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a b s t r a c t

Recently, the first drug in a new class of antiretroviral HIV drugs was approved, the fusion inhibitor
enfuvirtide. We develop a mathematical model that describes the binding of the virus to T cells. We
model the effect of enfuvirtide upon this process using impulsive differential equations. We find
equilibria and determine stability in the case of no therapy and then when therapy is taken with perfect
adherence. We determine analytical thresholds for the dosage and dosing intervals to ensure the
disease-free equilibrium remains stable. We also explore the effects of partial adherence. Our
theoretical results suggest that partial adherence may, at times, be worse than no therapy at all, but at
other times may in fact as good as perfect adherence. It follows that patients should be counselled on
the importance of adherence to this new antiretroviral drug.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Enfuvirtide (formerly T-20) is the first fusion inhibitor to be
approved by the US Food and Drug Administration for the
treatment of chronic human immunodeficiency virus (HIV)
infection in adults and children 6 years and older (Hardy and
Skolnik, 2004). Enfuvirtide is an injectable fusion inhibitor, and
has demonstrated potent antiretroviral activity and excellent
tolerability in extensively pre-treated patients (Liu et al., 2005;
Moyle, 2003). The metabolism of enfuvirtide is not likely to be
affected by coadministered medications, including ritonavir or a
saquinavir–ritonavir combination, and is not itself expected to
affect the metabolism of other coadministered drugs, suggesting a
low potential for metabolic drug–drug interactions involving
enfuvirtide (Castagna et al., 2005; Clotet et al., 2004).

HIV fusion with CD4+ T cells is a complex process involving
three stages (Liu et al., 2005; Levy, 2007). (1) The gp120 molecule
of HIV first interacts with the CD4 receptor of the target cell.
Heparan sulfate proteoglycan stabilises the interaction of the
gp120 with CD4 receptor. (2) This interaction induces a
conformational change in the gp120-exposing sites that interact
with the chemokine receptor (CCR5 or CXCR4) on the surface of
the T cell. This further stabilises the interaction, and the virus
fusion protein (gp41) is uncovered and also undergoes a
conformational change. (3) The third step is not entirely clear.

However, it is commonly accepted that there is a specific protein
(fusion receptor) on the CD4 T-cell. The fusion peptide of gp41
combines the fusion receptor to initiate the fusion of the two
bilayers (Levy, 2007; Tardif and Tremblay, 2005). During the
three-step process of entry of HIV into cells, the concentration of
the combination of gp120 with CD4 receptor made in the first two
steps has a direct and positive effect on the third step.

As the first agent to be approved in the class of fusion
inhibitors, enfuvirtide functions by binding a region of the HIV
envelope glycoprotein gp41 and preventing viral fusion with the
target cell membrane. Enfuvirtide, and a follow-up compound
involving a different amino acid sequence, T-1249, bind to one of
these helical regions, preventing the hairpin folding that leads to
fusion. These T-compounds are active against both CCR5- and
CXCR4-using viruses, although enfuvirtide does not have sub-
stantial activity against HIV-2 (Moyle, 2003; Trottier et al., 2005).

The most common side effect, occurring in 98% of all
enfuvirtide recipients, is an injection-site reaction that can
generally be managed nonpharmacologically. A much less
common but more significant concern is an increased risk of
bacterial pneumonia (Jamjian and McNicholl, 2004). Patients
treated with enfuvirtide suffered fewer of the common constitu-
tional adverse events associated with highly active antiretroviral
therapy, such as diarrhoea, nausea, fatigue, headache, insomnia
and vomiting (Castagna et al., 2005). The annual cost of therapy is
about US$24,000 (Jamjian and McNicholl, 2004).

Acquired resistance centres around a 10-amino-acid motif
between residues 36 and 45 in gp41 that forms part of the binding
site of enfuvirtide. This motif is critical for viral fusion, so
enfuvirtide-resistant mutants show poor replicative capacity
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compared with wild type (Greenberg and Cammack, 2004).
Nevertheless, a significant number of enfuvirtide-treated patients
are likely to develop enfuvirtide resistance eventually (Castagna
et al., 2005).

Imperfect adherence to HIV medication, due to side effects or
medication fatigue, can facilitate the development of resistance
(Smith, 2006). Different patterns of adherence can affect the
antiretroviral response (Huang et al., 2003). Longer sequences of
missed doses can increase the chance of treatment failure (Wahl and
Nowak, 2000; Miron and Smith?, 2010). Thus, it is important to
understand the effects of adherence, especially as enfuvirtidemay be
taken as monotherapy in treatment-experienced patients (Clotet
et al., 2004). Since enfuvirtide is new and long-term data are not
available, it will be some time before the effects of adherence can be
fully delineated. Mathematical models can thus provide a potential
glimpse of the effects of partial adherence to this new drug.

A handful of mathematical models have investigated the
dynamics of enfuvirtide. A Markov model developed to predict
the outcome of patients receiving either enfuvirtide plus
optimised background (OB) or OB alone predicted that the
favourable virological and immunological response to enfuvirtide
plus OB could extend overall survival on average by 1.6 years
compared with OB alone (6.2 vs. 4.6 years) (Fätkenheuer et al.,
2004). A model of the pharmacokinetics of enfuvirtide revealed
that steady-state values of peak and trough concentrations, as
well as the area under the concentration–time curve, varied
nearly linearly with dosage over a broad range of dosages and for
different dosing regimens (Mohanty and Dixit, 2008). A model of
the immuno-pathogenesis of HIV-1 infection, incorporating the
effect of fusion/entry inhibitors, reverse transcriptase inhibitors
and protease inhibitors, showed that combinations of two drugs
which included protease inhibitors or fusion inhibitors were
stronger than two-drug combinations which included reverse
transcriptase inhibitors (Magombedze et al., 2008).

Impulsive differential equations have recently been used to
describe the effects of adherence to antiretroviral HIV drugs
(Krakovska and Wahl, 2007; Liu and Li, 2010; Liu et al., 2008;
Yadav and Balakrishnan, 2006). Our previous work using impulsive
differential equations has elucidated insights into preferred dosing
periods and dosages (Smith andWahl, 2004; Smith? and Aggarwala,
2009), determined regions where resistance is likely to occur (Smith
and Wahl, 2005) and examined the effects of maximal allowable
drug holidays (Miron and Smith?, 2010; Smith, 2006).

Here, we describe the interaction of the HIV virus with CD4+ T
cells in order to describe the fusion process. We determine
analytical thresholds for the dosage and dosing intervals to ensure
the disease-free equilibrium remains stable. We also explore the
effects of partial adherence. In common with our earlier work, we
consider impulsive drug dynamics independently of the non-
impulsive part and use the solution to estimate dosing intervals
and dosages. However, our model here incorporates drug
dynamics into the model in a new way and also considers a
significantly more detailed understanding of the process of
attachment and infection of CD4+ T cells.

This paper is organised as follows. In Section 2, we develop the
mathematical model. In Section 3, we examine the model in the
absence of drugs. In Section 4, we analyse the model when drugs
are included. In Section 5, we illustrate the results with numerical
simulations and examine the effects of partial adherence. Finally,
in Section 6, we discuss the implications of the results.

2. The model

Let G1 denote the concentration of gp120 in vivo, CD4 denote the
concentration of CD4+ receptor, and C1 denote the concentration of

the combination of gp120 and CD4 receptor. Let G2 be the
concentration of gp41, FT be the concentration of the fusion protein
on CD4+ cells, and C2 be the concentration of the combination of
gp41 and the fusion protein. Also, let I denote the concentration of
infected CD4+ T cells, V denote the concentration of HIV virus and R
denote the concentration of fusion inhibitor enfuvirtide. Then we
have the following system:

dG1

dt
¼ bV"mGG1"b1G1CD4,

dCD4

dt
¼ psT"mTCD4"b1G1CD4,

dC1

dt
¼ b1G1CD4"d1C1,

dG2

dt
¼ aC1"mGG2"b2

IC50

IC50þR

! "
G2FT ,

dFT
dt

¼ qsT"mTFT"b2
IC50

IC50þR

! "
G2FT ,

dC2

dt
¼ b2

IC50

IC50þR

! "
G2FT"d2C2,

dI
dt

¼ kC2"dII,

dV
dt

¼ ndII"mVV ,

dR
dt

¼"gR, ð2:1Þ

for tatk. The impulsive effect is described by

Rðtþk Þ ¼ Rðt"k ÞþRi

for t¼tk.
In this model, we describe the three steps during the entry of

HIV into cells by the first three equations of system (2.1). A new
generation of HIV virus will be produced if fusion of gp41 with the
fusion protein FT can be carried out successfully. That is, we
assume that the CD4+ T cell can be infected by HIV virus once HIV
fusion is completed and progeny HIV virus will be produced
thereafter.

In the first equation of system (2.1), the term bV denotes the
multiplication capacity of gp120 in response to virus. In the fourth
equation, aC1 represents the successful exposure of gp41. We
assume it has a positive relation with C1, the concentration of the
gp120/CD4 complex, since gp41 is exposed until attachment has
finished. The parameter mG denotes the decay of gp120 and gp41,
b1 denotes the bonding force between gp120 and CD4 receptor,
and b2 denotes the bonding force between gp41 and fusion
protein. It is likely that b2 is a function of C1 but, for simplicity, we
have assumed it is constant. The Hill function IC50=ðIC50þRÞ
represents the degree to which fusion inhibitors block G2 and FT
from fusing together, which decreases the value of b2. The
parameter IC50 represents the concentration of drug which
inhibits viral replication by 50%.

In the second and the fifth equations, sT represents the source
of susceptible CD4+ T cells, p and q denote the number of CD4
receptors and the fusion protein on one CD4+ T cell respectively,
while mT represents the death rate of healthy CD4+ T cells. In the
third and sixth equations, d1 denotes the dissociation rate of C1
and d2 the dissociation rate of C2. In order to simplify the model,
we assume that C1 will not return to gp120 and CD4 after
dissociation. Similar assumptions are made for C2. In the eighth
equation, n represents the number of virus particles that are
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produced by one infected CD4+ T cell. Since the ability of the virus
to successfully invade a CD4+ T cell depends on fusion, we assume
the production of infected CD4+ T cells is proportional to C2 with
rate k. The death rate of infected CD4+ T cells is dI. Parameter mV

represents the clearance rate of HIV virus. Here, we ignore effects
of the immune system except possibly as a constant effect on the
clearance rate of virus.

In the seventh equation, I represents the concentration of
infected CD4+ T cells by HIV virus. In the ninth and tenth
equations, R(t) denotes the drug concentration in plasma.
Parameter g represents the rate at which the drug is cleared. Ri

is the dosage (a constant) that is taken at each impulse time tk

(k¼1, 2, 3y). Note that the impulse times tk may not be fixed,
since drugs may be taken at either regular or irregular intervals.
However, since Ri is the concentration contained within each
dose, we expect it to be constant (e.g. 4:59mg=mL Castagna et al.,
2005). The dosing times are prescribed (for example, twice a day
Castagna et al., 2005), but lapses in adherence may result in
variable dosing times.

The model is illustrated in Fig. 1. Parameters are listed in
Table 1.

3. The system without drugs

When R¼0, the model becomes

dG1

dt
¼ bV"mGG1"b1G1CD4,

dCD4

dt
¼ psT"mTCD4"b1G1CD4,

dC1

dt
¼ b1G1CD4"d1C1,

dG2

dt
¼ aC1"mGG2"b2G2FT ,

dFT
dt

¼ qsT"mTFT"b2G2FT ,

dC2

dt
¼ b2G2FT"d2C2,

dI
dt

¼ kC2"dII,

dV
dt

¼ ndII"mVV : ð3:2Þ

FT

G2

C2 G1C1

CD4
qsT psT

β2β2 β1

β1

b µG
d2 d1

µG

µT µT

V
ndI

I

k

dI

a

µV

Fig. 1. The model. Here, FT is the concentration of fusion protein on CD4 cells, G1 is
the concentration of gp120 in vivo, CD4 is the concentration of CD4 receptors, C1 is
the concentration of the combination of gp120 and the CD4 receptor, G2 is the
concentration of gp41, C2 is the concentration of the combination of gp41 and the
fusion protein, I are infected cells and V is the virus. The effects of enfuvirtide are
to reduce b2 and hence the formation of C2.

Table 1
Parameters.

Parameter Definition Value Units Reference

G1 gp120 molecule population Variable mm"3 –
CD4 CD4+ receptor population Variable mm"3 –
C1 Combination of gp120 molecule and CD4 receptor population Variable mm"3 –
G2 gp41 protein population Variable mm"3 –
FT Fusion protein (on CD4+ cells) population Variable mm"3 –
C2 Combination of gp41 and the fusion protein population Variable mm"3 –
V Virus Variable mm"3 –
I Infected CD4+ cells Variable mm"3 –
R Drug Variable mgmm"3 –

b Multiplication capacity of gp120 and gp41 42 day"1 Estimate
b1 Bonding force between gp120 and CD4 receptor per concentration of each molecule in

complex
10"5 mm3day"1 Perelson et al. (1993)

b2 Bonding force between gp41 and FT per concentration of each molecule in complex 10"5 mm3day"1 Perelson et al. (1993)
mT Death rate of CD4 receptor 0.05 day"1 Perelson et al. (1993)
a Exposure rate of gp41 25 day"1 Estimate
d1 Dissociation rate of C1 0.4 day"1 Estimate
p Number of CD4 receptors on one CD4+ T cell 1 cell"1 He (2006)
q Number of fusion receptors on one CD4+ T cell 0.5 cell"1 Levy (2007)
k Infection rate of CD4+ T cells 0.6 day"1 Estimate
sT Source rate of susceptible CD4+ T cells 80 day"1mm"3 Perelson et al. (1993), Smith and Wahl

(2005)
mG Death rate of gp120 and gp41 5 day"1 Perelson et al. (1993), Smith and Wahl

(2005)
IC50 Concentration of drug which inhibits viral replication by 50% 10"5 mgmm"3 Wahl and Nowak (2000)
g Rate that the drug is cleared in vivo 1 day"1 Smith and Wahl (2005)
n Rate of production of virions per infected cell 540 Tsai et al. (2007)
mV Clearance rate of infectious virus 3 day"1 Smith? and Aggarwala (2009)
dI Death rate of infected T cells 0.5 day"1 Perelson et al. (1993), Smith and Wahl

(2005)
d2 Dissociation rate of C2 0.4 day"1 Estimate
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First, we analyse the model in the absence of treatment. In this
section, we discuss the existence of the equilibria and their
stability.

3.1. The disease-free equilibrium

The disease-free equilibrium always exists and is in the form

E0ðG0
1,C

0
D4,C

0
1 ,G

0
2,F

0
T ,C

0
2 ,I

0,V0Þ ¼ 0,
psT
mT

,0,0,
qsT
mT

,0,0,0

! "
:

The linearisation of the first, third, fourth, sixth, seventh and
eighth equations of model (3.2) at the disease-free state E0 can be
rewritten in the following form:

dX
dt

¼ ðYE0"ZE0 ÞX,

where

X ¼ ½G1, C1, G2, C2, I, V 'T ,

YE0 ¼

0 0 0 0 0 b

b1C
0
D4 0 0 0 0 0

0 a 0 0 0 0

0 0 b2F
0
T 0 0 0

0 0 0 k 0 0

0 0 0 0 ndI 0

2

6666666664

3

7777777775

,

ZE0 ¼

mGþb1C
0
D4 0 0 0 0 0

0 d1 0 0 0 0

0 0 mGþb2F
0
T 0 0 0

0 0 0 d2 0 0

0 0 0 0 dI 0

0 0 0 0 0 mV

2

6666666664

3

7777777775

:

A threshold criteria, R0, can be derived using the spectral
radius of the next-generation matrix (Heffernan et al., 2005; van
den Driessche and Watmough, 2002). Therefore, to find R0, we
must find the largest eigenvalue of YE0Z

"1
E0 . Thus,

R0 ¼ rðYE0Z
"1
E0

Þ

¼max
jlj

det

l 0 0 0 0 "
b
mV

"
b1C

0
D4

mGþb1C
0
D4

l 0 0 0 0

0 "
a
d1

l 0 0 0

0 0 "
b2F

0
T

mGþb2F
0
T

l 0 0

0 0 0 "
k
d2

l 0

0 0 0 0 "n l

2

66666666666666666664

3

77777777777777777775

:

Then the characteristic equation of YE0Z
"1
E0

is

l6"ABCDEF ¼ 0,

where

A¼
b
mV

, B¼
b1C

0
D4

mGþb1C
0
D4

, C ¼
a
d1

, D¼
b2F

0
T

mGþb2F
0
T

,

E¼
k
d2

, F ¼ n:

Then

R0 ¼ ðABCDEFÞ1=6 ¼
abknpqb1b2s

2
T

d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ

! "1=6

:

Thus, E0 always exists, is locally stable if R0o1 and unstable if
R041 (van den Driessche and Watmough, 2002).

We use the threshold, R0, to answer the question of whether
the infection can be established. When R041, HIV infection can
take hold. Otherwise, the virus will be eliminated.

3.2. The endemic equilibrium

The endemic equilibrium (if it exists) should be in form
E*(G1

* , CD4
* , C1

* , G2
* , FT

* , C2
* , I*, V*), in which

C(
D4 ¼

psT
b1G

(
1þmT

,

C(
1 ¼

b1G
(
1C

(
D4

d1
¼

psTb1G
(
1

d1ðb1G
(
1þmT Þ

,

V( ¼
ðmGþb1C

(
D4Þ

b
G(
1 ¼

ðpsTb1þmGb1G
(
1þmGmT ÞG

(
1

bðb1G
(
1þmT Þ

,

I( ¼
mVV

(

ndI
¼
mV ðpsTb1þmGb1G

(
1þmGmT ÞG(

1

bdInðb1G
(
1þmT Þ

,

C(
2 ¼

dII(

k
¼
mV ðpsTb1þmGb1G

(
1þmGmT ÞG

(
1

bknðb1G
(
1þmT Þ

,

G(
2 ¼

abknpsTb1"d1d2mV ½psTb1þmGðb1G
(
1þmT Þ'

bd1knmGðb1G
(
1þmT Þ

! "
G(
1,

F(T ¼
d2C(

2

b2G
(
2

¼
d2d1mGmV ðpsTb1þmGb1G

(
1þmGmT ÞG

(
1

b2ðabknpsTb1"d1d2mV ½psTb1þmGðb1G
(
1þmT Þ'Þ

:

G1
* (if it exists) is a positive, real root of the cubic equation

fðG1Þ ¼Y1G
3
1þY2G

2
1þY3G1þY4 ¼ 0,

where

Y1 ¼ d1d
2
2b

2
1b2m2

Gm2
V ,

Y2 ¼"d2b1mGmV ðabknpsTb1b2þbd1knqsTb1b2þbd1knb1mGmT

"2d1d2psTb1b2mV"2d1d2b2mGmTmV Þ,

Y3 ¼ ab2k2n2pqs2Tb
2
1b2þd1d

2
2b2ðpsTb1þmGmT Þ

2m2
V

"bd2knb1mV ðap
2s2Tb1b2þd1pqs

2
Tb1b2þd1psTb1mGmT

þapsTb2mGmTþ2d1qsTb2mGmT þ2d1m2
Gm2

T Þ,

Y4 ¼ bknmT ðabknpqs
2
Tb1b2"d1d2pqs

2
Tb1b2mV"d1d2psTb1mGmTmV

"d1d2qsTb2mGmTmV"d1d2m2
Gm2

TmV Þ:

Then, for the existence of positive endemic equilibrium E*, we
have the following.

Theorem 3.1. When R041, one and only one endemic equilibrium
E* exists. Otherwise, E* does not exist.

Proof. For the existence of G2
* , we need 0oG(

1o ~G1, where

~G1 ¼
abknpsTb1"psTb1d1d2mV"d1d2mGmTmV

d1d2b1mGmV
:

So, for ~G140, we need

abknpsTb14d1d2mV ðpsTb1þmGmT Þ: ð3:3Þ
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Otherwise, ~G1o0 and no positive endemic equilibrium exists.

Under condition (3.3), we also have that

fð ~G1Þ ¼
ab2k2n2p2s2Tb

2
1mT ðd1d2mV"abknÞ
d1d2mV

o0:

1. When R041, we have Y440 and ~G140 (since (3.3) is
satisfied). So fðG1Þ ¼ 0 can have at most two positive roots.
Since fð ~G1Þo0, so fðG1Þ ¼ 0 can have just two positive roots
and only the smaller root of fðG1Þ ¼ 0 lies in the range
0oG1o ~G1. That is, the smaller root satisfies G(

240, while the
larger root has the property that G(

2o0. Hence, when
R041, there is only one biologically meaningful endemic
equilibrium.

2. When R0r1, we have Y4r0.
(a) When (3.3) cannot be satisfied, ~G1 is negative and no

positive endemic equilibrium exists.
(b) When (3.3) is satisfied, we rewrite Y3 and can get

Y3 ¼ bknb1ðabknpqs
2
Tb1b2"d1d2pqs

2
Tb1b2mV

"d1d2psTb1mGmTmV"d1d2qsTb2mGmTmV"d1d2m2
Gm2

TmV Þ

"bd1d2knb1mGmT ðqsTb2þmGmT ÞmV

"d2b2mV ðpsTb1þmGmT ÞðabknpsTb1

"d1d2psTb1mV"d1d2mGmTmV Þ,
o0:

Then the derivative function of fðG1Þ

CðG1Þ ) 3Y1G
2
1þ2Y2G1þY3 ¼ 0

has two real roots: one is positive and the other is
negative since Y140 and Y3o0. This means fðG1Þ ¼ 0
can have one and only one positive root, which is denoted
by Ĝ1. Also since fð ~G1Þo0, ~G1oĜ1. That means fðG1Þ ¼ 0
does not have a positive root that satisfies G(

1o ~G1. Hence,
when R0r1, there is no endemic equilibrium.

This completes the proof. &

3.3. The global stability of E0

Theorem 3.2. When R0r1, the disease-free equilibrium E0 is
globally asymptotically stable and it is the unique equilibrium.
Otherwise, E0 is unstable and a unique endemic equilibrium E* exists.

Proof. In the absence of HIV, the concentration of the CD4+

receptor, CD4, and the concentration of the fusion protein on CD4+

cells, FT, should satisfy

dCD4

dt
¼ psT"mTCD4,

dFT
dt

¼ qsT"mTFT : ð3:4Þ

For example, the solution of the first equation of system (3.4) is

CD4ðtÞ ¼
psT
mT

"
psT
mT

"CD4ð0Þ
! "

e"mT t :

It follows that CD4ðtÞ-psT=mT when t-1. If the initial value
satisfies CD4ð0ÞopsT=mT , then all trajectories remain below
psT=mT . Conversely, if the initial value satisfies CD4ð0Þ4psT=mT ,
then all trajectories remain above psT=mT .

Suppose our initial values of the immune system are at or below

its steady state. Then the inequalities CD4rpsT=mT and

FT rqsT=mT can be used in our proof below. To prove the global

stability of the disease-free equilibrium, we take a Liapunov

function of the form:

LV ¼MG1þNC1þXG2þYC2þPIþQV ,

where constants M40, N 40, X40, Y40, P40 and Q40.

Then the derivative of LV along the solutions of (3.2) is

dðLV Þ
dt

¼ ðbM"mVQÞVþðndIQ"dIPÞIþðaX"N d1ÞC1þðkP"d2YÞC2

þb1ðN"MÞG1CD4þb2ðY"XÞG2FT"mGMG1"mGXG2

rðbM"mVQÞVþðndIQ"dIPÞIþðaX"N d1ÞC1þðkP"d2YÞC2

þ b1ðN"MÞ
psT
mT

"mGM
# $

G1þ b2ðY"XÞ
qsT
mT

"mGX
# $

G2:

Thus, we can choose proper positive numbers M,N ,X ,Y,P and

Q as follows:

M¼
mV

bn
, N ¼

mV ðpsTb1þmGmT Þ
bnpsTb1

, X ¼
d1mV ðpsTb1þmGmT Þ

abnpsTb1
,

P ¼ 1, Q¼
1
n
, Y ¼

d1mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ

abnpqs2Tb1b2

:

Hence

dðLV Þ
dt

rðkP"d2YÞC2

¼ k"
d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ

abnpqs2Tb1b2

 !
C2

¼
k

R6
0

ðR6
0"1ÞC2:

Then we have dðLV Þ=dtr0 when R0r1, and dðLV Þ=dt¼ 0 implies

C2¼0. When C2¼0, from system (3.2) we get that I-0,

V-0,G1-0,C1-0,G2-0 respectively when t-1. Then the

disease-free equilibrium is globally asymptotically stable when

R0r1 by the Liapunov–Lasalle theorem (Hethcote, 2000). This

completes the proof. &

Remark. Although E* exists for R041, we have not proven that it
is locally stable. However, numerical simulations converged to
this equilibrium and did not reveal any other phenomena.

4. The system with drugs

There is an impulsive periodic orbit R* satisfying the equations

dR
dt

¼"gR, tatk,

DR¼ Ri, t¼ tk

if the time between doses is constant, i.e., t) tkþ1"tk.
This impulsive periodic orbit satisfies

Rie"gt

1"e"gt rR(r Ri

1"e"gt : ð4:5Þ

Note that this orbit requires the impulse times to be fixed (see
Miron and Smith?, 2010).

The disease-free orbit is in the form

~E
0
ðG0

1,C
0
D4,C

0
1 ,G

0
2,F

0
T ,C

0
2 ,I

0,V0,R(Þ ¼ 0,
psT
mT

,0,0,
qsT
mT

,0,0,0,R(
! "

:

Note that R* is nonconstant, but that other values are all constants.
The only differences between systems (2.1) and (3.2) are

that terms b2 in system (3.2) are substituted for the term
b2ðIC50=ðIC50þRÞÞ in system (2.1).
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The corresponding Jacobian matrix does not include the R
equation, but other terms contain R*, which is not constant. Thus,
there are no equilibria in the impulsive system, but rather
equilibria-like orbits. However, since the system is autonomous
and R* is bounded, the stability of the equilibria-like orbits can be
calculated using the eigenvalues of Jacobian matrix. See Smith?
and Aggarwala (2009) for more discussions.

Thus, similar to Section 3.1, the threshold for system (2.1) is

~R0 ¼
abknpqIC50b1b2s

2
T

d1d2mV ðpsTb1þmGmT ÞðqsTb2IC50þðIC50þR(ÞmGmT Þ

! "1=6

:

ð4:6Þ

The endemic periodic orbit is in the form ~E
(
ð ~G

(
1,
~C
(
D4,

~C
(
1,
~G
(
2,

~F
(
T ,
~C
(
2,
~I
(
, ~V

(
,R(Þ where

~C
(
D4 ¼

psT
b1

~G
(
1þmT

,

~C
(
1 ¼

b1
~G
(
1
~C
(
D4

d1
¼

psTb1
~G
(
1

d1ðb1
~G
(
1þmT Þ

,

~V
(
¼

ðmGþb1
~C
(
D4Þ

b
~G
(
1 ¼

ðpsTb1þmGb1
~G
(
1þmGmT Þ ~G

(
1

bðb1
~G
(
1þmT Þ

,

~I
(
¼
mV

~V
(

ndI
¼
mV ðpsTb1þmGb1

~G
(
1þmGmT Þ ~G

(
1

bdInðb1
~G
(
1þmT Þ

,

~C
(
2 ¼

dI~I
(

k
¼
mV ðpsTb1þmGb1

~G
(
1þmGmT Þ ~G

(
1

bknðb1
~G
(
1þmT Þ

,

~G
(
2 ¼

abknpsTb1"d1d2mV ½psTb1þmGðb1
~G
(
1þmT Þ'

bd1knmGðb1
~G
(
1þmT Þ

 !
~G
(
1,

~F
(
T ¼

d2ðIC50þR(Þ ~C
(
2

IC50b2
~G
(
2

¼
d2d1mGmV ðIC50þR(ÞðpsTb1þmGb1

~G
(
1þmGmT Þ ~G

(
1

IC50b2ðabknpsTb1"d1d2mV ½psTb1þmGðb1
~G
(
1þmT Þ'Þ

:

~G
(
1 (if it exists) is a positive, real root of the cubic equation

fð ~G1Þ ¼ ~Y1
~G
3
1þ ~Y2

~G
2
1þ ~Y3

~G1þ ~Y4 ¼ 0,

where

~Y1 ¼ d1d
2
2b

2
1b2

IC50

IC50þR(

! "
m2
Gm2

V ,

~Y2 ¼"d2b1mGmV ðabknpsTb1b2
IC50

IC50þR(

! "

þbd1knqsTb1b2
IC50

IC50þR(

! "

þbd1knb1mGmT"2d1d2psTb1b2
IC50

IC50þR(

! "
mV

"2d1d2b2
IC50

IC50þR(

! "
mGmTmV Þ,

~Y3 ¼ ab2k2n2pqs2Tb
2
1b2

IC50

IC50þR(

! "

þd1d
2
2b2

IC50

IC50þR(

! "
ðpsTb1þmGmT Þ

2m2
V

"bd2knb1mV ðap
2s2Tb1b2

IC50

IC50þR(

! "

þd1pqs
2
Tb1b2

IC50

IC50þR(

! "

þd1psTb1mGmTþapsTb2
IC50

IC50þR(

! "
mGmT

þ2d1qsTb2
IC50

IC50þR(

! "
mGmTþ2d1m2

Gm2
T Þ,

~Y4 ¼ bknmT ðabknpqs
2
Tb1b2

IC50

IC50þR(

! "

"d1d2pqs
2
Tb1b2

IC50

IC50þR(

! "
mV

"d1d2psTb1mGmTmV"d1d2qsTb2
IC50

IC50þR(

! "
mGmTmV

"d1d2m2
Gm2

TmV Þ:

Obviously, ~R041 is equivalent to ~Y440.
Thus, using similar methods as Section 3.3, we have the

following theorem about the existence and stability of the
disease-free periodic orbit and the endemic periodic orbit.

Theorem 4.1. Let ~R0 be as in (4.6). The disease-free periodic orbit ~E0

always exists. When ~R0o1, ~E0 is globally stable and the endemic
periodic orbit ~E

(
does not exist. When ~R041, ~E0 is unstable and ~E

(

exists.

Remarks. 1. Although ~E
(
exists when ~R041, it may or may not be

stable, depending on parameters. If it is unstable, then we may have
higher-order behaviour, such as higher-order periodicity or chaos.

2. Note that, since ~R0 is fluctuating due to the impulsive effect,

we require ~R0o1 to hold at all times for eradication to be

guaranteed. Conversely, the theorem only guarantees existence of
~E
(
and instability of ~E0 when ~R041 for all times. If ~R0 fluctuates

around 1, then the results are indeterminate.

We now examine the dependence upon the dosage and dosing
interval. As R(-1, ~R0-0 and the endemic periodic orbit ceases
to exist.

Define

R1 ¼
M
C

, R2 ¼
M
F

, t1 ¼
1
g
ln 1þ

Ri

M

! "
and t2 ¼"

1
g
ln 1"

Ri

M

! "
,

where C¼ e"gt=ð1"e"gtÞ,F¼ 1=ð1"e"gtÞ and

M¼ IC50 "1þqsTb2 "
1

mGmT
þ

abknpsTb1

d1d2mGmTmV ðpsTb1þmGmT Þ

! "! "

¼
IC50ðabknpqs

2
Tb1b2"d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT ÞÞ

d1d2mGmTmV ðpsTb1þmGmT Þ
:

Theorem 4.2. When Ri4R1, ~E0 is globally stable and ~E
(
does not

exist. When the dosage satisfies 0rRioR2, ~E0 is unstable and ~E
(

exists.

Proof. From (4.5), we have RiCrR(rRiF.

If Ri4R1, then

Ri4
Mð1"e"gtÞ

e"gt

e"gtRi

1"e"gt 4M

) MoR(:

Thus,

IC50½abknpqs
2
Tb1b2"d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ'

oR(d1d2mGmTmV ðpsTb1þmGmT Þ

IC50abknpqs
2
Tb1b2od1d2mV ðpsTb1þmGmT ÞðqsTb2IC50

þmGmT IC50þmGmTR
(Þ

~R0o1:
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It follows from Theorem 4.1 that ~E0 is globally stable and ~E
(
does

not exist.

If RioR2, then

Rio IC50

d1d2mGmTmV ðpsTb1þmGmT ÞF
½abknpqs2Tb1b2

"d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ'

d1d2mGmTmV ðpsTb1þmGmT ÞR
iFo IC50½abknpqs

2
Tb1b2

"d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ'

IC50abknpqs
2
Tb1b24d1d2mGmTmV ðpsTb1þmGmT ÞR

iF
þ IC50d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ

Zd1d2mGmTmV ðpsTb1þmGmT ÞR
(

þ IC50d1d2mV ðpsTb1þmGmT ÞðqsTb2þmGmT Þ

‘ ~R041:

It follows from Theorem 4.1 that ~E0 is unstable and ~E
(
exists. &

Remark. Equivalently, for fixed dosage, the disease-free periodic
orbit will be stable if 0rtot1 and unstable if t4t2. It follows
that, if the drug is taken sufficiently often, then the disease can be
theoretically controlled. See Fig. 2.

5. Numerical simulations

We define two therapy strategies:

1. Perfect adherence: drugs are given at fixed intervals t.
2. Partial adherence: drugs are given at fixed intervals t, except

for a series of ‘‘drug holidays’’, where therapy is halted for a
finite amount of time.

Parameters are listed in Table 1. Parameter n is composed of
two factors: one is the probability that HIV virus is infectious; the
other is the rate of production of virions per infected cell. We
choose n¼0.1*5400¼540 (Tsai et al., 2007), where 0.102 is the

rate of infectious virus in total HIV virus offspring. According to
Zhu et al. (2006), every HIV virus has average 42 (i.e. 3 molecules
per trimer*14 trimers) gp120 receptors. Note that the values of
parameters b1 and b2 are estimated from the infection rate of
healthy CD4+ T cells by HIV virus (Perelson et al., 1993). We
assume there are, on average, 800/ml3 CD4+ T lymphocytes in a
healthy individual. The initial conditions were G1(0)¼2100
(i.e. 50* 42), CD4(0)¼800, C1(0)¼0, G2(0)¼1050 (i.e. 50* 42*
0:5Þ,FT ð0Þ ¼ 800,C2ð0Þ ¼ 0,Ið0Þ ¼ 0 and V(0)¼50. The unit of each
concentration is mm"3.

Fig. 3 shows how the concentration for each variable changes
with time in the absence of therapy. Under the parameters above,
R0 ¼ 3:611441, which implies that the virus will persist.

First, we examine the case of perfect adherence. Suppose the
dosing interval is fixed at t¼ 0:5; that is, drugs are taken twice a
day (Castagna et al., 2005). Then, according to Theorem 4.2, we
have two dosage thresholds R1¼0.017 and R2¼0.0103. Fig. 4
illustrates the outcomes for Ri ¼ 0:01oR2. Since the dosage is
small, the virus dominates. Fig. 5 shows the outcomes for dosage
Ri ¼ 0:024R1. The virus is controlled, since the dosage is
sufficiently large.

Fig. 6 shows the outcomes when Ri is located between R1 and
R2. We choose Ri¼0.011, 0.0135 and 0.015 respectively, satisfying
R2oRioR1. In the first case, the virus dominates. In the second
and the third cases, the virus is controlled. Thus, the eradication
threshold falls somewhere between R1 and R2. We observed no
qualitatively different behaviours in this range that were not
observed for RioR2 or Ri4R1.

Next, we examine the case of partial adherence for our model
(Bartlett, 2002). This corresponds to a fixed dosage but varying
dosing interval. Here, we assume that all the parameters for the
immune system and virus are as above. All parameters are chosen
as in Fig. 5 except that the individual takes drugs for 10 days, then
stops therapy for another 10 days, and so on. The results are
illustrated in Fig. 7. In this case, the virus dominates, unlike the
case for perfect adherence (Fig. 5).

We also examined the effects of increasing the length of drug
holidays and the intervals between them. All parameters are
chosen as in Fig. 4. Figs. 8 and 9 compare no therapy, perfect
adherence, and partial adherence. In Fig. 8, the latter strategy
consisted of 15 days of therapy followed by a 15 day drug holiday.
In Fig. 9, the partially adherent strategy consisted of 30 days of
therapy followed by a 60 day drug holiday. In this case, due to
sustained oscillations, the effect of partial adherence can be worse
than no therapy and can also be as good as perfect adherence,
depending on the length of drug holidays. That is, the viral load
with partial adherence is sometimes significantly higher than the
viral load without therapy and sometimes equal to the viral load
with perfect adherence. Simulations show that the system has
similar behaviour even if R0 is quite high.

Additionally, we plotted the time-course of drug concentration
in plasma with dose Ri¼0.01 under dosing interval t¼ 0:5 day
(Fig. 10A). The time-course of the threshold ~R0 with dosage
Ri¼0.01 under dosing interval t¼ 0:5 day is plotted in Fig. 10B.

Finally, we explored variation in some uncertain parameters.
Fig. 11 gives the graph of R0 as a function of n (the rate of
production of virions per infected cell) and a (exposure rate of
gp41 after the first step). These illustrate the change of the
threshold parameter R0 as n and a vary. We also give the graph of
R0 as a function of d1 and d2, and contours of parameters b1 and k.
Clearly, if a and n are small, or d1 and d2 are large, or b1 and k are
small, then R0 can be less than 1. Conversely, if a and n are both
very large, or if d1 and d2 are both very small, or if k and b1 are
both large, then R0 can blow up. For other values of the
parameters, however, R0 is relatively stable with respect to
variations.
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10-2

dosing interval τ

do
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 R

i

(Recommended dose)

(Sample value 1)
E0 unstable, E* exists

(Sample value 2)
No information

E0 stable

101

100

10-1

Fig. 2. Regions of stability. If Ri is sufficiently large or t sufficiently small, then E0 is
guaranteed to be stable and E* does not exist (upper left region). If Ri is sufficiently
small and t suitably large, then E0 is guaranteed to be unstable and E* exists. The
exact threshold lies between the two regions.
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6. Discussion

For a sufficiently large dosage or a sufficiently small dosing
interval, regular dosing of the fusion inhibitor enfuvirtide can
theoretically eradicate viral infection. However, if patients are less
than perfectly adherent, the result may bemoderate-level persistence
of the infection. If the lengths of the partially adherent intervals grow
longer, then the oscillations grow larger. Consequently, a partially
adherent patient may at times have a higher viral load than a patient

who is not undergoing treatment; at other times, this patient may
have a viral load equal to a patient who is perfectly adherent.

It should be noted that we have examined the case for
enfuvirtide monotherapy. While few antiretroviral drugs are taken
alone, enfuvirtide is currently prescribed as salvage treatment,
when all other regimens have failed (Clotet et al., 2004). However,
some patients may be taking enfuvirtide in combination with
other drugs; thus, our results here for enfuvirtide monotherapy
represent the most extreme case.
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Fig. 3. Concentration changes with time in the absence of therapy. Parameter values used were as in Table 1. Initial conditions were G1(0)¼2100, CD4(0)¼800, C1(0)¼0,
G2(0)¼1050, FT(0)¼800, C2(0)¼0, I(0)¼0 and V(0)¼50. With these parameters, we have R0¼3.6114 and hence the disease-free equilibrium is unstable and the endemic
equilibrium stable.
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lower than those in Fig. 3. Inset: Since the drug is oscillating, the other state variables also oscillate, although the amplitude is small.
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For some uncertain parameters, we examined their influence
on R0. For some situations, R0 can be quite high. However, it is also
possible to control the virus for appropriate therapy strategies,
which suggests that enfuvirtide monotherapy can be quite useful,
if applied strategically.

The model has several limitations, which should be acknowl-
edged. First, the mechanism of drug interaction is not instantaneous.

However, impulsive differential equations have been shown to be a
reasonable approximation to the uptake of drug intake, provided the
time between doses is not too small (Smith, 2006; Smith and Wahl,
2005). We also assumed that the growth rate of G2 (the concentra-
tion of gp41) was directly proportional to C1 (the combination of
gp120 and CD4 receptor), which is likely a simplification. Further-
more, b2 (the bonding force between gp41 and the CD4 receptor)
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Fig. 5. Concentration changes with time under high dosage. All other parameters used were the same as in Fig. 4, with a fixed dosing interval t¼ 0:5. In this figure, we
choose dosage Ri ¼ 0:024R1 ¼ 0:017; these values correspond to Sample value 2 in Fig. 2. In this case, the disease-free orbit is stable and the endemic orbit does not exist.
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probably depends on C1, but we have assumed that it is constant.
Finally, we assumed that the production of newly infected cells was
directly proportional to C2 (the combination of gp41 and the fusion
protein), whereas the reality may be more complicated.

The commonly accepted viral dynamic models for antiretro-
viral drug therapy with reverse transcriptase or protease
inhibitors integrate the dynamics of infected cells and free
virions. The drug molecules prevent the virion from reproducing
after it has entered the cell. Fusion inhibitors act differently. They

prevent the virion from entry into the target cell by binding to
viral surface proteins. On the virion’s surface, there are some
places to which the fusion inhibitor molecules can bind—namely,
on the envelope proteins—and they make a trimer nonfunctional.
There are some studies that argue that virions can only enter a cell
if they harbour a minimal number of functional trimers (ranging
from 2 to 19) (Sougrat et al., 2007; Klasse, 2007; Magnus et al.,
2009). Zhu et al. (2006) found that HIV virions harbor only 1477
Env trimers (range 4–35). That means that the number of fusion

0 100 200 300
0

2000

4000

6000

8000
G1

0 100 200 300
800

1000

1200

1400

1600
CD4

0 100 200 300
0

50

100

150
C1

0 100 200 300
0

500

1000

1500
G2

0 100 200 300
760

770

780

790

800

days

co
nc

en
tra

tio
n

FT

0 100 200 300
0

5

10
C2

0 100 200 300
0

5

10
I

0 100 200 300
0

200

400

600

800
V

Fig. 7. Concentration changes with time under partial adherence. Here, drugs are taken for intervals of 10 days and then therapy is stopped for intervals of 10 days. All
other parameters were the same as in Fig. 5. The outcome shows that, unlike perfect adherence (Fig. 5), infection cannot be cleared under this partially adherent strategy.
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Fig. 8. Concentration changes with time under three different therapy strategies. All parameters used were the same as in Fig. 4. The oscillating curve shows the outcome
when drugs are taken for intervals of 15 days and then stopped for intervals of 15 days. The dashed upper curve (lower in the CD4 and FT graphs) shows the outcome
without therapy. The dotted lower curve (upper in the CD4 and FT graphs) shows the outcome for perfect adherence. Thus, the effect of this partially adherent strategy is
between that of no therapy and perfect adherence.
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inhibitor molecules preventing one virion from entering the cell is
dependent on the number of trimers on its surface. For simplicity,
we assumed that HIV virions harboured 14 Env trimers in our
simulations.

We chose biologically realistic initial conditions, but it should
be noted that impulsive differential equations, like ordinary
differential equations, could have qualitatively different results
with different initial conditions. For regions where we have global
stability, this is obviously not an issue, but variations in initial
conditions in the middle region could produce different outcomes.

For Fig. 2, we varied Ri in order to demonstrate that the two
theoretical outcomes were possible. Thus, we chose Ri values

close to the analytical thresholds. However, in reality, the Ri

values for enfuvirtide are 4:59mg=mL and the drug is taken twice
a day (Castagna et al., 2005). Thus, if the drug is taken as
prescribed, then the outcome should fall comfortably within the
region of global stability of the disease-free equilibrium. However,
as adherence lapses, the dose remains constant, but the period
between doses increases. In this case, the dosage/dosing-interval
combination moves to the right. For short lapses in adherence, our
results still predict global stability of the disease-free equilibrium.
However, as the dosing interval increases, the outcome enters the
region of uncertainty, where the disease-free orbit will eventually
become unstable (Figs. 7–9).
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It should be noted that, as with many HIV models, our results
involve the theoretical eradication of the disease. However, in
reality, HIV drug treatment does not eradicate the disease. This is
because HIV has other reservoirs, such as the brain, eyes, testicals,
etc., as well as latently infected cells, from which to re-emerge
once it is controlled below the level of detection. However, our
model and other similar models deal with the large-scale
reductions in viral load, which can be reasonably approximated
by differential equations. At a finer scale where eradication
is possible, the mechanics of differential equations break down

(e.g. the mass-action assumption for infection). Consequently,
‘‘theoretical eradication’’ in a mathematical model should be
understood to mean significant reduction, below the level of
detection, but not actual eradication. See Smith and Aggarwala
(2009) for more discussions.

Future work will examine the effects of drug resistance, take
into account the stochastic variation of parameters and consider
the effects of partial adherence to enfuvirtide in combination
therapy with other antiretroviral drugs.

It follows that, with regular adherence, enfuvirtide mono-
therapy can be effective at controlling the virus. However, as
adherence lapses, the resulting oscillations may result in extreme
variations, with effects that are equal to therapy at its best or
significantly worse than no therapy at all. With periods of high
viral load, the chances of resistant virus emerging are significantly
higher. Furthermore, patients who transmit the disease during
this period have a much higher probability of infecting their sex
partners. Hence, we recommend that patients be counselled on
the importance of adherence to this new antiretroviral drug.
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