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Abstract

Bone remodeling occurs asynchronously at multiple sites in the adult skeleton and involves resorption by osteoclasts, followed by
formation of new bone by osteoblasts. Disruptions in bone remodeling contribute to the pathogenesis of disorders such as osteoporosis,
osteoarthritis, and Paget’s disease. Interactions among cells of osteoblast and osteoclast lineages are critical in the regulation of bone
remodeling. We constructed a mathematical model of autocrine and paracrine interactions among osteoblasts and osteoclasts that allowed
us to calculate cell population dynamics and changes in bone mass at a discrete site of bone remodeling. The model predicted different
modes of dynamic behavior: a single remodeling cycle in response to an external stimulus, a series of internally regulated cycles of bone
remodeling, or unstable behavior similar to pathological bone remodeling in Paget’s disease. Parametric analysis demonstrated that the mode
of dynamic behavior in the system depends strongly on the regulation of osteoclasts by autocrine factors, such as transforming growth factor
�. Moreover, simulations demonstrated that nonlinear dynamics of the system may explain the differing effects of immunosuppressants on
bone remodeling in vitro and in vivo. In conclusion, the mathematical model revealed that interactions among osteoblasts and osteoclasts
result in complex, nonlinear system behavior, which cannot be deduced from studies of each cell type alone. The model will be useful in
future studies assessing the impact of cytokines, growth factors, and potential therapies on the overall process of remodeling in normal bone
and in pathological conditions such as osteoporosis and Paget’s disease.
© 2003 Elsevier Science (USA). All rights reserved.
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Introduction

Bone remodeling occurs at spatially and temporally dis-
crete sites of the skeleton and involves resorption of existing
mineralized tissue by osteoclasts, followed by formation of
new bone by osteoblasts [1]. Specific regions of bone are
targeted for remodeling due to structural microdefects, thus
maintaining the mechanical strength of the skeleton (tar-
geted remodeling) [2,3]. In addition, bone remodeling plays
a major role in mineral homeostasis, by providing access to
stores of calcium and phosphate [4]. In this case, bone

remodeling occurs at random locations, so that every part of
the skeleton is remodeled periodically (random remodeling)
[2,3]. Disruptions in bone remodeling occur in disorders
such as osteoporosis and Paget’s disease.

Bone remodeling is a coordinated process involving a
team of bone cells working within a structure known as a
basic multicellular unit (BMU) [1,5]. The exact signals that
lead to initiation of bone remodeling are yet to be defined,
although bone lining cells and osteocytes have been impli-
cated in this process [1,6]. On initiation of remodeling,
osteoclasts differentiate from their monocytic precursors
and resorb bone. Later, osteoblasts differentiate from mes-
enchymal precursors and form new bone. In a healthy young
adult, osteoblasts form the same amount of bone that was
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resorbed by osteoclasts, thus completing the remodeling
cycle.

Bone remodeling proceeds simultaneously, but asyn-
chronously at multiple sites that can occupy 5–25% of the
bone surface [1]. The progression of bone remodeling at
each site is regulated by numerous autocrine and paracrine
factors [7,8]. Predicting the cumulative effects of multiple
factors on bone remodeling is difficult due to the large
number of effectors and the multiple actions attributed to
some factors. For example, transforming growth factor �
(TGF�) increases bone formation by a direct action on
osteoblast differentiation [9,10]. In addition, TGF� directly
activates osteoclast formation in the absence of osteoblasts,
but inhibits osteoclastogenesis in co-cultures of osteoclasts
and osteoblasts by decreasing expression of receptor acti-
vator of nuclear factor �B ligand (RANKL) on osteoblasts
[11]. RANKL and osteoprotegerin (OPG) are critical regu-
lators of bone resorption, that are expressed by osteoblasts
and exhibit opposite effects on osteoclasts [12]. Whereas
RANKL is a potent stimulator of osteoclasts, OPG prevents
the interaction of RANKL with its receptor and inhibits
bone resorption [7]. Thus, regulation of bone remodeling is
complex, involving the simultaneous actions of a number of
factors that affect the formation and/or resorption of bone.
Mathematical modeling provides a useful approach to inte-
grate existing knowledge of the regulation of bone cells, and
to predict and test possible links between bone formation
and resorption.

A theoretical approach to bone biology, known as the
mechanostat theory, was formulated by Frost [13], and led
to the development of a spectrum of mathematical models
depicting the biomechanical properties of bone [14,15].
However, few attempts have been made to mathematically
reconstruct the process of bone remodeling at the cellular
level. One such model was recently reported, describing the
population dynamics of osteoblasts and osteoclasts and fo-
cusing on bone remodeling in response to different regi-
mens of parathyroid hormone administration [16].

In the present study, we constructed a mathematical
model describing temporal changes in osteoblast and
osteoclast populations and consequent changes in bone
mass at a single site of bone remodeling. We found that
the system can exist in two stable modes: a single re-
modeling cycle in response to an external stimulus, and a
series of internally initiated cycles of bone remodeling.
These two modes correspond to targeted and random
bone remodeling, respectively. Additionally, a third
mode of behavior similar to bone remodeling in Paget’ s
disease was predicted, consisting of unstable oscillatory
changes in cell numbers and bone mass with increasing
amplitude. Surprisingly, we found that the mode of dy-
namic behavior of the system depends mainly on the
parameter representing autocrine regulation of oste-
oclasts.

Model development

We developed a mathematical model describing the pop-
ulation dynamics of bone cells, with the number of oste-
oclasts and osteoblasts at a single BMU denoted by x1 and
x2, respectively (Appendix 1). The rates of overall produc-
tion of each cell population reflect the net effect of recruit-
ment of precursors and the formation of mature cells. The
rates of cell removal reflect cell death, as well as differen-
tiation of osteoblasts into osteocytes and bone lining cells.

We proposed that cells have the ability to interact with
each other via effectors, which are released or activated by
bone cells and act in an autocrine or paracrine manner
(locally affecting the cell type of origin or the other cell
type, respectively) (Fig. 1). To summarize the net effect of
local factors on the rates of cell production, we employed a
power law approximation. Power law approximations were
developed by Savageau as effective tools for the analysis of
highly nonlinear biochemical systems [17]. This approach is
now widely used in exploratory modeling since it ade-
quately describes the nonlinear nature of biological pro-
cesses, but is sufficiently simple to be used with a wide
range of analytical and computational techniques [18,19]. In
our model, both osteoclasts and osteoblasts can produce
local effectors capable of activating or inhibiting themselves
or the other cell type. We made a simplifying assumption
that autocrine and paracrine factors regulate only rates of
production of osteoclasts and osteoblasts, while the rates of
their removal are proportional to the current number of
corresponding cells. Although we ignored the fact that some
factors, such as RANKL and IGF, can promote osteoclast

Fig. 1. Schematic representation of interactions between osteoclasts and
osteoblasts included in the model. Thick arrows represent the processes of
formation and removal of osteoclasts and osteoblasts. Fine arrows repre-
sent the effects of autocrine and paracrine regulators of bone remodeling on
the rates of osteoclast and osteoblast formation. TGF�, transforming
growth factor �, released and activated by resorbing osteoclasts, directly
stimulates formation of osteoclasts and osteoblasts. IGF, insulin-like
growth factors, secreted by osteoblasts and released by resorbing osteo-
clasts, activate osteoblast formation. RANKL, expressed on and released
by osteoblasts, activates osteoclastogenesis. OPG, osteoprotegerin, re-
leased by osteoblasts, inhibits the actions of RANKL.
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and osteoblast survival, this assumption allowed us to de-
crease the number of parameters, making the model more
amenable to comprehensive investigation.

We assumed that the concentration of a particular local
effector depends on the number of donor cells at any given
time. The parameters gij described the net effectiveness of
autocrine and paracrine factors, reflecting processes such as
the amount of effector produced per donor cell and the
responsiveness of the target cells. Parameter g11 described
the combined effects of all factors produced by osteoclasts
that regulate osteoclast formation (osteoclast autocrine reg-
ulation). Parameter g12 described the combined effects of all
factors produced by osteoclasts that regulate osteoblast for-
mation (osteoclast-derived paracrine regulation). For exam-
ple, TGF� is a factor released and activated by osteoclasts
that regulates osteoclast and osteoblast formation. Osteo-
blast autocrine regulation (g22) included the combined ef-
fects of all factors produced by osteoblasts to regulate os-
teoblast formation. Insulin-like growth factors (IGFs) are
examples of factors that are secreted by osteoblasts and can
stimulate osteoblast formation [20]. Parameter g21 included
the combined effects of all factors produced by osteoblasts
that regulate osteoclast formation, such as OPG and
RANKL (osteoblast-derived paracrine regulation). Initially,
we did not limit the model to known interactions; thus no
restrictions were imposed on the values of gij, allowing each
cell type to stimulate, inhibit, or have no effect on its own
or the other cell type. The following example illustrates the
relationship between the parameters of the model and
known effectors such as OPG and RANKL. Since both OPG
and RANKL are produced by osteoblasts, their concentration
is proportional to the number of osteoblasts: [OPG] � x2 and
[RANKL] � x2. Since OPG and RANKL affect osteoclasts, the
rate of osteoclast formation in our model is upregulated by the
osteoclast activator RANKL, as � [RANKL]t � x2

t and down-
regulated by the osteoclast inhibitor OPG as � 1/[OPG]s �
1/x2

s, where t and s reflect the effectiveness of these factors in
regulating osteoclast formation. Overall, the rate of osteoclast
production depends on the number of osteoblasts as � x2

t�s, or
x2

g21, where g21 is a parameter describing the effectiveness of
osteoblast-derived paracrine regulators, which can be positive
or negative depending in this example on the relative activity
of RANKL and OPG.

Using these assumptions, we constructed the following
system of differential equations to describe the dynamics of
cell populations at the bone remodeling site:

dx1/dt � �1x1
g11x2

g21 � �1x1, (1)

dx2/dt � �2x1
g12x2

g22 � �2x2, (2)

where x1 and x2 are the number of osteoclasts and osteo-
blasts; �i and �i are activities of cell production and re-
moval; and parameters gij represent the net effectiveness of
osteoclast- or osteoblast-derived autocrine or paracrine fac-
tors.

The third equation in our model describes changes in
bone mass. Populations of osteoclasts and osteoblasts under
steady-state conditions were assumed to consist of less
differentiated cells that were unable to resorb or build bone,
but able to participate in autocrine and paracrine signaling.
Increases in cell numbers above steady-state levels were
attributed to the proliferation and differentiation of precur-
sors into mature cells able to remove or build bone. We
assumed that the rates of bone resorption and formation are
proportional to the numbers of osteoclasts and osteoblasts
(respectively) exceeding steady-state levels:

dz/dt � �k1y1 � k2y2, (3)

where

yi � �xi � x� i, if xi � x� i,
0, if xi � x� i.

(4)

Here z is total bone mass, ki is normalized activity of bone
resorption and formation, yi are the numbers of cells ac-
tively resorbing or forming bone, and x�i are the numbers of
cells at steady state.

To estimate the initial parameters of the model, we used
experimental data obtained from the histomorphometric
analysis of bone sections [1]. It was estimated that initiation
of bone resorption in trabecular bone results in differentia-
tion of 10–20 osteoclasts that resorb bone at a rate of 10
	m/day [1,20]. At a single location, maximal erosion is
achieved in 9–14 days. Later, about 2000 osteoblasts arrive
at the cavity base and build bone at a rate of 1 	m/day [1].
Three to five months after the cycle was initiated, bone
returns to a quiescent state (steady state). We used these
data to estimate the rate constants of bone cell removal as

�1 � 0.2 day�1, (5.1)

�2 � 0.02 day�1. (5.2)

We chose initial values of gij that result in behavior
similar to that of the bone remodeling cycle:

g11 � 0.5, g21 � �0.5, (5.3)

g12 � 1, g22 � 0. (5.4)

We adjusted the rate constants of bone cell formation to
obtain reasonable values of steady-state cell numbers at a
single remodeling site, in the order of tens for osteoclasts
and hundreds for osteoblasts:

�1 � 3 cells day�1, (5.5)

�2 � 4 day�1. (5.6)

We present changes in bone mass as relative change
from initial value (100%) and chose the constants for nor-
malized activities of bone resorption (k1) and bone forma-
tion (k2) as follows:

k1 � 0.24% cell�1 day�1, (5.7)

k2 � 0.0017% cell�1 day�1. (5.8)
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We used the initial values of the parameters as a starting
point from which we explored the parametric space. We
analyzed the stability of steady-state solutions of the system
of Eqs. (1) and (2) analytically, and the dynamic behavior of
the system of Eqs. (1)–(4) using numerical integration by a
fourth-order Runge–Kutta algorithm using Matlab (The
Mathworks Inc., 1998) and Berkeley Madonna Version
8.0.1 (R.I. Macey, G.F. Oster, University of California at
Berkeley).

Results and discussion

Model predicts different modes of dynamic behavior that
resemble targeted and random bone remodeling

First, we examined whether the model simulates the
dynamic behavior of the bone remodeling cycle. Bone re-
modeling was initiated by a momentary increase in the
number of osteoclasts at time zero (Fig. 2A). Changes in
cell numbers and bone mass were calculated from Eqs.
(1)–(4), with initial cell numbers given by the steady-state

solution calculated using parameter values described by
Eqs. (5). Approximately 20 days after perturbation, osteo-
clast numbers return to the steady state. While their numbers
were elevated, osteoclasts stimulated the slower process of
osteoblast formation, leading to an increase in the number of
osteoblasts (Fig. 2A). This process is also transient, with
osteoblasts slowly returning to basal level after osteoclast
removal. Consequent changes in bone mass demonstrate an
initial phase of bone resorption followed by a slower phase
of bone formation (Fig. 2B), corresponding to a single bone
remodeling cycle resembling targeted remodeling in vivo.
These data are in good agreement with the temporal pattern
of changes in osteoblast and osteoclast populations recon-
structed from histomorphometric studies [1].

We systematically investigated the effect of altering pa-
rameters on the dynamic behavior of the system, and found
that certain parameter values gave rise to stable oscillations
of cell numbers and bone mass (Fig. 3). The simulation was
started at the steady-state values for the number of osteo-
clasts and osteoblasts, and, at time zero, bone remodeling
was initiated by a momentary increase in the number of
osteoclasts. In the case shown in Fig. 3A, the initial pertur-
bation resulted in oscillatory changes in the number of
osteoclasts followed by corresponding changes in the num-
ber of osteoblasts. The period of oscillations is determined
by the rate constants for osteoblast and osteoclast removal
and parameters for net autocrine and paracrine regulation
[Appendix III, Eq. (A7)].

Consequent changes in bone mass corresponded to a
series of remodeling cycles (Fig. 3B). It is important to note

Fig. 2. Simulation of the bone remodeling cycle. (A) Changes with time in
the number of osteoclasts (OC, dashed line) and osteoblasts (OB, solid
line) calculated from the model. A single event of bone remodeling was
initiated by a momentary increase in the number of osteoclasts by 10 cells
at time 0. Data are presented as the number of cells exceeding the level
before stimulation. Inset: Expanded view of onset of bone remodeling,
revealing that an increase in the number of osteoclasts (axis on the left)
precedes the increase in the number of osteoblasts (axis on the right). (B)
Consequent changes in bone mass are calculated as a percentage of initial
bone mass (100%). The pattern of a single remodeling cycle is similar to
that observed in vivo and attributed to targeted bone remodeling. Calcu-
lations were performed using the following set of parameters. �1 � 3, �2

� 4, �1 � 0.2, �2 � 0.02, g11 � 0.5, g12 � 1, g21 � �0.5, g22 � 0, k1 �
0.24, k2 � 0.0017.

Fig. 3. Stable, intrinsically regulated oscillatory changes in bone cell
numbers and bone mass, resembling random bone remodeling. (A)
Changes with time in the number of osteoclasts (dashed line, axis on the
left) and osteoblasts (solid line, axis on the right) following perturbation by
a single increase in the number of osteoclasts by 10 cells at time 0. (B)
Consequent changes in bone mass consist of a series of bone remodeling
events, each resembling a single remodeling cycle. 100% represents the
steady-state level of bone mass. Calculations were performed using the
following set of parameters: �1 � 3, �2 � 4, �1 � 0.2, �2 � 0.02, g11 �
1.1, g12 � 1, g21 � �0.5, g22 � 0, k1 � 0.093, k2 � 0.0008.
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that once these cycles of remodeling had been initiated by a
single stimulus, they continued without any external stimuli.
Such type of dynamic behavior may represent random bone
remodeling. Thus, different types of bone remodeling—
targeted and random—could be different modes of dynamic
behavior of the same system. It was proposed previously
that it would be beneficial in osteoporotic patients to reduce
only nontargeted bone remodeling [2]. The model suggests
that changes in local autocrine and paracrine factors can
determine the type of bone remodeling. Thus, further anal-
ysis of the model was performed to identify the factors
critical for determining whether bone remodeling proceeds
in a targeted or random manner.

Osteoclast autocrine factor regulates the dynamic
behavior of the system

We examined the stability and dynamic behavior of the
steady-state solution of the system in the space of parame-
ters gij (Fig. 4). We investigated the stability of the system
of differential equations (1) and (2) analytically (Appendix-
es II and III). Stable behavior in the model included a single
response to a perturbation (Fig. 4A, stable nodes, SN), as
well as damped and sustained oscillations (Fig. 4A, stable
foci, SF). Unstable behavior included oscillation of cell
numbers and bone mass with increasing amplitude (Fig. 4A,
unstable foci, UF), an infinite increase or decrease to zero in
cell numbers, which are biologically irrelevant (Fig. 4A,
unstable nodes and saddles, UN and US). The following
equations describe the bifurcation surfaces of the system.
Surface A separates the areas of unstable saddles:

� g11 � 1�� g22 � 1� � g12g21 � 0. (6)

Surface B divides the areas of foci from those of nodes:

��1

�2
� g11 � 1� � � g22 � 1�� 2

� 4
�1

�2
g12g21 � 0. (7)

Surface C separates stable and unstable foci and represents
the conditions for sustained oscillations:

�1

�2
� g11 � 1� � � g22 � 1� � 0. (8)

To further investigate the influence of each factor on the
stability and type of steady state, we analyzed each param-
eter g11, g22, g12, and g21 separately. Initial parameters (Eqs.
5) were chosen to simulate the behavior of a single remod-
eling cycle, then single parameters were altered. For each
new parameter value, the mode of bone remodeling was
identified by analysis of dynamic changes in cell numbers in
response to a momentary increase in the number of oste-
oclasts. Regions displaying similar modes of behavior were
plotted as a function of the parameter value (Figs. 4B–E).
The requirement for stability of a steady state places limi-
tations on the values that each parameter can take. For
osteoblast autocrine regulation, a stable solution with the

dynamic behavior of a single remodeling cycle exists when
g22 is less then 0.9 (Fig. 4B). Since IGF is a known positive
autocrine regulator of osteoblasts, for the next calculations
we assumed g22 to be positive but small. A single remod-
eling cycle is a stable solution for a wide range of positive
values for osteoclast-derived paracrine regulation g12 (Fig.
4C), reflecting the fact that osteoclast activation leads to an
increase in osteoblast formation. Osteoblast-derived para-
crine regulation g21 is limited to negative or very small

Fig. 4. Osteoclast autocrine regulation g11 controls the dynamic behavior of
the system. (A) Parametric portrait of the system in the space of parameters
g11, g22, �g12g21. Bifurcation surfaces (A, B, C) are described by Eqs.
(6)–(8). The following modes of stable dynamic behavior were observed:
stable nodes (SN) and stable foci (SF). Unstable behavior included unstable
foci (UF), unstable nodes (UN), and saddles (US). (B–E) The impact of
changes in the value of individual parameters on the mode of dynamic
behavior. Parameters g11, g22, g12, and g21 represent the effectiveness of
autocrine and paracrine interactions in the model, which can be negative
(inhibitory, �), positive (stimulatory, �), or 0 (no interaction). Initial
parameters, Eqs. (5), were chosen to model a single remodeling cycle. Each
parameter was gradually altered and bone remodeling was stimulated by a
momentary increase in the number of osteoclasts. Changes in the mode of
dynamic behavior were monitored and regions demonstrating a similar
pattern of behavior were plotted as a function of the parameter, divided by
thick border lines. The curves represent the pattern of change in bone mass
observed in response to a single stimulation. Shaded areas represent un-
stable nodes or saddles. (B) Osteoblast autocrine regulation (g22). (C)
Osteoclast-derived paracrine regulation (g12). (D) Osteoblast-derived para-
crine regulation (g21). (E) Osteoclast autocrine regulation (g11). Under
these conditions, changes in the effectiveness of osteoclast autocrine reg-
ulation are unique in that they alter the mode of dynamic behavior of the
system.
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positive values, indicating that the net effect of factors
produced by osteoblasts must be inhibitory or neutral for
osteoclast formation (Fig. 4D). In this regard, osteoblasts
produce two opposite osteoclast regulators, RANKL and
OPG. The model suggests that the effects of RANKL do not
predominate.

Surprisingly, osteoclast autocrine factor g11 demon-
strated the ability to switch the system between modes of
dynamic behavior (Fig. 4E). Negative or small positive
values of g11 result in a single remodeling cycle. When g11

increases to values between 0.8 and 1.1, the system exhibits
damped or sustained oscillations. Further increase in g11

results in the development of oscillations with increasing
amplitude, and finally the system becomes unstable when
g11 exceeds 1.12. Thus, under these conditions, osteoclast
autocrine regulation is unique in its ability to switch the
system between different modes of dynamic behavior.

The model predicts that osteoclast-derived autocrine fac-
tors control the dynamic behavior of bone remodeling. One
of the limitations of the model is that the parameters de-
scribing the effectiveness of autocrine and paracrine regu-
lation do not correspond to a single biological factor, but
reflect a combination of processes, such as the amount of
effector produced by the donor cell, the receptor density on
the target cell, and downstream signaling processes. Inter-
estingly, it was shown recently that TGF�, which is released
from the matrix and activated by resorbing osteoclasts,
stimulates osteoclastogenesis [11,22]. Thus, it appears that
TGF� acts as an osteoclast-derived autocrine factor. Further
experimental and theoretical studies are required to evaluate
the role of osteoclast autocrine regulation in the control of
bone remodeling.

Model demonstrates dynamic behavior similar to
pathologically accelerated bone remodeling of Paget’s
disease

The unstable oscillations we describe may be relevant to
pathological conditions such as Paget’s disease (Fig. 5).
Paget’s disease is a metabolic bone disorder characterized
by accelerated rates of focal bone resorption and formation
that result in production of structurally deficient bone [23].
The rates of bone resorption and formation in Pagetic pa-
tients increase with the severity of the disease [24]. Under
conditions for unstable oscillations in our model, each suc-
cessive cycle of bone remodeling displays increasing am-
plitude of changes in the number of osteoclasts and osteo-
blasts (Fig. 5A). Consequent changes in bone mass
demonstrate that resorption increases with each cycle, fol-
lowed by increased formation (Fig. 5B). With time, the
number of osteoblasts required to compensate for acceler-
ated bone resorption is calculated to be on the order of 5000
cells, suggesting that availability of preosteoblasts could
limit the rate of bone formation.

To further investigate the spectrum of conditions able to
induce unstable oscillations, we analyzed the space in prox-

imity to the bifurcation plane C between the regions of
stable and unstable oscillations (Fig. 4A, plane C). This
plane is parallel to the �g12g21 axis, indicating that changes
in these parameters are ineffective in inducing unstable
oscillations. We constructed a cross section of plane C in the
space of parameters g11 and g22 (Fig. 5C). Increase in the
effectiveness of osteoclast autocrine regulation can bring
the system into the region of unstable oscillations (Fig. 5C,
arrow from point 1 to point 2). Interestingly, when the
system initially exhibits stable oscillations, determined by
the value of g11, an increase in the effectiveness of osteo-
blast autocrine regulation is also able to induce unstable
oscillations (Fig. 5C, arrow from point 1 to point 3). Al-
though no alterations in the expression of TGF� (osteoclast
autocrine factor) or IGF (osteoblast autocrine factor) were

Fig. 5. Unstable oscillations, similar to pathologically accelerated bone
remodeling of Paget’s disease. (A) Calculated from the model, changes
with time in the number of osteoclasts (dashed line) and osteoblasts (solid
line) following perturbation by a single increase in the number of oste-
oclasts by three cells at time 0. (B) Consequent changes in bone mass.
100% (dotted line) indicates bone mass before the perturbation. Unstable
(increasing in amplitude) oscillatory changes in bone cell numbers and
bone mass are similar to pathologically accelerated bone remodeling of
Paget’s disease. Calculations were performed using the following set of
parameters: �1 � 7, �2 � 7, �1 � 0.2, �2 � 0.02, g11 � 1.105, g12 � 1,
g21 � �0.5, g22 � 0.1, k1 � 0.285, k2 � 0.0008. (C) Bifurcation line
between the regions of stable and unstable oscillations shown in the plane
of parameters g11, g22. A small increase in the value of g11 (arrow from
point 1 to point 2) brings the system into the region of unstable oscillations.
Interestingly, when the value of g11 is close to the bifurcation line, an
increase in g22 (arrow from point 1 to point 3) is also able to induce
unstable oscillations; however, a larger change in g22 is required.
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observed in patients with Paget’s disease [25,26], the re-
sponsiveness of target cells to these factors was not studied.
Alternatively, other osteoclast or osteoblast autocrine acti-
vators may be involved.

Rate constants for osteoblast and osteoclast removal
affect the dynamic behavior of the system

Since the ratio of the rate constants for osteoclast and
osteoblast removal �1/�2 affects the stability of the steady
state in the model (Eqs. 7 and 8), we investigated its role in
controlling the dynamic behavior of the system (Fig. 6). We
first developed a three-dimensional parametric portrait of
the system based on Eqs. (6)–(8), but now in the space of
parameters �2/�1, g11, and �g12g21 (Fig. 6A, surfaces A, B,
and C). The vertical plane C is angled slightly with respect
to the �2/�1 axis, which results in an area exhibiting para-

doxical behavior further demonstrated in the space of pa-
rameters �1 and g11 (Fig. 6B). Since �1 represents the rate
constant of osteoclast removal, it is natural to expect that an
increase in this constant will result in a decrease in a number
of osteoclasts and a consequent decrease in the rate of bone
resorption (Fig. 6B, arrow from point 1 to point 2). How-
ever, in the area adjacent to the bifurcation line (C), an
increase in �1 results in the transition of the steady state to
the region of unstable oscillations (Fig. 6B, arrow from
point 3 to point 4), giving rise to oscillations in cell numbers
and bone mass with increasing amplitude. An observer
would interpret such behavior as a paradox: an increase in
the rate of osteoclast removal results in an increase in bone
resorption. Since such discrepancies between the in vitro
and in vivo effects of factors regulating bone remodeling
were previously reported, we next performed a detailed
simulation of this phenomenon.

Interactions between osteoclasts and osteoblasts can give
rise to counterintuitive dynamic behavior

We investigated the effects of alteration of the rate con-
stant for osteoclast removal �1 on the dynamic behavior of
a system containing just one variable, the number of osteo-
clasts (analogous to an in vitro situation). Findings were
compared with the effects of a similar alteration in a system
that included both osteoclasts and osteoblasts and the full
spectrum of interactions between them (analogous to an in
vivo situation). To simulate the effect of the increase in �1

on isolated osteoclasts, we performed calculations using the
equation

dx1/dt � �1 � �1x1, (9)

where x1 is the number of osteoclasts, and �1 is the rate of
osteoclast production, assumed to be constant under these
conditions. The rate of osteoclast removal is proportional to
the number of osteoclasts with rate constant �1. In this
system, an increase in �1 from 0.20 to 0.23 resulted in a
decrease in the number of osteoclasts (Fig. 7A). However,
when a similar simulation was performed in the system
containing both osteoclasts and osteoblasts (Eqs. 1–4), the
result depended on the initial parameters of the system,
mainly g11 (Figs. 7B,C). First, we chose initial parameters
that give rise to a single remodeling cycle (g11 � 0.5).
Remodeling was stimulated before and after the increase in
the rate constant of osteoclast removal, �1 (Fig. 7B). In-
crease in �1 led to faster removal of osteoclasts and, con-
sequently, decreased bone resorption and increased steady-
state bone mass. The result of the same increase in �1 is
strikingly different when the initial parameters were chosen
to give oscillatory dynamic behavior (g11 � 1.109). In this
case, an increase in �1 led to development of unstable
oscillations with increasing amplitude in both cell numbers
and bone mass (Fig. 7C). An increase in the number of
osteoclasts with each cycle is followed by an increase in the
number of osteoblasts, leading to deeper bone resorption

Fig. 6. Effect of rate constant of osteoclast removal on dynamic behavior
of the system. (A) Parametric portrait of the system in the space of
parameters g11, �g12g21, �2/�1. Bifurcation surfaces (A, B, C) are de-
scribed by Eqs. (6)–(8). The regions of dynamic behavior include stable
nodes (SN), stable foci (SF), unstable foci (UF), unstable nodes (UN), and
saddles (US). The vertical plane (C) is slightly angled relative to the �2/�1

plane, resulting in an area exhibiting paradoxical behavior, further dem-
onstrated in the plane of parameters g11 and �1. (B) The bifurcation lines
in the plane of parameters g11 and �1 were calculated assuming other
parameters to be �1 � 7, �2 � 7, �2 � 0.02, g22 � 0, g12 � 1, g21 � �0.5.
Dashed line (C) represents the bifurcation line between the regions of
stable and unstable oscillations. In contrast to the wide area of parameters
(arrow from point 1 to point 2), when the value of g11 is close to the
bifurcation line (point 3) an an increase in the rate constant of osteoclast
removal (�1) can bring the system into a region of unstable oscillations
(arrow from point 3 to point 4).
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and enhanced bone formation. However, the number of
osteoblasts necessary to compensate for activated bone re-
sorption is in the order of 4000 cells, suggesting that avail-
ability of preosteoblasts could be limiting.

Interestingly, the results described above are consistent
with experimentally observed effects of immunosuppres-
sants such as cyclosporin A on bone remodeling. Cyclo-
sporin A inhibits osteoclast formation in vitro [27,28]; how-
ever, the outcome of treatment with cyclosporin A in vivo
appears to depend on the initial state of bone remodeling.
Whereas in healthy rats, treatment with cyclosporin A leads
to inhibition of bone resorption [29]; in ovariectomized rats,
initially presenting with a high turnover state of bone re-
modeling, the same treatment leads to accelerated bone
turnover and osteoporosis [30]. Taken together, the nonlin-
ear dynamics presented in our model may help to explain
controversial experimental data regarding the effects of im-
munosuppressants on bone remodeling. Similarly, the
model will be useful in future studies assessing the impact
of cytokines, growth factors, and potential therapeutic
agents on the overall process of bone remodeling.

Conclusions

We present the first mathematical model to examine the
cooperative roles of autocrine and paracrine regulation in
the control of bone remodeling. The model is based on the
assumption that local effectors produced by osteoclasts and
osteoblasts regulate the rates of osteoclast and osteoblast
formation. We found that the model predicts different
modes of behavior that resemble directed and random bone
remodeling and bone remodeling in pathology such as
Paget’s disease. The system is most sensitive to osteoclast
autocrine regulation, reflecting the fact that osteoclasts
resorb bone as small teams of very active cells, which are
rapidly recruited and then removed. On the other hand,
osteoblasts are much less active, and changes in osteoblast
numbers occur more slowly; consequently, many more os-
teoblasts are needed within a single bone remodeling site.
The model suggests that, under certain conditions, the avail-
ability of preosteoblasts may be a limiting step in the pro-
cess of bone formation.

To develop this exploratory model, we simplified the
complex process of bone remodeling. This strategy resulted
in several limitations, including: (1) only two cell types are

osteoclasts and osteoblasts, and consequent changes in bone mass (% of
steady state) were calculated from Eqs. (1)–(4) with initial parameters: �1

� 0.2, g11 � 1.109, �1 � 7, �2 � 7, �2 � 0.02, g12 � 1, g21 � �0.5, g22

� 0.1, k1 � 0.285, k2 � 0.0008. Remodeling was stimulated by a momen-
tary increase in the number of osteoclasts by three cells at time 0. At t �
500 days, the rate of osteoclast removal was increased to �1 � 0.23. In this
case, the increase in �1 led to the development of unstable oscillations of
cell numbers, resulting in increased bone resorption and enhanced forma-
tion.

Fig. 7. Simulation of the effects of an increase in the rate constant of
osteoclast removal in vitro and in vivo. (A) Changes in the number of
osteoclasts (dashed line) in an isolated cell system (in vitro) were calcu-
lated using Eq. (9) with �1 � 7 and �1 � 0.2. At t � 10 days, the rate of
osteoclast removal was increased to �1 � 0.23, resulting in a decrease in
total cell number. (B, C) Changes in the number of osteoclasts (dashed
lines), osteoblasts (solid lines), and bone mass in a system that included
both osteoclasts and osteoblasts and the full spectrum of interactions
between them (in vivo). (B) Effect of an increase in �1 when the system
initially exhibited the dynamic behavior of a single remodeling cycle.
Changes with time in the number of osteoclasts and osteoblasts and
consequent changes in bone mass (% of initial) were calculated from Eqs.
(1)–(4) with initial parameters: �1 � 0.2, g11 � 0.5, �1 � 7, �2 � 7, �2 �
0.02, g12 � 1, g21 � �0.5, g22 � 0.1, k1 � 0.285, k2 � 0.00057.
Remodeling cycles were initiated by a momentary increase in the number
of osteoclasts by seven cells at time t � 10 and t � 150 days. At t � 150
days, the rate of osteoclast removal was increased to �1 � 0.23. The
increase in osteoclast removal resulted in decreased bone resorption and
increased bone mass. (C) Effect of the increase in �1 on the system initially
exhibiting stable oscillatory behavior. Changes with time in the number of
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considered; (2) only formation of osteoclasts and osteo-
blasts is regulated by paracrine and autocrine factors, while
cellular activity and death are assumed to be proportional to
cell number; (3) parameters describing the effectiveness of
autocrine and paracrine regulation include the actions of
multiple factors; and (4) the power law approximation, a
useful tool for model analysis, is not valid when cell num-
bers approach zero. To address these limitations, more com-
plex models will be required.

In the present study, we demonstrated that, even in a
simple form, modeling of the simultaneous processes regu-
lating osteoclasts, osteoblasts, and their interactions results
in highly complex, nonlinear behavior. Furthermore, the
model indicates that intrinsic properties of the system can
give rise to complex modes of bone remodeling observed in
vivo.
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Appendix

I: Nomenclature

�i Activities of cell production
�i Activities of cell removal
gij Effectiveness of the net autocrine or paracrine

factors derived from osteoclasts or osteoblasts
g11 Effectiveness of osteoclast autocrine regulation
g12 Effectiveness of osteoclast-derived paracrine

regulation
g22 Effectiveness of osteoblast autocrine regulation
g21 Effectiveness of osteoblast-derived paracrine

regulation
ki Normalized activity of bone resorption and

formation
x1 Number of osteoclasts
x2 Number of osteoblasts
x�i Numbers of cells at steady state
yi Numbers of cells actively resorbing or forming bone
z Total bone mass

II: Steady-state solution

We investigated the stability of the system of differential
Eqs. (1) and (2) analytically [17]. The steady-state solutions

(x�1, x�2) were obtained by setting dxi/dt � 0 for i � 1,2. A
single nontrivial solution in general form is given by the
equations

x� 1 � ��1

�1
� �1�g22�/
��2

�2
� g21/


, (A1)

x� 2 � ��1

�1
� g12/
��2

�2
� 1�� g11/
�

, (A2)

where


 � g12g21 � �1 � g11��1 � g22�. (A3)

Trivial solutions exist only when (1) gij � 0 for all i,j; (2)
g12 � 0 and g11 � 0; and (3) g21 � 0 and g22 � 0. Since
trivial solutions lie outside the valid range of the power law
approximation, the subspace close to zero should be inves-
tigated using a different approach.

III: Stability of the steady states

The stability of the nontrivial steady-state solutions in
response to small perturbations was investigated analyti-
cally following linearization with a Taylor series. The Ja-
cobian of the system is

J� x� 1, x� 2�

� ��1g11x1
g11�1x2

g21 � �1 �1g21x1
g11x2

g21�1

�2g12x1
g12�1x2

g22 �2g22x1
g12x2

g22�1 � �2
� .

(A4)

For the nontrivial solution,

J� x� 1, x� 2� � � �1� g11 � 1� �1g12x� 1/x� 2

�2g21x� 2/x� 1 �2� g22 � 1� � , (A5)

tr J� x� 1, x� 2� � �1� g11 � 1� � �2� g22 � 1�,

det J� x� 1, x� 2� � �1�2� g11 � 1�� g22 � 1�

� �1�2g12g21,

� � tr J2 � 4 det J

� 	�1� g11 � 1� � �2� g22 � 1�
2 � 4�1�2g12g21.

(A6)

The nature of the solution depends on the signs of tr J(x�1,x�2),
det J(x�1, x�2), and �. When det J(x�1,x�2) � �1�2 (g11 � 1)(g22

� 1) � �1�2g12 g21 � 0, the solutions are unstable saddles.
When tr J � �1(g11 � 1) � �2(g22 � 1) � 0, the solutions
are unstable foci or nodes. The condition � � 0 divides the
areas of foci from those of nodes. The conditions for limit
cycles arise on the border surface between damped and
unstable oscillations, which are given by the equation
�1 (g11 � 1) � �2 (g22 � 1) � 0. The solution in this case
has the form xi � A sin(�t � �), where the period of
oscillations can be calculated as
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� � 2���1�2	�1 � g11��1 � g22� � g12g21
�
�0.5. (A7)
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