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Abstract. We prove that, for an action α : G y X of a countably
infinite discrete amenable group on a compact metric space, the small
boundary property is implied by uniform property Γ of the Cartan sub-
algebra (C(X) ⊆ C(X)oαG). The reverse implication has been demon-
strated by Kerr and Szabó for free actions, from which we obtain the
equivalence of the two conditions in the free case. We moreover show
that, if α is free and minimal, then almost finiteness of α is implied
by tracial Z-stability of the subalgebra (C(X) ⊆ C(X) oα G). The
reverse implication is due to Kerr, resulting in the equivalence of these
two properties as well. As an application, we prove that if α : G y X
and β : H y Y are free actions and α has the small boundary property,
then α × β : G × H y X × Y has the small boundary property. An
analogous permanence property is obtained for almost finiteness in case
α and β are free minimal actions.

1. Introduction

The adaptation of the theory surrounding the Toms–Winter conjecture
to the framework of topological dynamics, developed by Kerr in [12] and
Kerr–Szabó in [13], has revealed a series of correlations between C∗-algebraic
properties that have arose in connection to the Elliott classification program,
and specific aspects of regularity within dynamical systems, such as almost
finiteness and the small boundary property. The goal of this paper is to
establish a formal correspondence between some of these properties.

The Toms–Winter conjecture is a C∗-algebraic statement whose primary
purpose is to isolate a robust notion of regularity which, alongside nuclear-
ity (and modulo a thorny issue called the Universal Coefficient Theorem),
abstractly identifies the family of classifiable C∗-algebras (see [28, 26] for
an overview on the topic). The conjecture compares three properties: finite
nuclear dimension, Z-stability, and strict comparison of positive elements,
and claims that, for simple separable nuclear non-elementary C∗-algebras,
these are equivalent, all being aspects of the same overarching form of regu-
larity (see [28, Section 5] and [4, Section 5] for a complete discussion on this
conjecture).

G. K. and A. V. were supported by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) under Germany’s Excellence Strategy EXC 2044–390685587,
Mathematics Münster: Dynamics–Geometry–Structure, through SFB 1442 and ERC Ad-
vanced Grant 834267–AMAREC. A. T. was supported by an NSERC Discovery Grant
and by a Visiting Research Fellowship at All Souls College.

1



2 G. KOPSACHEILIS, H. LIAO, A. TIKUISIS, AND A. VACCARO

After the breakthrough towards the Toms–Winter conjecture made in [5],
a notion that was recognized to be important in this setting is uniform prop-
erty Γ, inspired by Murray and von Neumann’s property Γ for II1 factors.
We have in fact the equivalence of the following two conditions, for simple
unital separable non-elementary nuclear C∗-algebras (see [4]):

(1) Z-stability,
(2) strict comparison and uniform property Γ.

Both (uniform) property Γ and Z-stability are central sequence properties:
that is, they each express a certain richness in the central sequences.

In [12], Kerr proposed correspondents to the properties considered in the
Toms–Winter conjecture within the framework of actions of amenable groups
on compact metric spaces. Of these, almost finiteness has been particularly
influential. It is introduced as a topological adaptation of Ornstein–Weiss’
formulation of hyperfiniteness for free probability measure-preserving ac-
tions in terms of tilings of the space, with a “tracial smallness” aspect (see
[12] for a thorough presentation). The tracial smallness condition nods
to Lin’s tracial approximation theory (see [18, 19, 10] for example), and
more pertinently, ties to a characterization of Z-stability for nuclear C∗-
algebras enabled by Matui and Sato (called tracial Z-stability by Hirshberg
and Orovitz, [11]). Kerr proved that almost finite free minimal actions of
countably infinite amenable groups give rise to Z-stable crossed products,
and moreover showed that almost finiteness implies dynamical comparison, a
notion of comparison for dynamical systems originally introduced by Winter.
In [12], Kerr presents almost finiteness as an analogue of tracial Z-stability;
it is noteworthy that the use of group amenability in arguments (via tiling
methods) somewhat muddle where the central sequences truly come from.

Nonetheless, the one-way implication from almost finiteness to Z-stability,
together with conceptual similarities between the notions, naturally raises
the question of a converse – a question that remains open. Some light on
this, however, began to be shed by Kerr and Szabó in [13], containing a
detailed analysis of the small boundary property : a dynamical formulation
of zero-dimensionality introduced by Lindenstrauss and Weiss ([20]). In
[13, Theorem 6.1] it is demonstrated that the relationship between almost
finiteness, dynamical comparison, and the small boundary property mirrors
the equivalence between (1) and (2) mentioned above; more precisely, the
following are equivalent for free actions of amenable groups:

(I) almost finiteness,
(II) dynamical comparison and the small boundary property.

Moreover, they proved (again using Ornstein–Weiss tiling) that crossed
products originating from free actions with the small boundary property
have uniform property Γ, promoting the apparent analogy between these
two notions to a formal, yet one-way, relationship.

The main result of this paper shows that this inference is just one facet
of a reciprocal relationship. It was noted in [13] that the small boundary
property implies a stronger condition – uniform property Γ for the Cartan
sub-C∗-algebra (C(X) ⊆ C(X)oαG). Property Γ for Cartan subalgebras is
not a new concept; indeed, this property was famously used by Connes and
Jones to distinguish two Cartan subalgebras, providing the first example
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of a II1 factor with non-isomorphic Cartan subalgebras ([6]). This was a
precursor to much of the deformation/rigidity theory such as [21], where the
opposite phenomenon (unique Cartan subalgebras, even up to conjugation)
is proved in a class of II1 factors.

Our main theorem, as follows, establishes a converse to the aforemen-
tioned result in [13], confirming a speculation made there by Kerr and Szabó.

Theorem A (Theorem 5.5). Let X be a compact metric space, let G be
a countably infinite discrete amenable group and let α : G y X be a free
action. The following are equivalent:

(i) α has the small boundary property.
(ii) (C(X) ⊆ C(X) oα G) has uniform property Γ.

Moreover, the assumption of freeness is needed only for (i)⇒(ii).

One important consequence of Theorem A is that it can be applied, in
combination with the main result of [17], to establish a rigorous connec-
tion between almost finiteness and Z-stability. We show in fact that the
C∗-algebraic equivalent of almost finiteness is tracial Z-stability for sub-
C∗-algebras (Definition 5.6), introduced in [17] and based on Hirshberg–
Orovitz’s tracial Z-stability for C∗-algebras.

Theorem B (Corollary 5.7). Let X be a compact metric space, let G be
a countably infinite discrete amenable group and let α : G y X be a free
minimal action. The following are equivalent:

(i) The action α is almost finite.
(ii) (C(X) ⊆ C(X) oα G) is tracially Z-stable.
(iii) (C(X) ⊆ C(X)oαG) has uniform property Γ and α has dynamical

comparison.
(iv) α has the small boundary property and dynamical comparison.

The main proof of this paper is that of (ii)⇒ (i) in Theorem A. It consists
of several steps and, as a byproduct that is interesting in its own right, it
factors through an adaptation of the C∗-algebraic concept of complemented
partitions of unity (typically abbreviated as CPoU ) to sub-C∗-algebras (see
Definition 4.1). CPoU first appeared in [5], and they have served since as
a device for certain local-to-global arguments (see [3, Section 1.4] for an
exposition).

The first part of our proof holds in greater generality, and it applies to sub-
C∗-algebras (D ⊆ A) which are either obtained from an action α : Gy D of
a countable discrete amenable group on a unital separable (not necessarily
commutative) C∗-algebra D, or to C∗-diagonals (or, slightly more generally,
Cartan pairs in which all traces factor through the conditional expectation).
Note that both these settings cover the case of (C(X) ⊆ C(X)oαG) where
α : G y X is a free action of an amenable group. Under either of these
hypotheses, we show that if (D ⊆ A) has uniform property Γ, then it has
CPoU (see Corollary 5.4), in analogy to what happens in the classical setting
([5, Theorem 3.8]). The proof splits in two steps: we first establish “weak
CPoU”, a weakening of CPoU where the partitions of unity are allowed to be
positive, non-orthogonal elements (as opposed to orthogonal projections; see
Definition 4.2). This is done with two independent proofs for the two cases,
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the first one relying on averaging argument using Følner sets (Theorem 5.1),
while the second uses the canonical conditional expectation E : A → D to
push partitions of unity from A onto D (Theorem 5.3). After this, a routine
projectionization trick, enabled by uniform property Γ, permits to upgrade
this weaker version of CPoU to actual CPoU (Proposition 4.4).

Once this is done, the aforementioned local-to-global argument powered
by CPoU can be used to verify a formulation of the small boundary property
due to Kerr and Szabó, in terms of disjoint open almost-covers (covering
the space except a piece that is uniformly small with respect to all invariant
measures) by small open sets.

During the preparation of this paper we learned that Elliott and Niu in-
dependently proved the implication (ii) ⇒ (i) in Theorem A ([8]). Whereas
they use a more direct topological approach, the connection to CPoU in our
argument may be of independent interest, for example in further investiga-
tions into Cartan subalgebras.

We conclude with some applications of our main results. The first one
exploits the stability of uniform property Γ and of tracial Z-stability with
respect to the tensor product operation. Thanks to the equivalences in
Theorems A and B, we can derive similar patterns for the small boundary
property and almost finiteness.

Corollary C (Corollary 5.9, Corollary 5.10). Let X and Y be compact
metric spaces, let G and H be countably infinite discrete amenable groups
and let α : Gy X and β : Gy Y be free actions.

(i) If the action α has the small boundary property, then so does the
action α× β : (G×H) y (X × Y ).

(ii) If the actions α and β are moreover minimal and α is almost finite,
then α× β : (G×H) y (X × Y ) is almost finite.

Finally, we note that our main result combined with appropriate dynam-
ical examples yields sub-C∗-algebras without uniform property Γ; in their
paper introducing the small boundary property, Lindenstrauss and Weiss
showed that it implies mean dimension zero ([20, Theorem 5.4]; the proof is
for Z-actions but generalizes to arbitrary amenable groups).

Corollary D. Let α : G y X be a free action of an amenable group with
non-zero mean dimension. Then the sub-C∗-algebra (C(X) ⊆ C(X) oα G)
does not have uniform property Γ.

In particular, the free minimal actions α : Z y X constructed in [9, Sec-
tion 2] (which give examples of non-Z-stable C∗-algebras arising as Z-crossed
products) are tailored to have positive mean dimension, so we find that
(C(X) ⊆ C(X) oα Z) does not uniform property Γ. Corollary D does not
answer the question of whether the C∗-algebra C(X)oαZ itself has uniform
property Γ.

Summary of the paper. Section 2 is devoted to preliminaries. Section
3 focuses on the small boundary property and uniform property Γ for sub-
C∗-algebras. In Section 4 we introduce CPoU for sub-C∗-algebras, and we
show that if (C(X) ⊆ C(X) oα G) is a sub-C∗-algebra with CPoU and
originating from a free action α : G y X, then α has the small boundary
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property. Finally in Section 5 we put all ingredients together and prove
Theorems A and B, as well as Corollary C.

Acknowledgements. We are grateful to David Kerr, Stuart White and
Wilhelm Winter for helpful discussions and comments.

2. Preliminaries

This brief preliminary section is devoted to notation and definitions.
For a C∗-algebra A, we write A+ for the set of positive elements in A.

The trace space T (A) is the set of all tracial states on A, which we simply
refer to as traces. For a, b ∈ A, we write [a, b] for the commutator ab− ba.

Given a nonempty subset X ⊆ T (A), we define the seminorm ‖ · ‖2,X on
A by

(2.1) ‖a‖2,X := sup
τ∈X

τ(a∗a)
1
2 .

Throughout the paper, U denotes a (fixed) free ultrafilter on N. The tracial
ultrapower of A with respect to X is the quotient

(2.2) (A,X)U := `∞(A)/{(an)∞n=1 ∈ `∞(A) : lim
n→U
‖an‖2,X = 0}.

When X = T (A) we recover the usual uniform tracial power (A, T (A))U ,
abbreviated as AU . We recall that, in the case that A is separable, the
tracial ultrapower AU is unital if and only if T (A) is compact. In this case,
a representative sequence for 1AU can be obtained by taking any countable
approximate unit of A (see [5, Proposition 1.11]).

A tracial state on AU that is induced by a sequence (τn)∞n=1 of tracial
states on A is called a limit trace. Following [5, §1.4] we write TU (A) for the
set of limit traces on AU .

A sub-C∗-algebra (D ⊆ A) is a C∗-algebra A together with a nonzero
C∗-subalgebra D. We say that a sub-C∗-algebra (D ⊆ A) is nondegenerate
if D contains an approximate unit for A, and it is unital if A is unital and
1A ∈ D. Every tracial state on A restricts to a positive tracial functional on
D. We write T (A)|D ⊆ T (D) for the set of tracial states on D obtained from
restricting and scaling elements of T (A) (if the sub-C∗-algebra (D ⊆ A) is
nondegenerate then no scaling is needed). We let

(2.3) κ : DU → AU

denote the ∗-homomorphism sending the class of (dn)∞n=1 ∈ `∞(D) to the
class of the same sequence in AU .1 The image κ(DU ) ⊆ AU consists of all
elements in AU that are representable by sequences in `∞(D). Note that in
case T (A) is compact and (D ⊆ A) is nondegenerate, the unit 1AU of AU

lies in the image of κ.
Given two subsets B,S ⊆ (A,X)U we let B ∩ S′ denote the relative

commutant of S in B. While in general the map sending each a ∈ A to
the corresponding constant sequence in (A,X)U is not an embedding (this
is the case only if ‖ · ‖2,X is a norm), we still write a for the corresponding

1This map is well-defined since ‖d‖2,T (A) ≤ ‖d‖2,T (D) for all d ∈ D, and therefore a

similar inequality is true for limit traces.
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constant sequence in (A,X)U , and denote by B∩A′ the relative commutant
of the set of all constant sequences.

For an action α : G y A on a C∗-algebra A with nonempty trace space,
we let αU denote the action induced on AU , which acts coordinate-wise as
α on each representing sequence.

For a continuous action Gy X on a topological space X, we let MG(X)
denote the set of G-invariant Borel probability measures on X.

3. The small boundary property and uniform property Γ

In this section we recall the definition of the small boundary property
and introduce uniform property Γ for sub-C∗-algebras. We also collect some
preliminary statements about these two notions.

3.1. The small boundary property. The small boundary property is
generally considered in the context of group actions on compact metrizable
spaces. Since some of our results concern more general sub-C∗-algebras than
those arising from crossed products, we formulate a definition of the small
boundary property that does not rely on the existence of an action, but that
only depends on a given set of measures of the space. A similar notion is
also considered in [8].

Definition 3.1. Let X be a compact Hausdorff space and let K be a weak∗

compact set of Borel probability measures on X. We say that X has the
K-small boundary property if the collection

(3.1)
{
U ⊆ X : U is open and µ(∂U) = 0, ∀µ ∈ K

}
is a basis for the topology on X.

For a continuous action α : G y X of a discrete group on a compact
Hausdorff space, the action has the small boundary property (as in [13, Def-
inition 5.1]) if X has the MG(X)-small boundary property. We give an
analogous definition for sub-C∗-algebras.

Definition 3.2. Let (D ⊆ A) be a unital sub-C∗-algebra with D abelian and
such that A has nonempty trace space. Denoting by X the spectrum of D,
we say that (D ⊆ A) has the small boundary property if X has the T (A)|D-
small boundary property, where T (A)|D is identified with the corresponding
compact set of Borel probability measures on X.

Remark 3.3. For an action α : G y X of an amenable group, the small
boundary property of (C(X) ⊆ C(X) oα G) is equivalent to α having the
small boundary property, since any invariant measure µ ∈ MG(X) is ob-
tained as the restriction on C(X) of the trace τµ ∈ T (C(X) oα G) defined
as τµ(·) :=

∫
X E(·)dµ, where E : C(X) oα G→ C(X) denotes the canonical

conditional expectation.

We rely on the following characterization of the small boundary property,
due to Kerr and Szabó. (In [13], they work in the setting of group actions,
but their argument generalizes straightforwardly, as we explain below.)
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Proposition 3.4 (cf. [13, Theorem 5.5]). Let X be a compact metric space
and K a compact set of Borel probability measures on X. Then, the following
are equivalent:

(i) X has the K-small boundary property.
(ii) For any δ > 0 there is a finite collection I of pairwise disjoint open

subsets of X such that each U ∈ I has diameter at most δ and
µ(
⊔
U∈I U) = 1 for all µ ∈ K.

(iii) For any δ, ε > 0 there is a finite collection I of pairwise disjoint
open subsets of X such that each U ∈ I has diameter at most δ and
µ(
⊔
U∈I U) > 1− ε for all µ ∈ K.

Proof. For (i)⇒(ii), let δ > 0. By compactness and the K-small boundary
property, we obtain a finite open cover of X, say X =

⋃
j∈J Vj , where each

open set Vj has diameter at most δ and satisfies µ(∂Vj) = 0 for all µ ∈ K.
For S ⊆ J set

(3.2) US :=
⋂
j∈S

Vj ∩
⋂
j 6∈S

(X\V j).

Then the collection I := {US : S ⊆ J} is directly seen to satisfy the desired
properties.

The implication (ii)⇒(iii) is trivial, and (iii)⇒(i) follows from the same
argument as in the proof of [13, Theorem 5.5] (iv)⇒(v)⇒(i), but one needs
to replace the use of Proposition 3.4 therein with a standard application of
Dini’s theorem. �

3.2. Uniform property Γ.

Definition 3.5. Let (D ⊆ A) be a sub-C∗-algebra with A separable and
T (A) nonempty and compact. We say that (D ⊆ A) has uniform property Γ
if the sub-C∗-algebra (κ(DU ) ⊆ AU ) is unital (with κ as in (2.3)) and if for
any k ∈ N there exists a partition of unity of AU consisting of projections

q1, . . . , qk ∈ κ(DU ) ∩A′, meaning that
∑k

i=1 qi = 1AU , such that

(3.3) τ(qia) =
1

k
τ(a), τ ∈ TU (A), a ∈ D, i = 1, . . . , k.

Remark 3.6. When T (A) is compact, the sub-C∗-algebra (κ(DU ) ⊆ AU ) is
automatically unital if, for instance, (D ⊆ A) is nondegenerate. An even
weaker condition still ensuring this is the existence in D of what could
be called a tracial approximate unit, i.e., a sequence of positive elements
(dn)∞n=1 such that limn→∞ ‖dna − a‖2,T (A) = limn→∞ ‖adn − a‖2,T (A) = 0,
for all a ∈ A.

Remark 3.7. Definition 3.5 generalizes [5, Definition 2.1]: a C∗-algebra A
has uniform property Γ as defined there if and only if the sub-C∗-algebra
(A ⊆ A) has uniform property Γ.

On the other hand, if (D ⊆ A) has uniform property Γ, it is not true a
priori that A has uniform property Γ, since condition (3.3) is only required
to hold for elements in D. This choice is motivated by our definition of
complemented partitions of unity for sub-C∗-algebras, introduced in the
next section (see Definition 4.1). Nevertheless, if (D ⊆ A) has uniform
property Γ and if there is a conditional expectation E : A → D such that
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every trace τ ∈ T (A) factors through E (that is τ = τ ◦E), then (3.3) holds
automatically for all a ∈ A, and therefore A has uniform property Γ. This
is what happens for instance in our main case of interest: C∗-diagonals (see
[15, 22] and [16, Lemma 4.3]).

Remark 3.8. If (D ⊆ DoαG) is a sub-C∗-algebra originating from an action
α of a discrete amenable group G on a unital C∗-algebra D, then Defini-
tion 3.5 can be formulated without reference to the crossed product:2 the def-
inition asks for a partition of projections q1, . . . , qk ∈ ((D,T (D)G)U )G ∩D′,
such that (3.3) holds for all limit traces coming from T (D)G.

Note that in [24, Definition 2.1] a notion of equivariant uniform property
Γ for an action is defined, which is the same as the formulation just given,
with the key differences of requiring q1, . . . , qk ∈ (DU )G ∩ D′ and for (3.3)
to hold for all limit traces originating from elements of T (D), instead of the
subset T (D)G. This equivariant formulation of property Γ is much stronger
than Definition 3.5, and it implies that D itself has uniform property Γ. In
particular, it never holds when D is commutative.

Definition 3.5 can be upgraded, by a routine reindexing argument, to a
version where the projections q1, . . . , qk are required to commute with an
arbitrary given ‖ · ‖2,TU (A)-separable subset of AU , and where (3.3) holds

for all elements in an arbitrary ‖ · ‖2,TU (A)-separable subset of κ(DU ). We
summarize this fact in the following lemma, whose proof is omitted (see e.g.
[3, Remark 5.15] or [27, Proposition 4.4]).

Lemma 3.9. Let (D ⊆ A) be a sub-C∗-algebra with A separable and T (A)
nonempty and compact, and suppose that (D ⊆ A) has uniform property Γ.
Then for every k ∈ N, every ‖ · ‖2,TU (A)-separable subset S of AU and every

‖ · ‖2,TU (A)-separable subset T of κ(DU ), there exists a partition of unity of

AU consisting of projections q1, . . . , qk ∈ κ(DU ) ∩ S′ such that

(3.4) τ(qia) =
1

k
τ(a), τ ∈ TU (A), a ∈ T, i = 1, . . . , k.

We will need the following technical consequence of uniform property Γ
for a sub-C∗-algebra, which is a generalization of the tracial projectionization
result obtained in [5, Lemma 2.4].

Lemma 3.10. Let (D ⊆ A) be a sub-C∗-algebra with A separable and T (A)
nonempty and compact, and let S ⊆ AU and T ⊆ κ(DU ) be ‖ · ‖2,TU (A)-
separable subsets. If (D ⊆ A) has uniform property Γ, then for any positive
contraction b ∈ κ(DU ) ∩ S′, there is a projection p ∈ κ(DU ) ∩ S′ such that

(3.5) τ(pa) = τ(ba), a ∈ T, τ ∈ TU (A).

Proof. This is proved following verbatim the proof of [5, Lemma 2.4], with
Lemma 3.9 replacing the use of [5, Lemma 2.2]. The element p defined
right before [5, Equation (2.9)] belongs to κ(DU ) ∩ S′ because b and the
projections q1, . . . , qk obtained from uniform property Γ do. �

2For an action G y S of a group G on a set S, we use SG to denote the subset of S
consisting of elements fixed by every g ∈ G.
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4. Complemented partitions of unity

We begin this section by introducing a version of complemented parti-
tions of unity for sub-C∗-algebras, which we then use to deduce the small
boundary property in Proposition 4.5.

Definition 4.1. Let (D ⊆ A) be a sub-C∗-algebra, with A separable and
T (A) nonempty and compact. We say that (D ⊆ A) has complemented
partitions of unity (abbreviated as CPoU ) if the sub-C∗-algebra (κ(DU ) ⊆
AU ) is unital (with κ as in (2.3)) and if for any ‖ · ‖2,TU (A)-separable subset

S of AU , any a1, . . . , ak ∈ D+, and any δ > 0 satisfying

(4.1) sup
τ∈T (A)

min{τ(a1), . . . , τ(ak)} < δ,

there exists a partition of unity of AU consisting of projections p1, . . . , pk ∈
κ(DU ) ∩ S′ such that

(4.2) τ(aipi) ≤ δτ(pi), τ ∈ TU (A), i = 1, . . . , k.

Observations analogous to those in Remarks 3.6 and 3.7 hold for Defini-
tion 4.1. In particular, if there is a conditional expectation E : A→ D such
that τ = τ ◦E for every τ ∈ T (A) (e.g. when (D ⊆ A) is a C∗-diagonal), then
we can equivalently ask that (4.1) holds for all tuples of elements a1, . . . , ak
in A+, instead of D+. In this case we get that if (D ⊆ A) has CPoU, then
(A ⊆ A) has CPoU as well, meaning that A has CPoU in the sense of [5,
Definition 3.1].

A similar remark holds for the following definition, which is a weakening
of CPoU and a technical intermediate notion needed for our main result.

Definition 4.2. Let (D ⊆ A) be a sub-C∗-algebra, with A separable and
T (A) nonempty and compact. We say that (D ⊆ A) has weak CPoU if the
sub-C∗-algebra (κ(DU ) ⊆ AU ) is unital and if for any ‖ · ‖2,TU (A)-separable

subset S of AU , any projection q ∈ κ(DU ) ∩ S′, any a1, . . . , ak ∈ D+, and
any δ > 0 satisfying

(4.3) sup
τ∈T (A)

min{τ(a1), . . . , τ(ak)} < δ,

there are positive contractions e1, . . . , ek ∈ κ(DU ) ∩ S′ (not necessarily pro-
jections) such that

(4.4)
k∑
i=1

ei = q and τ(aiei) ≤ δτ(ei), τ ∈ TU (A), i = 1, . . . , k.

The concept of weak CPoU has appeared without a formal name, in [5,
Lemma 3.6], where (A ⊆ A) is proven to have weak CPoU assuming that A is
nuclear and T (A) is nonempty and compact, and then in [3, Theorem 6.16],
where this result is generalized, in particular dropping the nuclearity hy-
pothesis, and presented with a more transparent proof. (Note that in both
of these results, the condition is slightly different and a priori stronger, with
the ei summing to 1 and satisfying τ(aieiq) ≤ δτ(eiq); to get the property
as defined above, we can first ask that the ei commute additionally with q,
and then use the elements e′i := eiq in place of the given ei). The result in [3]
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is formulated in the more general setting of a tracially complete C∗-algebra

(M, X); the following uses the case (M, X) = (D
X
, X), where D

X
is the

tracial completion of D with respect to ‖ · ‖2,X , for X ⊆ T (D) compact (see
[3, §3.3] for more details).

Proposition 4.3 ([3, Theorem 6.16]). Let D be a separable C∗-algebra, let
X ⊆ T (D) be a nonempty compact subset and let S ⊆ DU be a ‖ · ‖2,TU (D)-
separable subset. Given δ > 0, if a1, . . . , ak ∈ D+ are such that

(4.5) sup
τ∈X

min{τ(a1), . . . , τ(ak)} < δ

and q ∈ (D,X)U ∩ S′ is a projection, then there are positive contractions
e1, . . . , ek ∈ (D,X)U ∩ S′ summing to q with τ(aiei) ≤ δτ(ei) for all i =
1, . . . , k and all τ ∈ TU (D) induced from sequences in X.

The following is a generalization of [5, Lemma 3.7], and it shows that the
gap between CPoU and weak CPoU is precisely uniform property Γ.

Proposition 4.4. Let (D ⊆ A) be a sub-C∗-algebra with A separable and
T (A) nonempty and compact. If (D ⊆ A) has both weak CPoU and property
Γ, then it has CPoU.

Proof. The proof follows closely the one of [5, Lemma 3.7], so we only sketch
the main ideas.

Let S ⊆ AU be a ‖ · ‖2,TU (A)-separable subset that contains the canonical

image of D in AU , let a1, . . . , ak ∈ D+, and let δ > 0 be such that

(4.6) sup
τ∈T (A)

min{τ(a1), . . . , τ(ak)} < δ.

Consider the set I of all α ∈ [0, 1] such that there are pairwise orthogonal
projections p1, . . . , pk ∈ κ(DU ) ∩ S′ satisfying

(4.7) τ
( k∑
i=1

pi

)
= α, τ(aipi) ≤ δτ(pi), τ ∈ TU (A), i = 1, . . . , k.

Note that I is nonempty since 0 ∈ I. The goal is to show that β := sup I = 1,
which is enough because I can be proved to be closed using Kirchberg’s ε-test
(see [14, Lemma A.1]).

The claim of β = 1 follows from a maximality argument. That is, we
assume β < 1 and try to construct projections in the orthogonal remaining
corner. Then summing the two families would yield projections that take
up more traces than β, which contradicts the assumption that β is the
supremum.

To make this work, let p
(1)
1 , . . . , p

(1)
k be pairwise orthogonal projections in

κ(DU ) ∩ S′ witnessing (4.7) for β. Set

(4.8) q := 1AU −
k∑
i=1

p
(1)
i ∈ κ(DU ) ∩ S′.



UNIFORM PROPERTY Γ AND THE SMALL BOUNDARY PROPERTY 11

Since (D ⊆ A) has weak CPoU we can find positive contractions e
(2)
1 , . . . , e

(2)
k

in κ(DU ) ∩ S′ such that

(4.9)

k∑
i=1

e
(2)
i = q and τ(aie

(2)
i ) ≤ δτ(e

(2)
i ), τ ∈ TU (A), i = 1, . . . , k.

Note that e
(2)
i ≤ q for all i = 1, . . . , k, hence in particular

(4.10) e
(2)
i = e

(2)
i q = qe

(2)
i , i = 1, . . . , k.

Since (D ⊆ A) is also assumed to satisfy uniform property Γ, by Lemma 3.10
there are projections

(4.11) p
(2)
1 , . . . , p

(2)
k ∈ κ(DU ) ∩ (S ∪ {q})′

satisfying

(4.12) τ(p
(2)
i q)

(4.10)
= τ(e

(2)
i ) and τ(p

(2)
i qai) = τ(e

(2)
i qai)

(4.10)
= τ(e

(2)
i ai),

for all i = 1, . . . , k.

Set S1 := C∗(S ∪ {q} ∪ {ai, p(1)
i , p

(2)
i }ki=1) ⊆ AU and T := C∗({q} ∪

{ai, p(2)
i }ki=1) ⊆ κ(DU ). Apply Lemma 3.9 to obtain a partition of unity

consisting of orthogonal projections q1, . . . , qk ∈ κ(DU ) ∩ S′1 such that

(4.13) τ(qia) =
1

k
τ(a), τ ∈ TU (A), a ∈ T, i = 1, . . . , k.

Set

(4.14) pi := p
(1)
i + qp

(2)
i qi ∈ κ(DU ) ∩ S′, i = 1, . . . , k.

Then as the calculations in [5, Lemma 3.7] show, this is a pairwise orthogonal
family of projections, satisfying

(4.15)
k∑
i=1

τ(pi) = β +
1

k
(1− β) > β and τ(aipi) ≤ δτ(pi), i = 1, . . . , k.

This contradicts maximality of β, as desired. �

4.1. The small boundary property and CPoU.

Proposition 4.5. Let (D ⊆ A) be a unital sub-C∗-algebra with D abelian,
A separable and T (A) nonempty. If (D ⊆ A) has CPoU, then (D ⊆ A) has
the small boundary property.

Proof. Write D = C(X), where the compact metric space X denotes the
spectrum of D. For a continuous function f ∈ C(X) we denote the open
support of f as

(4.16) supp◦(f) := f−1(C\{0}).
For a trace τ ∈ T (A), the restriction τ |C(X) induces a unique Borel proba-
bility measure on X which we denote by µτ .

We shall verify the equivalent formulation of the small boundary property
in Proposition 3.4.(iii), so let δ, ε > 0 be given. Fix τ ∈ T (A); by compact-
ness, there is a finite Borel partition of X consisting of sets of sufficiently
small diameter and, by inner regularity of µτ , we obtain compact subsets
of the sets in the partition so that the union of these has large enough
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measure µτ . Taking sufficiently small open neighborhoods of these compact
sets and using Urysohn’s lemma, it follows that there is a finite collection
Ωτ ⊆ C(X)1

+ consisting of pairwise orthogonal positive continuous functions
such that

(i) diam(supp◦f) < δ for all f ∈ Ωτ , and

(ii) τ
(

1C(X) −
∑

f∈Ωτ
f
)
< ε/3.

Define

(4.17) gτ := 1C(X) −
∑
f∈Ωτ

f.

Since T (A) is compact, there exist τ1, . . . , τk ∈ T (A) such that

(4.18) sup
τ∈T (A)

min{τ(gτ1), . . . , τ(gτk)} < ε/3.

Applying CPoU, we obtain pairwise orthogonal projections p1, . . . , pk in
κ(C(X)U ) such that

(4.19)
k∑
i=1

pi = 1 and τ(pigτi) ≤
ε

3
τ(pi), τ ∈ TU (A), i = 1, . . . , k.

We may lift the projections p1, . . . , pk to pairwise orthogonal elements in
`∞(N, C(X))1

+, and by taking elements at a sufficiently late stage in this
sequence, we obtain pairwise orthogonal positive contractions e1, . . . , ek in
C(X)1

+ such that, for every τ ∈ T (A) and i = 1, . . . , k

(4.20) 1− ε

3
< τ

(
k∑
i=1

ei

)
≤ 1,

and

(4.21) τ(eigτi) ≤
ε

3
τ(ei) +

ε

3k
.

Consider the finite collection of pairwise orthogonal contractions in C(X)
given by

(4.22) Ω := {eif : i = 1, . . . , k, f ∈ Ωτi} ⊆ C(X)1
+.

For every τ ∈ T (A) one has

(4.23)

τ
(

1C(X) −
∑k

i=1

∑
f∈Ωτi

eif
)

(4.20)
< τ

(∑k
i=1 ei

(
1C(X) −

∑
f∈Ωτi

f
))

+ ε
3

(4.17)
= τ

(∑k
i=1 eigτi

)
+ ε

3

(4.21)

≤
∑k

i=1
ε
3 · τ(ei) + k · ε3k + ε

3
(4.20)

≤ ε
3 + ε

3 + ε
3

= ε.

Now the finite collection of disjoint open sets

(4.24) I := {supp◦(eif) : i = 1, . . . , k, f ∈ Ωτi}
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consists of sets whose diameters are uniformly bounded by δ, because each
is a subset of some supp◦(f) where f is in some Ωτ . Finally, for τ ∈ T (A),
one has

(4.25) µτ

(⊔
U∈I

U

)
≥ τ

 k∑
i=1

∑
f∈Ωτi

eif

 > 1− ε,

so the small boundary property of (D ⊆ A) follows from Proposition 3.4.(iii).
�

5. Main result and consequences

In this section we prove Theorem A and derive from it Theorem B. The
following result establishes weak CPoU for all sub-C∗-algebras originating
from an action of a discrete amenable group.

Theorem 5.1. Let D be a unital separable C∗-algebra with nonempty trace
space and let α : Gy D be an action of a countable discrete amenable group
G. Then the sub-C∗-algebra (D ⊆ D oα G) has weak CPoU.

Proof. Set A := D oα G.
Let q ∈ κ(DU )∩ S′ be a projection, with S a ‖ · ‖2,TU (D)-separable subset

of AU which we may assume contains A, let a1, . . . , ak ∈ D+ and let δ > 0
be such that

(5.1) sup
τ∈T (A)

min{τ(a1), . . . , τ(ak)} < δ.

Fix a finite subset K ⊆ G and ε > 0. We will show that there are positive
contractions e1, . . . , ek ∈ κ(DU ) ∩D′ such that

(5.2)

k∑
i=1

ei = q and τ(aiei) ≤ δτ(ei), τ ∈ TU (A), i = 1, . . . , k,

and such that ‖[uh, ei]‖ < ε for all h ∈ K and i = 1, . . . , k. The desired
conclusion then follows from a routine reindexing argument.

Claim 5.2. There is a finite symmetric set F ⊆ G that is (K, ε/2)-invariant

(i.e., |KF4F | < ε|F |/2) and such that the elements a
(F )
i ∈ D+ defined as

(5.3) a
(F )
i :=

1

|F |
∑
g∈F

αg(ai), i = 1, . . . , k,

satisfy

(5.4) sup
τ∈T (D)

min{τ(a
(F )
1 ), . . . , τ(a

(F )
k )} ≤ δ.

Proof of the claim. The proof follows a standard argument (see for instance
[13, Proposition 3.3]). Suppose the claim is false in order to reach a con-
tradiction. Using amenability of G, take an increasing sequence (Fn)∞n=1

of symmetric (finite) Følner subsets that are all (K, ε/2)-invariant. Then
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for every n ∈ N there is a trace τn ∈ T (D) such that τn(a
(Fn)
i ) > δ for

i = 1, . . . , k. Set

(5.5) τ̃n :=
1

|Fn|
∑
g∈Fn

τn ◦ αg.

Using weak∗ compactness of T (D), by passing to a subsequence, we may
assume that (τ̃n)∞n=1 converges to some τ ∈ T (D). Then, by construction,
τ is G-invariant, and therefore is in T (A)|D, since it extends to A as τ ◦ E,
where E : A → D is the canonical conditional expectation. Moreover, for
any i = 1, . . . , k, we have

(5.6) τ(ai) = lim
n
τ̃n(ai) = lim

n
τn(a

(Fn)
i ) ≥ δ,

contradicting (5.1). �

Let F ⊆ G be as in the claim. Since T (A)|D is a compact subset of T (D),
and viewing q naturally as a projection in (D,T (A)|D)U ∩D′, we may use

weak CPoU for (D,T (A)|D)U (as in Proposition 4.3) with a
(F )
i in place of

ai, to obtain (after mapping everything back to AU ) positive contractions
f1, . . . , fk ∈ κ(DU ) ∩D′ such that

(5.7)
k∑
i=1

fi = q and τ(a
(F )
i fi) ≤ δτ(fi), τ ∈ TU (A), i = 1, . . . , k.

Define the positive contractions

(5.8) ei :=
1

|F |
∑
g∈F

αUg (fi), i = 1, . . . , k,

and observe that ei ∈ κ(DU ) ∩D′. Note first that, since q commutes with
A, we have αUg (q) = q for every g ∈ G, so

(5.9)
k∑
i=1

ei =
1

|F |
∑
g∈F

αUg (q) = q.

Next, observe that if τ ∈ TU (A), x ∈ AU and g ∈ G, as αg is implemented
by unitaries in A, we have that

(5.10) τ(αUg (x)) = τ(x).

For τ ∈ TU (A) and i = 1, . . . , k, we calculate

(5.11)

τ(aiei)
(5.8)
= 1

|F |
∑

g∈F τ(aiα
U
g (fi))

= 1
|F |
∑

g∈F τ(αUg (αg−1(ai)fi))
(5.10)

= 1
|F |
∑

g∈F τ(αg−1(ai)fi)
(5.3)
= τ(a

(F )
i fi)

(5.7)

≤ δτ(fi)
(5.10)

= δ
|F |
∑

g∈F τ(αUg (fi))
(5.8)
= δτ(ei).
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Finally, let h ∈ K. Then for i = 1, . . . , k we have

‖αUh (ei)− ei‖ =

∥∥∥∥∥∥ 1

|F |

∑
g∈hF

αUg (fi)−
∑
g∈F

αUg (fi)

∥∥∥∥∥∥
≤ 2|KF4F |

|F |
< ε,

(5.12)

whence ‖[uh, ei]‖ < ε, as desired. �

In the following result we show that weak CPoU hold automatically also
in the case of Cartan pairs (see [22, Definition 5.1]) where all traces factor
through the conditional expectation. Before stating the theorem we recall
some definitions. Given a sub-C∗-algebra (D ⊆ A), the set of normalizers
is defined as

(5.13) NA(D) := {a ∈ A : a∗Da+ aDa∗ ⊆ D}

We say that (D ⊆ A) is regular if the C∗-algebra generated by NA(D) is
A and we say that (D ⊆ A) has the almost extension property if there is a
weak∗-dense set of pure states of D that has unique extension to A. A sub-
C∗-algebra (D ⊆ A) is a Cartan pair if D is a maximal abelian subalgebra
containing an approximate unit of A, (D ⊆ A) is regular and if there exists
a faithful conditional expectation E : A→ D.

Theorem 5.3. Let (D ⊆ A) be a non-degenerate sub-C∗-algebra such that
A is separable and T (A) is nonempty and compact. Suppose moreover that

(i) D is abelian,
(ii) (D ⊆ A) is regular,
(iii) (D ⊆ A) has the almost extension property,
(iv) there is a conditional expectation E : A → D such that τ = τ ◦ E

for all τ ∈ T (A).

Then (D ⊆ A) has weak CPoU. In particular, if (D ⊆ A) is a Cartan pair
whose faithful conditional expectation verifies (iv), then (D ⊆ A) has weak
CPoU.

Proof. By the Cauchy–Schwarz inequality we have that

τ(E(a)E(a)∗) ≤ τ(E(aa∗))
(iv)
= τ(aa∗), τ ∈ T (A), a ∈ A,

and therefore ‖E(a)‖2,T (A)|D ≤ ‖a‖2,T (A) for all a ∈ A. We thus obtain a

well-defined conditional expectation EU : AU → κ(DU ), with κ as in (2.3), by
applying E coordinate-wise on representatives of elements of AU . Moreover,
again due to the fact that all traces on A factor through E, we have that

(5.14) τ = τ ◦ EU , τ ∈ TU (A).

To verify that (D ⊆ A) has weak CPoU, let q ∈ κ(DU )∩S′ be a projection,
with S a ‖ · ‖2,TU (A)-separable subset of AU which we may assume contains
A, let a1, . . . , ak ∈ D+, and let δ > 0 be such that

sup
τ∈T (A)

min{τ(a1), . . . , τ(ak)} < δ.
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We show that there exist positive contractions e1, . . . , ek ∈ κ(DU )∩A′ such

that
∑k

i=1 ei = q and τ(aiei) ≤ δτ(ei) for all τ ∈ TU (A) and i = 1, . . . , k.
The conclusion then follows from a reindexing argument to incorporate com-
mutation with S.

By Proposition 4.3, there exist positive contractions f1, . . . , fk ∈ AU ∩A′
such that

∑k
i=1 fi = q and τ(aifi) ≤ δτ(fi) for all τ ∈ TU (A) and i =

1, . . . , k. For each i, we set ei := EU (fi), which is a positive contraction in

κ(DU ). Clearly
∑k

i=1 ei = q, and for a limit trace τ ∈ TU (A), using that EU

is a conditional expectation onto κ(DU ), we have

(5.15)

τ(aiei) = τ(aiE
U (fi))

= τ(EU (aifi))
(5.14)

= τ(aifi)
≤ δτ(fi)

(5.14)
= δτ(EU (fi))
= δτ(ei).

We verify next that each ei commutes with any given b ∈ A. Since (D ⊆
A) is regular, we may assume without loss of generality that b ∈ NA(D).
As shown in [7, Lemma 3.2] (see also [15, Lemma 6o]), the almost extension
property ensures that

(5.16) b∗EU (a)b = EU (b∗ab), a ∈ AU .

Combining this with the fact that fi ∈ AU ∩A′ and that EU is a conditional
expectation, we obtain

(5.17) b∗eib = b∗bei = eib
∗b.

Moreover, using at the first and at the last step that κ(DU ) lies in the
multiplicative domain of EU , we have that

(5.18)

be2
i b
∗ = bEU (fiE

U (fi))b
∗

(5.16)
= EU (fibE

U (fi)b
∗)

(5.17)
= EU (fiE

U (fi)bb
∗)

= e2
i bb
∗.

This and (5.17) show that (eib− bei)∗(eib− bei) = 0.
To prove the second part of the theorem, note that Cartan pairs have the

almost extension property by [2, Lemma 4.9]. �

We remark that the last theorem applies to all C∗-diagonals ([15, Defi-
nition 3o]): these are Cartan pairs that verify the extension property ([15,
Proposition 4o]), meaning that all pure states in D uniquely extend to a
pure state in A, which ensures that all traces factor through the conditional
expectation by [7, Corollary 3.6].

Note that the combination of Proposition 4.4 together with Theorem 5.1
and Theorem 5.3 gives the following analogue of [5, Lemma 3.7].

Corollary 5.4. Let (D ⊆ A) be sub-C∗-algebra such that A is separable.
Suppose that either
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(i) A = D oα G for an action α : G y D of a countable discrete
amenable group G on a unital D, and D has nonempty trace space,

(ii) (D ⊆ A) satisfies the assumptions of Theorem 5.3, for instance it
is a Cartan pair where A has nonempty trace space, and such that
all traces on A factor through the conditional expectation onto D.

If (D ⊆ A) has uniform property Γ, then it has CPoU.

Theorem 5.5. Let X be a compact metric space, let G be a countably infinite
discrete amenable group and let α : G y X be a free action. The following
are equivalent:

(i) α has the small boundary property.
(ii) (C(X) ⊆ C(X) oα G) has uniform property Γ.
(iii) (C(X) ⊆ C(X) oα G) has CPoU.

Proof. The implication (i)⇒(ii) is [13, Theorem 9.4, Remark 9.6]. The im-
plication (ii)⇒(iii) follows by Corollary 5.4, and (iii)⇒(i) follows by Propo-
sition 4.5 along with Remark 3.3. �

We now use Theorem 5.5 to show that Kerr’s almost finiteness [12, Defini-
tion 8.2] is equivalent to tracial Z-stability of the sub-C∗-algebra originating
from the action. The latter definition was originally introduced in [17], and
we briefly recall it here (we refer to [17] for further details).

Given a sub-C∗-algebra (D ⊆ A), along with the set of normalizers defined
in (5.13), we consider the r-normalizers, namely

(5.19) RNA(D) := {a ∈ A : a∗Da ⊆ D}.
For a, b ∈ D+, write a �(D⊆A) b if there is a sequence (tn)∞n=1 in RNA(D)
such that limn→∞ ‖t∗nbtn − a‖ = 0. We write a ∼(D⊆A) b if a �(D⊆A) b
and b �(D⊆A) a. In what follows, for n ∈ N, (Dn ⊆ Mn) denotes the
sub-C∗-algebra of n× n matrices Mn and diagonal n× n matrices Dn.

Definition 5.6 ([17, Definition 3.2]). Let (D ⊆ A) be a unital sub-C∗-
algebra. We say that (D ⊆ A) is tracially Z-stable if D 6= C1A and if
for every n ∈ N, every tolerance ε > 0, every finite set F ⊂ A, and every
s ∈ D+\{0}, there exists a completely positive contractive (c.p.c.) order
zero map ϕ : Mn → A such that

(i) ϕ(NMn(Dn)) ⊆ NA(D),
(ii) 1A − ϕ(1Mn) �(D⊆A) s,

3

(iii) ‖[a, ϕ(x)]‖ < ε for all a ∈ F and every contraction x ∈Mn.

Even though the requirement D 6= C1A does not appear in [17, Defini-
tion 3.2], we choose to include it here, as it is in general necessary to avoid
trivial situations where the zero map could witness tracial Z-stability, for
instance for (C ⊆ C) (see also [11, Definition 2.1], where A 6∼= C is required).

The following characterization of tracial Z-stability relies on the notions
of almost finiteness and dynamical comparison. We omit their full definition
and refer the reader to [12, 13] for further details, as these properties do not
explicitly appear in our argument. We also assume that, for the following
proof (and for the proof of Corollary 5.10), the reader is familiar with the
basics of the theory of Cuntz comparison (see for instance [25]).

3By (i), it follows that ϕ(1n) ∈ D, so this makes sense.
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Corollary 5.7. Let X be a compact metric space, and let α : G y X be a
free minimal action of a countably infinite discrete amenable group G. The
following are equivalent:

(i) The action α is almost finite (see [12, Definition 8.2]).
(ii) (C(X) ⊆ C(X) oα G) is tracially Z-stable.
(iii) (C(X) ⊆ C(X)oαG) has uniform property Γ and α has dynamical

comparison (see [12, Definition 3.2]).
(iv) α has the small boundary property and dynamical comparison.

Proof. The implication (i)⇒(ii) is [17, Theorem A (i)⇒(ii)] (largely using
the proof of [12, Theorem 12.4]). (iii)⇒(iv) follows from Theorem 5.5 and
(iv)⇒(i) is [13, Theorem 6.1].

(ii)⇒(iii): Assume that (C(X) ⊆ C(X) oα G) is tracially Z-stable. Dy-
namical comparison follows by [17, Theorem A (ii)⇒(iii)]. Let us prove that
(C(X) ⊆ C(X) oα G) has uniform property Γ.

Set D := C(X) and A := C(X)oαG. Fix k ∈ N and identify T (A)|D with
MG(X). Since α is free we can find a sequence (sn)∞n=1 of nonzero elements
in D+ with supp◦(sn+1) ⊆ supp◦(sn) for all n ≥ 1 and such that

(5.20) sup
µ∈MG(X)

µ(supp◦(sn))→ 0.

By tracial Z-stability of (D ⊆ A), we can find c.p.c. order zero maps
ϕn : Mk → A satisfying:

(a) ϕn(eii) ∈ D+ for i = 1, . . . , k,
(b) 1A − ϕn(1Mk

) �(D⊆A) sn,

(c) the image of the induced map ϕ = (ϕn)∞n=1 : Mk → AU commutes
with the canonical image of A.

Notice that, if f1, f2 ∈ D+ are such that f1 �(D⊆A) f2, then clearly f1

is Cuntz-below f2 in A, and therefore dτ (f1) ≤ dτ (f2) for every τ ∈ T (A),
where dτ is the dimension function

(5.21) dτ (f) := lim
n→∞

τ(f1/n), f ∈ D.

For τ ∈ T (A), let µτ ∈ MG(X) be the measure corresponding to τ |D.
Then the value in (5.21) is precisely µτ (supp◦(f)), therefore using (b), and
since 1AU − ϕ(1Mk

) is a positive contraction, we have that, for any limit
trace τ ∈ TU (A) induced by a sequence (τn)∞n=1 ⊆ T (A),

(5.22)
τ(|1AU − ϕ(1Mk

)|2) = limn→U τn((1A − ϕn(1Mk
))2)

≤ limn→U µτn(supp◦(1A − ϕn(1Mk
)))

≤ limn→U µτn(supp(sn)) = 0,

and therefore ϕ(1Mk
) = 1AU .

Since ϕ is a unital c.p.c. order zero map, it is a ∗-homomorphism, by [29,
Theorem 2.3]. Moreover, we have ϕ(eii) ∈ κ(DU ), and these form a partition
of unity composed of projections. As in the proof of [5, Proposition 2.3]
(using uniqueness of the trace on Mk), we obtain

�(5.23) τ(ϕ(eii)a) =
1

k
τ(a), τ ∈ TU (A), a ∈ D, i = 1, . . . , k.
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5.1. Products of actions. We close the paper with the proof of Corol-
lary C from the introduction, which we split in Corollaries 5.9 and 5.10.

The part concerning the small boundary property follows from a more
general statement on uniform property Γ, obtained with a standard argu-
ment, which we state below. For the rest of this section we use ⊗ to denote
the minimal tensor product.

Proposition 5.8. Let (DA ⊆ A) and (DB ⊆ B) be unital sub-C∗-algebras
such that A,B are both separable with nonempty trace spaces. If (DA ⊆ A)
has uniform property Γ then (DA ⊗DB ⊆ A⊗B) has uniform property Γ.

Proof. Let κ : DUA → AU and λ : (DA ⊗DB)U → (A⊗B)U be the canonical
maps as in (2.3). By assumption, given k ∈ N, there is a partition of unity
of AU consisting of projections q′1, . . . , q

′
k ∈ κ(DUA) ∩A′ such that

(5.24) τ(q′ia) =
1

k
τ(a), τ ∈ TU (A), a ∈ DA, i = 1, . . . , k.

For each i = 1, . . . , k, let (q′i,n)∞n=1 ∈ `∞(DA) be a representing sequence of

q′i and define qi ∈ λ((DA ⊗DB)U ) as the class of (q′i,n ⊗ 1B)∞n=1. Note that,

by [1, Proposition 3.5] and the Krein–Milman theorem, T (A ⊗ B) is equal
to the closed convex hull of the set of traces

(5.25) {τ ⊗ σ : τ ∈ T (A), σ ∈ T (B)},

hence we have ‖a ⊗ 1B‖2,T (A⊗B) = ‖a‖2,T (A) for all a ∈ A. This is enough

to conclude that q1, . . . , qk form a partition of unity of (A⊗B)U consisting
of projections, and that they all belong to λ((DA ⊗DB)U ) ∩ (A⊗B)′.

To conclude, let us verify (3.3) from Definition 3.5, hence fix τ ∈ TU (A⊗
B), c ∈ DA ⊗DB and 1 ≤ i ≤ k. Without loss of generality, we can assume
that c = d⊗ e, with d ∈ DA and e ∈ (DB)+. If τ(1A ⊗ e) = 0 then

(5.26) τ(qid⊗ e) =
1

k
τ(d⊗ e) = 0.

Otherwise, let Ψ: AU → (A⊗B)U be the map sending the class of (an)∞n=1

in AU to the class of (an⊗e)∞n=1 in (A⊗B)U .4 The functional τ(Ψ(·))
τ(1A⊗e) defines

a limit trace in TU (A), hence we get

(5.27)

τ(qi(d⊗ e)) = τ(1A ⊗ e)
τ(Ψ(q′id))

τ(1A ⊗ e)
(5.24)

=
τ(1A ⊗ e)

k
· τ(Ψ(d))

τ(1A ⊗ e)
= 1

kτ(d⊗ e),

as desired. �

Corollary 5.9. Let X,Y be compact metric spaces, let G,H be countably
infinite discrete amenable groups and let α : G y X, β : G y Y be free
actions. If α has the small boundary property, then so does the product
action α× β : G×H y X × Y .

4This map is well-defined since ‖a⊗ e‖2,T (A⊗B) ≤ ‖a‖2,T (A) · ‖e‖ for all a ∈ A.



20 G. KOPSACHEILIS, H. LIAO, A. TIKUISIS, AND A. VACCARO

Proof. We have C(X × Y ) oα×β (G ×H) ∼= (C(X) oα G) ⊗ (C(Y ) oβ H),
mapping C(X × Y ) to C(X)⊗ C(Y ) in the natural way.

Based on this and Proposition 5.8, uniform property Γ for (C(X) ⊆
C(X) oα G) implies uniform property Γ for (C(X × Y ) ⊆ C(X × Y ) oα×β
(G×H)). The result then follows from Theorem 5.5. �

Corollary 5.10. Let X,Y be compact metric spaces, let G,H be countably
infinite discrete amenable groups and let α : G y X,β : G y Y be free
minimal actions. If α is almost finite, then α × β : G × H y X × Y is
almost finite.

Proof. Set (DA ⊆ A) := (C(X) ⊆ C(X) oα G) and (DB ⊆ B) := (C(Y ) ⊆
C(Y )oβH). By Corollary 5.7 it is sufficient to show that (DA⊗DB ⊆ A⊗B)
is tracially Z-stable assuming that (DA ⊆ A) is.

To that end, let ε > 0, n ∈ N, F ⊆ A ⊗ B finite and s ∈ (DA ⊗ DB)+

nonzero be given. Without loss of generality, we can assume that F consists
of elementary tensors, say F = {ai ⊗ bi}ki=1 where ai ∈ A and bi ∈ B for
all i = 1, . . . , k. Moreover, by Kirchberg’s slice lemma [23, Lemma 4.1.9],

there is some z ∈ DA ⊗ DB such that z∗z ∈ s(DA ⊗DB)s and zz∗ is an
elementary tensor sA ⊗ sB where sA ∈ (DA)+\{0} and sB ∈ (DB)+\{0}.
This in particular gives sA ⊗ sB �(DA⊗DB⊆A⊗B) s (see e.g. [25, Proposition
2.7]), so we can substitute s with sA ⊗ sB.

Claim 5.11. There exists a nonzero tA ∈ (DA)+ such that

(5.28) tA ⊗ 1B �(DA⊗DB⊆A⊗B) sA ⊗ sB.

Proof of the claim. For m ∈ N, let {eij}mi,j=1 be the matrix units of Mm,
with e11, . . . , emm generating the diagonal matrices Dm.

By compactness of Y and minimality of β, the space Y can be written as
a finite union of translates of the open support of sB, which is nonempty as
sB 6= 0. This means that, writing vh for the unitary in B corresponding to
h ∈ H, there exist h1, . . . , hm ∈ H, such that

(5.29)
m∑
i=1

vhisBv
∗
hi
∼(DB⊆B) 1B.

Since vhsBv
∗
h ∼(DB⊆B) sB for all h ∈ H, we can conclude that

(5.30) 1B ⊗ e11 �(DB⊗Dm⊆B⊗Mm) sB ⊗ 1Mm .

Consider next the open support supp◦(sA) ⊆ X. The space X is infinite
(since G is infinite and the action is free), and therefore so is supp◦(sA) since,
by compactness of X and minimality of α, the space X can be written as
a union of a finite number of translates of supp◦(sA). We can therefore
find nonempty pairwise disjoint open sets U1, . . . , Um ⊆ supp◦(sA). For
any point x0 ∈ X, by minimality of α there are g1, . . . , gm ∈ G such that
αgj (x0) ∈ Uj for each j = 1, . . . ,m, and by continuity we can thus find an
open neighborhood V of x0 such that αgj (V ) ⊆ Uj , for all j = 1, . . . ,m. By
Urysohn’s lemma, there exists tA ∈ C(X)+ such that supp◦(tA) ⊆ V and

(5.31) tA(x) ≤ min
1≤j≤m

sA(αgj (x)), x ∈ V.
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Writing ug for the unitary in A corresponding to g ∈ G, by construction
we have that

∑m
j=1 ugj tAu

∗
gj ≤ sA. Note moreover that

(5.32)
m∑
j=1

ugj tAu
∗
gj ⊗ ejj �(DA⊗Dm⊆A⊗Mm)

 m∑
j=i

ugj tAu
∗
gj

⊗ e11,

where in particular the sequence witnessing the Cuntz subequivalence can
be chosen in RNA⊗Mm(DA⊗Dm) since ug1tAu

∗
g1 , . . . , ugmtAu

∗
gm are pairwise

orthogonal positive elements of C(X) (see [17, Lemma 2.4]). Combining all
this with the fact that ugtAu

∗
g ∼(DA⊆A) tA for all g ∈ G, we get

(5.33) tA ⊗ 1Mm �(DA⊗Dm⊆A⊗Mm) sA ⊗ e11.

We thus obtain

(5.34)
tA ⊗ 1B ⊗ e11

(5.30)

�(DA⊗DB⊗Dm⊆A⊗B⊗Mm) tA ⊗ sB ⊗ 1Mm

(5.33)

�(DA⊗DB⊗Dm⊆A⊗B⊗Mm) sA ⊗ sB ⊗ e11,

which in turn gives

�(5.35) tA ⊗ 1B �(DA⊗DB⊆A⊗B) sA ⊗ sB.

Take N > max1≤i≤k ‖bi‖ ≥ 0. By tracial Z-stability of (DA ⊆ A), there
exists a c.p.c. order zero map ψ : Mn → A such that

(i) ψ(NMn(Dn)) ⊆ NA(DA),
(ii) 1A − ψ(1Mn) �(DA⊆A) tA,
(iii) ‖[ψ(x), ai]‖ < ε/N , for all contractions x ∈Mn and all i = 1, . . . , k.

Let us check that the c.p.c. order zero map ϕ : Mn → A ⊗ B defined as
ϕ(x) := ψ(x) ⊗ 1B satisfies the required conditions to verify tracial Z-
stability for the parameters specified at the beginning of the proof. Clearly
we have ϕ(NMn(Dn)) ⊆ NA⊗B(DA ⊗DB) and, for i = 1, . . . , k,

(5.36) ‖[ϕ(x), ai ⊗ bi]‖ = ‖[ψ(x), ai]⊗ bi‖ = ‖[ψ(x), ai]‖‖bi‖ < ε.

Finally, since 1A⊗B − φ(1Mn) = (1A − ψ(1Mn))⊗ 1B, we have

(5.37)
1A⊗B − φ(1Mn)

(ii)

�(DA⊗DB⊆A⊗B) tA ⊗ 1B
Claim 5.11
�(DA⊗DB⊆A⊗B) sA ⊗ sB,

as required. �
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