certain generalised
inductive limit presentation: a sequence of finite-dimensional C*-algebras (F,)2 ;
with c.p.c. connecting maps ¢, : F,, — F,11 which are asymptotically multiplica-
tive.?? They ask the following question.

Problem VII (Blackadar—Kirchberg; [32, Question 7.3.2]). Is every separable nu-
clear stably finite C*-algebra quasidiagonal?

The more general question of whether every separable stably finite (not neces-
sarily nuclear) C*-algebra is MF is resolved by the negative solution to the Connes
embedding problem ([227]): if M is a separably acting II; factor which is not R“-
embeddable then take a strongly dense separable C*-subalgebra of M with unique
trace — this cannot be Q,-embeddable.

A related set of questions concerns AF-embeddability. A C*-algebra A is AF-
embeddable if it can be embedded in some AF algebra. This property clearly implies
quasidiagonality, and there are no other known obstructions for a separable exact
C*-algebra to be AF-embeddable. Disentangling this question from the quasidiag-
onality question, the pertinent open question asks whether every separable exact
quasidiagonal C*-algebra is AF-embeddable. Blackadar and Kirchberg ask a weaker
version of this question in [32, Question 7.3.3], replacing exactness by nuclearity.

Problem VIII. Is every separable exact quasidiagonal C*-algebra AF-embeddable?

The quasidiagonality and AF-embeddability questions have received significant
attention, especially for reduced group C*-algebras of discrete amenable groups,?3
but also for other cases such as crossed products ([333, 50, 51, 276]) and contractible
C*-algebras ([428, 317]). The state-of-the-art is that both problems have a positive
solution, for separable exact C*-algebras satisfying the UCT which also have a
faithful amenable trace (a significant strengthening of stable finiteness in the non-
simple case). Using traces as a framework for studying amenability is one the major
ideas in Connes’ celebrated work [78]; this was further developed (outside the IIy
factor setting) by Kirchberg in [243] who called these traces ‘liftable’. An influential
and comprehensive study of amenable and quasidiagonal traces (see below) was later
undertaken by Nate Brown in [52].

22There is a similar characterisation of MF algebras, not requiring the ¢, to be c.p.c.
23Quasidiagonality for such C*-algebras is commonly referred to as Rosenberg’s conjecture (see
(60, 319], for example) and is now a theorem ([409, Theorem CJ).
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Theorem 11 ([409, 162, 371, 372]). Let A be a separable exact C*-algebra which
satisfies the UCT. Then A embeds into a unital simple AF algebra if and only if A
has a faithful amenable trace.

In light of this, and in the spirit of ‘removing the UCT’ from known structural
results (as in Section 3), one is led to natural special cases of Problems VII and
VIII which are major challenges in their own right.

Problem IX. (1) Let A be a separable nuclear C*-algebra with a faithful trace. Is
A quasidiagonal?

(2) Let A be a separable exact C*-algebra with a faithful quasidiagonal trace. Is A
AF-embeddable?

Nate Brown developed the concept of quasidiagonal traces appearing in Problem
IX(2) above by converting the Hilbert—Schmidt norm approximations used to define
amenability of traces to a stronger operator norm condition ([52]). His prediction
that quasidiagonal traces would prove important objects in the classification pro-
gramme proved very accurate, particularly through the combination of [135, 409).
In Brown’s framework, Rosenberg’s conjecture naturally extends to traces. If Prob-
lem X(1) below (cf. [52, Discussion before Proposition 3.5.1]) has a positive answer,
it would imply a positive answer to Problem IX(1). It seems likely to us that for
not necessarily exact C*-algebras, the heart of matter is whether the trace on the
hyperfinite IT; factor is quasidiagonal (it is certainly an amenable trace). Using that
R has a unique trace and the trace is faithful, this is equivalent to Problem X(2).

Problem X. (1) Are amenable traces on C*-algebras necessarily quasidiagonal?
(2) Is the hyperfinite I, factor quasidiagonal?

Note that Problem X(1) easily reduces to the case of separable C*-algebras.
Further, for exact C*-algebras, Problem X (1) can be reduced to the case of faithful
traces. Indeed, every trace 7 on a C*-algebra A induces a faithful trace on 7, (A),
where 7, denotes the GNS representation. Further, when A is exact, amenability
of T is equivalent to injectivity of 7,(A)”,?* and so 7 is amenable on A if and only
if the induced trace on 7,(A) is amenable. It follows that if Theorem 11 holds
without the UCT, then Problem X holds for exact C*-algebras.?

In addition to those traces covered by the quasidiagonality theorem ([409, 162,
371]), there is a positive answer for all amenable traces on cones. This is essentially
a result of Gabe ([162]) but is recorded as [53, Propositon 3.2]. But outside these
frameworks, little is known. For example, the amenable traces always form a face
in the tracial states; are the quasidiagonal traces also a face?

The discussion above has focused mostly on the case of C*-algebras with a faith-
ful trace since most recent progress has been in this setting. The situation where
there are no faithful traces is also very much of interest. Indeed at the other
extreme, the quasidiagonality and AF-embeddability problems have been solved
(without a UCT requirement) in the complete absence of traces. The appropriate
traceless condition is made precise through the following definition.

24That this holds follows from [52, Corollary 4.3.4], which is a consequence of Connes’ theorem,
and Kirchberg’s theorem that exact C*-algebras are locally reflexive (see [54, Corollary 9.4.1]).

25This reduction actually requires something a bit stronger than Theorem 11: namely, that the
AF-embedding can be arranged so that the given faithful amenable trace extends to a trace on
the AF algebra. This stronger statement is what is proven under the UCT in [372].
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Definition 12. A tracial weight on a C*-algebra A is an additive and R.-ho-
mogeneous function 7: A, — [0,00] with 7(zz*) = 7(z*z) for all z € A,.26 A
C*-algebra is called traceless if all tracial weights only take the values {0, c0}.2”

While simple exact traceless C*-algebras cannot be stably finite by Corollary 9,
and so cannot be quasidiagonal, outside the simple case, stably finite algebras can
be traceless. Indeed, an example is a cone Cp((0,1]) ® A over a simple purely
infinite C*-algebra A, which is stably finite by virtue of being projectionless. All
cones are quasidiagonal by Voiculescu’s homotopy-invariance of quasidiagonality
([428]). Gabe’s result goes much further and characterises quasidiagonality and
AF-embeddability for traceless separable exact algebras in terms of the primitive
ideal space.

Theorem 13 (Gabe; [164, Theorem CJ). For a separable exact traceless C*-algebra
A, the following are equivalent:

(i) A is AF-embeddable;

(ii) A is quasidiagonal;

(iii) A is stably finite;

(iv) the primitive ideal space Prim(A) contains no non-empty open compact
subsets.

The origin of the AF-embedding problem is Pimsner and Voiculescu’s famous
AF-embedding of the irrational rotation algebras ([335]). This led to crossed prod-
ucts becoming a natural focus for these problems, and a result of Pimsner solves
both the quasidiagonality and AF-embeddability problems for crossed products
C(X) x Z. (In the absence of a faithful invariant probability measure on X, such
a crossed product does not have a faithful trace.)

Theorem 14 (Pimsner; [333]). For a homeomorphism « of a compact metrisable
space X, the following are equivalent:
(i) C(X) Xo Z is AF-embeddable;
(il) C(X) Xy Z is quasidiagonal;
(i) C(X) % Z is (stably) finite;
(iv) there is no open set U C X such that o(U) is a proper subset of U.

It is natural to try to extend Theorem 14 to more general amenable groups.
An invariant probability measure on the space gives rise to a trace on the crossed
product, which will be faithful when the measure is faithful (i.e. non-empty open
sets have non-zero measure). In the presence of such a faithful invariant measure,
Theorem 11 applies (using Tu’s Theorem 10 to verify the UCT). However, Pimsner’s
theorem shows that one should expect quasidiagonal (even AF-embeddable) crossed
products well beyond this case.

Problem XI. Let X be a compact metrisable space, let d > 2 be an integer, and
let Z¢ ~ X be an action. If C(X) x Z% is stably finite, must it be quasidiagonal?
In this case, must it also be AF-embeddable?

26These are sometimes called extended traces, for example by Rgrdam in [358] and by Gabe in
[164].

27As discussed in Section 19, the {0, co}-valued tracial weights correspond to ideals; being
traceless means that there are no other tracial weights.
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To the best of our knowledge, it is also not known when such a crossed product
is even stably finite. While the question is of interest for more general groups, Z<¢
(or even just Z2) is a natural starting point.

Varying Pimsner’s Theorem 14 in a different direction, Nate Brown solved the
AF-embedding problem for crossed products A x Z for an AF algebra A ([50]). For
such crossed products, a direct analogue of Theorem 14 holds with Condition (iv)
replaced with a similar ‘incompressibility’ condition on the induced action of Z
on Ky(A). Brown’s theorem was extended to automorphisms of real rank zero
approximately homogeneous (AH) algebras in [341] but with the weaker conclusion
of quasidiagonality in place of AF-embeddability. This appears to be one of the
few classes where we currently know the answer to the quasidiagonality problem
but not the AF-embeddability problem, prompting the following question.

Problem XII. Let A be an AH algebra of real rank zero. For an action o: Z, ~ A
such that A X Z is quasidiagonal, is A X Z, AF-embeddable?

5. STRONGLY SELF-ABSORBING (C*-ALGEBRAS

Strongly self-absorbing algebras play an important role in modern structure and
classification theory, from the use of Z-stability as a unifying regularity property
to the role of O~ and Os-stability in purely infinite algebras (whose importance
largely emerged in Kirchberg’s Geneva theorems, [244, 247], including Theorem 4).
The role of tensorially absorbing a strongly self-absorbing algebra mirrors the use
of R-stability (a.k.a. the McDuff property) in II; factors. Indeed, being D-stable
for strongly self-absorbing D has a ‘McDuff-type’ central sequence characterisation
([416, Theorem 2.1] or [246, Proposition 4.11]).

A strongly self-absorbing C*-algebra is a unital separable C*-algebra D # C, such
that D = D®D in a strong way.2® These C*-algebras, introduced independently by
Kirchberg in [246, Section 4] and by Toms and Winter in [416], have a number of
convenient structural properties: simplicity, nuclearity, Z-stability ([434]), and at
most one trace. Many of these structural properties arise from much earlier work
of Effros and Rosenberg on C*-algebras with an approximately inner flip ([124]).
When D is strongly self-absorbing, the McDuff-type characterisation of D-stability
implies that a pair of strongly self-absorbing C*-algebras are isomorphic if and
only if they are (approximately) bi-embeddable. There is only a small list of known
strongly self-absorbing C*-algebras: the Cuntz algebras Oy and O, the Jiang—Su
algebra Z, UHF algebras of infinite type, and tensor products of Oy with a UHF
algebra of infinite type. Through classification, it is known that these are the only
strongly self-absorbing C*-algebras satisfying the UCT.

In talks and in [438], Winter has highlighted the class of strongly self-absorbing
C*-algebras as a ‘microcosm’ of general nuclear C*-algebras, suggesting the follow-
ing as a line of attack on the general UCT problem.

Problem XIII ([438, 6.3]). If D is a strongly self-absorbing C*-algebra, does D
satisfy the UCT? Equivalently, is D one of the known strongly self-absorbing C*-
algebras (listed above)?

Picking apart consequences of the UCT (such as the Kiinneth formula and qua-
sidiagonality in the stably finite case) naturally breaks Problem XIII down into

28Precisely, the first-factor embedding D — D ® D is approximately unitarily equivalent to an
isomorphism.
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three subquestions. Here is the first, which has both a finite version (which, by
Kirchberg’s dichotomy theorem and nuclearity of strongly self-absorbing algebras,
is a special case of Problem VII) and a general version.

Problem XIV. Let D be a strongly self-absorbing C*-algebra.

(1) ([438, 3.9]) If D is finite, must it be quasidiagonal? Equivalently, do we have
Q= QD™

(2) ([246, Conjecture 4.7], [438, 3.10]) In general, if D % O, does D embed into
(Q® Ox)w ? Equivalently, do we have Q @ Op 2 QR O @ D?

In a recent preprint, the first-named author has shown that a positive answer to
ProblemXIV(2) gives a positive answer to ProblemXIV (1) ([370, Corollary 4.6]).

The Kiinneth formula for K-theory in (7) holds when one of A or B satisfies
the UCT, and so computes K,(A ® B) in terms of K,(A) and K,(B). When A is
strongly self-absorbing and satisfies the UCT, this imposes strong constraints on
K.(A): Ki(A) =0, and if K((A) is non-zero, it must be a subring of Q. The second
subproblem below essentially asks whether this Kiinneth formula result applies
generally to strongly self-absorbing C*-algebras, modulo the previous question.

Problem XV. Let D be a strongly self-absorbing C*-algebra which is (Q® Ou)w -
embeddable. Must D have the same K-theory as a known strongly self-absorbing
C*-algebra?

The final subquestion asks for a classification of strongly self-absorbing algebras,
modulo the previous questions.

Problem XVI. Let D be a strongly self-absorbing C*-algebra which is (Q® Ou)w -
embeddable (or even quasidiagonal) and which has the same ordered K -theory as a
known strongly self-absorbing C*-algebra €. Does it follow that D = E?

To illustrate the point of the last question, suppose D is a quasidiagonal strongly
self-absorbing C*-algebra with Ko(D) = Z[1] and K;(D) = 0 (the same K-theory
as the CAR algebra My~ ); we think of D as a ‘putative CAR algebra’. Certainly
the K-theory assumption ensures My~ embeds into D (for this, it is enough that
D has cancellation because it is Z-stable — by [434] — and stably finite). Quasidi-
agonality provides a unital embedding of D into Q,,, but it is unclear whether the
unital embedding into Q,, uses the right matrix approximations, i.e. lands in the
subalgebra (Mas),. (Alternatively, quasidiagonality provides an embedding into
(M3 ), but this embedding is not a priori unital.)

The known strongly self-absorbing C*-algebras almost group into pairs, where
each such stably finite strongly self-absorbing C*-algebra D, has a purely infinite
counterpart D @ Oy . The exception is Os: no stably finite unital C*-algebra can
have zero K-theory, so that a stably finite counterpart of O, would need to be non-
unital. However, a theory of non-unital strongly self-absorbing C*-algebras has not
been satisfactorily developed; one issue is that when A is non-unital, one doesn’t
have a canonical first (or second) factor embedding of A into A ® A. Potential
examples of non-unital strongly self-absorbing algebras may include D ® K when D
is unital and strongly self-absorbing; these algebras appear as fibres in Dadarlat and

291 D is quasidiagonal, this gives an embedding D — Q.,, which can be upgraded to an
embedding into Q, N Q' by the strong self-absorption of Q. This is equivalent to Q being D-
stable by the McDuff-type characterisation.
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Pennig’s generalised Dixmier-Douady theory ([95, 93, 94]) but, as pointed out by
some of the readers of the previous version of this paper, it is unclear whether they
should be thought of as strongly self-absorbing.?® Another important candidate
is the Razak—Jacelon algebra W, studied early on in [342, 99, 224]. This is K K-
contractible and has a unique tracial state, and through classification, it is now
known to be self-absorbing ([133] or [308]). To some extent, W is therefore a stably
finite analogue of Oy. The first two of the following problems address to what extent
we can think of W as strongly self-absorbing, while the third asks for a concrete
proof of self-absorption, which has been sought since [224].

Problem XVII. (1) Is W-stability preserved by passing to hereditary subalgebras
(or even just to ideals), quotients and extensions?

(2) Is there a characterisation of W-stability of a separable C*-algebra A in terms
of central sequences?3!

(3) Find a direct proof that W is self-absorbing — not relying on major classification
results — either in the spirit of Jiang and Su’s original argument for Z =2 ZQ Z
or of the new proofs of this fundamental fact in [373, 183].

One challenge is that as W is non-unital, there is no natural analogue of the first
factor embeddings idp ® 1p: D - D® D and idy ® 1p: A - A ® D which have
been crucial to working with strongly self-absorbing D.

6. FROM STRICT COMPARISON TO Z-STABILITY

Despite all the progress on the fine structure of simple nuclear C*-algebras over
the last decade, the final open implication in the Toms—Winter conjecture remains
a major challenge.3?

Problem XVIIIL. Let A be a simple separable nuclear non-elementary C*-algebra
with strict comparison. Must A be Z-stable?

In concrete settings, there are a number of families for which the Toms—Winter
conjecture is known in full generality. These include AH algebras ([413], heavily
using [435]; we will return to this later below) and crossed products C(X) xZ? asso-
ciated to free minimal actions on compact Hausdorff spaces ([265, Corollary 7.14],
a preprint making use of [312]; the d = 1 case was obtained earlier in [1]). Note
that both of these classes contain examples of both Z-stable and non-Z-stable
C*-algebras. We return to crossed products in Section 11 below.

Matui and Sato’s Theorem 7 played a major role in initiating the modern use
of von Neumann techniques in C*-algebras. Their strategy is to lift the corre-
sponding von Neumann algebra result to the C*-level through the central sequence
trace-kernel extension. Since this underpins most known abstract results giving
conditions when (ili) = (ii) holds in Conjecture 5, let us describe it in more
detail.

Let A be a unital simple separable nuclear non-elementary stably finite C*-
algebra with a unique trace 7, and write M = 7,.(A)”, where 7, is the GNS-
representation associated to 7 (by Connes’ theorem, M is necessarily the hyperfinite

300ne issue is that absorbing D ® K will not necessarily pass to hereditary subalgebras.

310ne test for such a characterisation, is that it could be used to answer part (1) of this problem.

32We wish to emphasise that regularity should be viewed independently from the UCT. The
structure theorem (Theorem 3) and the Toms—Winter conjecture (Conjecture 5) do not have a
UCT hypothesis, nor do its partial confirmations (Theorem 7 and its generalisations).
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II; factor, but we stick to M to make the point that the full force of Connes’ theorem
is not needed). For a free ultrafilter w € SN\ N, we can form the C*-ultrapower
A, and the tracial ultrapower M® and it is a consequence of Kaplansky’s density
theorem that 7, induces a surjection A, — M%. The kernel of this map, Ja, is
called the trace-kernel ideal. More subtle is that 7, still induces a surjection at the
level of central sequence algebras®® — a fact we call central surjectivity — resulting
in the short exact sequence

(8) 0 —— JanA —— A,NA —— MYNM —— 0.

Since M is an injective von Neumann algebra, it is McDuff (the implication (iii) =
(ii) in the Toms—Winter conjecture is analogous to this part of Connes’ theorem),
so there exists a unital embedding My < M“ N M’. By a projectivity theorem of
Loring ([284]), this embedding lifts to a c.p.c. order zero map ¢ as shown below:

0 —— JanA —— A, NA —— MN M —— 0.

(9) order zcroT(ﬁ /

M,

This is almost enough to show Z-stability of A; a McDuff-type characterisation of
Z-stability requires that the defect 14, — ¢(1as,) of ¢ (measuring how much ¢ fails
to be unital) is Cuntz below ¢(e1;) in A, N A’ ([246, 416, 362]).3* Here, the defect
1a, — ¢(1ar,) lies in the trace-kernel ideal Jy, so it is infinitesimal in trace, and
strict comparison of A ensures that it is Cuntz below ¢(ej1) in A,. Matui and
Sato’s breakthrough showed how to use nuclearity to upgrade strict comparison
to a comparison condition for the central sequence algebra (known as property
(SI).35 Property (SI) is exactly what is needed to ensure the Cuntz subequivalence
1a, — ¢(1as,) 2 p(e11) can be taken in A, N A’ proving Theorem 7 in the unique
trace case.

Theorem 15 (Matui-Sato; [293] — cf. [251, Corollary 5.11]). Let A be a unital
simple separable nuclear non-elementary stably finite C*-algebra with strict com-

parison. Then A has property (SI); i.e. for positive contractions e € J4 N A" and
f=0fn)2, € A, N A" with

(10) lim lim inf 7(f)>0,3%

k—oon—w reT(A)

there exists s € A, N A" with s*s = e and fs = s.

33This is proved in [251, Theorem 3.3] using Kirchberg’s o-ideal techniques introduced in [246],
building on the earlier observations for nuclear C*-algebras (using different methods) chaining
back to [365].

34The characterisation given by these references appears formally stronger, requiring the ex-
istence of v € Ay, N A" with v*v = 14, — ¢(1ag,) and ¢(er1)v = v. Upon changing ¢ via
functional calculus and using standard Cuntz semigroup techniques, this can be verified if we
have 14,, — ¢(1ar,) = @le11).

35Property (SI) is really a ‘small-to-large’ comparison condition on the central sequence algebra,
but more general comparison results follow from property (SI).

36This ‘largeness’ condition on f should be viewed as saying that the spectral projection of f at
1 is bounded below under all limit traces, or more precisely, infreyinf eq, (4) 7(f*) > 0 (where
T (A) denotes the ‘limit traces’ on Ay).



20 C. SCHAFHAUSER, A. TIKUISIS, AND S. WHITE

In addition to converting (9) to Z-stability, Theorem 15 leads to an important
characterisation of Z-stability for unital simple separable nuclear stably finite C*-
algebras. This property is called tracial Z-stability, which asks for c.p.c. order zero
maps ¢: M — A with approximately central range, whose defect 14 — (1, ) can
be taken to be arbitrarily small in the Cuntz semigroup (see [210, Definition 2.1]).57
This was worked out by Hirshberg and Orovitz in [210], and, via Kerr’s Z-stability
theorem (Theorem 25, discussed in Section 11), has proved particularly important
in applications to Z-stability of crossed products.

To generalise the Matui—Sato approach to obtaining Z-stability from strict com-
parison to the setting where A has multiple traces, the naive thing to try is to
take M to be the finite part of the bidual, A}, which will be McDuff; the central
surjectivity and order zero lifting part of Matui and Sato’s argument work in this
context, but unless A has only finitely many extremal traces (as in Matui and Sato’s
Theorem 7), one cannot expect the defect of the resulting map ¢ to be Cuntz be-
low ¢(e11) in Ay, let alone in the central sequence algebra. Instead, one must work
with an object capturing tracial behaviour uniformly rather than pointwise. This

—T(A
is achieved by taking M to be Ozawa’s uniform tracial completion, AT( ), of A.38
Matui and Sato’s argument proves the implication (iii) = (ii) in the Toms—Winter

conjecture whenever the uniform tracial completion M = A has the McDuff
property in the sense that there is an embedding of M5 into the central sequence
algebra M* N M'.39

In fact, one does not need to obtain the full strength of the McDuff property.
Using the tools introduced in [67] to prove the implication (ii) = (i) of the Toms—
Winter conjecture, it suffices to be able to produce approximately central projec-
tions which divide elements in trace. The precise condition is given below; it is a
property for the tracial completion analogous to Murray and von Neumann’s prop-
erty I' for II; factors. In the case when T'(A) is a Bauer simplex, it suffices to take
x = 1 ¢ in Definition 16 ([64, Proposition 5.27]).

Definition 16 ([64, Definition 5.19 and Proposition 5.23]). Let A be a C*-algebra
whose tracial state space T(A) is non-empty and compact. We say that the tracial

completion M = ZT(A) has property I' when there is a projection p € M¥ N M’
with 7(px) = 7(x)/2 for all 2 € M and all limit traces 7 on M« .40

Using density, property I' for ZT(A) can be phrased at the level of A using
|| - [l2,7a)-approximately central approximate projections which approximately di-
vide the trace of elements of A. We say that A has uniform property I' when its
tracial completion has property I'. See the introductions to [67] and [64] for a
description of the passage from uniform property I' to McDuffness of the tracial
completion of a unital simple separable nuclear C*-algebra.*! Combining Matui

37The adjective ‘tracial’ is in the spirit of Lin’s tracial approximations.
38The uniform trace (semi)norm is given by llall2,ra) = subrcr(a) 7(a*a)'/2, and then the

tracial completion A7 i the C*-algebra of norm-bounded || - ||2,7(4)-Cauchy sequences, modulo
the norm-bounded || - [|2,7(4)-null sequences.

39The ultrapower here is defined using || - ll2,7a)-

40Limit traces are those traces T defined using a sequence (Tn)0%, from T(A) by 7(z) =
limy—sw 7n (2n), where (z,)52 ; is a representative sequence of x € M%.

41This goes by way of a condition known as complemented partitions of unity, which enables one
to glue local behaviour at fibres 7, (A)" over traces 7 € T'(A) to (approximate) global behaviour.
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and Sato’s technique with these ideas shows that property I' is the missing link in
the Toms—Winter conjecture.

Theorem 17 ([66, Theorem 5.6]). Let A be a unital simple separable nuclear stably
finite C*-algebra. Then A is Z-stable if and only if A has strict comparison and
uniform property T.

In Connes’ theorem, the very first step is to obtain property I' for a II; factor
from semidiscreteness ([78, Corollary 2.2]) by means of a spectral gap argument
(see [289, 290] for new approaches to this implication), but it remains a mystery
whether uniform property I' can be obtained from nuclearity.*> By Theorem 17, a
positive answer to Problem XIX would imply a positive answer to Problem XVIII.

Problem XIX ([66, Question C]). Does every unital simple separable nuclear non-
elementary stably finite C*-algebra have uniform property I'?

Uniform property I' is known to hold for many unital simple separable nuclear
stably finite C*-algebras. For example, in the setting of dynamics, property I
holds for crossed products C(X) x G associated to free minimal actions G ~ X
with the small boundary property of amenable groups G on compact Hausdorff
spaces X ([241, Theorem 9.4], stated as Theorem 26 below). With hindsight,
uniform property I' underpins the the extension of Matui and Sato’s Theorem 7
to prove the implication (iii) = (ii) of the Toms—Winter conjecture whenever the
extremal boundary 9,T(A) of T(A) is compact and has finite covering dimension
([251, 415, 366]).13

Theorem 18. Let A be a unital simple separable nuclear non-elementary stably
finite C*-algebra whose tracial state space has a compact extremal boundary of finite
covering dimension. Then A has uniform property I'. Accordingly, the Toms—
Winter conjecture holds for such algebras.

There are now more general results where, under trace space conditions, the
implication (iii) = (ii) of the Toms—Winter conjecture holds ([278, 272, 452]).
We expect, but have not checked, that simple separable nuclear non-elementary
C*-algebras with these trace space conditions automatically have uniform property
.

Since uniform property I' is automatic when the trace space of A is small, there
are certainly non-Z-stable simple nuclear C*-algebras which have uniform property
T' (such as Villadsen’s second type examples with unique trace and higher stable
rank from [425]). But, for reasons we explain further in Section 8, we are partic-
ularly interested in the stable rank one case. We have been unable to determine
whether the non-Z-stable simple nuclear C*-algebras with large trace spaces have
uniform property I'.44

42We state the question for simple C*-algebras, but it is also open for C*-algebras with no
finite-dimensional representations.

430zawa formalised the uniform tracial completion after these papers. In the case when T'(A)
is a Bauer simplex with boundary K, then the uniform tracial completion of A is a W*-bundle
over K. When A is nuclear and has no finite-dimensional representations, the fibres of this bundle
are the hyperfinite II; factor. Ozawa then showed that any W™*-bundle with fibre R over a
finite-dimensional compact space will have property I

441 [66], two of us asserted that the relevant C*-algebras did have uniform property I" — this
was based on an erroneous calculation of their trace spaces. See the discussion following [64,
Question 5.29].
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Problem XX. Do the Villadsen algebras of the first type (from [424]) have uniform
property I'?

Given a Villadsen algebra A of the first type which fails to have strict compar-
ison, let D be the canonical Cartan subalgebra in A (coming from the inductive
limit construction). A recent preprint of Elliott and Niu shows that the inclusion
D C A fails to have uniform property I'; i.e. one cannot find projections p wit-

—T(A —
nessing property I" for AT( ) inside the subalgebra DT(A) ([138, Theorem 1.1 and
Proposition 4.8]). This rules out one natural way to try to prove property I' for this
example — one might have hoped to find the approximately central projection in-

., =T(A . . . . .
side D (4) as one can certainly divide the unit in an approximately central fashion
there. Some of the authors view this as evidence that Problem XX has a negative
answer.

6.1. Addendum: June 2025. Some of the authors’ views were correct. In a
striking follow-up preprint [139] to [138], Elliott and Niu have shown that for simple
C*-algebras arising as crossed products C(X) x Z4, or as diagonal AH algebras,*
uniform property I' in fact characterises Z-stability. As this includes Villadsen’s
type I constructions, this answers Problems XIX and XX in the negative. Elliott
and Niu’s earlier preprint had already shown that for these classes of algebras,
tractability of the trace space ensures classifiability ([138, Theorem 1.4]): these
C*-algebras are Z-stable when they have a Bauer simplex of traces.*6

One major feature of Elliott and Niu’s work is the connection to the small bound-
ary property (discussed further in Section 11) and an intermediate characterisation
in terms of real rank zero for the uniform tracial ultrapower for the classes of
algebras they consider.

Another connection to real rank zero (and other properties) of the tracial ultra-
power is found in Lin’s recent work [278, 272], giving further trace space conditions
for which Problem XVIII has a positive solution. These papers, and Lin’s stable
rank one theorem (Theorem 21 from [279], described in Section 9), uses the notion
of tracial oscillation zero and various modifications of this concept developed by
Fu and Lin ([161]). Section 6 of [161] shows that tracial oscillation zero gives rise
to real rank zero of the tracial ultrapower.

Just as Connes’ original proof that injective II; factors have property I" crucially
uses arbitrarily small projections, we wonder whether such a real rank zero condition
in fact characterises uniform property T'. From [327], real rank zero for the tracial
ultrapower should entail a certain amount of divisibility of the unit, giving rise to
small projections.

45This means that the connecting maps take a certain nice form; see [136] for more on this
class, including that simple diagonal AH algebras always have stable rank one.

46The particular form of these algebras guarantees that the unit is approximately centrally
divisible in trace, so that when the trace space is Bauer, they automatically have uniform property
T". See [66, Proposition 5.10] for diagonal AH algebras (though note that the paragraph following
this proposition is now known to be wrong) and the sketch found in the proof of [138, Theorem 4.6]
for crossed products C(X) x Z? arising from free and minimal actions, using arguments from the
preprint [265]. In fact, this latter result works for all algebras C(X) x I' coming from free and
minimal actions of amenable groups with Niu’s uniform Rokhlin property from [311].
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Problem XXI. Let A be a unital simple separable nuclear non-elementary stably

finite C*-algebra such that (ZT 4

property I'?

( ))” has real rank zero. Must A have uniform

We suspect Problem XXI really lives at the level of tracially complete algebras
as formalised in [64]. In that framework, the formulation becomes: given a type II;
factorial amenable tracially complete C*-algebra (M, X) such that (M, X)“ has
real rank zero, does (M, X) have property I'?

7. INTERMEZZO: THE TRACE PROBLEM

Having introduced the uniform tracial completion in the previous section, let
us take an interlude to describe a problem in the foundations of this subject. In
[318], Ozawa introduced the notion of W*-bundles (topological bundles of finite
von Neumann algebras) as an abstract framework for studying the uniform tracial
completions of C*-algebras whose tracial state space is Bauer (i.e. has a compact
extremal boundary). In the preprint [64], together with Castillejos, Carrién, Ev-
ington, and Gabe, we developed an abstract framework for the study of uniform
tracial completions and established structure and classification results for these.

By construction, traces on A extend by || - [|2,7(4)-continuity to traces on its uni-

form tracial completion ZT(A)7 and indeed, T'(A) identifies with the set of || - [|2,7(a)-

. —T(A . .
continuous traces on A ( ). In our work, we have been much irked by the question

as to whether these are all the traces; in particular, we would very much like the
A)

. . . —T . . .
uniform tracial completion A ( to be uniformly tracially complete with respect

to all of its traces.

Problem XXII (cf. [64, Question 1.1]). Let A be a C*-algebra with T(A) non-

—T(A
empty and compact. Are all traces on AT( )

Equivalently, is the canonical embedding T(A) C T(ZT(A)) an equality?

automatically || - ||2,7(a)-continuous?

In [64], we set the question out in even more generality (explaining how it can be
viewed as analogous to the fact that the trace on a II; factor is unique amongst all
traces, and not just amongst the normal traces). When T'(A) is a finite-dimensional

. —T(A) . . . . .
simplex, A (4) is the finite part of the bidual of A — a finite direct sum of fac-
tors. Here the problem has a positive answer — essentially because in this case,

all traces on the finite part of the bidual are normal. In [152], Evington gives a

positive solution to Problem XXII assuming that ZT(A) has the regularity prop-

erty of complemented partitions of unity (this is a technical property which follows
from property I'; see [64, Section 6]). Since the first version of this paper, Farah
and Vaccaro have found further situations where the trace problem has a positive
answer, such as when T'(A) is a Bauer simplex whose extremal boundary is at most
1-dimensional ([157]). In general, the question is open, and it is also open when A
is nuclear (although, the only reason we would expect nuclearity to simplify things
is if Problem XIX had a positive answer, which we now know it does not — see
Addendum 6.1).
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8. RANKS OF OPERATORS

The fundamental fact that the trace 7 on a II; factor M induces an identification
of the Murray—von Neumann classes of projections in M with [0, 1] amounts to two
conditions:

(a) for projections p,q € M with 7(p) < 7(q), we have p = g;

(b) for any t € [0, 1], there exists a projection p € M with 7(p) = ¢.

Of these, strict comparison is the appropriate C*-algebra analogue of (a), but what
about (b)? We will describe this for a unital simple C*-algebra A, so we can work
with the collection of normalised (quasi)traces QT (A); however, all of what we
have to say applies generally by working with the cone of densely defined lower
semicontinuous quasitraces; see [142, 8]. Every positive element a € A ® K gives
rise to a lower semicontinuous affine function

(11) Rank(a): QT(A) — [0,00]: 7 — d,(a).

(here 7 is extended canonically to a densely defined lower semicontinuous quasitrace
on A ® K) which will be strictly positive whenever a # 0, since A is simple. As
this function measures the rank of a in all (quasi)traces, it is viewed as the rank
function®” induced by a. Just as (b) gives that all possible trace values of projections
occur in a II; factor, the appropriate C*-analogue would be for all possible rank
functions to arise from positive elements. To our knowledge, this problem was first
made explicit in talks by Nate Brown in the late 2000s motivated by [55, Section 5].

Problem XXIII (Rank Problem). Let A be a unital simple separable stably fi-
nite and non-elementary C*-algebra. Given any lower semicontinuous affine map
f: QT(A) — (0,00], does there exist a positive element a € A ® K such that
d.(a) = f(a) for all T € QT(A)?

We say that all ranks occur in a C*-algebra A when it has a positive answer
to Problem XXIII. This is the case when A has a unique (quasi)trace,*® and this
extends to C*-algebras with finitely many extremal quasitraces.

The connection between the rank problem and the Toms—Winter conjecture
comes as all ranks occur in simple Z-stable algebras ([142, Corollary 6.8], extending
[55, Theorem 5.5]); thus if (ili) = (ii) holds in Conjecture 5, one must obtain a
solution to the rank problem in the simple nuclear case from strict comparison. We
will return to this in the next section. Dadarlat and Toms ([97]) showed that all
ranks occur in a unital simple separable non-elementary stably finite C*-algebra A
with strict comparison whose quasitraces are traces*” satisfying T'(A) has compact
extreme boundary of finite covering dimension. Note that this is the same condi-
tion on traces as in Theorem 18, and both results are instances of a fairly typical
phenomenon: results that hold for unital simple C*-algebras with unique trace,
can sometimes be extended to unital simple C*-algebras whose trace space has a
compact extreme boundary of finite covering dimension by means of partition of
unity arguments.

4T the literature, the rank function is sometimes simply called the “rank” of a. Also, note
that in [31], Blackadar and Handelman use the terminology “rank function” to mean something
different, though their meaning of the term is no longer is use.

48[t is straightforward to see that the set of realised ranks (in this case a subset of [0,cc]) is
dense. Additionally, the ranks that occur are always closed under infinite sums.

49Dadarlat and Toms set up the rank problem using traces, and implicitly work with strict
comparison with respect to traces.
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A weaker version of the rank question asks whether the uniform closure of the
rank functions associated to positive elements in A ® K contains all continuous
affine maps QT(A) — (0,00) — in this case, we say that all ranks almost occur.
This holds for unital simple non-elementary AH algebras®® and for unital simple
non-elementary ASH algebras of slow dimension growth ([414]). It is open, and
seemingly challenging, whether some condition like slow dimension growth is nec-
essary in the ASH case.

Problem XXIV. Do all ranks almost occur in every unital simple non-elementary
ASH algebra?

A major breakthrough was made by Thiel in 2017, demonstrating a surprising
connection to stable rank. Stable rank one is a strong form of finiteness, char-
acterised (in the unital case) by the density of invertible elements (which accord-
ingly obstructs the existence of a proper isometry). Simple Z-stable stably finite
C*-algebras have stable rank one ([358, Theorem 6.5] gives the unital case; the
non-unital case was obtained only recently in [160]).

Theorem 19 (Thiel; [397, Theorem 8.11]). Problem XXIII has a positive answer
when A has stable rank one.

Theorem 19 was later extended by Antoine, Perera, Robert, and Thiel to uni-
tal C*-algebras of stable rank one which are non-simple ([8, Theorem 7.14]): all
ranks occur (provided the C*-algebra has no non-zero finite-dimensional quotients).
Both of these papers take full advantage of the vast amount of work developing an
axiomatic approach to the Cuntz semigroup (initiated in [83]; see particularly the
memoir [10]) and demonstrate the power these tools provide.

On the subject of stable rank one, it is unclear how else this property might
give rise to regularity, noting that Villadsen’s first construction of exotic simple
nuclear C*-algebras with perforation in K-theory from [424] all have stable rank one
([136]). Crossed products of the form C'(X) xZ? also have stable rank one whenever
they are simple ([1, 265]), and like Villadsen’s examples, these can also be non-Z-
stable ([184]). That said (and unlike the second type of Villadsen counterexamples
with higher stable rank), the counterexamples of the first type all have large trace
simplices — the Poulsen simplex ([137, Theorem 4.5]). This provokes the following
question.

Problem XXV. Let A be a simple separable nuclear non-elementary C*-algebra
with unique trace and with stable rank one. Must A be Z-stable?

9. CUNTZ SEMIGROUP REGULARITY

In the absence of a complete resolution to (iii) = (ii) in the Toms-Winter
conjecture (Problem XVIII), it is very natural to seek any positive element charac-
terisation of Z-stability within the class of simple separable nuclear non-elementary
C*-algebras, i.e. a characterisation at the level of the Cuntz semigroup. There is
an obvious necessary condition for A to be Z-stable: namely that Z-stability holds

50This is implicit in the proof of [55, Theorem 5.3]. Note that while this theorem has a stable
rank one hypothesis, it is only used to ensure the existence of suprema of bounded increasing
sequences in the incomplete Cuntz semigroup used in that paper. One of the main points of
working with the complete Cuntz semigroup Cu from [83] is that every increasing sequence in
Cu(A) has a suprema.
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at the level of the Cuntz semigroup. A striking theorem of Winter shows that
this is sufficient under the additional hypothesis of locally finite nuclear dimension
(Theorem 20 was extended to the non-unital case in [407]).5!

Theorem 20 (Winter; [435]). Let A be a unital simple separable stably finite®®
C*-algebra with locally finite nuclear dimension. Then A =2 A ® Z if and only if
Cu(4) 2 Cu(A® Z).

While we are unsure as to whether (iii) = (ii) in the Toms—Winter conjecture
(Problem XVIII) will hold, we, and many others, expect that locally finite nuclear
dimension is not needed in the above theorem, producing the following question
(which we believe was first asked by Winter in his 2012 CBMS lectures).

Problem XXVI. If A is a unital simple separable stably finite nuclear C*-algebra
such that Cu(A) = Cu(A ® Z), does it follow that A is Z-stable?

For simple C*-algebras, what is the difference between Cu(A) = Cu(A® Z) and
strict comparison? It turns out that if there is a difference between these properties,
then this must lie in divisibility conditions for the Cuntz semigroup. It is too much
to expect to be able to divide a positive element 2 € Ay exactly in half (or into n
pieces for any n € N); for example, there is no element x € Cu(Z2) with 2z = [1z].
Instead, one can ask for almost-divisibility: for all + € Cu(A) and n € N, there
exists y € Cu(A) with ny < = < (n+ 1)y. Winter called a simple C*-algebra
pure if it has strict comparison and its Cuntz semigroup is almost divisible. Since
Z-stable C*-algebras have almost divisible Cuntz semigroups (a result essentially
going back to [358]), a simple C*-algebra A with Cu(A) = Cu(A ® Z) is pure.

Problem XXVI predicts that, at least in the nuclear case, properties of simple
separable Z-stable C*-algebras should follow from Cuntz semigroup conditions. A
fundamental result of this nature is Rgrdam’s theorem that a unital simple Z-
stable finite C*-algebra has stable rank one ([358, Theorem 6.7], extending his
earlier UHF-stable result from [351]). This was extended to the non-unital setting,
initially through Robert’s notion of ‘almost stable rank one’ of non-unital simple
Z-stable finite C*-algebras ([349]), and more recently by Fu, Li, and Lin to obtain
the full force of stable rank one for these algebras ([160, Corollary 6.8]). In a
notable breakthrough, Lin was able to obtain the following Cuntz semigroup version
of Rgrdam’s theorem. As a consequence, he obtains a dichotomy theorem, since
traceless pure C'*-algebras are purely infinite.

514 has locally finite nuclear dimension when, for any finite subset 7 C A and € > 0, there
exists a subalgebra B C A of finite nuclear dimension such that F C. B, i.e. for all x € F, there
exists y € B with ||z — y|| < e. The point of course is that dimpuc(B) can depend on F and e.
The locally finite nuclear dimension hypothesis, while technical, should be thought of as providing
an abstract version of being an ASH algebra. Indeed, any inductive limit of subhomogeneous
algebras could be replaced with one where the building blocks are finitely generated and hence
have finite-dimensional spectrum. It is not known whether every separable nuclear C*-algebra
has locally finite nuclear dimension (or even whether simple stably finite nuclear C*-algebras are
ASH algebras).

52The theorem holds without the stably finite assumption and, in the infinite case, with
the a priori weaker condition of nuclearity in place of locally finite nuclear dimension. Indeed,
Cu(A) = Cu(A ® Z) ensures that A has strict comparison, then one can use Kirchberg’s results
collected as Theorem 6. Winter’s paper [435] claims that (at least in the setting of locally finite
nuclear dimension) one can simultaneously handle the tracial and traceless cases. Unfortunately,
as explained in [350] (see [350, Example 3.5]), it does not presently seem possible to unify the
proofs in the way Winter intended, and Winter’s theorem only proves the stably finite case.
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Theorem 21 (Lin [279, Corollary 1.3]). Let A be a simple separable finite pure
C*-algebra. Then A has stable rank one. In particular, simple separable pure C*-
algebras are either stably finite or purely infinite.

We view Lin’s theorem (together with Theorem 6) as providing even more evi-
dence on top of Theorem 20 that Problem XXVI should have a positive answer.

Returning to pureness, this turns out to be a characterisation of Cu(A) = Cu(A®
Z), for simple separable finite C*-algebras — a result that we had believed to be
folklore before we looked into it. The passage from Z-stability at the level of the
Cuntz semigroup to pureness is a straightforward application of Rgrdam’s work
on Z-stable C*-algebras. The idea to get back is to use pureness to obtain a
computation of the Cuntz semigroup (going back to [328, 55]). However, to arrange
for this computation for a C*-algebra A to match up with the computation for A® Z,
we need to know that V(A) = V(A® Z), which requires cancellation of projections.
To establish this from pureness, we found ourselves using Lin’s recent stable rank
one theorem. In the literature, the implication that simple pure C*-algebras absorb
Z at the level of the Cuntz semigroup has been attributed to Toms, but Toms’
result ([414, Theorem 1.2]) is for simple approximately subhomogeneous algebras
of slow dimension growth, where this cancellation was established by Phillips ([332,
Theorem 0.1]). We would be interested to know if there is a Cuntz semigroup-
theoretic way to obtain cancellation of projections from pureness directly at the
level of the Cuntz semigroup — without passing through stable rank one. By this,
we mean a proof for Cu-semigroups with additional axioms known to hold for
Cuntz semigroups arising from (simple) stably finite separable C*-algebras (cf. the
example in [10, Chapter 9, Question 8§]).

Proposition 22. Let A be a simple separable stably finite C*-algebra. The follow-
ing are equivalent:

(i) the first-factor embedding A — A ® Z induces an isomorphism on the
Cuntz semigroup;
) Cu(A) =2 Cu(A® 2);
) Cu(4) =2 Cu(B® Z) for some C*-algebra B;
) Cu(A) = Cu(A) ®c, Cu(2),%
v) Cu(4) 2 S ®cy Cu(Z2) for some abstract Cuntz semigroup S;
) A is pure;
) A has strict comparison and all ranks almost occur;
) Cu(A) = V(A)TLAff-o(QT(A)), with the ordered semigroup structure as
described in [14, Definition 5.4].%4

Proof. (i) = (ii) = (iii) are tautologies. (iii) = (vi) is essentially proven
by Regrdam in [358] (see [435, Proposition 3.7]). Conditions (v), (iv) and (vi)
are all equivalent by [10, Theorem 7.3.11] (and in fact this holds without assuming

53The Cuntz semigroup tensor product used here, and in the next condition is developed in
[10].

54Gtrictly speaking, this means that the map Cu(A) — V(A) I LAff~o(QT(A)) which is de-
fined for A finite (see footnote 56) by taking classes in Cu(A) which are Cuntz equivalent to a
projection p, to the corresponding class in V(A), and taking classes (a) which are not equivalent
to projections, to the rank function Rank(a) from (11). The addition and order are as specified
just before [408, Theorem 6.2].
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simplicity of A).%% (vi) = (vii) can be found as (3) = (1) of [279, Theorem 2.13],
and then (vii) = (viii) is [408, Theorem 6.2].56
(viii) = (i): Using (i) = (viii) on A ® Z, we have that

Cu(A® 2) = V(A® 2) I LAff~(QT(A ® 2))
(12) = V(A® 2) I LAff-(QT(A)).

We are therefore done once we verify that the embedding V(A) - V(A® Z) is an
order isomorphism.

First, observe that the order structure on V(A) II LAff-o(QT(A)) is almost
unperforated and almost divisible, i.e. A is pure (essentially because the order
structure on LAff<((QT(A)) has these properties). Therefore, by Lin’s Theorem
(Theorem 21), A has stable rank one and hence cancellation.

Now let us check that the embedding V(A) — V(A® Z) is an order isomorphism.
Suppose that p,q € M,,(A) are projections such that p® 1z T ¢®R1z. fpR1z ~
q®1z, then [plo = [¢]o in Ky(A) (since the map Ky(A) — Ko(A® Z) is injective),
and so p ~ ¢ by cancellation. Otherwise, (p ® 1z) @ r ~ ¢ ® 1z for some non-zero
r € M,,(A® Z); then by simplicity and strict comparison we have p < q.

Now let us check that V(A) — V(A ® Z) is surjective. Let r € M,,(A® Z) be
a projection. Then [r]o = [¢® 1z]o — [p ® 1z]o for some projections p,q € M,,(A),
since Ko(A) — Ko(A ® Z) is surjective. By the above, we have p 3 ¢, and so
by cancellation, we obtain a projection s € My(A) such that [s ® 1z]p = [r]o in
Ko(A® Z). By cancellation in A® Z, s® 1z ~ r. O

When A is non-simple, we do not know if pureness implies any of the conditions
(1)-(iii) in Proposition 22 — we will come back to this in Section 22 (see Prob-
lem LXXVI). In general, we view the first condition above as the most natural
version of Z-stability at the level of the Cuntz semigroup.

Definition 23. We say a separable C*-algebra A is Cuntz semigroup regular when
Condition (i) of Proposition 22 holds.

Returning to the concept of pureness, almost-divisibility is not the only way of
formulating a divisibility condition on the Cuntz semigroup. Indeed, the viewpoint
at the beginning of the previous section suggests thinking of the condition that all
rank functions occur as a kind of divisibility-type condition, and this is borne out
by the equivalence (vi)<>(vii). There are further divisibility conditions still, such
as in trace (e.g. [435, Definition 3.5] or Dadarlat and Toms’ condition (iii) from [97,
Theorem 1.1]) or higher-dimensional/coloured versions (see [435, Definition 3.5]).

It is folklore that in the presence of strict comparison, all these (and other) divis-
ibility conditions coincide and can be used to define pureness (see [66, Section 5]).

5570 get (v) = (iv), use that Cu(Z) ®cy Cu(Z) 2 Cu(Z) ([10, Proposition 7.3.3]).

56 A5 noted above, these sorts of calculations have appeared before, though with more hypothe-
ses (such as stable rank 1, as in [14, Theorem (or really exercise) 5.27], or [56, Theorem 2.6],
building on [55]). One of us relearnt about [408, Theorem 6.2] — which works in the generality we
need — from [279, Theorem 2.13]. In fact [408] goes too far in removing hypotheses: there is an
implicit stable finiteness hypothesis missing (which does not affect our use of the theorem). With-
out stable finiteness, Cuntz equivalent projections need not be Murray—von Neumann equivalent
(as opposed to mutually Murray—von Neumann subequivalent), and the proposed map may not
be well-defined.
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Without strict comparison, we would expect some of these divisibility-type con-
ditions to differ, though there are certainly implications between them.®” When
preparing this paper, we realised less was known (at least to us) than we thought.
In particular, we were unable to find an example of a unital simple separable nu-
clear non-elementary C*-algebra without almost-divisibility for which all ranks are
known to occur, though we very much believe such an example should exist. To our
knowledge it, is open whether almost-divisibility holds for the Villadsen algebras
of first type which fail to have strict comparison (these have stable rank one, and
hence all ranks occur by Thiel’s theorem) or the Villadsen algebras of second type
from [425] (which have unique trace, so all ranks occur) — cf. Problem LXIV.

It is unclear whether strict comparison gives rise to some form of divisibility,
or indeed (and much more speculatively), whether sufficiently strong divisibility
conditions give rise to strict comparison. We also do not know to what extent
nuclearity may affect the answer to these questions.

Problem XXVII. (1) Let A be a unital simple separable (nuclear) non-elementary
C*-algebra with strict comparison. Must A be pure?

(2) Let A be a unital simple separable (nuclear) C*-algebra whose Cuntz semigroup
s almost divisible. Must A be pure?

As discussed above, Problem XXVII(1) has a positive answer when all ranks
(almost) occur in A. Since ASH algebras have locally finite nuclear dimension, the
combination of Thiel’s rank theorem (Theorem 19) and Winter’s Z-stability theo-
rem (Theorem 20) establishes the remaining part of the Toms-Winter conjecture
for ASH algebras of stable rank one. The Toms—Winter conjecture holds in a very
similar fashion for unital simple non-elementary AH algebras as all ranks almost
occur in these algebras.?®

For a simple unital non-elementary ASH algebra A, Toms showed that if A has
slow dimension growth, then A has strict comparison ([412]) and all ranks almost
occur in A ([414, Theorem 3.4]). Accordingly, slow dimension growth ensures Z-
stability (by Theorem 20) and so classifiability. Conversely, tensoring an arbitrary
ASH system with an appropriate system of dimension drop algebras shows that
a simple Z-stable C*-algebra has slow dimension growth.®® Altogether, for sim-
ple unital non-elementary ASH algebras, Z-stability, Cuntz semigroup regularity,
and slow dimension growth are equivalent. However, the Toms-Winter conjecture
remains open for simple finite ASH algebras without assuming stable rank one,
essentially due to Problem XXIV.

The McDuff-type characterisation of Z-stability can be phrased in terms of the
Cuntz semigroup of the central sequence algebra: in the unital case, A is Z-stable
if and only if its central sequence algebra A, N A’ is pure.®® Certainly, if A, N A’ is
pure, then almost-divisibility leads to an order zero map ¢ : M,, -+ A, N A’, such

57Both almost-divisibility and Winter’s tracial divisibility property will give condition (iii) from
[97, Theorem 1.1], and hence all ranks almost occur. Interestingly, when the trace space is a Bauer
simplex one only needs almost-divisibility of the unit (or in fact the weaker rank condition of [97,
Theorem 1.1(ii)]) to obtain the same conclusion.

58 As discussed in footnote 50, the stable rank one hypothesis of [55, Theorem 5.3] used in [413,
Corollary 2.2] is not needed.

59Combining range-of-invariant results with classification, one can in fact get bounded dimen-
sion growth.

60We thank Hannes Thiel for bringing this formulation of Z-stability to our attention. As
A, N A’ is non-simple when A is finite and non-elementary ([246, Theorem 2.12]), one needs
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that 14,04’ = ¢(1a1,) ® ¢(e11). Strict comparison (as appropriately defined in the
non-simple setting — see [358, Proposition 3.2]) then implies that 14, na—&(1as,,) <
#(e11), which gives rise to Z-stability of A.5% The proof of Winter’s Theorem 20
for stably finite C*-algebras essentially factors through this argument, with both
almost-divisibility and strict comparison weakened. More precisely, for a simple
C*-algebra A with locally finite nuclear dimension, Winter proves

(i) a suitable divisibility condition on A implies a suitable divisibility condi-
tion on A, N A’ ([435, Section 5]), and

(ii) strict comparison for A implies a suitable small-to-large comparison for
A, N A’ ([435, Section 6]).

Step (ii) can be seen as a precursor to Matui and Sato’s property (SI), and one can
now bypass this step by using Matui and Sato’s Theorem 15, which also removes
the need for locally finite nuclear dimension here. It is natural to ask whether the
locally finite nuclear dimension hypothesis is also needed in (i), which amounts to
the following question.

Problem XXVIIIL. Let A be a unital simple separable nuclear non-elementary
stably finite C* -algebra which has Winter’s tracial divisibility property: for all k,n €
N, € > 0, and non-zero a € My(A)y, there exists a c.p.c. order zero map ¢: M, —

aMy(A)a with 7(¢(1nr,)) > 7(a) — € for all 7 € T(A). Does A have uniform
property I'?

We end the section by commenting on how Winter used the ideas in his Theo-
rem 20 to prove (i) = (ii) in Theorem 3. This result must involve a ‘dimension
reduction’ to pass from an arbitrary finite value of the nuclear dimension to the
low-dimensional condition of Z-stability. In Winter’s argument, this is done by
weakening pureness to higher dimensional versions — (m, m/)-pureness®? — which is
entailed by finite nuclear dimension. Winter in fact proves a stronger version of
Theorem 20 obtaining Z-stability for unital simple separable non-elementary sta-
bly finite C*-algebras from (m, m')-pureness in the presence of locally finite nuclear
dimension. The dimension reduction happens in the midst of Winter’s argument at
the level of central sequences through a geometric series trick. In a recent preprint,
Antoine, Perera, Robert, and Thiel made this dimension reduction more conceptual
by showing that it occurs directly at the Cuntz semigroup level.%?

Theorem 24 ([9, Theorem DJ]). Any simple (m,m’)-pure C*-algebra is already
pure.

to define pureness for non-simple algebras. An appropriate definition is that B is pure if its
Cuntz semigroup is almost divisible and almost unperforated; almost-unperforation is equivalent
to strict comparison both in the simple case and (with the right definition of strict comparison)
in the non-simple case as well. We will discuss pureness further for non-simple C*-algebras in
Section 22.

611 the non-unital case, the same argument can be used with Kirchberg’s central sequence
algebra F(A) = (A, N A’)/AL, so that Z-stability of A is equivalent to purity of this algebra.

62The constants m and m/’ keep track of the appropriate higher-dimensional versions of com-
parison and divisibility; see [435, Section 3].

63Even more recently, Antoine, Perera, Thiel and Vilalta have extended this result to the
non-simple setting in the preprint [11]. Note that in both of these works, the definition of m/’-
almost-divisibility is slightly different than Winter’s. See the fourth paragraph of [350, Section 2.3]
for a thorough comparison.
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Today, one would prove (i) = (ii) in Theorem 3 by obtaining (m, m’)-pureness
from finite nuclear dimension ([350, Theorem 3.1]), applying Theorem 24 to get
pureness and hence Cuntz semigroup regularity, and following Step (i) in Winter’s
proof of Theorem 20 (taking advantage of the lack of need for higher comparison
and divisibility conditions), and finally end by using Matui and Sato’s property (SI)
from Theorem 15.

10. DOES REAL RANK ZERO GIVE RISE TO REGULARITY?

In [325, 47], Larry Brown and Pedersen introduced the notion of real rank zero,
a property which implies an abundance of projections. (In [47], the property is
the zero-dimensional case of a more general non-commutative dimension theory,
from which the name arises.) The property is enjoyed by many important classes
of C*-algebras, including von Neumann algebras, AF algebras, Kirchberg algebras
(and indeed, all simple purely infinite algebras), and examples such as irrational
rotation algebras. On the other hand, many regular C*-algebras such as Z con-
tain few projections, and consequently cannot have real rank zero. For a unital
simple exact Z-stable finite C*-algebra A (for example, if A is a unital finite clas-
sifiable C*-algebra) real rank zero is characterised by the image of the pairing map
pa: Ko(A) — Aff(T'(A)) being dense in Aff(T'(A)) by [358, Theorem 7.2].

Real rank zero is often a helpful simplifying assumption — for example, the Cuntz
semigroup of a real rank zero C*-algebra is determined by its Murray—von Neumann
semigroup (projections in the stabilisation modulo Murray—von Neumann equiva-
lence). On the other hand, while real rank zero gives rise to some amount of
regularity, it is unclear exactly how much. This is a topic which Shuang Zhang
heavily investigated from the early ’90s; see [444]-[451]. Major challenges remain;
indeed, the following ‘real rank zero dichotomy problem’ demonstrates how little
we know about the full implications of real rank zero even for simple C*-algebras.

Problem XXIX (Rgrdam; [356, Question 7.6]). Is every simple (nuclear) C*-
algebra with real rank zero either stably finite or purely infinite 5%

This problem was posed by Rgrdam in the context of his examples of simple nu-
clear C*-algebras from [356] containing both finite and infinite projections (which
he later showed do not have real rank zero in [359]). The question is open even
without the nuclearity hypothesis. In [316] (and independently by Zhang in unpub-
lished work), it is shown that combining real rank zero with a very mild regularity
property — the corona factorisation property — is sufficient to conclude the stably
finite/purely infinite dichotomy.

The following asks whether real rank zero is a regularity property in an even
stronger sense.

Problem XXX. Is every simple separable nuclear non-elementary C*-algebra with
real Trank zero automatically Z-stable?

64Rgrdam’s [356, Question 7.6] is the contrapositive of this question: is there a simple nuclear
C*-algebra which is real rank zero and contains both a finite and an infinite projection? If so,
then it is neither stably finite nor purely infinite. If not, then every simple nuclear C*-algebra
with real rank zero which is not stably finite must have only infinite projections and therefore an
infinite projection in every hereditary subalgebra, which is a characterisation of pure infiniteness
for simple C*-algebras.
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A positive answer to this question would also solve Problem XXIX (in the af-
firmative) using Kirchberg’s dichotomy. While serious attempts have been made,
it remains unclear whether any variant of Villadsen’s constructions might yield an
example of a non-Z-stable real rank zero C*-algebra.

In [327, Theorem 5.8], Perera and Rgrdam show that a non-type I separable C*-
algebra A with real rank zero is weakly divisible (defined in [327, Definition 5.1}).
They pose what turns out (by [417, Theorem 2.3]) to be a stronger version of
Problem XXX: is every unital simple separable nuclear non-elementary C*-algebra
A of real rank zero approximately divisible?%®

Somewhat related to these problems is the question of whether real rank zero
is a property of the Cuntz semigroup of a C*-algebra. If A has real rank zero,
then every hereditary subalgebra of A (and of A ® K) has an approximate unit
consisting of projections (this, in fact, characterises real rank zero). It follows
that every element of Cu(A) is a supremum of an increasing sequence of compact
elements (those z € Cu(A4) with z < z), as was noticed early on by Perera in [326,
Theorem 2.8]. Such Cuntz semigroups are called algebraic in [10, Definition 5.5.1],
and this property seems the likely candidate (if any) for detecting real rank zero at
the Cuntz semigroup level.

Problem XXXI. If A is a simple stably finite C*-algebra and Cu(A) is algebraic,
must A have real rank zero?

In the non-simple, purely infinite case, Cu(A) can be algebraic without A having
real rank zero, as the following example due to Hannes Thiel shows. Take an
extension 0 — I — E — Oy — 0 such that [ is a stable Kirchberg algebra and the
exponential map Ko(Os) — K1(I) is an isomorphism (so that K;(I) = Z). Then
since E is Oq-stable, its Cuntz semigroup contains three elements (one for each
ideal), and is easily seen to be algebraic. However, it cannot have real rank zero,
because this would force the exponential map to vanish by [47, Theorem 3.14].

When A has stable rank one, Problem XXXI has a positive answer by the second
paragraph of [83, Corollary 5].

We ask further questions, related to K-theoretic regularity of real rank zero C*-
algebras, and connected to the dichotomy question (Problem XXIX) in Section 17
as Problem LX.

11. CLASSIFIABILITY OF C*-ALGEBRAS ASSOCIATED TO COMMUTATIVE
DYNAMICS

The power of Connes’ structural theorem is seen through its ease of applica-
tion in examples. Given a free ergodic measure-preserving action of a countable
discrete amenable group G on a non-atomic standard probability space (X, u), it
is straightforward to verify that the crossed product II; factor L°(X,u) x G is
injective, so Connes’ theorem shows that it is the hyperfinite II; factor.?6 A lot

6‘K)Approxima‘ce divisibility says that for any n, there is a unital embedding M, & Mn+1 —
Ao N A’. As approximate divisibility is really a central divisibility condition, at least one of
the authors would like to go back in time and change the terminology (especially as it is easy
to get it confused with almost-divisibility, which is a non-central condition). In particular, it is
important to realise that approximate divisibility should not be thought of in the same spirit as
the divisibility-type conditions discussed in Section 9, though it implies almost-divisibility.

661y this framework, it was later possible to see hyperfiniteness directly through Ornstein and
Weiss’” Rokhlin lemma ([315] and [108, Theorem 6.1]).



NUCLEAR C*-ALGEBRAS: 99 PROBLEMS 33

of effort has gone into the analogous question of which C*-algebras arising from
group actions are classifiable. Although we focus our attention on group actions,
the questions posed here can be generalised to étale groupoids (and even twisted
groupoid C*-algebras).

Most of the classification hypotheses are well-understood for reduced crossed
products C(X) x G: given an action of a countable discrete group G on a compact
metrisable space X, the reduced crossed product C*-algebra C'(X) x G is automat-
ically separable and unital; it is nuclear precisely when the action is topologically
amenable ([6, Corollary 6.2.14]).57 In this case, the full and reduced crossed prod-
ucts agree and satisfy the UCT (Theorem 10, by Tu), and the crossed product is
simple precisely when the action is topologically free and minimal ([15, Corollary
to Theorem 2]). Moreover, a dichotomy between being stably finite or being trace-
less is given by amenability and non-amenability of G (see the folklore lemma [170,
Lemma 2.2]). So the fundamental challenge is to determine when topologically free
minimal actions give rise to Z-stable crossed products.

The precise analysis and, in particular, the expected role of the space X differs
on the two sides of the finite/infinite dichotomy. In the stably finite case, Giol
and Kerr provide an example of a free minimal Z-action on an infinite-dimensional
compact metrisable space X such that C(X) x Z is not Z-stable ([184]), whereas
early positive results showed that when X is finite-dimensional (and has infinitely
many points), all minimal Z-actions (which are automatically free) give Z-stable
crossed products ([419]). In contrast, when G is non-amenable it seems likely that
the space X does not matter: there are no known examples of topologically free
minimal amenable actions of non-amenable groups whose crossed product is not
a Kirchberg algebra, and recently, many examples of groups (including all non-
amenable free groups) have been found for which all such actions give classifiable
crossed products ([170]). These and subsequent developments have given particular
prominence to the following problem.

Problem XXXII. (1) Let G be a countably infinite discrete amenable group, let
X be a compact metrisable space with finite covering dimension, and let a: G ~
X be a free minimal action. Does it follow that C'(X) x G is Z-stable?

(2) Let G be a countable discrete exact but non-amenable group, let X be a compact
metrisable space, and let a: G ~ X be a free minimal amenable action. Does

it follow that C(X) x G is Z-stable?

These questions have been answered for many classes of groups, and there have
been two main approaches. The first is to proceed by directly bounding the nuclear
dimension of the crossed product via dimensional conditions on the action — e.g.
Rokhlin dimension ([212, 387, 395]) or Hirshberg and Wu’s recent long-thin covering
dimension ([213]); Z-stability then follows from the structure theorem (Theorem 3).
A culminating result is that Problem XXXII(1) has a positive answer provided that

67Generalising the notion of amenability for groups, amenable actions of groups on C*-algebras
were defined by Anantharaman-Delaroche in [5]; in the commutative case, this provides the notion
of an amenable action on a locally compact Hausdorff space. See [320] for characterizations.
Amenable groups always act amenably. For an amenable action, the reduced and full crossed
products agree ([5, Proposition 4.8]), although the converse is open (see [383, 57]).

One should be warned that the terminology “amenable action” is not consistent across the
literature (for actions on non-commutative C*-algebras); see [57, Remark 2.2].
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G has polynomial growth%® ([395, Theorem 8.8]). The above problems can also be
asked for actions which are only topologically free rather than free. The long-
thin covering dimension is well-suited to non-free actions (which finite Rokhlin
dimension excludes); one of many results in Hirshberg and Wu’s preprint [213]
is that all actions of groups of polynomial growth on finite-dimensional spaces
have finite long-thin covering dimension, which implies finite nuclear dimension
for the crossed product. The structure theorem (Theorem 3) then converts this
to Z-stability whenever the action is additionally topologically free and minimal.
However, it seems likely that a general approach to all actions of a given group via
dimension-bounding will only work under polynomial growth.%?

The second approach aims to go to Z-stability (or, in the non-amenable case,
pure infiniteness) more directly. State-of-the-art results in this direction include
positive answers to Problem XXXII(1) for all groups locally of subexponential
growth ([241, Theorem 8.1], using [107, Theorem 6.33]), all elementary amenable
groups (in the preprint [240, Corollary B]), and many classes of non-amenable
groups all of whose free minimal amenable actions behave as predicted in Prob-
lem XXXII(2), ([170]); these include non-amenable hyperbolic and Baumslag—
Solitar groups). Note though that the results from [241, 240] do not apply to actions
which are only topologically free (without requiring minimality, as in [170]).

An analogue of strict comparison is pervasive in the second approach to both
parts of Problem XXXII. For open sets U,V C X, write U 3 V if every compact
subset of U can be covered by finitely many open sets such that these open sets
can be translated (via the group action) to a family of disjoint subsets of V. The
action G ~ X has dynamical comparison if for non-empty open sets U,V C X, if
w(U) < pu(V) for every invariant probability measure i, then U 3 V. Whereas strict
comparison asks that a gap in the rank functions associated to two positive elements
always has a good C*-algebraic explanation (Cuntz subequivalence), dynamical
comparison asks that a gap in the invariant measures of two open subsets has a
good dynamical explanation.

Problem XXXIII. Do all free minimal amenable actions of countable discrete
groups on compact metrisable spaces have dynamical comparison?

As pointed out to us by Julian Kranz, no examples of actions without dynamical
comparison are known even in the more general setting of discrete groups acting on
compact spaces (with no further assumptions). When there are no invariant mea-
sures, Ma has shown that topologically free minimal actions with dynamical com-
parison (in this case, really dynamical pure infiniteness: X 3 V for any non-empty
open set V) give simple purely infinite crossed products ([287, Theorem 1.1]).7% Ac-
cordingly, a positive solution to Problem XXXIII for non-amenable groups would
therefore give a positive solution to Problem XXXII(2). This is the approach taken
in [170, Theorem B], which shows that minimal actions of non-amenable groups

68The result in [395] is stated for finitely generated virtually nilpotent groups. By Gromov’s
celebrated result in [198], a finitely generated group has polynomial growth if and only if it is
virtually nilpotent.

69We note, on the other hand, that the long-thin covering dimension method from [213] does
give results for certain actions of groups outside this class, including some examples of non-free
actions which cannot be handled by almost finiteness (described below).

0The challenge in Ma’s result is to go from the condition that 1 3 f in C(X) x G for all
non-zero f € C(X)4+ to 1 3 a for all non-zero a € (C(X) X G) 4.
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with a certain paradoxical tower condition (and products of these with arbitrary
groups) automatically have dynamical comparison.

In the stably finite setting (i.e. for actions of amenable groups), Kerr’s notion of
almost finiteness ([239, Definition 8.2]) has proved extremely instrumental. Gener-
alising a notion due to Matui for actions on the Cantor set, almost finiteness is a
property for actions of amenable groups that looks a bit like a dynamical version
of tracial Z-stability, provided you squint hard enough. Kerr used an intricate ar-
gument with Ornstein—Weiss quasitilings ([315]) to achieve approximate centrality
from Fglner conditions, establishing the following (via tracial Z-stability and Matui
and Sato’s Theorem 15).

Theorem 25 (Kerr; [239, Theorem 12.4]). Let G be a countable discrete amenable
group, X a compact metrisable space, and G ~ X a free’ minimal action that is
almost finite. Then C(X) x G is Z-stable.

In [241, Theorem B], Kerr and Szabé proved that for an amenable group G, if
every free action of G on a zero-dimensional space is almost finite, then the same is
true for every free action of G on any finite-dimensional space. Tantalisingly, Con-
ley, Jackson, Kerr, Marks, Seward, and Tucker-Drob prove that for any amenable
group G, generic free minimal actions of G on the Cantor set are almost finite
([76, Theorem 4.2]). Although it seems impossible to merge this with the afore-
mentioned result of Kerr and Szabd to establish a genericity result on arbitrary
finite-dimensional spaces, we nonetheless regard these developments as strong ev-
idence that Problem XXXII(1) has a positive answer (which we hope is also the
case for topologically free actions; particularly in the light of [213]).

Elliott and Niu established the first general result for actions of amenable groups
on infinite-dimensional spaces in [140], showing that all free minimal Z-actions with
mean dimension zero give rise to Z-stable crossed products; this was generalised by
Niu to Z?-actions in [312]. These results suggest mean dimension zero or the small
boundary property (which are equivalent for free minimal Z?-actions by [199, The-
orem 1.3 and Corollary 5.4] and conjecturally equivalent in general) as a dynamical
condition to ensure Z-stability beyond the case of finite-dimensional base space.”
Kerr and Szabé linked this idea back to dynamical comparison with the following
result.

Theorem 26 ([241, Theorem A]). Let G be a countably infinite amenable group, X
a compact metrisable space, and G ~ X a free action. The following are equivalent.

(i) G ~ X is almost finite.
(i) G ~ X has dynamical comparison and the small boundary property.

Hence a positive answer to Problem XXXIII would confirm that all free min-
imal actions of amenable groups with the small boundary property give rise to
Z-stable crossed products, hence giving a positive answer to both parts of Prob-
lem XXXTI(1). Naryshkin provided a positive answer to Problem XXXIII for groups
with polynomial growth ([307]), which, combined with Theorem 26, generalises
Niu’s result from Z? to groups with polynomial growth groups (albeit using the
small boundary property instead of mean dimension zero).

"1This theorem is generalised to essentially free minimal actions in the recent preprint [169].
For virtually cyclic groups, this was obtained earlier in the [267].

"2Note that in the finite-dimensional base space case, the small boundary property and mean
dimension zero are easily verified.
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So far, the discussion has been around establishing C*-regularity from dynamical
regularity, but another intriguing challenge concerns going in the other direction.

Problem XXXIV. Characterise, in terms of dynamical properties of G ~ X,
when the crossed product C(X)x G is Z-stable for free minimal actions of countable
discrete amenable groups.

Optimistically, one might expect the dynamical condition to be almost finiteness,
mean dimension zero, and/or the small boundary property, although even for Z-
actions this is completely open — but see Addendum 11.1.

The small boundary property for a free minimal action G ~ X of an amenable
group G now has a C*-algebraic description in terms of the inclusion of C'(X) into
C(X)xG: the small boundary is equivalent to a relative version of uniform property
T for (C(X) C C(X) x G) as described at the end of Section 6 (see [241] for one
direction and the recent [260] or preprint [138] for the other). As a consequence,
almost finiteness for a free minimal action is equivalent to a relative version of
tracial Z-stability for the inclusion (C(X) C C(X) x G), a clear strengthening of
(tracial) Z-stability of the crossed product.

The C*-algebraic characterisation of the small boundary property allows Theo-
rem 25 to be viewed as a dynamical version of the characterisation of Z-stability
(in the nuclear setting) given by Theorem 17.

The following table summarises these regularity properties in (simple separa-
ble nuclear non-elementary) C*-algebras and topological dynamics (of free minimal
actions of countable discrete amenable groups on compact metrisable spaces). In-
terestingly, the status of the properties is reversed in the two settings.

C*-algebras Topological dynamics
Strict comparison Dynamical comparison
Comparison | Known to fail in examples Always holds?
(Villadsen, ...) (Problem XXXIII)
Uniform property T Relative T' = SBP
Property T’ Always holds? Known to fail in examples
(Problem XIX)™ (Lindenstrauss—Weiss [281])7

For the Giol-Kerr example of a free minimal Z-action with a non- Z-stable crossed
product, the action has dynamical comparison (by Naryshkin’s result — [307, The-
orem A]), but the inclusion (C'(X) C C(X) x Z) does not have uniform property T’
(because the action does not have mean dimension zero; see [184, Section 3]). The
crossed product does not have strict comparison ([184, Theorem 3.1]), and it is not
known whether it has uniform property I' (again see Addendum 6.1). It is also
unclear to the authors whether this is actually the same question as Problem XX.

Problem XXXV. Let A be a non-Z-stable crossed product from [184]. Is the
tracial completion of A the same as the tracial completion of a Villadsen algebra of
the first type?

73As discussed in Addendum 6.1, Elliott and Niu have now shown that uniform property T'
can fail in certain examples. Some of the authors view this revision to the table as evidence by
analogy that dynamical comparison should not hold in general.

Tn [281, Proposition 3.5], Lindenstrauss and Weiss give an example of a minimal Z-action
with nonzero mean dimension, and then in [281, Theorem 5.4] they show that this implies it does
not have the small boundary property.
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Going beyond classifiability, the Phillips—Toms conjecture predicts a deep con-
nection between the mean dimension of a free minimal action and the radius of
comparison of the crossed product.

Problem XXXVT (Phillips—Toms; cf. the introduction to [312]). Let a: Z ~ X
be a minimal action. Is the radius of comparison of C(X) X Z equal to one half
of the mean dimension of a?

Once it is known that a crossed product of the form C(X) x G is classifi-

able, it becomes very relevant to actually classify it — i.e. to compute its invariant
KT, (C(X) xG).

Problem XXXVII. Compute KT,,(C(X) x G) for those actions G ~ X which
give classifiable C*-algebras.

In the (essentially) free case, the trace simplex identifies with the set of invariant
probability measures ([422, Corollary 1.12], using amenability to work with the full
crossed product); for actions of free groups, the Pimsner—Voiculescu exact sequence
helps to compute the K-theory. But even in the cases when these two tools com-
pute the K-theory and traces, determining the pairing requires more work. For
this, there seem to be very limited general methods — the only one known by the
authors is due to Pimsner for crossed products of C*-algebras by free groups, and
in particular for crossed products by Z ([334]).7

We found relatively few complete calculations of the invariant of the crossed
products in Problem XXXVII in the literature. For example, the case of Z-actions
of Cantor minimal systems was done by Boyle and Handelman in [41, Theorem 5.2]
(see also [186]), and an irrational rotation on the circle is a classical result of
Rieffel along with Pimsner and Voiculescu ([345, 336]). Note the importance of the
pairing here: irrational rotation algebras all have the same K-theory and traces;
it is the pairing that classifies them. The Pimsner—Voiculescu exact sequence is
also used to compute the K-theory of certain action of free groups on the Cantor
set in [382]. More recently, triangulated category methods of Meyer and Nest
growing out of work on the Baum—Connes conjecture have been used by Proietti
and Yamashita to derive a spectral sequence converging to the K-theory of certain
crossed product (and groupoid) C*-algebras ([339, Theorem A]); more generally,
work around Matui’s HK conjecture has prompted new K-theory calculations for
groupoid C*-algebras (for example, [369, 100, 158]). We expect the Baum—Connes
conjecture with coefficients (which is a theorem in the amenable case — see [207,
421]) to continue to feature in further K-theory computations. Calculations of the
invariant of crossed products by boundary actions of certain hyperbolic groups can
be found in [264, 297, 178] (the invariant is just K-theory in these cases) leading
to surprising isomorphisms that do not come from the underlying groupoids.

Needless to say, we recognise that Problem XXXVII is vast in scope. We expect
progress to be made on specific classes of classifiable crossed products rather than
a sweeping result for all at once.

11.1. Addendum: June 2025. This addendum covers the same breakthrough
as Addendum 6.1: Elliott and Niu’s preprint [139]. Of major relevance to this

75Pimsner does not explicitly describe the pairing for A x Z, but the methods do give a calcu-
lation of the pairing, which is written explicitly as A, in [27, Section 10.10.1]. This will be further
fleshed out in forthcoming work of Neagu and the first-named author.
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section,”® Elliott and Niu answer Problem XXXIV for Z¢ actions: the crossed
product is Z-stable precisely when the action has mean dimension zero. Given how
other Z-stability results obtained first for Z and Z%actions have been regularly
extended initially to groups of polynomial growth, and then (typically by different
methods) to much more general groups, it will be very exciting to see just how far
Elliott and Niu’s ideas can be pushed in future.

Following [139], it is now natural to ask how generally failure of the small bound-
ary property for a free minimal action G ~ X of an amenable group leads to failure
of uniform property I' for the crossed product C(X) x G. Could it even be true
that for free minimal actions of discrete amenable groups G ~ X on compact
Hausdorff spaces, that Z-stability and uniform property I' of the crossed product
are equivalent? We could not have imagined this before Elliott and Niu’s work.

Elliott and Niu’s work also gives further impetus and new directions to Problem
XXXV. In our original version this problem was intended to connect the question
of whether the non Z-stable Villadsen algebras of the first type, and the Giol-Kerr
examples have property I' by asking whether they had the same tracial comple-
tions (some of us probably expected all these algebras to have the same tracial
completion, which perhaps explains the imprecise wording in the problem). In the
light of Elliott and Niu’s work it becomes very relevant to understand how much
information about these C*-algebras is captured by their tracial completions. We
would now interpret Problem XXXV much more broadly, and ask for a complete
classification of the tracial completions of the Villadsen type I C*-algebras and the
Giol-Kerr constructions.

12. CLASSIFIABILITY OF C*-ALGEBRAS ASSOCIATED TO NON-COMMUTATIVE
DYNAMICS

We now turn to non-commutative dynamics — groups acting on C*-algebras —
and their resulting crossed products. Given an action of a group G on a simple sep-
arable nuclear (and classifiable) C*-algebra, when is the resulting crossed product
classifiable? The corresponding question in the von Neumann setting is answered as
a straightforward consequence of Connes’ theorem for the same reason as described
in the previous section: crossed products of actions of amenable groups preserve in-
jectivity. Following Connes’ theorem, there was significant interest in the structure
and classification of group actions on factors ([77, 79, 231, 232, 313]). A landmark
result of Ocneanu ([313]) shows that for every countable discrete amenable group G
there is, up to cocycle conjugacy’” — the appropriate notion of equivalence for group
actions — a unique outer (cocycle) action of G on the hyperfinite IT; factor R. One
of many consequences of Ocneanu’s theorem is that any outer action a: G ~ R is
cocycle conjugate to a ® lg: G ~ R ® R = R — this is equivariant R-stability of
the action.™

76The change to the table on Page 36 notwithstanding.

""Two actions a: G ~ A and B: G ~ B are cocycle conjugate if there is an isomorphism
o: A — B and a function w: G — U(B) such that cago™! = Ad(wg)By and wy, = weBy(wp)
for all g,h € G.

"8In fact, this is a key step in Ocneanu’s proof ([313, Theorem 8.5]) and holds more generally;
the theorem is valid for centrally free actions of amenable groups on separably acting McDuff
factors. Szabé and Wouters returned to this theme recently, removing all assumptions save sepa-
rability of the predual and amenability of the action: equivariant R-stability holds automatically
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This section is devoted to classifiability of crossed products A x G, for simple A,
with emphasis on the case where A is classifiable. This question has been around
for a long time, with early work focusing on Z-actions with the Rokhlin property
on particular algebras such as UHF algebras (see [256, Theorem 1.3], for example).
In Section 15 we will turn to classifying the actions themselves: that is, the search
for C*-analogues of Ocneanu’s theorem.

It is known that the (full or reduced) crossed product A x G is nuclear if and only
if A is nuclear and the action G ~ A is amenable ([5, Théoréme 4.5]). Sufficient
conditions are known for simplicity: for instance, Kishimoto showed in [255] that
an outer action of a discrete group on a simple C*-algebra always produces a simple
reduced crossed product.”™ So the heart of the classifiability question amounts to
deciding when A x G is Z-stable and satisfies the UCT.

The UCT problem is rather subtle. While Tu’s theorem gives the UCT for
crossed products arising from amenable actions on commutative C*-algebras, this
is not known when the base algebra is a non-commutative nuclear C*-algebra satis-
fying the UCT (see the remarks following Problem II, for example). In the positive
direction, the Pimsner—Voiculescu sequence can be used to show crossed products
by free groups (including Z) preserve the UCT. More generally, using Higson and
Kasparov’s formidable result on the Baum—Connes conjecture ([207]), Meyer and
Nest have shown that if G is a torsion-free discrete amenable group acting on a sep-
arable C*-algebra A satisfying the UCT, then the crossed product A x G satisfies
the UCT ([299, Corollary 9.4]).

We now turn to Z-stability; the following general problem is open even when G
is Z.

Problem XXXVIII. Let a: G ~ A be an outer™® amenable action of a countable
discrete group on a unital simple separable nuclear Z-stable stably finite C*-algebra.
When is the crossed product A x G Z-stable?

In the case of a Kirchberg algebra A, Problem XXXVIII has a positive answer.
Indeed, any crossed product of a simple purely infinite algebra by an outer action
is again simple and purely infinite by [259, Lemma 10] (see also [384, Lemma 6.3]);
hence when A is also nuclear and the action is amenable, the crossed product is
nuclear and thereby O-stable (by Kirchberg’s Theorem 4). In the case when A is
unital and stably finite and the group is amenable, at least one trace will be fixed
by the action, and so the crossed product by such an outer action will also be stably
finite. Just as in the foundational work focusing on explicit examples, Rokhlin-type
conditions have played substantial roles in the abstract setting: all Rokhlin actions
of Z give Z-stable crossed products ([211]), and more generally, the same holds
for actions of groups of polynomial growth with finite Rokhlin dimension ([395]).5!
In [295], Matui and Sato develop an action version of the ‘von Neumann lifting

for all amenable actions of discrete groups on separably acting McDuff von Neumann algebras
([394, Theorem Al). In particular, factoriality is not required.

"9Broader results on the ideal structure of crossed products of non-commutative C*-algebras
can be found in [238] and the [179].

807t is not clear if outerness will be necessary to obtain Z-stability — see Problem XXXIX
below. It is a natural restriction in Problem XXXVIII as it provides simplicity.

81%hen the action is not assumed outer, one uses [395, Theorem F], and one needs the strong
form of Rokhlin dimension with commuting towers. For outer actions, one can use [395, Theo-
rems B and C] together with the structure theorem (Theorem 3) to move between Z-stability and
finite nuclear dimension for simple separable nuclear non-elementary C*-algebras.
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strategy’ discussed in Section 6, aiming to exploit properties of actions of amenable
groups on the hyperfinite II; factor, to obtain weak positive element versions of the
Rokhlin property at the von Neumann level (see [295, Theorem 3.6], for example)
from strong outerness.®? This, like some of the results in Section 6, depends on
trace space conditions. Matui and Sato then combine this ‘weak Rokhlin property’
with their property (SI) — satisfied by all unital simple separable nuclear Z-stable
C*-algebras — to obtain Z-stability of the crossed product ([295, Theorem 4.9]).
Putting things together, Matui and Sato answer Problem XXXVIII for strongly
outer actions of elementary amenable groups on unital simple separable nuclear
Z-stable C*-algebras with finitely many extremal traces ([295, Corollary 4.11 and
Remark 4.12]).%3

This last result and many subsequent developments all pass through equivari-
ant Z-stability.3* Establishing equivariant Z-stability of actions is also relevant
to classifying actions (discussed more in Section 15) as an action a on a Z-stable
C*-algebra is indistinguishable on many invariants from its Z-stabilization a ® 1z.
Hence we focus on the following conjecture of Szabd, which is analogous to the
automatic equivariant McDuffness of actions of amenable groups on amenable fac-
tors: Ocneanu’s original result from [313], and its significant generalisation in [394],
where no outerness condition is present. Correspondingly, note that no outerness
conditions are imposed on the action in Problem XXXIX.

Problem XXXIX ([392, Conjecture Al). If G is a countable discrete amenable
group and A is a unital simple separable nuclear Z-stable C*-algebra, is every action
of G on A equivariantly Z-stable?

In the traceless setting, Problem XXXIX has a definitive answer for outer actions:
the equivariant O.c-stability theorem of Szabd in [389, Theorem 3.4] implies that
all (cocycle) actions of countable discrete amenable groups on Kirchberg algebras
are equivariantly O,-stable (and hence equivariantly Z-stable).®® In the finite
setting, a generic action of any countable discrete group on a Z-stable C*-algebra
is equivariantly Z-stable ([395, Corollary 11.6 and Remark 11.15]) and so has Z-
stable crossed product.

Substantial progress has been made on Problem XXXIX (some time before it
appeared explicitly in [392]). In the unique trace setting, Sato showed how to
lift Ocneanu’s equivariant R-stability back from the von Neumann level to obtain
equivariant Z-stability through equivariant versions of property (SI).86 This solves

828trong outerness is the condition that for every non-trivial g € G, and every ag-invariant
trace 7, the automorphism induced on 7, (A)” is outer.

83Note that throughout Sections 4.1 and 4.2 of [295], there is a standing hypothesis omitted from
the statements of the main theorems that A is a unital simple separable nuclear non-elementary
stably finite C'*-algebra with finitely many extremal traces. These results do not handle arbitrary
trace spaces.

84An action a: G ~ A is called equivariantly Z-stable if it is cocycle conjugate to the action
a®lz: G A® Z. As cocycle conjugate actions induce isomorphic crossed products, it follows
that an equivariantly Z-stable action induces a Z-stable crossed product.

851 (386, Corollary 3.6], Szabé extends this result to amenable actions of non-amenable groups
on Kirchberg algebras, and so it is natural ask whether Problem XXXIX extends to amenable
actions of non-amenable groups on simple separable nuclear Z-stable C*-algebras (this is also
asked in the introduction [386]). We will come back to these actions below.

86Both equivariant R-stability and equivariant Z-stability have McDuff type characterisations
in terms of embeddings into the fixed point algebra of the central sequence algebra, and it is
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Problems XXXVIII and XXXIX when the C*-algebra involved has a unique trace
([367]). This holds more broadly, but just as in Section 6, conditions on the traces
and often the induced action are currently needed. Sato’s result holds when the ex-
treme traces are compact and of finite dimension and the action is trivial on traces.
The condition on the action was further relaxed in [173] to allow for uniformly
bounded orbits of G on the compact finite-dimensional 9,7 (A); this includes the
case when there are finitely many extremal cases, which is also covered in Szabd’s
[392, Theorem C].87 But even with the assumption that the extreme traces are
compact and finite-dimensional, there are few cases where full answers to Prob-
lems XXXVIII and XXXIX are known. The only such results we are aware of are
the case of finite groups, which is covered by [173, Theorem B], and Wouters’ [441,
Theorem A] for G := Z.

For compact — but no longer finite-dimensional — extreme boundaries, the re-
cent work [172] obtains Z-stability of the crossed product (but not equivariant
Z-stability) from a Rokhlin-type condition on the induced action G ~ 9.T(A) on
the tracial boundary ([172, Corollary D]). By [387], this condition is automatic
whenever G ~ 9.T(A) is both free and has the small boundary property and, in
particular, for free actions when the boundary also has finite covering dimension
([172, Corollary E]). Along the way, the authors prove a general weak dynami-
cal comparison result for actions of countable discrete amenable groups on unital
simple separable Z-stable C*-algebras ([172, Theorem C]), akin to the dynamical
comparison property for commutative actions described in the previous section.
The authors of [172] leave open the general question of equivariant Z-stability,
though it is handled for groups of polynomial growth by [441, Theorem B].

No non-amenable group can act amenably on a von Neumann factor, but the
same obstruction does not apply to amenable actions on simple C*-algebras.®? This
possibility became a reality in [383, 320]: every non-amenable locally compact group
acts amenably on a simple nuclear C*-algebra. These examples were initially on
Kirchberg algebras, but recently, Suzuki gave examples of such actions on simple
stably finite algebras ([381]), on stably projectionless algebras ([380]), and in his
recent paper [385], also on simple nuclear C*-algebras of ‘Rgrdam-type’ with infinite
and finite projections. Just as a group has to be exact to admit an amenable action
on a compact space (in fact, this characterises exactness; see [5, Theorem 7.2]), so
too must a group be exact to act amenably on a unital C*-algebra ([320, Corollary
3.6], and in fact every exact group acts amenably on a unital Kirchberg algebra;
[320, Corollary 6.2(1)]). At present, to the best of our knowledge, no amenable
actions of any non-amenable exact groups on unital stably finite C*-algebras are
known to exist. Nonetheless, the recent developments just mentioned lead us to
expect that they should, and further that the following question should have a
positive answer.

through these and an ‘equivariant central surjectivity’ result corresponding to (8) that Sato’s
result is obtained in parallel to the lifting strategy described in Section 6.

873zab6’s work gives a self-contained very general approach to equivariant (SI) and also handles
the non-unital situation.

88The result in [441] is stated for virtually nilpotent groups, but see footnote 68.

891f an amenable action on a von Neumann algebra leaves a state on the centre invariant, then
the acting group must be amenable ([4, Proposition 3.6]). The same principle obstructs ‘strongly
amenable’ actions of non-amenable groups on simple C*-algebras.
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Problem XL. Does every countable discrete exact but not amenable group act
amenably on a unital stably finite classifiable C*-algebra?

For such amenable actions (if any exist), [171, Theorem C] gives a positive an-
swer to Problem XXXVIII whenever the acting group contains the free group on
2-generators. Suzuki’s construction of actions of on C*-algebras of Rgrdam type
have crossed products also of Rgrdam type ([385, Theorem 1]; this result requires
the group to be free when the algebra is unital). Taking G := Z in Suzuki’s [385,
Theorem 1] gives an outer Z-action on a non-Z-stable unital separable nuclear
C*-algebra whose crossed product is not Z-stable. In contrast, Hirshberg has con-
structed examples of an outer Z-action on a non-Z-stable unital separable nuclear
C*-algebra whose crossed product is Z-stable ([208, Theorem A]). At present, it is
far from clear what a potential dynamical condition might be which characterises
Z-stability of the crossed product, leading to the following non-commutative version
of Problem XXXIV.

Problem XLI. Characterise when an outer amenable action G ~ A of a discrete
group on a unital simple separable nuclear but non-Z-stable C*-algebra A gives rise
to a Z-stable crossed product A x G.

In [208], Hirshberg produces his action on a C*-algebra A constructed by suitably
modifying a Villadsen algebra of the first type; in particular, T(A) will be very
complex and certainly not Bauer.?® Is such a construction possible on a monotracial
A? The main motivation for Hirshberg’s work is to demonstrate that the condition
that G is discrete in Problems XXXVIII and XXXIX is necessary: by taking the
dual action T ~ (A x Z), he obtains an action of the circle on a unital classifiable
C*-algebra whose crossed product is not Z-stable (since it is stably isomorphic to
A); see [208, Corollary B]. Hirshberg asks whether such a circle action can be found
on a monotracial classifiable C*-algebra ([208, Question 3]).

Just as in the previous section, with the rapid growth in tools giving rise to
classifiability of crossed products, it becomes increasingly pressing to calculate the
invariant. As with Problem XXXVII, this is vast in scope.

Problem XLII. Compute KT,(A x G) for outer amenable actions G ~ A on
unital simple separable nuclear Z-stable C*-algebras.

When G := Z (or more generally for free groups), the Pimsner—Voiculescu se-
quence gives a tool for computing K-theory. As studied thoroughly in [422], care is
needed before concluding that all traces on a crossed product A x G are canonical,
i.e. are of the form 7o F for some invariant trace 7 on A (where E is the expectation
from A x, G onto A). One instance where this holds is when the induced action of
the amenable radical of G on 7,(A)" is properly outer® for every invariant trace 7
on A ([422, Corollary 1.7]). In particular, when A has a unique trace and G ~ A
is a strongly outer action, then the reduced crossed product has a unique trace.

Non-commutative Bernoulli shifts provide particularly natural examples to con-
sider. Given a unital C*-algebra A and countable discrete group G, one can equip
the tensor product A®¢ with the natural Bernoulli shift action by permuting the

90We have not attempted to compute T(A).

9 An automorphism 6 of a von Neumann algebra M is properly outer if there does not exist
a non-zero central invariant projection p € M such that 6|y is inner. An action a: G ~ M is
properly outer when ag4 is properly outer whenever g # 1.
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tensor factors to obtain A®Y x G. This is especially natural when A is strongly
self-absorbing, so that A®“ = A. For example — one of our favourite examples —
Z®Z % 7 has the integers in both Ky and K (via the Pimsner—Voiculescu sequence)
and a unique trace. This Bernoulli shift turns out to be a particularly nice example
for visualising the role of algebraic K7 in the uniqueness of automorphisms (see the
discussion in [61, Example 9.11]).

Various K-theory computations for Bernoulli shifts (and generalisations coming
from groups acting on a set indexing the tensor product) by groups satisfying the
Baum—Connes conjecture with coefficients were recently given in [68], generalising
computations in the special case G := Zs in [220]. The main technical result handles
the situation where A is unital, separable, satisfies the UCT, and the inclusion
C — A gives a split injection at the level of Ky. This covers irrational rotation
algebras, O, Z, and other examples. More examples beyond this context, covering
the cases when A is a Cuntz algebra or an AF algebra (or more general inductive
limits), are given in [68, Sections 4 and 5].

Another situation which has been recently examined comes from the canonical
action of SLy(Z) on the irrational rotation algebras Ay.°% For finite subgroups of
SLs(Z), the complete invariant of the crossed product (including the pairing!) is
calculated in [112, Theorem 4.9], and classification machinery already available at
the time was deployed to show that these crossed products are AF algebras. Given
an element of infinite order in SLy(Z), the Pimsner—Voiculescu sequence can be
used to compute the K-theory of the crossed product Ay x Z. This crossed product
falls within the scope of classification®® and has a unique trace, so the main work
in [37] is to understand the pairing, which leads to a concrete (and computable)
conditions on the angle and element of SLs(Z) for two such crossed products to be
isomorphic. With the full force of classification now available, we feel there is much
scope to analyse other natural examples.

13. DYNAMICAL PRESENTATIONS, GROUPOIDS, AND CARTAN SUBALGEBRAS

With a definitive classification theorem in place, one can use it to discover struc-
ture inside classifiable C*-algebras. This is in the spirit of how Blackadar produces
a symmetry of the CAR algebra whose fixed point algebra is not AF ([26]) by
means of a construction of what turns out to be the CAR algebra, and in which the
required symmetry is baked in, followed by use of a classification theorem — in this
case Elliott’s AF classification — to recognise it as the CAR algebra. Today, through
the combination of the classification theorems and Elliott’s range-of-invariant result
([130]), all stably finite classifiable C*-algebras are approximately subhomogeneous
of dimension at most 2, whereas in earlier days it was necessary to obtain internal
inductive limit structure to access classification.”® Complementary to questions
about when a (classical) dynamical system gives rise to a classifiable C*-algebra
is the question of which classifiable C*-algebras have hitherto unseen dynamical
presentations, such as being the C*-algebra of a (twisted) groupoid. Particular

b . ;
92An element ((i ) acts on the canonical generators u and v of Ay by u — €202 and

d
v s @iTbd0y by d

9 As Ap is Z-stable and monotracial, this holds using Sato’s [367], for example.

947 classic example of this is Elliott and Evan’s work showing that irrational rotation algebras
are AT ([131]) and so are encompassed within the larger class of AT algebras of real rank zero

classified in [128].
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groupoid constructions may be helpful to solve other problems about classifiable
C*-algebras; see our discussion around Problem LII and the introduction to [75]
for some further examples of this in the purely infinite case.

Problem XLIII. Given a classifiable C*-algebra A, does there exist an étale
groupoid G such that A = C*(G)?

This question has already received significant attention, beginning with the
Jiang—Su algebra as a special case ([101]). For purely infinite C*-algebras, Spielberg
resolved the question affirmatively in the non-unital case ([379]), and adaptations
of his construction handle the unital case ([271, 75]).

Allowing twists in the groupoid, Xin Li gave a positive answer ([269]), so Prob-
lem XLIII is asking whether one can do without the twist. Li’s construction makes
use of Elliott’s inductive limit range-of-invariant result [130]; he produces a compati-
ble system of Cartan subalgebras in the building blocks of this inductive limit so that
they produce a Cartan subalgebra (and thereby a twisted groupoid presentation by
Renault’s reconstruction theorem from [343]) in the limit. When there is no torsion
in Ky, Li’s construction does not require a twist, [269, Corollary 1.8(i)]. Further
attention to this question can be found for example in [340, 17, 102, 103, 104, 270].
While Li’s result is definitive for twisted groupoids, it has the drawback that as the
construction is underpinned by the known inductive limit approach to the range-of-
the-invariant, it does not give a fundamentally new description of the stably finite
classifiable C*-algebras. An earlier approach by Deeley, Putnam and Strung is
more dynamical; in [101], they obtain a groupoid model for Z (and hence a Cartan
subalgebra of Z) by breaking the orbits in a suitable minimal dynamical system.
Extending these orbit breaking ideas, Deeley, Putnam and Strung obtained further
examples of untwisted groupoid models, allowing for quite a lot of torsion in Ky,
albeit at present with restrictions on the possible trace spaces; see [104, Theorem
6.3].9% At present these methods do not yet exhaust the invariant, so we would wel-
come further (twisted) groupoid models for all classifiable C*-algebras, especially if
these could be constructed in a more directly dynamical fashion without requiring
inductive limits.

One can also strengthen Problem XLIIT to ask if (or when) further structure can
be imposed on the groupoid (e.g. principal, restrictions on the unit space, etc.). In
his recent work [442], Victor Wu obtains the most dynamical possible presentation
for stable UCT Kirchberg algebras: they arise as crossed products by group actions
on spaces.

Theorem 27 (Wu; [442, Theorem B]). Let A be a stable UCT Kirchberg algebra.
Then there is a (necessarily amenable) action G ~ X of a discrete (necessarily non-
amenable) group on a locally compact Hausdorff space such that A= Cy(X) x G.%

It is natural to ask for a corresponding result in the stably finite setting.

Problem XLIV. Is every stable, stably finite classifiable C*-algebra of the form
Co(X) X G for a suitable action G ~ X of an amenable group on a locally compact
Hausdorff space?

95We thank Robin Deeley and Karen Strung for helpful comments on these themes.
9BWu’s result is constructive; G is built using the fundamental group of a directed graph of
groups from the K-theory data of A, and X is a directed Bass—Serre tree for this graph.
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One could even ask the analogous question for unital classifiable algebras (it
appears to be open, even for UCT Kirchberg algebras, as far as we know). While
here there are naturally occurring examples, such as UHF algebras ([185, Exam-
ple 8.1.24]), or Oy (which is a crossed product coming from a minimal action of
(Z)2Z) * (Z/3Z); see [361, Example 4.4.7], which attributes this to Archbold and
Kumyjian, independently), it also seems likely that there are restrictions. A very
recently announced result of Ma and Jianchao Wu shows that if Z is a crossed
product C(X) x G, then G must be amenable, torsion-free, and rationally acyclic;
see [288, Theorem C]. It seems open whether any such groups exist.”

Problem XLV. When is a unital classifiable C*-algebra of the form C(X) x G
for a suitable action G ~ X of an amenable group on a compact Hausdorff space?

This question can also be asked for particular groups G, such as G = Z, when
there are certainly obstructions arising from the Pimsner—Voiculescu sequence to
writing general unital classifiable C*-algebras as Z-crossed products — no unital
C*-algebra with trivial Kj-group can have such a crossed product picture. This
question has been taken up by Deeley, Putnam and Strung in [103, 104]. They
determine all possible K-groups of C*-algebras C'(X) X Z arising as crossed products
from any actions on compact metrisable spaces with finitely generated K-theory
and then construct uniquely ergodic minimal actions on such a space realising any
possible pair of K-groups in a classifiable crossed product, computing the pairing
([104, Theorem 4.5, Corollary 4.6]). While their main statement obtains unique
ergodicity, and so a unique trace on the crossed product, crossed products with
more complex trace spaces are certainly possible. The full range of KT,,(+) of such
crossed products (allowing also for spaces with infinitely generated K-theory) is
not currently understood.

One can also ask similar questions regarding the presentation of classifiable C*-
algebras through non-commutative dynamics, particularly as crossed products of
other classifiable C*-algebras. This question is closely tied to Problem XLII.

Problem XLVI. When can a classifiable C*-algebra be written in the form A x G
for some outer amenable action of a non-trivial countable discrete group G on a
classifiable C*-algebra A?

Stable UCT Kirchberg algebras are Z-crossed products of simple separable stable
AT algebras of real rank zero (see [361, Proposition 4.3.3]; one can use an AF algebra
in the case when the Kirchberg algebra has torsion-free Ki-group). Moreover, as
Z ® K is a crossed product of the form B x Z for some action «: Z ~ B on a
classifiable C*-algebra B (this is worked out over the course of [145, Section 3]),
50 too is A ® K for any stable classifiable A (consider the action 1 ® o on A ® B).
Constructions of this form (and relaxations to allow B to fall into a class of non-
simple nuclear C*-algebras which is suitably classified, such as AF algebras or AT
algebras of real rank zero) have been applied to build flows on certain classifiable
C*-algebras exhibiting arbitrary KMS behaviour ([146, 144, 145, 309]). Due to
the obstructions to realising unital classifiable C*-algebras as Z-crossed products

9 We are grateful to Dawid Kielak for explaining to us that finitely generated infinite amenable
groups have Euler characteristic zero, so those of type F (i.e. those groups whose classifying space
has the homotopy type of a finite CW-complex) cannot be rationally acyclic (as the alternating
sum of the rational Betti numbers must be zero). It is open whether all finitely generated infinite
amenable torsion-free groups are of type F.



46 C. SCHAFHAUSER, A. TIKUISIS, AND S. WHITE

(described above for commutative base algebras), we are interested in answers to
Problem XLVI both ranging across all groups and actions and also for particular
fixed groups such as Z. In [225, Theorem B]|, Jacelon gives a positive answer for
Z-actions within the setting of K K-contractible stably finite classifiable algebras,
with compact tracial state space.

Following Connes’ theorem, an analogous result was obtained by Connes, Feld-
man, and Weiss for amenable equivalence relations. Phrased in von Neumann
algebraic language, a separably acting injective von Neumann algebra M has a
unique Cartan subalgebra (in the sense of von Neumann algebras) up to conjugacy
by an automorphism of M ([80]). The most naive analogues of this are patently
false for classifiable C*-algebras, as it is generally not hard to construct Cartan
subalgebras with different spectra, and there are examples of algebras with very
many non-conjugate Cartans with the same spectra (see [270, Theorem 1.4] or
[178, Proposition C]). One situation where uniqueness is known — going back to
Power ([338, Theorem 5.7]) — is for so-called AF Cartans.”® The downside is that
the condition is very much in terms of an inductive limit and not abstract. In-
deed, while we can characterise AF algebras within the classifiable class in terms
of the invariant, there is not even a candidate abstract characterisation of AF al-
gebras within all separable C*-algebras (by such an abstract characterisation, we
mean something akin — in terms of its ease of checkability — to injectivity for fi-
nite von Neumann algebras; such a characterisation has been sought at least as far
back as [121, Problem 6]).% Does the corresponding question for Cartans become
more tractable when we assume the underlying algebra is already known to be AF?
Quoting directly from [121], ‘although the question is rather vague, there will be
no problem recognizing when we have found the correct answer.’

Problem XLVII. Is there an abstract criterion of when a Cartan with Cantor
spectrum in an AF algebra is an AF Cartan?

While AF Cartans in unital C*-algebras have Cantor spectrum (at least in the
case when there are no non-zero finite-dimensional representations), they need not
be the unique Cantor Cartans. In [303], Mitscher and Spielberg constructed new
Cantor Cartans in the irrational rotation AF algebras, i.e. those AF algebras with
the same ordered Ky as an irrational rotational algebra. Their example is distin-
guished from the AF Cartan as the underlying groupoid is not principal, so their

98An AF Cartan is a Cartan subalgebra which arises as an inductive limit of a system of
finite-dimensional Cartans.

99Inspired by Glimm’s analogous result for UHF algebras ([187]), Bratteli demonstrated that
for separable C*-algebras being AF (i.e. an inductive limit of finite dimensional C*-algebras) is
equivalent to the somewhat more checkable condition of being ‘locally AF’ (i.e. every finite subset
of A can be approximated by elements of a finite-dimensional subalgebra); ([43]). This is not really
an abstract chacterisation, like injectivity is of hyperfiniteness, but more in the spirit of Murray
and von Neumann’s various equivalent characterisations of hyperfiniteness for II; factors with
separable preduals in [306]. Nevertheless, the local AF-test is certainly useful in some situations.
For example, Blackadar uses it in [26] to give access to Elliott’s classification of AF algebras
when constructing the exotic symmetry on the CAR algebra we described in the opening of this
section (see [26, Section 4.2 and in particular Remark 4.2.3]). Of course, Effros was certainly
well aware of Bratteli’s result when he asked for an ‘effective criteria for determining whether or
not a [separable] C*-algebra is AF’ in [121]. For similar reasons we do not regard having nuclear
dimension 0 as being a suitable abstract characterisation of being AF for this purpose. In the
unital case, nuclear dimension 0 is very quickly seen to be the same as local AF; the non-unital
case is trickier and goes back to [432, Theorem 3.4].
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Cartan fails to have the unique extension property (and so is not a C*-diagonal);
see [303, Corollary 7.12 and Remark 7.13]. The strategy goes through classifi-
cation; they build an appropriate groupoid so that the C*-algebra has the same
classification invariant as an irrational rotation AF algebra, and then estimate the
nuclear dimension (initially obtaining the upper bound of 3) through decomposing
building blocks of their groupoid as extensions. This showcases how building well-
chosen groupoid models and appealing to classification can be used to uncover new
structure.

At present, it is not known how broadly the phenomena of [303] extend to other
AF algebras nor how to obtain a non-AF Cantor diagonal in an AF algebra. Even so,
while one might hope for some kind of classification of Cantor diagonals or Cartans,
or at least those satisfying some yet-to-be-determined regularity condition, some of
the authors expect there to be many such Cartans — potentially so many that they
cannot be reasonably classified. For this reason the next problem is stated very
vaguely.

Problem XLVIII. Is there a reasonable framework for classifying suitable Cartan
subalgebras with Cantor spectrum in AF algebras up to conjugacy by an automor-
phism?

In a different direction, Connes and Jones exhibited the first (necessarily non-
amenable) IT; factor with multiple Cartan subalgebras, using relative property I" as
the distinguishing invariant ([82]). Can such phenomena be found within the class
of simple separable nuclear C'*-algebras?

Problem XLIX. Does there exist a unital simple separable nuclear C*-algebra A
which contains Cartan subalgebras both with and without relative uniform property
re

The loose conjecture following Problem XXXIV suggests that a Cartan pair
C(X) Cc C(X) % G coming from a free minimal action of a discrete group should
remember the small boundary property for the action or (equivalently by [138,
260]) uniform property I' for the pair. So if this conjecture holds, the answer to
Problem XLIX is no for Cartan subalgebras coming from group actions. At least in
part, Problem XLIX is related to whether this conjecture should hold much more
generally — for all twisted groupoids giving rise to a simple separable nuclear C*-
algebra — and whether the equivalence of relative uniform property I' and the small
boundary property extends to the level of generality of Cartan subalgebras.

14. FINDING LOOPS OF AUTOMORPHISMS

Let A be a unital Kirchberg algebra. Dadarlat has identified the homotopy
groups 7, (Aut(A)) (where Aut(A) is equipped with the point-norm topology) with
KKF(C,A,SA), where C,A is the mapping cone of the unital inclusion C — A
and SA is the suspension of A ([88]).1% The isomorphism is obtained abstractly,
using the Kirchberg-Phillips theorem to classify maps A — C(S*, A), where S*
is the k-dimensional sphere, and even when k = 1, there is no systematic way of
‘seeing’ the loops in Aut(A).

In the case when A = O, a direct computation using the UCT shows that
7 (Aut(A)) can be identified with Z/(n — 1)Z when k is odd and 0 when k is

L00Explicitly, Cy, A = {f € C([0,1], A) : £(0) € Cl4 and f(1) = 0} and SA = Co((0,1), A).
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even.'®! In the case when k = 1, the generating loop in Aut(0,,) is given by the
canonical gauge action T ~ O,. This is one of the few cases where we know an
explicit description of a non-trivial fundamental group of the automorphism group.

An interesting special case is given by A = Ay ® O, where Ay denotes an irra-
tional rotation algebra. The natural action v: T? ~ Ay given by rotating the canon-
ical unitary generators, defines a group homomorphism 1 (v): Z? — w1 (Aut(Ay)).
Further, 71 (7) is injective. This can be seen through the composition

(13) 7 (T2) 2% 1 (Aut(Ag)) —— m(U(Ag)) B2 Ko(Ag) —2 R,

where the second map is evaluation at one of the two canonical generators of Ay.
These maps are integer-valued and precisely encode the winding number of a loop
in the torus around the two copies of the circle. So the direct sum of these maps is
injective.

The action y®1: T2 ~ Ap®Oy also gives a group homomorphism 71 (y®1) from
72 into 71 (Ap® 0O ). We expect this map is still injective, but have not verified this
at the time of writing. However, Dadarlat’s K K-theoretic computation combines
with the UCT to give a group homomorphism

(14) 1 (Aut(Ase ® Os0)) — {kn: Ki(Ag) = Kopr(Ag) : ro([1a,]0) = 0} = Z5.

While we expect that the loops given by the gauge action define a Z? direct sum-
mand of the fundamental group (and we would welcome a proof) it is unclear
where the remaining four generators come from. Dadarlat’s proof does not shed
much light on this problem. In the spirit of the results of Mitscher and Spielberg
([303]) described in the previous section, a potential approach to finding the other
generators is to produce a groupoid (or some other dynamical/geometric object)
whose C*-algebra is isomorphic to Ag ® O (via a non-constructive isomorphism
coming from classification), where one can see the extra loops of automorphisms in
the underlying groupoid.

Problem L. Find an explicit construction of the siz generators of the group w1 (Aut(Ay®
Ou)) = 75.

We focused on the algebra Ay @ O for the sake of concreteness, but of course,
analogous problems for other unital Kirchberg algebras (or even stable Kirchberg
algebras) are also of interest. The Cuntz—Krieger algebras offer a large sandpit as
many groupoid and dynamical presentations of these algebras are known.

In the stably finite setting, work in progress of Jamie Gabe and the first-named
author computes the homotopy groups of Aut(A) for all unital finite classifiable
A. In particular, Dadarlat’s computation also holds in the unique trace setting so,
for example, we also have 71 (Aut(4p)) = Z5. In this setting, we also do not know
how to explicitly describe the generators. We expect that this will be harder than
Problem L due to the limited number of groupoid models in the finite setting.

15. CLASSIFYING ACTIONS ON C*-ALGEBRAS

In the von Neumann algebra setting, the fact that R is the unique injective Iy
factor leads to many different constructions of R. By exploiting symmetries of
the various constructions of R, this leads to many (cocycle) actions of groups on

101This case can be done without Dadarlat’s result using the homeomorphism Aut(O,) —
U(On) given by a +— > | sja(s;)*, where s1,..., sy are the standard generators of Op.
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R which, at face value, appear to be very different. This is part of what makes
Ocneanu’s uniqueness theorem so striking. For a countable discrete group G, con-
structing an outer action of G on R is easy: let R®“ denote the tensor product of
G-many copies of R, and consider the non-commutative Bernoulli shift G ~ R®Y
given by permuting the tensor factors.

In the C*-algebra setting, both the existence and uniqueness problems for group
actions are far more delicate. Just as with the Bernoulli shift on R®% just described,
any discrete group acts outerly on the Jiang-Su algebra as G ~ Z9¢ =~ Z. By
tensoring with the trivial action, G also acts outerly on every Z-stable C*-algebra.
However, even in the case that G is amenable, this action will typically be far from
unique up to cocycle conjugacy. For example, an action of this form on a Z-stable
C*-algebra A will always induce the trivial action on K-theory and traces.

One situation where uniqueness can be expected — at least in the torsion-free
case'?? — is for strongly outer actions on strongly self-absorbing C*-algebras. The
following problem goes back to [219, Conjecture 2] and is reiterated as [390, Con-
jecture Al.

Problem LI. Let D be a strongly self-absorbing C*-algebra and let G be a countable
discrete torsion-free amenable group. Are all strongly outer actions G ~ D cocycle
conjugate?

As one of many consequences of their spectacular dynamical Kirchberg—Phillips
theorem (Theorem 29 below), Gabe and Szabd give a positive answer to Problem LI
when D is Kirchberg (in that case, they even extend it further to amenable actions
of exact groups with the Haagerup property). Historically, the first result was on
the stably finite side: Kishimoto’s solution for integer actions on UHF algebras.
Subsequently, there has been substantial development through [291, 221, 295] and
other works for actions on UHF algebras and on Z, to the current state-of-the-
art in [390, Theorem C], which gives a positive answer for the class of torsion-
free elementary amenable groups generated by the trivial group and closed under
directed unions and extensions by Z. No UCT hypothesis is required in [390].

Returning to situations where there are non-trivial automorphisms of the invari-
ant available, it is natural to ask which actions on the invariant can be realised
by group actions on the underlying C*-algebra. In [27, 10.11.3], Blackadar asked
whether every automorphism of order n of the scaled ordered Ky-group of an AF
algebra A can be lifted to an order n automorphism of A. This remains open in
general, even if n = 2 and A is simple! In general, more information than just
K-theory and traces is needed to determine the approximate unitary equivalent
class of an automorphism of a unital classifiable algebra; one also needs to know
the behaviour on total K-theory and a certain algebraic K;j-group developed by
Thomsen [405]. The total invariant KT,(-), as set out in [61, Sections 2 and 3],
collects all the data required for uniqueness and is the appropriate invariant for a
general version of Blackadar’s question.

Problem LII. Let o be an action of a countable discrete amenable group G on
the total invariant KT,(A) (or on KT, (A)) of a unital classifiable C*-algebra A.
When is there an action of G on A inducing a?

There is a general abstract procedure for extending (iso)morphisms of the invari-
ant KT,(-) to KT, (-) ([61, Theorem 3.9]). Very recently, this has been extended

102There are K-theoretic obstructions in the presence of torsion; see [218, Theorem 4.8].
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to actions in [310, Corollary 8.3]; so a positive solution to Problem LII for KT,,(-)
would also solve the problem for actions on KT, (-) (the converse is unclear, how-
ever).

By the existence part of the classification of automorphisms on unital classifiable
algebras ([61, Theorem 9.8]), Problem LII has a positive answer when G is Z or,
more generally, is a free group (though in Problem LII above, we only asked the
question in the amenable setting).

Problem LII has a positive answer for finite groups in the presence of enough
UHF-stability. This was established by Barlak and Szabé ([19, Theorem 2.3]) when-
ever automorphisms are classified up to approximate unitary equivalence. Combin-
ing their work with the classification theorems, gives the following result.

Theorem 28 ([61, Theorem 9.14]). Let G be a finite group and let A be a unital
classifiable C*-algebra with A = A ®@ Mgj. Then any action G ~ KT, (A) lifts
to an action G ~ A (which additionally can be chosen to have the Rokhlin prop-
erty). In particular when A is a unital classifiable C*-algebra which is stable under
tensoring by the universal UHF algebra Q, then any finite group action on KT, (A)
lifts to A.

Theorem 28 comes with a uniqueness counterpart for Rokhlin actions on M)g|e-
stable classifiable algebras by their induced actions on KT, (-). This is [61, Corol-
lary 9.15], heavily using results of Izumi from [218].

Without UHF-stability, some positive results for Problem LIT have been obtained
in the purely infinite case. For example, actions of cyclic groups on the K-theory
of UCT Kirchberg algebras are induced by actions on the C*-algebras ([237]). The
approach is to build new models of UCT Kirchberg algebras with the required
actions baked in and then appeal to classification. Can this approach now be used
to make significant progress on the stably finite side?

Turning now to the general uniqueness problem, Gabe and Szabd’s very recent
dynamical version of the Kirchberg—Phillips theorem ([168]) is revolutionary for
the classification of C*-dynamics, just as the Kirchberg—Phillips theorem was for
C*-algebras. Specialising to the discrete amenable case, their theorem reads as
follows.

Theorem 29 ([168, Theorem B]). Let G be a countable discrete amenable group
and let a: G ~ A and B: G ~ B be outer actions of G on stable Kirchberg algebras
A and B. Then « and B are cocycle conjugate if and only if they are equivalent in
the G-equivariant KK -category KK©.

As set out in the introduction to [168], historically, the approach taken to unique-
ness of actions typically relied on the Rokhlin property together with an intertwining
technique of Evans and Kishimoto ([151]); see [223, 222]. Gabe and Szabé approach
the problem in a completely different fashion, which is much more tightly linked to
the Elliott intertwining technology used in the classification of C'*-algebras through
Szabd’s ‘cocycle category’ ([393]) and tools such as an equivariant stable uniqueness
theorem ([167]).

On the stably finite side, outerness is not a strong enough condition to expect
uniqueness — one should work with strong outerness, so that one at least has unique-
ness at the von Neumann level via Ocneanu. We can, and should, now hope for
a stably finite counterpart to the Gabe—Szabé theorem and also that such a result
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doesn’t take the full 20 years required to complete the stably finite part of the
unital classification theorem following Kirchberg—Phillips!

Problem LIII. Let A be a unital simple separable nuclear stably finite Z-stable
C*-algebra and let G be a countable discrete amenable group. Classify strongly outer
(cocycle) actions of G on A up to cocycle conjugacy in terms of some combination
of equivariant K-theory (or KK -theory), traces, and group (co)homology, perhaps
under suitable equivariant reqularity and/or UCT hypotheses.

The Gabe—Szabé theorem works beyond countable discrete groups ([168, Theo-
rem F]), for example recapturing the uniqueness of a Rokhlin flow on Kirchberg al-
gebras from [391] and extending this to R? actions ([168, Corollary 6.15]). However,
outside the discrete setting, one needs more than just outerness of the action, and
the required condition — isometric shift absorption — does not apply in all cases of
interest. Indeed, isometric shift absorption implies equivariant O..-stability ([168,
Proposition 3.9]), and hence O -stability of the crossed product. Accordingly, the
Gabe—Szabé theorem does not cover the situation where the crossed product is sta-
bly finite. One particularly prominent class of examples where this happens is the
canonical gauge actions of the circle on simple Cuntz—Krieger algebras coming from
irreducible adjacency matrices (which are not periodic). The study of these actions
goes back to Cuntz and Krieger’s foundational paper [85], constructing their now
eponymous algebras from symbolic dynamics.

We are grateful to Jamie Gabe for drawing our attention to Bratteli and Kishi-
moto’s work ([44], building on [151, 132]) on trace-scaling automorphisms of simple
separable AF-algebras whose cone of densely defined lower semicontinuous traces
has a base with finitely many extreme points. Bratteli and Kishimoto show that
such automorphisms have the Rohklin property, and obtain a classification up to
cocycle conjugacy by the induced action on Ky ([44, Theorem 1.1, Corollary 1.2]).
Transferring their classifications to the dual action, they classified (both up to con-
jugacy, and up to cocycle conjugacy) actions a: T ~ A of T on a unital Kirchberg'®?
algebra A such that the crossed product A x T is a simple AF-algebra with a unique
tracial ray.'% See [44, Corollaries 4.1 and 4.2] for precise statements including the
description of the classification invariants in terms of the conjugacy of the induced
actions on K of the crossed product in a fashion compatible with the class of the
spectral projection at 0 of the unitary implementing the action. A stabilised version
is given as [44, Corollary 4.3]. Importantly, but not mentioned in [44], gauge ac-
tions on Cuntz-Krieger algebras coming from irreducible and aperiodic adjacency
matrices satisfy all the required hypotheses.'®® The implications of Bratteli and
Kishimoto’s result for Cuntz—Krieger algebras are set out in the introduction to
[59]. The point is that for Cuntz-Krieger algebras, the invariant in [44, Corollary
4.3] is precisely Krieger’s dimension group from his classification of irreducible and
aperiodic adjacency matrices up to shift equivalence from [261, Theorem 4.2] (see
[120, Theorem 6.4]). As a consequence, shift equivalence of aperiodic irreducible

103Bratteli and Kishimoto do not explicitly include nuclearity or the UCT in their hypotheses,
but applying the dual action to the AF crossed product, it follows that A must be nuclear and
satisfy the UCT.

104Having a unique tracial ray means there is a unique non-zero lower semicontinuous tracial
weight up to scaling.

105The required unique trace on the crossed product follows from [150], which shows that these
actions have a unique KMS-state.
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adjacency matrices A and B is determined by conjugacy of the gauge actions on
the stablilisations O4 ® K and O ® K (see [59, Remark 7.5]).

While the Bratteli-Kishimoto classification is extremely effective in this setting,
ideally one would be able to access classification through an abstract condition on
the action rather than through internal structure — particularly that of being AF —
of the fixed-point algebra.

Problem LIV. Find a general classification framework for T-actions on Kirchberg
algebras with stably finite crossed products which encompasses the gauge actions on
Cuntz—Krieger algebras described above as well as gauge actions arising from other
more general constructions of UCT Kirchberg algebras.

Another natural family to consider are the quasifree flows a®: R ~ Oy on O,
indexed by A € R, given by i (s1) = eits; and o{™ (s5) = eiMsy (where s1, 55 are
the canonical generators of Os). These were analysed in [254] and give rise to simple
crossed products when A is irrational. When A < 0 is irrational, the flow is Rokhlin
([257]) and so is the unique such up to cocycle conjugacy. Things are trickier when
A > 0 and is irrational; in this case, the crossed product is stably projectionless
with a unique tracial ray ([258]). In [99], Dean showed that for generically many
irrational A > 0, the crossed product is the stabilised Razak—Jacelon algebra W® KC
(but it remains open to establish this for all irrational A > 0).

Problem LV. Determine when the quasifree flows o) on the Cuntz algebra O
described above are cocycle conjugate for irrational A > 0.

Finally in this section, there are far fewer results for cocycle actions. In the von
Neumann algebra setting, every outer cocycle action of a discrete amenable group
on any II; factor is cocycle conjugate to a genuine action ([337]). The following un-
twisting question for cocycle actions on C*-algebra was promoted by Shlyakhtenko
at several conferences.

Problem LVT (Shlyakhtenko). Determine when a strongly outer cocycle action of a
countable discrete amenable group on a classifiable C*-algebra A is cocycle conjugate
to a genuine action in terms of some combination of K-theoretic invariants of the
algebra and (scalar-valued) cohomological invariants of the group.

There are known examples of strongly outer cocycle actions of amenable groups
on classifiable C*-algebras which cannot be untwisted. For example, see [223, Ex-
amples 8.19 and 8.20]. Matui and Sato studied Problem LVI for actions on UHF
algebras and on Z; in [292, Theorems 8.6 and 8.8] they give a condition for un-
twisting cocycles for strongly outer actions of Z? on UHF algebras and Z. In [295],
they show that all strongly outer cocycle actions of the Klein bottle group on Z
are cocycle conjugate.

16. CLASSIFICATION WITHOUT THE UCT

In the setting of Kirchberg algebras, classification is possible without the UCT.
One has that two unital Kirchberg algebras A and B are isomorphic if and only if
there is an invertible element x € KK (A, B) that preserves the class of the unit
on Ky. The UCT can then be used to compute this K K-group in terms of K,,
which leads to the traceless case of Theorem 2 — the most well-known (and well-
used) form of the Kirchberg—Phillips theorem. By contrast, in the stably finite
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classification theorem, the UCT plays a more pervasive role — see [61, Section 1.3.6]
for a discussion. This combined with the more involved invariant in which traces
are entwined with K-theory makes it less clear what a stably finite classification
theorem should look like without a UCT assumption.

Problem LVII ([370, Conjecture D]). Let A and B be unital separable simple
nuclear Z-stable C*-algebras. If there is an invertible K € KK (A, B) preserving
the unit on Ko and an affine homeomorphism ~v: T(B) — T(A) such that k and
are compatible in a suitable sense, do we have A = B?

Finding the correct compatibility condition should be viewed as part of the
problem. The minimal compatibility condition (which is sufficient under the UCT
by Theorem 2) is that ¢ and 7 are adjoints under the natural pairing 7' x Ky — R;
i.e.

(15) (v(1),z) = (1, ko(x)), 7T€T(B), x€ Ko(A4).

This is the compatibility condition optimistically suggested in [370, Conjecture D].
Without the UCT, it’s unclear whether this condition would be strong enough to
capture the full interaction between K K-theory and traces. This is closely related
to Problem III; every trace o € T(A) induces an element [0] € KK(A, R*);'%
without the UCT for A (or, at least, the injectivity part of the UCT for the pair
(A, R¥) — cf. Problem III), agreement in the sense of (15) might not imply that
[v(7)] = [r] o k for all T € T'(B).

The following condition may then be the right compatibility condition between
x and 7, in the absence of the UCT:

(16) [v(r)] =[r]ok, Te€T(B).

It is plausible that this condition might be sufficent to obtain classification without
the UCT, at least in the unique trace setting.

Some partial progress was recently announced by the first-named author in the
preprint [370]. Note that whatever the ‘correct’ K K /trace compatibility condition
might be, it should be satisfied by a pair k = [¢] and v = T(¢) for a unital *-
homomorphism ¢: A — B. By [370, Theorem A], if the isomorphisms x and v are
induced by a *-homomorphism in this sense, then A & B.

17. K1-INJECTIVITY AND K K-UNIQUENESS

By definition, K-theory is built out of equivalence classes of projections and
unitaries at all matrix levels and so is stable: K,(A) = K.(A ® K). Moreover,
working in the unital case,

Ki(A), n even,

(17) ﬂ'n(Uoo(A)) = {Ko(A) n odd

via Bott periodicity (here, Uy (A) is the union of the unitary groups of all matrix
amplifications of A). Non-stable K-theory is concerned with the relationship be-
tween K-theory and projections and unitaries in the original C'*-algebra, through

106Using separability and nuclearity of A, Connes’ theorem provides a *-homomorphism 6: A —
R with tr o # = o, which is unique up to unitary equivalence. Then [o] := [0] € KK (A, R¥) is
well-defined.
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properties such as cancellation of projections and examination of (in the unital
case) the homotopy groups 7, (U(A)).107

It is natural to ask under what circumstances does the algebra A contain enough
relevant information about K-theory without the need for matrix amplification. A
unital C*-algebra A is called K7-injective or Ki-surjective when the natural map
mo(U(A)) — K;1(A) is injective or surjective, respectively, and K;-bijective when
it is both Kji-injective and Ki-surjective. There are numerous important classes
of Kj-bijective C*-algebras, including all simple purely infinite C*-algebras — as
shown by Cuntz in [84, Theorem 1.9] as part of his calculation of K-theory for
Cuntz algebras — and all classifiable C*-algebras (via Theorem 30 below). More
generally, Thomsen introduced the notion of K-stability, to describe the situation
when all the natural maps m,(Up,(A4)) = 7 (Un+1(A)) for n > 0 and m > 1 are
isomorphisms and gave a number of examples. In particular, Thomsen pioneered
the use of tensorial absorption to obtain K-stability, showing that algebras which
have a simple infinite-dimensional AF algebra or a Cuntz algebra O,, as a tensor
factor are K-stable. This set the scene for the following result of Jiang.

Theorem 30 (Jiang; [228] — cf. [61, Section 4.2] and [216]). All Z-stable C*-alge-

bras are K -stable and hence Ki-bijective.

In relation to this result, Thiel raises the following question. We view it as
particularly interesting in the non-nuclear case (where it is known that pureness
does not imply Z-stability). Pureness is defined in Section 9, and see Section 22
for more discussion about pureness in the non-simple case.

Problem LVIIIL. Is every pure C*-algebra K -bijective (or even K -stable)?

As Thomsen noted in his calculations in [404, Section 4], non-stable K-theory
is ‘very sensitive’ to whether a unital C*-algebra A is homotopy equivalent to an
abelian C*-algebra, as in this case, 7, (U(A4)) = 0 for n > 2. Thus no commutative
C*-algebra with non-trivial K-theory can be K-stable, and in particular, a (non-
zero) unital commutative C*-algebra cannot be K-stable. Villadsen’s breakthrough
constructions ([424, 425]) showed how to build inductive limits to replicate certain
commutative phenomena in simple C*-algebras (such as perforation in Ky and
high stable rank). Through these techniques, he gave examples of simple non-
elementary non-K-stable algebras; indeed, for any ng € N, Villadsen constructs a
simple separable unital nuclear C*-algebra A such that for all £ > 0, the maps
7k (Un(A4)) = 75 (Uny1(A)) fail to be surjective for n < ng and are bijective for
n > ng ([426, Theorem 12]).1% 1In particular, simple C*-algebras need not be
K;-surjective (this sort of question was asked at least as far back as [405, End
of Section 3]). To the best of our knowledge, the corresponding question for K-
injectivity is open.

Problem LIX. Are all unital simple C*-algebras K1 -injective?

Beyond the simple setting, all of stable rank one, real rank zero, and infinite-
ness give rise to some K-stability phenomena. Rieffel’s introduction of stable rank
was motivated by non-stable K-theory: C*-algebras with stable rank one have

107The latter was formalised by Thomsen in [404]. This makes non-stable K-theory into a
homology theory on the category of C*-algebras (albeit that mo(U(A)) need not be abelian), and
includes how to handle the non-unital case.

108We thank Andrew Toms for bringing this reference to our attention.
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cancellation ([346]; see [29, Proposition V.3.1.24]) and are K;-injective ([347, The-
orem 2.10]).

For general C*-algebras of real rank zero, K-theoretic regularity first appeared in
Zhang’s work [445], which shows that a unital C*-algebra A of real rank zero is Ky-
surjective, i.e. the classes of projections from A generate Ko(A).'%9 Subsequently,
Lin established K7-injectivity ([274, Lemma 2.1], heavily using his earlier work [273]
on the somewhat unfortunately named weak property (FU)). Substantial work has
been put into the question of whether unital real rank zero C*-algebras are Kj-
surjective (which appears to be an unpublished conjecture of Shuang Zhang; see
[13, Section 3]). As part of their work aiming to unify results for simple purely
infinite C*-algebras with those of stable rank one ([48, 49]), Larry Brown and
Pedersen introduce the notion of weak cancellation: A has weak cancellation if
for all projections p,q € A which generate the same closed ideal, one has [p]y =
[qlo = p ~ ¢. This property spirtually goes back to Cuntz’s work on the K-
theory of simple purely infinite C*-algebras, which have weak cancellation ([84,
Section 1]); likewise, stable rank one gives rise to cancellation, and so certainly to
weak cancellation. This is related to the notion of separativity!'!? investigated in
[12, 13]: A is separative if and only if A has stable weak cancellation, i.e. A ® K
has weak cancellation ([49, Paragraph 2.3], [13, Section 3]).

Problem LX. (1) Do real rank zero C*-algebras have weak cancellation?
(2) Are real rank zero C*-algebras K -surjective?

The connection between these problems was given by Ara, Goodearl, O’Meara
and Raphael, who showed that separative C*-algebras of real rank zero are K-
surjective ([13, Theorem 3.1]) and asked Problem LX(1) (as [13, Question 3.2], in
the equivalent form of whether real rank zero algebras are separative). In slightly
earlier work, Ara, Goodearl, O’Meara, and Pardo showed that for separative unital
real rank zero C*-algebras, finiteness implies stable finiteness ([12, Theorem 7.6])
(and in the simple case, this also implies stable rank one). As is known to experts,
including the referee (but wasn’t to us), this means that if simple C*-algebras of
real rank zero have weak cancellation, then Rgrdam’s dichotomy problem (Prob-
lem XXIX) has a positive solution.!!!

1097,et A be a real rank zero C*-algebra. Zhang’s main result in [445] is that the dimension
range D(A) (the Murray—von Neumann equivalence classes of projections in A with a partially
defined order) has the Riesz decomposition property: if z < y + z, then z = z; + z2 for some
z1 < y and 22 < z. The Kop-surjectivity statement is not explicitly given in the paper. It is
obtained by applying the Riesz decomposition property to My (A) (which inherits real rank zero),
so that an induction argument shows that any projection p € My, (A) is equivalent to a sum of
orthogonal projections from A. Note that Zhang works with property (FS) — self-adjoints of finite
spectrum are dense in the self-adjoints — which was shortly afterwards shown to be equivalent to
real rank zero in [47].

1104 C*-algebra A is separative if for projections p,q € A QR K

(18) pEP~PBg~qgdg = Py
Tt Rgrdam’s dichotomy fails, then there is an infinite simple unital C*-algebra A of real rank

zero with a finite projection p. Then pAp has real rank zero, so (assuming weak cancellation)
pAp @ K =2 A ® K is stably finite, a contradiction.
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For a unital properly infinite!*> C*-algebra A, any element of Ky(A) is realised
as the class of a properly infinite full projection in A, and two properly infinite full
projections in A which agree in K-theory are Murray—von Neumann equivalent.
Every unital properly infinite C*-algebra is K;-surjective.''® Prominently missing
is an answer to the following question.

Problem LXI. Are all properly infinite unital C*-algebras K1 -injective?

This question seems to have been first formally asked by Blanchard, Rohde, and
Rgrdam in [36],* which develops a number of equivalent characterisations of K-
injectivity for a unital properly infinite C*-algebra A (such as that for projections
p,q € A with p, ¢, and their respective complements full and properly infinite,'5
Murray—von Neumann equivalence and homotopy coincide). Blanchard, Rohde, and
Rgrdam further show that it suffices to answer Problem LXI in certain particular
cases, such as the unital full free product O * O (see [36, Section 5]). Many
natural examples of properly infinite C*-algebras are known to be Kj-injective
(such as coronas of stable C*-algebras, recorded in [166, Proposition 4.9], using
earlier lifting results). Kirchberg’s interest in Problem LXI prompted his squeezing
property (see [242, Definition 4.2.14, Proposition 4.2.15 and Question 2.5.20]) as a
potential route to Ki-injectivity of properly infinite C*-algebras.

One particular point of relevance of Problem LXI to classification is through the
connection to uniqueness theorems for K K-theory via Paschke duality. We'll set
up the uniqueness problem first, then discuss the connection to K;-injectivity. Let
A and B be C*-algebras with A separable and B o-unital and stable. The Cuntz
pair picture of KK (A, B) consists of homotopy classes of Cuntz pairs (¢,v): A =
M(B)>B; i.e. pairs ¢, ¢: A — M(B) of *-homomorphisms such that ¢(a)—1(a) €
B for all a € A. The class of (¢,%) is thought of as a formal difference ¢ — 1. If
$¢: A — M(B) is an absorbing representation,''® then any class x in KK (A, B)
can be realised as a formal difference with ¢, i.e. k is represented by some Cuntz
pair of the form (¢,1) (see [61, Theorem 5.4(i)], for example). We view this as a
‘K K -existence’ statement; but how unique is such a ¥? Since ¥ will necessarily be
absorbing, this amounts to asking what happens when [¢, ] = 0.

Problem LXII (K K-uniqueness ([61, Question 5.17])). Suppose A is a separable
C*-algebra, B is a o-unital stable C*-algebra, and ¢,v: A — M(B) are absorbing
representations such that ¢(a) —(a) € B for alla € A. If [¢,9] =0 € KK (A, B),

12Recall that a unital C*-algebra B is properly infinite if there exist orthogonal projections
p,q € B with p ~ ¢ ~ 1. Equivalently, there is a unital embedding of O, or a unital embedding
of some (or all) of the Cuntz—Toeplitz algebras Ty for n > 2.

113Both of these results are due to Cuntz in [84], though they are not explicitly stated there;
see [360, Exercises 4.6, 4.9 and 8.9].

14 A5 noted there, it has been implicitly around for much longer, with Ki-injectivity of properly
infinite C*-algebras appearing as a hypothesis in [352] to obtain certain uniqueness theorems.

U151 his manuscript [242, Page 488], Kirchberg called such projections splitting.

H6There are many equivalent formulations of absorption. The original, inspired by Voiculescu’s
theorem is that for any 6: A — M(B), the direct sum ¢ @ 0 (obtained by adding ¢ and 0
diagonally in M2 (M (B)) and using stability of B to obtain a so-called ‘standard isomorphism’
My (M(B)) =2 M(B), i.e. one induced by an isomorphism M (K) = K), is approximately unitarily
equivalent to ¢ modulo B; i.e. there exists (un) € M(B) so that upn(¢(a) ® 0(a))ul — ¢(a) € B
and [Jun(¢(a) ® 0(a))ul — ¢(a)|| — 0 for all a € A.
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is there a continuous family of unitaries (ut)ie1,00) € U(B + Cl yq(py) such that
(19) lim [[u(a)u; = v(a)] = 0
forallae A?

Given a pair of absorbing representations (¢,): A = M(B) > B which agree
modulo B, absorption gives a continuous path (ut)se[1,00) Of unitaries in M(B)
with urp(a)uf — ¥(a) € B and |luzp(a)uf — (a)|| — 0 for all a € A. The point in
Problem LXII is to be able to find these unitaries in the minimal unitisation of B,
assuming [¢,¥] = 0. This gives Dadarlat and Eilers’ relation of proper asymptotic
unitary equivalence between ¢ and v ([90]), which is very powerful in applications
as it ensures that if ¢ and 1 were obtained from maps into some C*-algebra E
containing B as an ideal (followed by the canonical map E — M(B)), then the
asymptotic unitary equivalence also can be found in E. This is how, with Carriéon
and Gabe, we use such K K-uniqueness type statements in [61].

It is a slightly more convenient to explain how to go from Problem LXI to a
version of Problem LXII for unitally absorbing representations. Even when A is
unital, an absorbing representation ¢: A — M(B) can never be unital (a unital
map cannot absorb 0); unital absorption is defined analogously to absorption as in
footnote 116, working now with unital 6. The connection between these notions
is that ¢: A — M(B) is absorbing if and only if the forced unitisation ¢: A" —
M(B) is unitally absorbing; see [406].!17 The version of K K-uniqueness question
for unitally absorbing maps is exactly the same as Problem LXII, with A unital,
and ¢, 1 unitally absorbing. Moreover, by taking a forced unitisation it suffices to
prove the unitally absorbing version (see the proof of [61, Lemma 5.15(i)]).

Given a unitally absorbing representation ¢: A — M(B) with A separable and
unital, and B o-unital and stable, Paschke duality ([406, Theorem 3.2]) gives an
isomorphism

(20) KK(A, B) = Ki(Q(B) N $(A)
d

)
where Q(B) := M(B)/B is the corona of B and ¢: A — Q(B) is induced by
¢.'1® Tracking through the Paschke duality, a pair [¢,v] in KK (A, B) with ¢ and
1 unitally absorbing is mapped to [u1]y in K;1(Q(B ) N ¢(A)), where (u)i>1 C
M(B) asymptotically conjugates ¢ onto ¢ modulo B,''? and w; is the image of
this path in U(Q(B)). Dadarlat and Eilers’ argument from [90, Theorem 3.12]
shows that ¢ and 1 are properly asymptotically unitarily equivalent when w; is
homotopic to 1 in U(Q(B)'N¢p(A)’) (this is set out abstractly in [61, Lemma 5.16]).
For this reason, K;-injectivity of Q(B) N ¢(A)’, gives rise to K K-uniqueness. In
this way, Dadarlat and Eilers obtained a positive answer to the K K-uniqueness

H7Given a unitally absorbing ¢: A — M(B), where A is unital and B is o-unital and stable,
one gets an absorbing representation back as ¢ & 0

H8This is not how Paschke duality is usually stated. In [406, Section 3], Thomsen sets this
up for an absorbing map ¢o: A — M(B) (as ever, here A is separable and B is o-unital and
stable). His result gives the duality KK (A, B) = K1((Q(B) N ¢o(A)")/Ann(po(A))). Here,
Ann(ég(A)) = {z € Q(B) : 2¢o(A) = ¢o(A)x = 0} is the annhilator of o(A) in Q(B). Applying
this to the absorbing map ¢9 = ¢ & 0 associated to the unitally absorbing map ¢, one has
Q(B) N ¢o(A) = (Q(B) N #(A)) ® Q(B), with the annhilator making up the second direct
summand.

19T he fact that one can upgrade the approximate unitary equivalence modulo B that one gets
from absorption to asymptotic unitary equivalence modulo B goes back at least to [90].
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problem when B = K from Paschke’s earlier K;-injectivity of relative commutants
relevant to this case ([323, Lemma 3]). Since Q(B) N ¢(A)’ is properly infinite (as
a consequence of ¢ and 1 being unitally absorbing), a positive answer to the K-
injectivity problem (Problem LXI) gives a positive answer to the K K-uniqueness
problem (Problem LXII).

As we don’t have a view as to whether K K-uniqueness should hold in full gen-
erality, it may be worthwhile to consider absorbing representations associated to
stabilised Villadsen algebras or other similar constructions.

Recently, Loreaux and Ng have obtained positive results for the K K-uniqueness
problem for some codomains B with strict comparison, and unital separable nuclear
(and sometimes also simple) A through Kj-injectivity of the associated Paschke
duals (see [282, Theorem 2.4] for purely infinite B, and [282, Lemma 2.9] and
the preprint [283], authored together with Sutradhar, for various results with B
stably finite and with finitely many extremal traces). In our abstract approach to
classification with Carrién and Gabe, we tensored on a copy of the Jiang—Su algebra
to the Paschke dual in order to be able to use Theorem 30 (due to Jiang) to get K-
injectivity. This gives a ‘Z-stable K K-uniqueness theorem’ ([61, Theorem 5.15]),
which has subsequently been put in a much cleaner framework by Farah and Szabd
([156, Theorem 5.5]).

18. EMBEDDINGS OF Z

Most, if not all, modern C*-classification results go via very general classifica-
tion results for embeddings A < B up to approximate unitary equivalence together
with complementary existence theorems describing the range of the invariant. This
strategy dates back at least to Rgrdam’s work [353], identifying a concrete class
of Kirchberg algebras whose embeddings can be classified by KL (introduced by
Rgrdam for this purpose). Kirchberg demonstrated that such classification of mor-
phism results can hold in extreme generality with most of the hypotheses lying
on the morphisms (retaining hypotheses on the domain A and codomain B only
when it is essential to do so). A fantastic example is given by the following under-
lying classification result Gabe obtains in his approach to the Kirchberg—Phillips
theorem.

Theorem 31 ([165], cf. [242]). Let A be a unital separable exact C*-algebra and
B a unital properly infinite C*-algebra. Then unital full nuclear O -stable!® mor-
phisms 0: A — B, up to approximate unitary equivalence, are canonically in bijec-
tion with the elements of K Lyy.(A, B) that are compatible with the unit of Ko, via
0 — [Q]KL.

The point is that the domain and codomain hypotheses are obviously necessary:
separability of A is crucial to appeal to intertwining arguments, the exactness of
A is equivalent to the existence of at least one full nuclear map out of A, and the
proper infiniteness of B is necessary for the existence of a unital O-stable map
into B (and also evidently sufficient when A := O). The simplicity hypothesis
(fullness), nuclearity condition, and even the tensorial absorption condition needed
for classification have all been transferred to the level of the maps.

1207 ynital map 0: A — B is Oo-stable if there is a unital embedding of O into the rel-
ative commutant B, N 0(A)’. Similar definitions using Kirchberg’s relative commutant algebra
F(B,0(A)) from [246] are used in the non-unital setting.



NUCLEAR C*-ALGEBRAS: 99 PROBLEMS 59

A striking consequence of this one-sided Kirchberg—Phillips theorem is that for
any unital C*-algebra B, any two unital embeddings O,, — B are approximately
unitarily equivalent (see [163, Proposition 4.4], which records the stronger unique-
ness up to asymptotic unitary equivalence; see also [40, Theorem 7.4.4] for an
alternative, more direct, proof).'?! Indeed, this follows since O, satisfies the UCT
and there is only one unital map out of O at the level of K-theory. This result
(and its Oz-counterpart) ensures that Gabe’s natural definition of Og-stability and
Oo-stability characterise the unital maps which are approximately unitarily equiv-
alent to maps factoring through Os-stable and O, -stable C*-algebras (see [163,
Corollary 4.5]).

The lack of a counterpart result for Z makes it much less clear how far one-sided
classification results can be pushed in the stable finite setting. In the long term,
what kind of regularity hypothesis on the codomain are necessary for classification
theorems? While it is possible to define the notion of Z-stable morphisms, without
such a uniqueness result for embeddings of Z, it is unclear whether such maps
should be (under very general conditions) approximately unitary equivalent to maps
factoring through Z-stable C*-algebras. Accordingly, we regard the following as an
important test question.

Problem LXIII. Let B be a unital C*-algebra. Are any two unital embeddings
Z — B approzimately unitarily equivalent, or even asymptotically unitary equiva-
lent? If this fails, what are the minimal hypotheses on B needed to obtain such a
result?

If B itself is Z-stable, Problem LXIII has a positive answer by the general
theory of strongly self-absorbing algebras. Some other cases can be seen from
Robert’s classification theorem in [349] — see [349, Proposition 6.3.1] in particular.
As Robert’s work gives rise to a classification of maps from Z into C*-algebras
of stable rank one by Cuntz semigroup data (Robert’s Cu), it is very natural to
consider Problem LXIIT when B is a Villadsen algebra of the first type ([424, 411,
418]), which have stable rank one.

Problem LXIV (cf. [174, Questions 16.1, 16.2, 16.3]). What is the Cuntz semi-
group of the Villadsen/Toms counterexamples to classification with stable rank one,
and in particular, do there exist two distinct Cuntz semigroup morphisms from
Cu(Z) into these Cuntz semigroups?

We note (with thanks to Jamie Gabe) that the version of Problem LXIIT with
M5 in place of Z has a negative answer (with obstructions arising from torsion in
Ky). For example, consider a unital Kirchberg algebra B with Ky(B) = Z[1/2]/Z
with [15]o = 0, and K;(B) = 0. Then the zero map on K, and the quotient map
Ko(Mas) 2 Z[1/2] — Z[1/2]/Z = Ky(B) are distinct unit-preserving morphisms.
These are realised by unital *-homomorphisms, which cannot be approximately
unitarily equivalent.

The problem of when unital embeddings of Z exist is also of interest. It is known
that receiving a unital map from Z does entail some amount of regularity, as it gives
Cuntz semigroup divisibility conditions on the unit (see [358, Lemma 4.2]). This
sort of obstruction underpins the construction of a unital simple infinite-dimensional
C*-algebra A such that there is no unital embedding Z — A ([91]). But any

121 The analogous result for Og also holds by [352, Theorem 3.6] (cf. [35, Lemma 5.4]).
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regularity gained from an embedding of Z is certainly far from the full force of
strict comparison. Indeed, the Villadsen-type counterexamples of Toms ([411]) all
contain unital copies of Z. We hope answering the following question will shed
light on the appropriate condition to replace proper infiniteness in a stably finite
version of Theorem 31.

Problem LXV. Characterise those unital (simple) C*-algebras B for which there
exists an embedding Z — B.

However, it is not clear how much regularity is forced by a unital embedding of
a well-behaved C*-algebra. For example, the following problem is open.

Problem LXVI. Does there exist a unital embedding of Mo into a simple infinite
C*-algebra B such that the image contains finite projections?

When Rgrdam constructed a unital simple infinite C*-algebra B with a finite
projection in [356], he arranged for 1p to decompose into two equivalent finite
projections, giving rise to an embedding M2 — B containing a finite projection
in its image. By modifying the construction, for each n, one can obtain a unital
simple infinite B with a unital embedding M,, — B such that 1p is the only infinite
projection in the image of the embedding, but it seems challenging to combine
these to answer Problem LXVI. An analogous question with the Jiang—Su algebra
in place of the CAR algebra (asking for such an embedding whose range contains
finite positive elements in the sense of the Cuntz comparison) is just as natural; we
would expect it to have the same answer as Problem LXVI.

19. CLASSIFICATION FOR NON-SIMPLE C*-ALGEBRAS

Whereas a separably acting von Neumann algebra decomposes in a nice way as a
direct integral of simple von Neumann algebras (factors), there is no corresponding
statement that allows results for simple C*-algebras to be transferred to the non-
simple case. Nevertheless, in a major tour de force, Kirchberg was able to extend
the Kirchberg—Phillips classification theorem to the non-simple case, classifying all
separable nuclear O-stable C*-algebras using ideal-related K K-theory.

Theorem 32 ([242]; see also a new proof by Gabe in [165]). Let A and B be
unital separable nuclear Oy -stable C*-algebras. Then A = B if and only if they
are unitally ideal-related KK -equivalent; i.e. X = Prim(A) = Prim(B), and this
topological isomorphism is accompanied by a unital K K x-equivalence between A
and B.

Translating Theorem 32 into an ideal-related K-theory classification theorem
(under suitable UCT hypotheses) is primarily a problem in homological algebra
and has seen considerable attention (see [298, 22], for example, together with work
on the relevant UCT conditions in [301, 300]).

In the important special case of Os-stable algebras, ideal-related K K-theory
reduces to the primitive ideal space, or equivalently, the ideal lattice. The version

of this we state uses the framework of Gabe’s new approach to this result from
[163].

Theorem 33 ([242, 163]). Let A, B be unital separable nuclear Oz-stable C*-
algebras. The following are equivalent:

(i) A= B;
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(ii) Prim(A) is homeomorphic to Prim(B);
(ii) Cu(A) = Cu(B).1?2

Kirchberg and Gabe’s results in Theorems 32 and 33 suggest the possibility that
classification could hold for all separable nuclear Z-stable C*-algebras. But outside
the On-stable case (the case when both the ideal and quotient are purely infinite
in Problem LXVII), this seems challenging. Indeed, even with just one ideal, while
there are various classification results for extensions of classifiable algebras, and
results for various inductive limits (particularly, those satisfying the ideal property;
see [190] for example), there are no abstract results where tensorial absorption is
the fundamental classification hypothesis.

Problem LXVII. Classify those (unital) separable nuclear Z-stable C*-algebras
(potentially satisfying suitable UCT hypotheses) which have exactly one proper non-
zero ideal using a suitable combination of ideal-related K K-theory and tracial data.

It may be natural to start with the case when both the ideal and the quotient are
stably finite before tackling mixed cases where one of the ideal or quotient are stably
finite and the other is purely infinite. We hope that a solution to Problem LXVII
could be the beginning of a greater challenge of classifying Z-stable C'*-algebras
with finitely many ideals and beyond.

For non-simple infinite C*-algebras, Kirchberg’s Os-stable classification — while
a huge achievement in its own right — is an order of magnitude simpler than his
final O4-stable classification as Os-stability kills K K-theory (in all quotients of
all ideals). In the stably finite setting, the Razak—Jacelon algebra W, explored in
[342, 99, 224], is a natural analogue of Q9. It is K K-contractible, simple, sepa-
rable, nuclear, Z-stable with unique tracial state, and so tensoring by W annihi-
lates K-theory, but leaves tracial data unchanged. Precisely, one works with the
lower semicontinuous tracial weights (which come with a natural cancellative cone
structure and topology making it a suitable potential classification invariant;'?3 see
[142]). This sets up the following problem, posed by Leonel Robert.

Problem LXVIII. For a separable nuclear C*-algebra A, does the isomorphism
class of AQW® K depend only on the cone of lower semicontinuous tracial weights
on A?

In the simple setting, Problem LXVIII has a positive answer: in the traceless
case it is the uniqueness of Oy ® K, while for stably finite algebras it is the K K-
contractible classification result of [133], combined with [65]. For non-simple alge-
bras, one should view Problem LXVIII as proposing a tracial analogue of Os-stable
classification. In the traceless setting (in the sense of Definition 12), every lower
semicontinuous tracial weight on A comes from a closed ideal as in footnote 123.
Also, using the following result of Rgrdam, if A is separable nuclear and traceless,
then A ® W ® K is Og-stable (since W is Z-stable, and W ® O = O2 @ K). In
this way, Kirchberg’s Os-stable classification theorem given in Theorem 33 gives a
positive answer to Problem LXVIII for traceless algebras.

122por purely infinite C*-algebras, the Cuntz semigroup exactly encodes the ideal lattice.
123F0or a closed ideal I <1 A, one gets a lower semicontinuous tracial weight on A by

0, a€ lq;
(21) 71(a) = +
o, a € A+ \I+

In this way, the cone of lower semicontinuous tracial weights recovers the ideal lattice of A.
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Theorem 34 (Rgrdam, [358, Theorem 5.2]). Let A be a separable nuclear Z-stable
C*-algebra. Then A is Oy -stable if and only if A is traceless.

Note that the combination of Questions LXVII and LXVIII is open: for a sep-
arable nuclear C*-algebra A with one proper non-zero ideal, does the isomorphism
class of A ® W ® K depend only on the cone of lower semicontinuous extended
traces on A7

Szabo has asked the following, predicting a strong structural result for the C*-
algebras in Question LXVIII under an additional strong null-homotopy hypothesis.

Problem LXIX. Let A be a separable nuclear C*-algebra, which is homotopic
to zero in an ideal-preserving fashion, i.e. there is a point-norm continuous family
(0¢)tcjo,1) of endomorphisms of A connecting 6p = 0 to 01 = ida, such that 6;(I) C I
for all ideals I <A. Must AQW®IK be an inductive limit of 1-dimensional NCCW-
complexes?

While this question arose in the context of nuclear dimension bounds for Z-
stable C*-algebras (see a discussion towards the end of Section 22), it is really a
classification-type question. The basis for reasonably expecting a positive answer
comes from the following striking result of Kirchberg and Rgrdam, which shows
Question LXIX has a positive answer in the Oy.-stable case.

Theorem 35 ([250, Theorem 5.12]). Any separable nuclear Oy -stable C*-algebra
which is homotopic to zero in an ideal-preserving fashion has an inductive limit
description where the building blocks are homogeneous with I1-dimensional spectra.

We end this section by returning to classification results for algebras with non-
trivial K-theory. Graph C*-algebras give a particularly prominent class which
mixes stably finite and purely infinite behaviour. Following early work by Rgrdam
([354]) and Restorff ([344]), K-theoretic invariants (e.g. ‘filtered” K-theory, which is
sometimes called ‘filtrated’ K-theory) which carefully account for the K-theory of
ideal-quotients have been identified and studied. Decades of work in this direction
culminated in the remarkable complete classification of graph algebras by Filers,
Restorff, Ruiz and Sgrensen ([126]).

Theorem 36 ([126, Theorem 3.1]). Let A and B each be the stabilized graph C*-
algebra associated to a directed graph with finitely many vertices and countably many
edges. Then A = B if and only if their ordered reduced filtered K -theories, relative
to gauge-invariant prime ideals, are isomorphic.

The following focused classification question arises directly from graph C*-alge-
bras; a more precise question (predicting what the characterisation should be) is
found in [126, Question 14.1].

Problem LXX. Give an abstract characterisation of C*-algebras that are stably
isomorphic to graph C*-algebras of graphs with finitely many vertices.

20. THE PRIMITIVE IDEAL SPACE

Whenever one has a classification by some invariant, it is natural to want to fully
understand this associated data. For example, Elliott’s classification of AF algebras
([127]) is complemented by the Effros-Handelman—Shen theorem, which abstractly
describes all dimension groups ([122]). Thus, motivated by his result that the ideal
lattice classifies unital separable nuclear Os-stable C*-algebras (Theorem 33), a
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long-term endeavour of Kirchberg was to understand the range of this invariant.
This amounts to asking precisely which topological spaces can arise as Prim(A)
when A is a separable nuclear C*-algebra. Every primitive ideal space of a separable
C*-algebra is second countable, locally compact,'?* Ty, and point-complete (also
known as sober).1?® Harnisch and Kirchberg call spaces satisfying these conditions
Dini spaces as they are determined by their Dini functions ([204, Section 6]). The
question is whether these conditions fully characterise primitive ideal spaces of
separable C*-algebras.

Problem LXXIT ([250, Question 1.1]). Is every Dini topological space the primitive
ideal space of:

(1) a separable nuclear C*-algebra?
(2) a separable C*-algebra?

In [250], Kirchberg and Regrdam established an important potential obstruction
for primitive ideal spaces of exact C*-algebras. This was subsequently described in
purely topological terms by Harnisch and Kirchberg, and their main theorem states
that it is the only obstruction even in the nuclear case ([204], written in 2005 but
unpublished and only posted on the arXiv after Kirchberg’s death). More precisely,
their result is that for a Dini topological space X, the following are equivalent.

(a) There exists a separable nuclear C*-algebra A such that X is homeomorphic
to Prim(A).

(b) There exists a separable exact C*-algebra A such that X is homeomorphic to
Prim(A).

(c) There exists a locally compact separable completely metrisable space P together
with a continuous 7: P — X which is pseudo-open and pseudo-epimorphic (as
defined in [204, Definition 1.3]).

The definitions of pseudo-open and pseudo-epimorphic are somewhat technical,
but the combination of these is equivalent to natural lattice properties of the induced
map between the collections of open sets; see [204, Proposition A.11].

This turns Problem LXXI(1) into a purely topological problem: does every Dini
space automatically satisfy condition (c)? If the answer is yes, then this of course
solves Problem LXXI(2) as well. If the answer is no, then it is interesting even to
ask the following subquestion: is there a separable C*-algebra A such that Prim(A)
is not the primitive ideal space of a nuclear (or equivalently, exact) C*-algebra?

The recent public availability of the preprint [204] should enable a fresh look at
these problems by other researchers.

124Kirchberg and his coauthors preferred to include Hausdorff in the definition of compactness
and so his papers on this subject refer to the condition of ‘local quasicompactness’.

1255 To space X is point-complete or sober if every prime closed subset Y of X is the closure
of a point (where Y is prime if Y cannot be written as the union of two closed proper subsets of
Y). Fleshing out the second sentence of the second paragraph of [204], the primitive ideal space
Prim(A) of a separable C*-algebra A is point-complete as follows (which as the referee points out
is similar in spirit to the proof that prime ideals in separable C*-algebras are primitive). The
primitive ideal space is a Baire space (as Prim(A) is continuous open image of the pure state
space, which is Polish), and the topology has a countable basis. The same holds for all closed
subsets of Prim(A). Let Y C Prim(A) be prime and closed, and suppose Y is not the closure of a
point. Let (Un)S2 ; be a countable basis for the topology on Y. The primeness condition shows
that each Uy is dense, so the Baire property gives (1), Un is dense in Y. But that intersection can
not contain two distinct points as Prim(A), and hence Y, is Tp.



64 C. SCHAFHAUSER, A. TIKUISIS, AND S. WHITE

21. PURE INFINITENESS AND GLOBAL GLIMM HALVING

The success of Cuntz’s concept of pure infiniteness for simple C*-algebras —
through the use of Kirchberg’s Theorem 4 to access classification and the wealth of
examples for which simple pure infiniteness can be verified — together with Kirch-
berg’s non-simple O4.-stable classification results (Theorem 32), led Kirchberg and
Rgrdam to examine pure infiniteness outside the simple setting in [248, 249, 250].
They sought a condition which holds for the class of Oy -stable C'*-algebras and
which implies tracelessness (see Definition 12). Ideally one would have an accessi-
ble characterisation of O,-stability for separable nuclear C*-algebras, generalising
Theorem 4. Since Ou.-stable C*-algebras need not have many (or any) projec-
tions — for example Cp((0,1]) ® Oy — this precludes the suggested definitions in
the late ’90s in terms of infinite projections in hereditary subalgebras. Kirchberg
and Rgrdam instead developed their theory at the level of positive elements using
Cuntz comparison with the following definitions.

e A C*-algebra A is purely infinite if it has no characters and for any pair
of positive elements a and b, if @ is in the ideal generated by b, then a is
Cuntz below b. (This second condition is the appropriate formulation of
strict comparison for traceless non-simple C*-algebras, i.e. it characterises
almost unperforation of the Cuntz semigroup in this setting).

e A (C*-algebra A is weakly purely infinite if there exists n € N such that
for every non-zero positive a € A, the element a®” is properly infinite (in
Mn(A)).uG

e Strong pure infiniteness for a C*-algebra A has a more technical appear-

ance. It requires that for any positive matrix [;* Jg] € My(A),, there is
d, 0

0 e,

dy 0][a 2][d, 0]" [a O

w ARG Tk

The terminology is justified; strongly purely infinite algebras are purely infinite
([249, Proposition 5.4]), and purely infinite algebras are weakly purely infinite; in
fact pure infiniteness is exactly weak pure infiniteness with n = 1 ([248, Theo-
rem 4.16]). For simple C*-algebras all these concepts agree, recapturing Cuntz’s
original notion, and in general, Kirchberg and Rgrdam develop pleasing perma-
nence properties. Weak and strong pure infiniteness relate to tracelessness and
Oso-stability respectively; in particular, strong pure infiniteness characterises O .-
stability for separable nuclear C*-algebras.

a sequence of diagonal matrices { ] € M>(A) such that

Theorem 37 (Kirchberg—Rgrdam; [249]).

(i) A separable C*-algebra A is weakly purely infinite if and only if it is qua-
sitraceless. Weakly purely infinite C*-algebras are quasitraceless.

126 A with projections, a positive element a in a C*-algebra B is properly infinite if a®a 3 a®0
(in M2(B)). Weak pure infiniteness is equivalent to quasitracelessness and n-comparison for some
n: that is, if a,b € (A ® K)+ are such that a is in the ideal generated by b then a X b®™. The
forward implication is [249, Lemma 4.7]. Conversely, given this condition, note that for any a, we
have a®2 is in the ideal generated by a @ 09(2n=1) and therefore a®2" = a%" g 0on,
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(ii) Bvery Ouo-stable C*-algebra is strongly purely infinite. The converse holds
for separable nuclear C*-algebras.**"

As a consequence, pure infiniteness meets Kirchberg and Rgrdam’s two primary
requirements, and whether it characterises O -stability for separable nuclear C*-
algebras comes down to the (potential) difference between pure infiniteness and
strong pure infiniteness.

Problem LXXII ([249, Question 9.5]). Do the following properties coincide for
all (nuclear) C*-algebras: weakly purely infinite, purely infinite, and strongly purely
infinite?

Relating this back to our central theme of Z-stability, in [358] Rgrdam showed
that traceless exact Z-stable C*-algebras are strongly purely infinite to prove The-
orem 34 (as an application of Theorem 37). The proof works outside the exact
setting (for quasitraceless Z-stable C*-algebras). Combining Theorems 34 and 37,
for separable nuclear C*-algebras the potential equivalence of pure infiniteness and
strong pure infiniteness in Problem LXXII, is equivalent to whether traceless alge-
bras with strict comparison are Z-stable.

Kirchberg and Rgrdam gave a positive answer to Problem LXXII in the real rank
zero case ([249, Corollary 9.4], though recall the caution that O..-stable C*-algebras
can be projectionless). With Blanchard, Kirchberg studied the case of C*-algebras
with Hausdorff primitive ideal space (which can be viewed as continuous C*-bundles
with simple fibres). They established that in this case, pure infiniteness and strong
pure infiniteness coincide ([35, Theorem 5.8]), along with weak pure infiniteness if
the primitive ideal space is additionally finite-dimensional ([35, Proposition 4.11
and Corollary 5.3]).

Intriguingly, Kirchberg and Rgrdam reduced the problem of whether weakly
purely infinite C*-algebras are purely infinite to a problem of Glimm halving. Based
on the fact that any non-abelian von Neumann algebra admits an embedding of
Ms (this embedding need not be unital), Glimm’s halving lemma says that every
non-abelian C*-algebra contains a non-zero element z such that 22 = 0.!2® This
result is especially useful in the simple case, where one can leverage the fact that x
must be full. To replicate this power in the non-simple case, a C*-algebra A is said
to have the global Glimm halving property ([34, Definition 1.2]) if for any a € Ay
and any € > 0 there exists x € aAa such that 22 = 0 and (a — €), is in the ideal
generated by z.1%°

127Kirchberg and Rgrdam obtained this for stable C'*-algebras as, at the time, it was not known
that Oo-stability is preserved under stable isomorphism for separable C*-algebras. Now, using
[416, Section 3] or [246, Proposition 4.4 and Theorem 4.5], it holds generally.

128This can be extracted from the proof of Glimm’s [188, Lemma 4], or obtained from Kadison’s
transitivity theorem (via a short argument due to Kaplansky set out in [105, 2.12.21]). Here is
a quick proof using modern technology (though arguably more involved than using transitivity).
Take an embedding of My in A** and apply the Kaplansky density theorem for order zero maps
([209, Lemma 1.1]) to it to obtain a net of non-zero order zero maps M2 — aAa, and take z to
be any non-zero image of ej2 under one of these maps.

129Equiva1ent is the global Glimm property of [249, Definition 4.12], which asks that for all
non-zero a € Ay, € > 0, and all n > 2 (not just n = 2), there is an order zero map M, — aAa
such that the ideal generated by the image contains (a — €).
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Theorem 38 (Kirchberg—Rgrdam; [249, Proposition 4.15]). A weakly purely in-
finite C*-algebra is purely infinite if and only if it has the global Glimm halving
property.

Of relevance to the broad theme of this paper, every separable Z-stable C*-
algebra A satisfies global Glimm-halving, as for every non-zero a € A4, the heredi-
tary subalgebra aAa is Z-stable by [416, Corollary 3.1]. Accordingly, aAa contains a
full nilpotent element of order two (namely, under an identification aAda = aAa® Z,
consider a ® z, where z is a full nilpotent element of order 2 in Z).

A C*-algebra A with the global Glimm halving property cannot have ideals
J <1< A so that I/J is non-zero and elementary; in particular, such an A has
no non-zero finite-dimensional representations. This ‘no elementary ideal-quotients’
condition is the appropriate version for non-simple C*-algebras of requiring a simple
C*-algebra to be non-elementary, and was coined nowhere scattered by Thiel and
Vilalta in [402] in their detailed examination of this condition. We view being
nowhere scattered as the C*-parallel to asking a von Neumann algebra to have
no type I part. Indeed, a C*-algebra is nowhere scattered if and only if every
irreducible representation has image disjoint from the compacts ([402, Theorem 3.1
(1) (6)).

It is open whether the global Glimm halving property always holds for all
nowhere scattered C*-algebras. The following is a reformulation of this question.'3%
The difficulty is that, under the hypotheses of the problem, while there will be a
unital embedding My — A** and one can approximate this strong* by order zero
maps into A, there is no reason at all why these maps should be full (or even
approximately full, in the sense of the following question).

Problem LXXIII. Let A be a C*-algebra with no non-zero finite-dimensional
representations. Given a € Ay and € > 0, does there exist an element x € A such
that 22 = 0 and (a — €)1 is in the ideal generated by x 7'3!

In [34, Theorem 4.3], Blanchard and Kirchberg answer this question affirmatively
in the case of C'*-algebras with finite-dimensional Hausdorff primitive ideal space.
Elliott and Rgrdam’s [143, Corollary 7] answers the problem positively in the unital
real rank zero case, and much more recently, Antoine, Perera, Robert, and Thiel also
confirmed it for the class of C*-algebras with stable rank one ([8, Theorem 9.1])
using Cuntz semigroup techniques. Related to this, a formulation of the global
Glimm property in terms of the Cuntz semigroup is undertaken in [401].

Returning to the setting of simple C*-algebras, Rgrdam’s examples of simple
algebras with infinite and finite projections ([356]) showed that simple nuclear in-
finite C*-algebras need not be purely infinite. It is open whether this can happen
without a finite projection. This question seems to be due to Elliott, potentially
sparked by Problem XXIX. Any such example could not have real rank zero.

Problem LXXIV ([356, Question 7.7]). Let A be a unital simple (nuclear) C*-
algebra in which all non-zero projections in A are infinite. Must A be purely infinite?

1301f Problem LXXIII has a positive answer, then the global Glimm halving property holds
whenever A is nowhere scattered by applying the positive solution to the hereditary subalgebra
aAa. In the unital case, this was asked explicitly by Elliott and Rgrdam in 2004 ([143, Question 2]).

1311y the case that A is unital, this question can be simplified to: does A contain a full element
x such that z2 = 0?
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22. REGULARITY FOR NON-SIMPLE C*-ALGEBRAS

Just as structure and classification theory have driven each other in the study
of simple C*-algebras, it is natural to turn here to structure — and specifically,
regularity — for non-simple C*-algebras. How generally do the structural theorems
(and conjectures) in the simple setting extend to the non-simple framework? Just
as a main motivation of the problems in the previous section is to give a more
elementary characterisation of the algebras covered by Kirchberg’s O,-stable clas-
sification (Theorem 4), one hopes that any future classification theorems (such
as those proposed in Section 19) will also have structural counterparts. Just as
the structure theorem for simple C*-algebras (Theorem 3) needs to exclude ele-
mentary algebras, the right framework for generalisations is the class of nowhere
scattered C'*-algebras. These ideas have been actively considered for some time,
being floated at least as far back as Winter’s 2012 CBMS lectures, and seeing the
first major progress in [350] in 2014. However, until fairly recently, it appears that
a formal statement of a non-simple Toms—Winter regularity conjecture was missing
from the literature; the first we are aware of is in the recent reprint [11].'32

Problem LXXV (cf. [11, Question B]). Let A be a separable nuclear C*-algebra
which is nowhere scattered. Are the following equivalent?

(i) A has finite nuclear dimension.
(ii) A is Z-stable.
(iii) A is Cuntz semigroup regular, i.e. the first factor map x — x ® 1z induces
an isomorphism Cu(A) = Cu(A® Z).

Other than the vacuous implication (ii) = (iii), none of the implications in
Problem LXXV are known to hold in full generality. Of course, we would be
delighted if the equivalence in Problem LXXYV holds with the weaker condition
that Cu(A) is almost unperforated in place of condition (iii). In that case, it would
represent a full generalisation of the Toms-Winter conjecture to the non-simple
setting.

Recall that for simple C*-algebras, pureness is defined to be the combination of
strict comparison, or equivalently, almost unperforation of the Cuntz semigroup,
and almost divisibility. As discussed briefly in footnote 60 a non-simple C*-algebra
A is defined to be pure if Cu(A) is almost unperforated and almost divisible. Strict
comparison is then defined in the non-simple setting so that it is equivalent to al-
most unperforation of the Cuntz semigroup. Cuntz semigroup regularity implies
pureness in general, but while simple pure C*-algebras are Cuntz semigroup regular
(see Proposition 22), the route we took used both Lin’s Theorem 21 to obtain stable
rank one, together with an explicit calculation of the Cuntz semigroup in terms of
the Murray—von Neumann semigroup and traces (see condition (viii) of Proposi-
tion 22). Both of these tools are not available in the non-simple setting. However
the characterisation of pureness through the Cuntz semigroup tensor product ®cy
developed in [10] holds generally: A is pure if and only if Cu(4) = Cu(A4)®c,Cu(2)
([10, Theorem 7.3.11]). One issue is that it is not known whether Cu(A4) ®cy, Cu(2)
is isomorphic to Cu(A ® Z) in general. The following problem is very close to [11,
Question 5.5].

1325 we discuss further below, [11] uses pureness as condition (iii) as compared to our formu-
lation in terms of Cuntz semigroup regularity. We hope these are equivalent.
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Problem LXXVI. Is every pure C*-algebra Cuntz semigroup reqular?

In their recent preprint obtaining a dimension reduction from (m,m’)-pureness
to pureness, Antoine, Perera, Thiel and Vilalta show that C*-algebras with finite
nuclear dimension and the global Glimm halving property are pure ([11, Theo-
rem CJ).

For traceless separable nuclear C*-algebras, Z-stability and O.-stability coin-
cide ([358, Theorem 5.2]). Accordingly, in this case, the implication (iii) = (ii)
is the task of going from pure infiniteness to strong pure infiniteness in Prob-
lem LXXII. Also, for traceless algebras, (ii) = (i) is known in full generality; this
was first proved in [388], with the exact value of the nuclear dimension — it is 1 —
being later obtained in [39]. This latter paper goes further and works at the level
of maps: nuclear O-stable maps with exact domains have nuclear dimension at
most 1 ([39, Theorem C]). So all the maps classified by Theorem 31 have dimension
1. But can we characterise these classifiable maps in terms of behaviour of positive
elements? One necessary condition for a map to be Oy-stable is that its image
should consist of properly infinite elements — this forces the map to be traceless in
a sufficiently strong sense.

Problem LXXVIIL. Let A and B be unital C*-algebras with A separable and
exact. Let ¢: A — B be a unital *-homomorphism with finite nuclear dimension
such that every non-zero positive element in ¢(A) is properly infinite in B. Must ¢
be Oy -stable?

Note that if we take A = B and ¢ to be the identity map in Problem LXXVII
then this becomes the pure infiniteness implies strong pure infiniteness problem,
with an additional finite nuclear dimension assumption (to our knowledge, such an
assumption has not yet been successfully used to make progress on Problem LXXII).
It is possible to pose numerous other problems asking for map versions of existing
results. Here is one, suggested to us by Jamie Gabe, asking to upgrade a Z-stable
map to Ouo-stability in the absence of traces (akin to Rgrdam’s [358, Theorem 5.2]).

Problem LXXVIII. Let A be unital simple separable nuclear and Z-stable and let
B be unital and have no normalized quasitraces. Is every unital *-homomorphism
A — B automatically Oy -stable?

As Gabe observed, a positive answer would positively resolve the real rank zero
dichotomy problem (Problem XXIX). Indeed, given a unital simple real rank zero
algebra B, Elliott and Rgrdam provide a unital simple non-elementary AF subal-
gebra A C B ([143]) which will certainly be Z-stable. If the inclusion A C B was
Oyo-stable then B would be properly infinite. Repeating this argument in corners
shows that every projection in B is infinite, and so B is purely infinite (see [361,
Proposition 4.1.1], for example).

In the rest of this section, we will focus on potential generalisations of the known
equivalence between (i) and (ii) from the structure theorem for simple nuclear C*-
algebras. Firstly, in contrast to Section 19 — where classification problems are open
even in the presence of a unique non-trivial ideal — since both conditions (i) and
(ii) are closed under extensions, induction using the structure theorem shows they
are equivalent whenever A has finitely many ideals. However finite decomposition
rank is not preserved by general extensions, so it is natural to ask for the version
of Theorem 3(i”) in this case.
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Problem LXXIX. Let A be a nowhere scattered C*-algebra with finitely many
ideals and finite nuclear dimension. Characterise, in terms of conditions relating
to quasidiagonality, when A has finite decomposition rank.

It is also natural to consider when Z-stable separable nuclear C*-algebras have
finite decomposition rank more generally. In the O, -stable case the answer is given
by [39, Theorem B]: when all their quotients are quasidiagonal.'3?

With Robert, the second-named author showed that Winter’s argument from
[435] can be generalised to prove the implication (i) = (ii) in Problem LXXV
provided there are two orthogonal full positive elements in Kirchberg’s central se-
quence algebra F(A) (which is A, N A’ in the unital case). Indeed, a separable
C*-algebra with finite nuclear dimension is Z-stable precisely when this condition
on the central sequence algebra holds ([350, Theorem 1.2]). Such a condition in
F(A) is in the spirit of (but a priori weaker than) global Glimm halving,'3* so it
is natural to ask when F(A) is nowhere scattered. Ando and Kirchberg showed
that when A is not of type I, then F(A) is never abelian, so in contrast with Mur-
ray and von Neumann’s foundational result that the von Neumann algebra L(F,)
associated to a free group has a trivial central sequence algebra, F'(C}(FF3)) is non-
abelian ([7]).1%® But, despite this, even for simple A, some condition is needed
for its central sequence algebra to be nowhere scattered as it is possible for it to
have characters ([252, 74]).!3% In fact, Kirchberg and Rgrdam asked the following,
noting its equivalence to an older question raised by Dadarlat and Toms in [96].137

Problem LXXX ([252, Question 3.1]). Let A be a unital separable C*-algebra
such that A, N A" has no characters. Is A necessarily Z-stable?

Returning to our main theme, Robert and the second-named author were able
to verify their full orthogonal elements condition provided both the two conditions
below hold.

(a) A has no purely infinite ideal-quotients.
(b) The primitive ideal space is either Hausdorff or has a basis of compact open
sets.

This gives the implication (i) = (ii) in Problem LXXV under such conditions
([350, Theorem 1.1]).

In the other direction, the main result of [141] (building on [410]) is that Z-stable
ASH algebras have finite nuclear dimension (and, in fact, finite decomposition rank;
though the known bound is currently 2, and by now, we would expect the bound
to be 1). Returning to the traceless case, for a general separable nuclear O..-stable
C*-algebra A, Szabé first obtained the bound dimy,,.(A) < 3 in [388], crucially using
a surprising construction of Rgrdam: an O-stable C*-algebra Ajq ;) arising as an

133This happens precisely when the primitive ideal space has no locally closed singleton sets.

134Kirchberg and Rgrdam in fact show that this condition is equivalent to Glimm halving for
F(A), [252, Proposition 6.1]

135Subsequently, Enders and Schulman characterised the type I C*-algebras with an abelian
central sequence algebra as those satisfying Fell’s condition in [149]. This answered a question of
Ando and Kirchberg.

1361 [252], Kirchberg and Rgrdam examined characters on central sequence algebras, showing
their absence gives rise to the corona factorisation property.

37Dadarlat and Toms asked if Z embeds unitally into the minimal tensor product D®*° when-
ever D is unital, separable, and has no characters. This problem is related to the questions in
Section 18.
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inductive limit of building blocks of the form Co((0, 1], M) ([357]). This Ajg 1) has
primitive ideal space (0, 1] equipped with the (non-Hausdorff) right order topology,
and is homotopic to zero in an ideal-preserving fashion.'*® The construction of Ao,
provided the motivation for Kirchberg and Rgrdam’s Theorem 35. Szabd’s nuclear
dimension calculation applies Theorem 35 to A® Ajg 1), which is homotopic to zero
in an ideal-preserving fashion and is therefore a limit of homogenous algebras over
one-dimensional spaces, and he then bounds the nuclear dimension of A in terms of
the nuclear dimension of A ® A 1j. A positive answer to Problem LXIX (beyond
the purely infinite case) might lead to a similar bound on the nuclear dimension of
a general separable nuclear Z-stable C*-algebra.

Following Szabé’s work ([388]), the precise value of the nuclear dimension for
a separable nuclear O4-stable C*-algebra A was obtained by fully exploiting the
Ooo-stable classification theorem (Theorem 4). The idea, going back to [294, 38],
is to split the identity map on A into the sum of two maps which factor through
cones, and use classification to compare these with 0-dimensional models (whose
construction heavily uses quasidiagonality). Accordingly, we expect sufficiently
strong classification theorems, together with a collection of 0-dimensional models,
for (non-full) nuclear maps out of cones into Z-stable C*-algebras to give rise to
new abstract situations where Z-stability implies nuclear dimension at most one,
but perhaps it will take such classification theorems to obtain the optimal value of
the nuclear dimension for all separable nuclear Z-stable C*-algebras.

Other than the situation of finitely many ideals, we are not aware of other results
on the equivalence between (i) and (ii) which are valid for C*-algebras A containing
both stably finite and purely infinite ideal-quotients.

23. COMPUTING NUCLEAR DIMENSION

Although the nuclear dimension is a non-commutative generalisation of cover-
ing dimension in the sense that dimuu.(Co(X)) = dim X (for X o-compact), and
hence all possible values of the nuclear dimension occur, for simple C*-algebras, the
structure theorem (Theorem 3) shows that the only possible values of the nuclear
dimension are 0,1, and oco. It is reasonable to wonder to what extent the nuclear
dimension really provides a notion of dimension in the non-commutative setting
and how to go about computing it outside the simple setting (or more generally,
the nowhere-scattered setting, where the the generalised Toms-Winter conjecture
of Problem LXXYV predicts the behaviour of the nuclear dimension). Since bounds
on the nuclear dimension descend both to quotients and hereditary subalgebras, one
way to obtain a lower bound on the nuclear dimension is through high-dimensional
commutative hereditary subalgebras of quotients. The spirit behind the following
problem is to ask whether other methods are even possible.

Problem LXXXI. Let A be a C*-algebra with the following property: for any
ideal I of A and any hereditary subalgebra C of A/I, if C is commutative, then
its primitive ideal space has dimension at most one. Is it true that dimy,.(A) €
{0,1,00}?

We believe Problem LXXXI is related to the computation of the nuclear di-
mension of an extension. Winter and Zacharias showed that finiteness of nuclear

138366 Problem LXIX for the definition.
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dimension is preserved by extensions,'® but the nature of the upper bound at-
tained — and its disparity from the known behaviour in the commutative setting —
raises the following question (classical results for dimensions of metric spaces give a
positive answer when E is separable and commutative!%). Note that if the answer
is positive, then separable nuclear Z-stable C*-algebras with finitely many ideals
have nuclear dimension at most 1.

Problem LXXXII. Let 0 — I — E — D — 0 be an extension of C*-algebras. Is
it true that

(23) dimp,e (E) = max{dimpyc (1), dimyyue (D)}?

A negative answer to this Problem LXXXII would suggest a negative answer
to Problem LXXXI, whereas a positive answer (combined with Theorem 3) would
resolve Problem LXXXI in the case that A has finitely many ideals.

The nuclear dimension zero C*-algebras are precisely the AF algebras, and since
the extension of AF algebras by AF algebras is again AF ([46]), Problem LXXXII
has a positive answer when both ideal and quotient are zero-dimensional. The
Toeplitz algebra was an important test case for the nuclear dimension of extensions;
Winter and Zacharias’ original estimates show that its nuclear dimension is either 1
or 2 ([439, Proposition 2.9]), and nearly 10 years later, Brake and Winter elegantly
demonstrated that the value is 1 ([42]). This provided the motivation for Problem
LXXXII and sparked further progress for ideals and quotients of particular forms
([111, 153, 175, 154]).14!

As every finite graph algebra is built up from iterated extensions of C*-algebras
of nuclear dimension at most one,'*? a positive answer to Problem LXXXII gives a
positive answer to the following problem.

Problem LXXXIII ([154, Question C]). Is the nuclear dimension of any graph
C*-algebra at most one?

As pointed out to us by the referee, arguably the first nuclear dimension com-
putation for graph algebras is found in Winter and Zacharias foundational paper
[439], where they show dimp,.(O,) =1 for n € N (they also obtained the estimate
dimpue(Os) < 2; see [439, Theorem 7.4]). This calculation is performed using
the standard graph model for O,, and not via another model accessed through
classification. However, focus on the nuclear dimension of more general graph C*-
algebras really begins in [364], which relies crucially on Enders’ work [148] showing
that UCT Kirchberg algebras with torsion-free Ki-group have nuclear dimension
1. Enders’ theorem covers all simple purely infinite graph C*-algebras. There are
now a number of examples of positive answers to Problem LXXXIII and also situa-
tions where the slightly larger upper bound of 2 has been established. For example,

139This is in contrast to the earlier notion of the decomposition rank from [253]: the compacts
and C(T) have finite decomposition rank, but the Toeplitz algebra does not.

1407 hese ideas were recently pushed to give a positive answer to Problem LXXXII for separable
extensions where both the ideal and quotient are subhomogeneous by an Huef and Williams in [3,
Lemma 7.2]. In this case, the extension is also subhomogeneous, and its subhomogenity degree is
equal to the maximum of the subhomogeneity degrees of the ideal and quotient.

1lpoy example, [175] and [111] cover extensions of commutative algebras and Kirchberg algebras,
respectively, by the compacts.

14275 be more precise, finite graph algebras are built from iterated extensions of AF algebras,
Kirchberg algebras and C(T) ® F', where F is finite-dimensional.
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for graph C*-algebras with real rank zero,'*3 the nuclear dimension is at most 2
([364, Section 5], [159]). Real rank zero has the effect of ruling out algebras stably
isomorphic to C(T) from the composition series of a graph algebra, allowing one
to decompose a real rank zero graph C*-algebra as an extension of an O.-stable
quotient by an AF ideal; [159, Theorem B] obtains an optimal upper bound of
one for graphs with condition (K) satisfying an additional condition on sources,
by means of using the results on Problem LXXXII from [153]. Some examples of
positive answers to Problem LXXXIII coming from graphs with stabilised circle
algebra quotients can be found in [154].

In another direction, C*-algebras associated to amenable groups give a particu-
larly prominent class of examples which have some type I behaviour.

Problem LXXXIV. Determine for which countable discrete amenable groups the
group C*-algebra has finite nuclear dimension. FEven better, compute the exact
nuclear dimension of such groups.

Finitely generated groups with polynomial growth form a particularly natural
class to consider. These have been extensively examined by Eckhardt in collab-
oration with Gillaspy and McKenny: the C*-algebras generated by these groups
have finite nuclear dimension, and in fact, finite decomposition rank ([118, 116]).144
This was followed by work ([115, 114]) on the UCT for irreducible representations of
such groups culminating in the classifiability of C*-algebras associated to infinite-
dimensional irreducible representations of groups of polynomial growth ([114, The-
orem A]).15 These have unique trace and real rank zero. While outside the scope
of the main topic of this section, we definitely want to ask for more computations
of the invariant, in the spirit of [117], which handles the case of representations of
the unitriangular group UT(4,Z); interestingly, the classification theorem reveals
unexpected isomorphisms for this C*-algebra (see [117, Theorem 6.2]).

Problem LXXXYV. Compute KT,(C:(G)) for infinite-dimensional irreducible
representations w of groups G of polynomial growth.

Work on the decomposition rank and nuclear dimension of group C*-algebras has
been connected to the regularity questions in Sections 11 and 12 by way of wreath
products. For example C*(Z1Z) has infinite nuclear dimension as a consequence of
Giol and Kerr’s construction of a non-classifiable simple crossed product C(X) xZ
in [184] (see [118, Therorem 5.1]), and the C*-algebra of the lamplighter group
(Z/2Z) 1 Z has finite nuclear dimension as a consequence of Hirshberg and Wu's
result that C'(X) x Z has finite nuclear dimension for any action of Z on a finite-
dimensional compact Hausdorfl space X ([214]). The lamplighter group is not
strongly quasidiagonal ([60, Corollary 3.5]), and so its C*-algebra cannot have
finite decomposition rank ([253]). At present, there are no known examples of
finitely generated groups whose C*-algebra has finite decomposition rank which do

1437 graph C*-algebra has real rank zero if and only if the graph satisfies a property known
(for slightly opaque reasons; see [262, Section 6]) as ‘condition (K)’ ([226]). This condition (K) is
a kind of freeness condition on the graph dynamics equivalent to all ideals being invariant under
the gauge action.

L4414 i worth noting that [118], showing that finitely generated nilpotent groups have finite
nuclear dimension, went through the monotracial case of the structure theorem.

1451n finite dimensionality is needed as our definition of classifiability excludes elementary C*-
algebras.
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not have polynomial growth. In the elementary amenable setting, based on the
analysis of certain wreath products, Eckhardt and Wu conjecture that polynomial
growth is necessary.

Problem LXXXVT ([119, Conjecture II]). Let G be a finitely generated elemen-
tary amenable group. Is it true that C*(G) has finite decomposition rank if and
only if G has polynomial growth?

The examples of strongly quasidiagonal groups which fail to have polynomial
growth from [113] may be worth examining. These are of the form Z3? %, Z? for
suitable actions, and so by means of Hirshberg and Wu’s long-thin-covering dimen-
sion ([213]), the resulting C*-algebras will have finite nuclear dimension. Pushing
this further, a recent preprint of Eckhardt and Wu ([119]) combines the strategies
of [118, 116] with the ideas from [213] to tackle virtually polycyclic groups.

Theorem 39 ([119, Theorem A]). Let G be a finitely generated virtually polycyclic
group. Then C*(G) has finite nuclear dimension, bounded in terms of the Hirsch
length of G.

Based on this and the fact that all known examples of groups with C*-algebras of
finite nuclear dimension have finite Hirsch length (in the sense of Hilman in the case
that the group is not virtually polycyclic), Eckhardt and Wu conjecture a partial
answer to Problem LXXXIV: for a finitely generated elementary amenable group
G, C*(@G) has finite nuclear dimension if and only if G has finite Hirsch length ([119,
Conjecture I}).

Roe algebras provide another case of interest. Here, the asymptotic dimension
of a discrete metric space X provides an upper bound for the nuclear dimension
of the corresponding uniform Roe algebra C}(X) ([439, Theorem 8.5]). Willett
and Winter (and others) have made attempts at a converse, which is the following
problem. Even the case X := Z? (which has asymptotic dimension two) is open,
and at least one of the authors suspects, or perhaps hopes, that the answer might
be negative. The only situations where positive answers are known is when the
asymptotic dimension is zero (which, by [268, Corollary 1.5], is precisely when the
uniform Roe algebra is AF,*% or equivalently, when it has nuclear dimension zero)
or one.

Problem LXXXVII ([439, Question 9.5]). Let X be a countable discrete metric
space with bounded geometry. Is dimy,.(C(X)) equal to the asymptotic dimension
of X?

In the preprint [266], Li, Liao, and Winter introduced a variant of nuclear di-
mension, called diagonal dimension, that takes into account a diagonal subalgebra.
They showed that for a discrete metric space X with bounded geometry, the diago-
nal dimension of ¢o(X) C C(X) does agree with the asymptotic dimension of X.
Roughly, this interprets Problem LXXXVII as follows: does the nuclear dimension
of C(X) see the diagonal subalgebra ¢, (X)? Through rigidity results by the last-
named author and Willett ([430]) and Baudier, Braga, Farah, Khukhro, Vignati,
and Willett ([20]; for the case of interest to this problem — when C? (X)) is nuclear —

146Normally for non-separable C*-algebras, one needs to worry about whether AF should be
interpreted as a local property, or as an inductive limit of finite-dimensional C*-algebras, as these
properties are not generally equivalent outside the separable setting. But for uniform Roe algebras
[268, Corollary 1.5] shows these are equivalent.
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Spakula and Willett’s original [378] suffices), we now know that C;(X) itself does
remember the diagonal subalgebra £, (X).

24. SEMIPROJECTIVITY

Semiprojectivity is a lifting property for C*-algebras which is intimately con-
nected to stability of relations (in the uniform norm). It arose in an adaptation of
shape theory to the non-commutative setting by Effros—Kaminker and Blackadar
([123, 24]); whereas an initial definition was made by Effros and Kaminker, Black-
adar formulated a stronger notion that is now in use: a C*-algebra A is semipro-
jective if for any C*-algebra B, any increasing sequence of ideals Iy < I, <--- < B,
and any *-homomorphism ¢ : A — B/ I,,, there exists some n and a (partial) lift
b:A— B/I,,. If we restrict the algebras B and I, to lie in some subcategory of
C*-algebras, then A is said to be semiprojective in that subcategory.

The definition is designed to be a non-commutative version of absolute neigh-
bourhood retracts (ANR), and indeed, a unital commutative C*-algebra C(X) is
semiprojective in the category of of commutative C*-algebras precisely when X
is an ANR, (]24, Proposition 2.11]).17 Some natural examples of C*-algebras are
semiprojective: finite-dimensional C*-algebras, C([0,1]), C(T), O, and C*(F,)
(for n finite) for example. This is usually proven by expressing them as appropriate
universal C*-algebras, although other examples such as O ([28]) and general 1-
dimensional non-commutative CW complexes ([125]) can require significantly more
intricate arguments. More generally, in his unpublished paper [147], Enders shows
that a UCT Kirchberg algebra is semiprojective if and only if it has finitely gener-
ated K-theory. (On the other hand, no finite classifiable C*-algebra is semiprojec-
tive, as a quasidiagonal semiprojective C*-algebra must be residually finite.)

A fundamental result in topological shape theory is that every compact Hausdorff
space is an inverse limit of absolute neighbourhood retracts. There are a couple of
reasonable formulations of potential non-commutative analogues of this result; the
most straightforward would be that all separable C*-algebras are inductive limits
of semiprojective C*-algebras, but another possibility is that all separable nuclear
C*-algebras are inductive limits of semiprojective nuclear C*-algebras. Blackadar
raised both of these questions nearly 40 years ago in [24], and they remain widely
open. In the absence of a positive answer to either question, Blackadar rescued non-
commutative shape theory by noting that an arbitrary separable C*-algebra can be
written as an inductive limit of (highly non-nuclear) C*-algebras with semiprojec-
tive connecting maps'*® ([24, Proposition 4.2]).

Problem LXXXVIII (Blackadar, ([24])). (1) Is every separable C*-algebra an
inductive limit of a sequence of semiprojective C*-algebras?

147 A ynital commutative C*-algebra that is semiprojective in the commutative category need
not be semiprojective (in the category of all C*-algebras). For example, C(T?) is semiprojective in
the category of commutative C*-algebras, but Voiculescu’s work on almost commuting unitaries
show that this is not true in the category of all C*-algebras ([427]). As shown by Sgrensen and
Thiel, semiprojectivity of C(X) forces the dimension of X to be at most one, and moreover,
this is the only other obstruction: if X is an ANR of dimension at most one, then C(X) is
semiprojective ([377]). This crucially uses Loring’s semiprojectivity of C(X) for finite graphs X
([285, Theorem 5.1]).

8Semiprojectivity of a *-homomorphism is a relative version of the definition of semiprojec-
tivity of a C*-algebra; see [24, Definition 2.10].
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(2) Is every separable nuclear C*-algebra an inductive limit of a sequence of semipro-
jective nuclear C*-algebras? Or at least, of a sequence of nuclear C*-algebras,
with semiprojective connecting maps?

In [396], Thiel shows that the set of C*-algebras which have a positive answer
to Problem LXXXVIII(1) (known as having a strong shape system) is closed under
shape domination, and in particular under homotopy. This gives rise to a number
of positive answers to the problem (see [396, Theorem 5.4]). However, there is still
a long way to go: Blackadar noted that the answer to the second of these questions
is “not even clear” for commutative C*-algebras, and indeed, this case of both
problems remains open!

25. EXAMPLES OF NON-NUCLEAR SIMPLE PURE C*-ALGEBRAS

Given the role of Cuntz semigroup regularity — equivalently pureness — in the
study of simple nuclear stably finite C*-algebras, it is logical to seek natural exam-
ples outside the nuclear setting. A good starting place is mono(quasi)tracial simple
C*-algebras as then all ranks occur and this becomes a search for strict comparison.
Based on ideas of Dykema and Rgrdam ([110]), C(F ), which is the reduced free
product of infinitely many copies of C'(T) with respect to integration against Haar
measure, has strict comparison of positive elements ([349, Proposition 6.3.2]).149
These arguments cover many other reduced free products of infinitely many C*-
algebras; the infiniteness of the family is used to ensure that given elements a, b in
(matrices over) a finite stage of free product, one can find a unitary u from a later
component so that uC*(a)u* and C*(b) are free. In his paper, Robert pointed out
that the following question is open.'®° Tt is also asked as [174, Problem 16.4].*%!

Problem LXXXIX. Does C}(F3) have strict comparison?

More generally, following the breakthrough result [45] showing reduced group
C*-algebras have a unique trace whenever they are simple, we hope that this trace
is good enough to see the order on positive elements.

Problem XC. Let G be a countable discrete C*-simple group (i.e. C*(G) is sim-
ple). Does C(G) have strict comparison with respect to its unique trace?>?

In the preprint [348], Robert gives a unified proof of strict comparison for C(Fy,)
and Z (among other C*-algebras); he defines a C*-algebra A with a trace 7 to be
selfless if there exists a *-homomorphism o as in the following diagram, where

149Robert attributes [349, Proposition 6.3.2] to Rgrdam.

15014 is no longer open; see Addendum 25.1.

1511 [174], they also ask for a computation of Cu(C*(Fz)). If C*(Fz) has strict comparison
— which would be the expected outcome — then using this, unique trace, and stable rank one, it
would follow that Cu(C}(F2)) = Cu(Z).

1527¢ pointed out to the authors by Hannes Thiel, it seems challenging even to determine
whether C}(G) has a unique quasitrace in this case (i.e. whether Question I holds for C*(G) when
G is C*-simple). Strict comparison with respect to the unique trace would show that there is a
unique quasitrace. For exact groups, Haagerup’s Theorem 8 skirts the quasitrace problem, and a
solution to question XC for exact groups would already be very significant progress.



76 C. SCHAFHAUSER, A. TIKUISIS, AND S. WHITE

i1 : A = (A, 7)*° denotes the first-factor embedding into the reduced free product:

A A

(24) \ - T

(A, 7)*>.

It is shown that both Z and C(F.,) are selfless in this sense and that selfless C*-
algebras are simple, with strict comparison, and are either purely infinite, or have
a unique trace, which is also the unique quasitrace ([348, Theorem 5.2, Proposition
2.2 and Theorem 3.1, respectively]). Refining Problems LXXXIX and XC, Robert
asked the following.!%?

Problem XCI. Is C*(Fs) selfless? If G is a countable discrete C*-simple group,
is C*(G) selfless?

Another very natural class to consider is crossed products. In the setting of 1Ty
factors, taking a crossed product associated to an outer action by an amenable group
preserves the McDuff property and property I' ([21, 23]). One could ask similar
questions at the C*-level, regarding preservation of Z-stability under crossed prod-
ucts (in the spirit of many of the questions in Section 12), but arguably even more
fundamental is to determine when pureness is preserved under crossed products. For
simple purely infinite C*-algebras, crossed products by outer actions of amenable
groups preserve pure infiniteness (and hence pureness); see[259, Lemma 10]. In the
stably finite setting, we are not aware of corresponding results, save those obtained
as consequences of situations where one has preservation of Z-stability (as per Prob-
lem XXXVIII). The following question is wide open for simple pure C*-algebras
which are not Z-stable.

Problem XCII. Suppose that G ~ A is an outer action of a countable discrete
amenable group on a unital simple separable pure C*-algebra. Under what condi-
tions is A x G pure?

Central sequences have played an immense role in the theory of von Neumann
algebras, both in the injective setting (e.g. in the proof of Connes’ theorem) and
for non-injective algebras where they were the source of large numbers of examples
([296]) and remain of interest through to the present day. Accordingly, we should
like to better understand central sequences of regular, even Z-stable, simple C*-
algebras outside the nuclear setting. For a separable unital C*-algebra A, it is a
result of Kirchberg that if the central sequence algebra A, N A’ is simple, then A
is either a matrix algebra or simple, nuclear, and purely infinite (in which case,
A, N A" is also purely infinite); see [246, Proposition 2.10 and Theorem 2.12].
What restrictions are there on the central sequence algebra having some form of
comparison without being simple — in particular, can we find examples of non-
nuclear unital simple Z-stable stably finite A with property (SI)? (Recall Matui
and Sato’s Theorem 15, where property (SI) follows from strict comparison in the
simple nuclear case).

153This was Question 12 in the first version of [348] on the arXiv, but, with the first part of the
question being solved (see Addendum 25.1), it no longer appears explicitly in the revised version.
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An analogy can be drawn between property (SI) for C*-algebras and the super
McDuff property for a II; factor M,'%* which asks that M“ N M’ is a II; factor.
When M is McDuff, it follows that M“NM’ is type II; but not necessarily a factor;
being super McDuff is equivalent to M being McDuff and the trace on M*“ — which
is the trace induced from M — classifying projections in M* N M’. Property (SI)
asks for small-to-large comparison in the central sequence algebra A, N A’ by the
limit traces coming from A.

By [106, Proposition 19], the IT; factor L(F3)®R is super McDuff (and indeed, so
too is the tensor product of any II; factor without property I' with the hyperfinite
IT; factor; this follows from [155, Theorem 4.7], see also [16, Section 6]). This
suggests the following question.

Problem XCIII. Does C}(F2) ® Z have property (SI)?

As the central sequence algebra of C*(F2) ® Z is pure (see the discussion in
Section 9, before Problem XXVIII) it has strict comparison. The problem is about
the (quasi)traces on this algebra: C}(F2) ® Z has property (SI) if and only if its
central sequence algebra has a unique quasitrace (in the forward direction, this is
obtained by following the arguments for pulling back traces and strict comparison
along the trace-kernel extension using property (SI) from [294] and extended further
in [38]).

Another prominent example of a simple pure C*-algebra is the hyperfinite Iy
factor R (or indeed, any II; factor). Moreover, R has uniform property I" as it has
unique trace and property I' (and indeed, R has the uniform McDuff property since
it is McDuff), however it is not Z-stable as by [182] all II; factors are tensorially
prime as C*-algebras (i.e. they do not admit a tensor decomposition A ® B with
both A and B infinite-dimensional). But tensorial absorption of Z is not the right
notion for non-separable C*-algebras, and instead, one should ask for separable
Z-stability. Whereas, as discussed in Section 3, R is separably Z-stable, this is
not known for R.

Problem XCIV. Is the hyperfinite I, factor separably Z-stable?

A positive answer to this question (which would happen if R has property (SI)
— suitably adapted to work with relative commutants in ultrapowers of sufficiently
large cardinality in place of central sequence algebras) would allow R to be taken
as a codomain in the forthcoming classification theorems for morphisms in [62].1%°

25.1. Addendum: June 2025. In the time since the first version of this article,
there has been a breakthrough in obtaining selflessness and hence strict comparison
for reduced group C*-algebras. In 2022, around a year before Robert’s selflessness
paper, Louder and Magee generalised the celebrated strong convergence result of
Haagerup and Thorbjgrnsen ([202]) for free groups to show that all limit groups!®®
G have a sequence of finite-dimensional representations which strongly converge

154 he terminology is from [189], but the property goes back to Dixmier and Lance’s work
[106], which obtained the 6*" and 7" distinct examples of separably acting IT; factors (see [106,
Corollaire 26]).

1551y fact, by forthcoming work of Hua and the last-named author ([217]), one can use 1I;
factors as co-domains of classification of morphisms without requiring separable Z-stability, but
we would still very much like to know the answer to question XCIV.

1561,imit groups were introduced by Sela in [375, Section 1] and were later shown in [69, Theo-
rem 1.1] to coincide with the class of fully residually free groups: those groups G satisfying that
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to the regular representation of G ([286]). In their recent preprint [2], Amrutam,
Gao, Kunnawalkam Elayavalli, and Patchell showed how to use Louder and Magee’s
techniques to obtain selflessness for C*(IF,,) for n > 2 — answering Problem LXXXIX
and the first part of Problem XCI — and go a lot further. They prove that C*(G)
is selfless, whenever G is acylindrically hyperbolic with no non-trivial finite normal
subgroups and G has rapid decay (|2, Theorem BJ; see the discussion after this
theorem for a host of examples covered by their theorem).

To discuss this work, we introduce a ‘subexponential ultrapower’ of a finitely
generated group G, with symmetric generating set giving rise to a length function
| -|. For a free ultrafilter w on N let

{(gn)221 € G : n > |gy] is subexponential }

(25) ‘:ubexp = 50 K -

{(gn)n:1 CG: g, =1 for w-many n}
This is a subgroup of the usual ultrapower G*, and there is a diagonal embedding
G — Gglbexp'

Via a quantitative version of results of Gilbert and Benjamin Baumslag, one
of the main ingredients in Louder and Magee’s work gives rise to an embedding
G — Fgpexp Whenever G is a limit group and F is a (non-abelian) free group.'®”
Combining this with Haagerup’s rapid decay property for free groups ([200]), they
show C’(G) embeds into C}(F'),, and then Haagerup and Thorbjgrnsen’s result
gives that C*(G) is MF. The authors of [2] also combine rapid decay with embed-
dings into subexponential ultrapowers. In [2], a group G is called'®® selfless if there
is a copy of Z in Ggj,ey,, in free position from G. As set out in [2], this should
be viewed as a quantitative version of the more common mized identity free (MIF)
property, which instead asks for such a copy of Z in G*. A similar use of rapid
decay provides a Haar unitary (the generator of the free copy of Z) in C)(G).
free from C?(G). This verifies Robert’s selflessness condition (and hence also strict
comparison) for C*(G) whenever G is selfless and has rapid decay. While it later
turned out that it is possible to deduce selflessness for free groups from Louder and
Magee’s work (see [2, Section 3.4]), Amrutam, Gao, Kunnawalkam Elayavalli, and
Patchell required quantitative versions of results for acylindrical actions of groups
on hyperbolic space to reach the full force of their [2, Theorem 3.4].

Like the decay needed in these selflessness arguments, subsequent progress has
been rapid. The fact that reduced free group C*-algebras have strict comparison
has been used by Kunnawalkam Elayavalli and the first-named author ([263]) to
show that these algebras have non-isomorphic ultrapowers, or in model-theoretic
language, C(F,,) and C(F,,) are not elementarily equivalent for n # m. The point
is that strict comparison allows access to the abstract classification techniques of
[372, 61], showing that K;(C*(Fy,)w) =& K1(C*(F,))“: the ultrapower of the K;-
group is the Kj-group of the ultrapower. In another direction, Vigdorovich has
established selflessness for the reduced group C*-algebras of cocompact lattices
in PSL,(R) (R can be replaced by any local field of characteristic zero) ([423]).

In particular, he deduces that these group C*-algebras have stable rank one. In

for all finite sets S C G, there is a free group F' and a group homomorphism ¢: G — F' such that
¢|s is injective. Note in particular that free groups are limit groups.

157This is not how Louder and Magee phrase this result; see [286, Lemma 1.8] for their original
statement.

158We have rephrased their definition in terms of this subexponential ultrapower.



NUCLEAR C*-ALGEBRAS: 99 PROBLEMS 79

another direction, [205] establishes selflessness (and hence strict comparison) of the
C*-reduced free products of semicircular systems (which appear in Problem XCVIII
below).

This area is moving very quickly, but at present the techniques do not handle
products of free groups. The following question, which would have fit very nicely
with other questions regarding pure C*-algebras in the initial version of this article,
is now even more relevant: a positive answer would prove strict comparison for
CH(F, x Fy). In fact, for that application, it would suffice to obtain a positive
answer assuming that A ® B has stable rank one (see [109, Corollary 2.6]).

Problem XCV. Let A and B be C*-algebras with Cu(A) = Cu(B) = Cu(Z). Do
we have Cu(A ® B) = Cu(Z)? More generally, is the minimal tensor product of
pure C*-algebras pure?

26. GENERATION AND ISOMORPHISM PROBLEMS

Two of the longest standing problems in von Neumann algebras are the free group
factor problem (whether L(Fs) and L(F3) are isomorphic), which implicitly goes
back to Murray and von Neumann ([306]), and the generation problem: whether
every separably acting von Neumann algebra is generated by a single operator (or
equivalently, by two self-adjoint operators). The generation problem goes back at
least to Kadison’s Baton Rouge problem list from 1967; it holds for properly infinite
von Neumann algebras, and the remaining II; case has been reduced to the setting
of factors (see [420] for early work on this problem, and [440, 431] for the reduction
to II; factors). Here, single generation can very often be obtained from structural
decompositions. Examples of singly generated II; factors include separably acting
factors with Cartan subalgebras, with property I', and those which are tensorially
non-prime ([176]). These two problems are hopefully connected: ideally the free
group factor L(F.,) would not be finitely generated, resolving both the generator
and free group factor problems.

While separably acting abelian von Neumann algebras are singly generated, this
is certainly not the case for separable abelian C*-algebras. Yet surprisingly, the
generation problem is open for unital simple separable C*-algebras. (In a simi-
lar fashion to properly infinite von Neumann algebras, the stabilisations of unital
separable C*-algebras are singly generated; see [314, Theorem 8§]).

Problem XCVI. Is every unital simple separable C*-algebra generated by a sin-
gle operator? More generally, is every unital separable and nowhere scattered C*-
algebra generated by a single operator?

Thiel and Winter gave a positive answer to the generator problem for unital
separable Z-stable C*-algebras in [403].1%° In fact, they obtain single generation
for tensor products’®® A ® B when A is unital and has enough orthogonal full
positive elements (e.g. if it is simple and non-elementary) and B contains a unital

159 T his generalised much earlier work of Olsen and Zame for unital separable UHF-stable C*-
algebras ([314]). In both cases (and also in Olsen and Zame’s work on stabilisations of separable
unital C*-algebras), the unital assumption is used in the functional calculus arguments to show
generation. In the non-unital case, Thiel and Winter use the minimal Z-stable unitisation to de-
duce that general separable Z-stable C*-algebras are generated by at most 3 self-adjoint operators;
to the best of our knowledge, it is not known whether this can be reduced to 2.

160Thiel and Winter work with the maximal tensor product, so their result holds for any sepa-
rable tensor product.



80 C. SCHAFHAUSER, A. TIKUISIS, AND S. WHITE

copy of Z. This includes C'(X, Z) for any compact metrisable X — another instance
where tensoring by Z reduces dimension in some sense. Further work of Thiel shows
that unital simple separable Z-stable C*-algebras have a dense set of generators,
when they have real rank zero or are ASH ([400, 399]). In fact, Thiel’s study of
when the set of generators is dense arose in [398] to show that this property holds
for AF algebras — and in particular, that (non-simple) AF algebras are always
singly generated. To the best of our knowledge, there are no general results for C*-
algebras with other decomposition properties analogous to von Neumann results:
for example, under what circumstances is the presence of a Cartan subalgebra
enough for single generation of a separable simple C*-algebra? What about the
combination of strict comparison and uniform property I' (these conditions are
equivalent to Z-stability in the nuclear case but perhaps offer a direction of travel for
a C*-version of single generation of II; factors with property I" outside it, with strict
comparison providing some minimal amount of regularity)? Another potentially
interesting collection of examples are the reduced group C*-algebras C*(SL,(Z))
for n > 3 as their von Neumann completions L(SL,(Z)) are known to be singly
generated ([177]).

We also highlight that, unlike the von Neumann situation, where the hyperfinite
II; factor is certainly singly generated, the generator problem is equally open in the
nuclear case. Just as Villadsen found ways of building exotic simple nuclear C*-
algebras replicating certain commutative phenomena in the simple setting, perhaps
one can construct counterexamples to the generator problem in a similar vein.

Problem XCVII. Is every unital simple separable nuclear C*-algebra generated
by a single operator?

Of course, one hopes that the reduced group C*-algebras associated to free
groups with infinitely many generators should not be finitely generated. Formally,
this should be easier to show than the infinite generation of L(F,), but this differ-
ence may be a mere formality; such a result appears to be extremely challenging.

Finally, whereas the free group factor problem (whether L(F3) and L(F3) are
isomorphic) is open, the directly analogous problem for C*-algebras is not: C(F2)
is distinguished from C}(Fs) by their Kj-groups ([336, Corollary 3.2]). This is
no longer the case for reduced free products of the form Z** (with respect to the
unique trace) and C([0, 1])** (with respect to the trace 7701, induced by the Lebesgue
measure)'%! by K-theory computations of Germain ([181, Corollary 2.6] and [180,
Theorem 4.1]; the case of C([0, 1], Trep)** is addressed directly in [180, Corollary
6.1]). The following may therefore be regarded as a ‘correct’ version of the free
group factor problem for C*-algebras.

Problem XCVIIIL. Determine whether any of the C*-algebras
(26) (Z,7)*% and (C([0,1]), TLeb) ™" for k, € > 2,
are isomorphic.

27. ALGEBRAS CLOSE TO Z-STABLE ALGEBRAS

We end with a problem that did not fit anywhere else but has irritated one of the
authors since they learnt the definition of Z-stability. In [233], Kadison and Kastler

1617 his C*-algebra is isomorphic to the reduced free product of k semicircular elements, and so
by the very recent preprint [205] is now known to have strict comparison.
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examined the metric space of all operator algebras acting on a fixed Hilbert space
equipped with the Hausdorff metric on their unit balls, suggesting that sufficiently
close algebras should be (spatially) isomorphic. Positive answers have been obtained
when one algebra is an injective von Neumann algebra ([71]), when one algebra is
a separable nuclear C*-algebra ([73]), and — outside the amenable setting — when
one algebra is the R-stabilisation of a von Neumann crossed product associated
to an action of a group with suitable cohomological properties ([58]). (For the
long history, we refer to the introductions to these papers). In the last of these, a
necessary step is to show that any II; factor sufficiently close to a separably acting
McDuff factor is again McDuff. The following asks for the C*-analogue of this.

Problem XCIX. Does there exist € > 0 such that if A C B(H) is a separable Z-
stable C*-algebra and B C B(H) is another C*-algebra with dgausdorr (A1, B1) < €,
then B is necessarily Z-stable?

In [58], it is further shown that, for a II; factor N close to a separably acting
McDuff factor M := My&R, one can perform a small*®? spatial perturbation uN u*
of N so that uNu* has a McDuff decomposition using the same copy of R as in
that for M. We would not expect a C*-analogue of this,'%3 though it is conceivable
if one asks for the spatial perturbation to be point-norm small.'¢4

Although we have focused on Z in Problem XCIX, nothing is known if Z is
replaced by another strongly self-absorbing C*-algebra such as Maw or Oy. At
the level of the Cuntz semigroup, there are positive results. Firstly, C*-algebras
sufficiently close to simple purely infinite C*-algebras are again simple and purely
infinite; see the proof of [72, Theorem 6.4], which shows that algebras close to Kirch-
berg algebras are again Kirchberg.!%® More generally, provided two C*-algebras A
and B have sufficiently close stabilisations A ® K and B® K, then Cu(A) = Cu(B)
and so in particular A is pure if and only if B is pure (see [329, Section 3]). A priori,
stabilisations are needed to be able to see all of the Cuntz semigroup but in the
presence of a solution to Kadison’s similarity problem, one can get an estimate on
the distance between A ® K and B ® K in terms of the original distance between A
and B (see [72]). Of relevance to Problem XCIX is that if A is Z-stable then it will
satisfy Kadison’s similarity property (see [329, Corollary 4.9]), and any C*-algebra
B close enough to A will have an isomorphic Cuntz semigroup and so be pure.
These ideas were used in [329] to investigate stability (as stable C*-algebras, and
more generally those with no bounded traces, satisfy Kadison’s similarity problem).
In the presence of weak cancellation, stability is seen in the Cuntz semigroup to-
gether with its natural scale via work of Hjelmborg and Rerdam ([215]; see [329,
Lemma 4.6]). Using stable rank one to obtain weak cancellation, it follows that if
A is close enough to a stable C*-algebra of stable rank one, then A must be stable

162That s, |lu — 1| is small.

163The examples from [230] suggest that this is unlikely — for separable nuclear C*-algebras,
such a spatial perturbation cannot be done with the compacts in place of Z.

164That is, the commutators [u, z] can be taken small for finite sets of operators z.

165The approach taken there is to show that C*-algebras close to those with real rank zero again
have real rank zero, and likewise with the property of every non-zero projection being infinite.
The result is then obtained from Zhang’s characterisation that simple C*-algebras are purely
infinite if and only if they have real rank zero and all non-zero projections are infinite (the fact
that simplicity transfers to close subalgebras goes back to [330]). It is possible to obtain better
constants by a direct argument (such a possibility is hinted at in [72]).
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([329, Theorem 4.7]). We would be interested both in a general perturbation result
for stability, without any hypotheses to ensure weak cancellation, or progress on
Problem XCIX in the presence of stable rank one.
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