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How can we actually eradicate 
a disease? And why aren’t we 
better at it? :H�KDYH�D�YHU\�SRRU�UHFRUG�
RI�GLVHDVH�HUDGLFDWLRQ��,Q�WKH�HQWLUHW\�RI�KXPDQ�
KLVWRU\��ZH¶YH�VXFFHVVIXOO\�HUDGLFDWHG�MXVW�WZR�
GLVHDVHV��VPDOOSR[�DQG�ULQGHUSHVW��WKH�ODWWHU�D�
FRZ�GLVHDVH��GHFODUHG�HUDGLFDWHG�LQ��������2XU�
³PRGHO´�IRU�ZKDW�LW�PHDQV�WR�HUDGLFDWH�D�GLVHDVH�
LV�WKXV�EDVHG�RQ�ZKDW�ZRUNHG�IRU�WKHVH�WZR�
GLVHDVHV��D�VXFFHVVIXO�YDFFLQH�

*XLQHD�:RUP�'LVHDVH�WHOOV�D�GLIIHUHQW�VWRU\�DQG�
RQH�WKDW�PD\�LOOXPLQDWH�D�QHZ�ZD\�IRUZDUG��
*XLQHD�:RUP�'LVHDVH�LV�D�SDUDVLWLF�GLVHDVH��
VSUHDG�YLD�GULQNLQJ�ZDWHU��WKDW�KDV�EHHQ�ZLWK�XV�
VLQFH�DQWLTXLW\��LW¶V�PHQWLRQHG�LQ�WKH�%LEOH�DQG�
(J\SWLDQ�PXPPLHV�VXIIHUHG�IURP�LW���(VVHQWLDOO\��
WKH�SDUDVLWH�DWWDFKHV�LWVHOI�WR�D�ZDWHU�ÀHD��\RX�
GULQN�WKH�ÀHD�DQG�\RXU�VWRPDFK�DFLG�GLVVROYHV�
WKH�ÀHD��OHDYLQJ�WKH�SDUDVLWH�IUHH�WR�LQYDGH�\RXU�
ERG\��%HFDXVH�RI�JUDYLW\��LW�XVXDOO\�PDNHV�LWV�
ZD\�WR�WKH�IRRW��ZKHUH�LW�OLYHV�IRU�DQ�HQWLUH�\HDU��
See Figure 1. 

$IWHU�D�\HDU��\RXU�IRRW�LV�EXUQLQJ�DQG�LWFKLQJ��VR�
\RX�SXW�LW�LQ�WKH�ZDWHU��,I�\RXU�YLOODJH�RQO\�KDV�
RQH�ZDWHU�VRXUFH��WKHQ�WKDW�RIWHQ�HQGV�XS�EHLQJ�
WKH�GULQNLQJ�ZDWHU��$W�WKLV�SRLQW��WKH�IXOO\�JURZQ�
ZRUP�EXUVWV�RXW�RI�\RXU�IRRW��VSUD\LQJ�IRUWK�
��������SDUDVLWHV�DQG�UHVWDUWLQJ�WKH�SURFHVV�� 
See Figure 2.

,Q�WKH�����V��*XLQHD�:RUP�'LVHDVH�DIIHFWHG����
PLOOLRQ�SHRSOH�DFURVV�PRVW�RI�$IULFD��$VLD�DQG�
WKH�0LGGOH�(DVW��7RGD\�LW¶V�RQ�WKH�YHUJH�RI�EHLQJ�
HUDGLFDWHG��ZLWK�OHVV�WKDQ������FDVHV��LQ�MXVW�IRXU�
$IULFDQ�FRXQWULHV��*KDQD�ZDV�GHFODUHG�ZRUP�
IUHH�LQ������DQG�WKH�GLVHDVH�SULPDULO\�SHUVLVWV�
LQ�6RXWK�6XGDQ��DV�D�UHVXOW�RI�WKH�6XGDQHVH�FLYLO�
ZDU��7KLV�DQFLHQW�VFRXUJH�LV�DOPRVW�JRQH�� 
See Figure 3�

So what happened? %HIRUH�ZH�UHYHDO�
WKH�DQVZHU��OHW¶V�WKLQN�DERXW�KRZ�\RX�PLJKW�
HUDGLFDWH�D�ZDWHU�ERUQH�GLVHDVH��L�H���D�GLVHDVH�
WUDQVPLWWHG�WKURXJK�FRQWDPLQDWHG�ZDWHU���

Using mathematics to 
understand disease 
eradication: Guinea Worm 
Disease points the way forward
By Robert Smith?, The Department of Mathematics, The University of Ottawa 
In recognition of the Mathematics of Planet Earth 2013, a French version of this article has also been featured 
in Accromath (http://accromath.uqam.ca).

Figure 1: The life cycle of Guinea Worm disease. Image copyright the 
United States Centers for Disease Control and Prevention.

Figure 2: A Guinea Worm.
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3RVVLELOLWLHV�DUH�D�YDFFLQH��GUXJV�WKDW�WUHDW�
V\PSWRPV��FKHPLFDOV�WKDW�NLOO�WKH�SDUDVLWH��EHWWHU�
K\JLHQH�RU�HGXFDWLRQ�WKDW�FKDQJHV�SHRSOH¶V�
EHKDYLRXU��8QIRUWXQDWHO\��WKHUH�LV�QHLWKHU�D�GUXJ�
QRU�D�YDFFLQH�WR�WUHDW�*XLQHD�:RUP�'LVHDVH��6R�
OHW¶V�VHH�ZKDW�PDWKHPDWLFV�WHOOV�XV�

0DWKHPDWLFDO�PRGHOOLQJ�RI�LQIHFWLRXV�GLVHDVHV�
LV�D�IDLUO\�QHZ�WRSLF�WKDW�KDV�KDG�VLJQL¿FDQW�
VXFFHVV��,W�KDV�EHHQ�XVHIXO�LQ�SURJUDPV�GHDOLQJ�
ZLWK�PDODULD�FRQWURO��VPDOOSR[�HUDGLFDWLRQ��
PRVTXLWR�PDQDJHPHQW��FOLPDWH�FKDQJH�DQG�
HPHUJHQF\�SUHSDUHGQHVV��:KHUH�PRGHOOLQJ�
ZRUNV�ZHOO�LV�LQ�TXDQWLI\LQJ�PHDVXUDEOH�WKLQJV��
OLNH�GUXJV��YDFFLQHV�RU�LQVHFWLFLGH��:KHUH�LW�KDV�
PRUH�WURXEOH�LV�ZLWK�PHVV\�DQG�XQSUHGLFWDEOH�
YDULDEOHV��OLNH�KXPDQ�EHLQJV�

,QFRUSRUDWLQJ�KXPDQ�EHKDYLRXU�LQWR�PRGHOV�LV�
FRPSOH[�DQG�UHTXLUHV�DQ�XQGHUVWDQGLQJ�RI� 
WKH�HWKLFDO��VRFLRORJLFDO�DQG�ELRPHGLFDO� 
IDFWRUV�LQKHUHQW�LQ�WDFNOLQJ�D�GLVHDVH��7KLV�
UHTXLUHV�LQWHUGLVFLSOLQDU\�UHVHDUFK�DFURVV�WKH�
WUDGLWLRQDO�ERXQGDULHV�RI�VRFLDO��QDWXUDO�DQG�
PHGLFDO�VFLHQFHV�
7R�FUHDWH�D�PDWKHPDWLFDO�PRGHO��ZH�QHHG�WR�
NHHS�WUDFN�RI�ZKDW�FRPHV�LQ�DQG�ZKDW�JRHV�

RXW��,Q�WKH�FDVH�RI�*XLQHD�:RUP��ZH�GLYLGH�WKH�
SRSXODWLRQ�RI�KXPDQV�LQWR�WKUHH�VXEFDWHJRULHV��
7KH�¿UVW�FDWHJRU\�LV�VXVFHSWLEOH�LQGLYLGXDOV��
WKUHH�WKLQJV�FDQ�KDSSHQ�WR�WKHP��WKH\�DUH�ERUQ��
EHFRPH�LQIHFWHG�RU�GLH��7KH�VHFRQG�LV�LQIHFWHG�
LQGLYLGXDOV��ZKR�HLWKHU�EHFRPH�LQIHFWLRXV�RU�GLH��
7KH�WKLUG��LQIHFWLRXV�LQGLYLGXDOV��HLWKHU�UHFRYHU�
RU�GLH��:H�DOVR�KDYH�D�SRSXODWLRQ�RI�ZRUPV��WKH�
SDUDVLWH�LV�ERUQ�ZKHQ�LQIHFWLRXV�LQGLYLGXDOV�SXW�
WKHLU�IRRW�LQ�WKH�GULQNLQJ�ZDWHU��EHFDXVH�IUHVK�
ZDWHU�SURGXFHV�UHOLHI��DQG�GLHV�VKRUWO\�WKHUHDIWHU��
*XLQHD�:RUP�GLVHDVH�LV�QRW�OHWKDO��VR�HDFK�WLPH�
ZH�VSHDN�RI�GHDWK�UDWH��LW�LV�WKH�XVXDO�GHDWK�UDWH�

&RPELQLQJ�WKHVH��ZH�GHYHORS�D�V\VWHP�RI�
GLIIHUHQWLDO�HTXDWLRQV�WKDW�GHVFULEHV�WKH�UDWHV�RI�
FKDQJH�RI�HYHU\�YDULDEOH��7KLV�V\VWHP�LV�NLQG�RI�
DQ�³HQJLQH�RI�FKDQJH�´�:LWK�D�VWDUWLQJ�NH\��WKH�
LQLWLDO�FRQGLWLRQV���ZH�FDQ�WKHQ�XVH�RXU�HQJLQH�WR�
SUHGLFW�WKH�IXWXUH��7KLV�SURFHGXUH�ZRUNV�LI�ZH¶YH�
JRWWHQ�WKH�PHFKDQLFV�RI�WKH�LQWHUDFWLRQV�ULJKW�

Modelling is like map-making.
<RX�GRQ¶W�ZDQW�D�PDS�WR�EH�D�SHUIHFW�
UHSUHVHQWDWLRQ�RI�UHDOLW\��EHFDXVH�WKDW�ZRXOG�
EH�WRR�FXPEHUVRPH��,QVWHDG��\RX�ZDQW�WKH�
VDOLHQW�IHDWXUHV��VFDOHG�GRZQ�WR�D�XVDEOH�VL]H��

Figure 3: The decline in Guinea 
Worm Disease cases over the 
past 25 years.
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6R�PRGHOOLQJ�LVQ¶W�WU\LQJ�WR�PLPLF�UHDOLW\��EXW�
LQVWHDG�LW¶V�SURYLGLQJ�D�XVHIXO�URDGPDS�VR�\RX�
FDQ�QDYLJDWH�WKH�IXWXUH��See Figure 4.

+RZ�GR�ZH�NQRZ�ZKHQ�ZH¶YH�HUDGLFDWHG�D�
GLVHDVH"�2U�DW�OHDVW�ZKHQ�ZH¶UH�PRYLQJ�LQ�WKH�
ULJKW�GLUHFWLRQ"�

7KLV�LVVXH�YH[HG�SXEOLF�KHDOWK�RI¿FLDOV�LQ�WKH�
HDUO\�WZHQWLHWK�FHQWXU\�ZKHQ�WKH\�ZHUH�WU\LQJ�
WR�HOLPLQDWH�PDODULD�IURP�SODFHV�OLNH�WKH�8QLWHG�
6WDWHV�DQG�&DQDGD��6LU�5RQDOG�5RVV�ZRQ�D�1REHO�
3UL]H�IRU�GHPRQVWUDWLQJ�WKDW�PDODULD�ZDV�VSUHDG�
E\�PRVTXLWRV��UDWKHU�WKDQ�WR[LF�YDSRXUV��DV�ZDV�
SUHYLRXVO\�WKRXJKW���+RZHYHU��WKLV�OHG�WR�VRPH�
GHVSDLU��EHFDXVH�LW�ZDV�UHDOLVHG�WKDW�\RX�FRXOGQ¶W�
HOLPLQDWH�DOO�WKH�PRVTXLWRV��1RU�ZRXOG�\RX�ZDQW�
WR��EHFDXVH�WKH\�SURS�XS�RXU�HFRV\VWHPV��

5RVV¶V�EUHDNWKURXJK�FDPH�ZKHQ�KH�UHDOLVHG�WKDW�
\RX�GLGQ¶W�KDYH�WR�NLOO�HYHU\�PRVTXLWR��EXW�UDWKHU�
MXVW�D�FULWLFDO�QXPEHU�RI�WKHP�

7KLV�LV�HVVHQWLDOO\�WKH�³WLSSLQJ�SRLQW´�RI�D�
GLVHDVH��LI�HDFK�LQIHFWHG�LQGLYLGXDO�FDXVHV�PRUH�
WKDQ�RQH�LQIHFWLRQ��WKHQ�WKH�GLVHDVH�ZLOO�VSUHDG��

+RZHYHU��LI�HDFK�LQIHFWHG�LQGLYLGXDO�UHVXOWV�LQ�
OHVV�WKDQ�RQH�LQIHFWHG�LQGLYLGXDO��WKHQ�WKH�GLVHDVH�
ZLOO�HYHQWXDOO\�GLH�RXW�

7KLV�FRQFHSW�LV�FDOOHG�R���WKH�EDVLF�UHSURGXFWLYH�
UDWLR��SURQRXQFHG�³5�QRXJKW´���R��PHDVXUHV�WKH�
DYHUDJH�QXPEHU�RI�VHFRQGDU\�LQIHFWLRQV�WKDW�
D�VLQJOH�LQIHFWLRXV�LQGLYLGXDO�ZLOO�FDXVH��6R�LI�
HDFK�LQIHFWHG�LQGLYLGXDO�LQIHFWV�WKUHH�SHRSOH��
WKH\�LQIHFW�WKUHH�HDFK�DQG�VR�IRUWK��PHDQLQJ�
WKH�GLVHDVH�VSUHDGV�OLNH�ZLOG¿UH��2Q�WKH�RWKHU�
KDQG��LI�R�������VR�WKDW�WHQ�LQIHFWHG�SHRSOH�LQIHFW�
QLQH��WKRVH�QLQH�LQIHFW�HLJKW�DQG�VR�RQ���WKHQ�WKH�
GLVHDVH�ZLOO�GLH�RXW�RQ�LWV�RZQ�

,I�ZH�FDQ�HVWLPDWH�R��IURP�RXU�PDWKHPDWLFDO�
PRGHO�DQG�WKHQ�GHWHUPLQH�ZKLFK�SDUDPHWHUV�ZLOO�
UHGXFH�LW�EHORZ�RQH��WKHQ�RXU�MRE�LV�GRQH��:LWK�
WKRVH�FRQWURO�PHDVXUHV�LQ�SODFH��WKH�GLVHDVH�ZLOO�
HYHQWXDOO\�EH�HUDGLFDWHG��R��KHOSV�XV�XQGHUVWDQG�
ZKLFK�FRQWURO�PHDVXUHV�ZLOO�EH�KHOSIXO�DQG�KRZ�
LQWHQVHO\�WKH\�VKRXOG�EH�DSSOLHG�

,Q�RXU�FDVH��WKH�EDVLF�UHSURGXFWLYH�UDWLR�LV

:H�KDYH�WKUHH�IDFWRUV�XQGHU�RXU�FRQWURO��
LQFUHDVLQJ�HGXFDWLRQ��ZKLFK�ZLOO�UHGXFH�WKH�
SDUDVLWH�ELUWK�UDWH�Ȗ���UHGXFLQJ�WUDQVPLVVLRQ�

�ZKLFK�ZLOO�UHGXFH�ȕ��DQG�
FKORULQDWLRQ��ZKLFK�ZLOO�LQFUHDVH�
WKH�SDUDVLWH�GHDWK�UDWH�µ9���<RX�
FDQ�VHH�KRZ�R��GHSHQGV�RQ�DOO�
WKHVH�IDFWRUV��6R�DSSO\LQJ�DQ\�
RQH�RI�WKHP�VKRXOG�UHGXFH�R��

7KDW�LVQ¶W�WKH�HQG�RI�WKH�VWRU\� 
KRZHYHU��$OWKRXJK�ZH�KDYH�
LGHQWL¿HG�WKH�EHQH¿FLDO�IDFWRUV�
XQGHU�RXU�FRQWURO��ZH�GRQ¶W�
QHFHVVDULO\�DFKLHYH�HUDGLFDWLRQ��
$QG�HYHU\�SDUDPHWHU�ZLOO�YDU\��
LQ�SUDFWLFH��EHFDXVH�VRPH�ZRUPV�
ZLOO�JLYH�ELUWK�WR�PRUH�SDUDVLWHV�
WKDQ�RWKHUV�RU�VRPH�SHRSOH�ZLOO�
EH�PRUH�OLNHO\�WR�EH�LQIHFWHG��
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Figure 4: The mathematical model. Humans can be born, become infected or 
die (from background reasons, not from the disease). Once infected, humans 
carry the worm for a year, before becoming infectious (for a few hours). The 
parasite’s birth is proportional to the number of infected individuals, while its 
death rate is proportional to the size of the population.
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6R�ZH�QHHG�WR�DFFRXQW�IRU�YDULDWLRQV�LQ�RXU�
SDUDPHWHUV��)RUWXQDWHO\��GHWHUPLQLQJ�SDUDPHWHU�
UDQJHV�LV�PXFK�HDVLHU�WKDQ�SLQSRLQWLQJ�D�SUHFLVH�
YDOXH��7KH�WKUHH�SDUDPHWHUV�XQGHU�RXU�FRQWURO�DUH 
Ȗ��ȕ�DQG�µ9��VR�OHW¶V�YDU\�WKHVH�RYHU�ODUJH�UDQJHV�
ZKLOH�¿[LQJ�DOO�RWKHU�SDUDPHWHUV�DW�WKHLU�DYHUDJH�
YDOXHV��See Figure 5.

Killing the parasite isn’t terribly 
effective. Why? ,QFUHDVLQJ�WKH�SDUDVLWH�
GHDWK�UDWH�LQYROYHV�PRYLQJ�DORQJ�WKH��9�D[LV�
WR�WKH�UHDU�OHIW��%XW�WKH�OHYHO�VXUIDFH�LV�YHU\�
VKDOORZ��VR�\RX�QHHG�WR�PRYH�D�ORQJ�ZD\�WR�WKH�
EDFN�FRUQHU�WR�JHW�XQGHU�WKH�VXUIDFH��5HGXFLQJ�
WUDQVPLVVLELOLW\�LQYROYHV�PRYLQJ�GRZQ�WKH�ȕ 
D[LV��%XW�WKLV�LV�RQ�D�ORJ�VFDOH��VR�WKDW�WDNHV�
PXFK�ORQJHU�WKDQ�LW�¿UVW�DSSHDUV��+RZHYHU��VHH�
KRZ�VWHHS�WKH�VXUIDFH�LV�IRU�VPDOO�Ȗ"�7KLV�PDNHV�
LW�YHU\�HDV\�WR�PRYH�XQGHU�LW�E\�D�VPDOO�FKDQJH�
in Ȗ��7KLV�VXJJHVWV�WKDW�HUDGLFDWLRQ�VKRXOG�RFFXU�
LI�ZH�VWLFN�WR�RQH�VWUDWHJ\��UHGXFLQJ�WKH�SDUDVLWH�
ELUWK�UDWH�

How can we do that?
7KURXJK�HGXFDWLRQ��RI�FRXUVH�
(QFRXUDJLQJ�SHRSOH�QRW�WR�SXW�WKHLU�LQIHFWHG�
OLPEV�LQ�WKH�GULQNLQJ�ZDWHU�PHDQV�WKDW�HDFK�
WLPH�D�ZRUP�GRHVQ¶W�EXUVW�LQWR�WKH�ZDWHU��WKDW¶V�
��������SDUDVLWHV�WKDW�DUHQ¶W�UHOHDVHG��
7KLV�PHDQV�WKDW��LQ�WKH�¿QDO�SXVK�WR�HUDGLFDWLRQ��
ZH�VKRXOG�FRQFHQWUDWH�RXU�HIIRUWV�RQ�UHDFKLQJ�
UHPRWH�FRPPXQLWLHV��LQIRUPLQJ�WKHP�DERXW�
WKH�VSHFL¿FV�RI�*XLQHD�:RUP�'LVHDVH�DQG�LWV�
WUDQVPLVVLRQ�F\FOH��

,Q�VXPPDU\��HUDGLFDWLQJ�D�GLVHDVH�LVQ¶W�MXVW�D�
PDWWHU�RI�VLWWLQJ�DURXQG�DQG�ZDLWLQJ�IRU�VRPHRQH�
WR�LQYHQW�D�YDFFLQH��:H�KDYH�YDFFLQHV�IRU�OHVV�
WKDQ����RI�DOO�GLVHDVHV��%RWK�GUXJV�DQG�YDFFLQHV�
DUH�EHKROGHQ�WR�VFLHQWL¿F�EUHDNWKURXJKV�WKDW�
FRQVXPH�PLOOLRQV�RI�GROODUV�EXW�PD\�QHYHU�
KDSSHQ��+RZHYHU��HGXFDWLRQ�LV�UHODWLYHO\�FKHDS��
KLJKO\�HIIHFWLYH�ZKHQ�GRQH�ULJKW�DQG�FDQ�EHJLQ�
LPPHGLDWHO\��

7KH�FULWLFDO�HOHPHQW�RI�WKLV�LV�JHWWLQJ�HGXFDWLRQ�
ULJKW��'RQH�EDGO\��LW�FDQ�ORRN�WR�GHYHORSLQJ�
FRXQWULHV�DV�WKRXJK�WKH�:HVW�LV�WHOOLQJ�WKHP�ZKDW�
WR�GR��H�J���SHRSOH�RIWHQ�UHMHFW�PHVVDJHV�DERXW�
VDIHU�VH[�GXH�WR�KLVWRULHV�RI�SRSXODWLRQ�FRQWURO���

+RZHYHU��FXOWXUDOO\�VSHFL¿F�HGXFDWLRQ��FDUHIXOO\�
WDUJHWHG�WRZDUGV�LWV�DXGLHQFH��KDV�WKH�SRWHQWLDO�
WR�FKDQJH�HQWLUH�VRFLHWLHV��DV�LW�KDV�ZLWK�*XLQHD�
:RUP�'LVHDVH��

0DWKHPDWLFDO�PRGHOOLQJ�FDQ�KHOS�XV� 
GHWHUPLQH�ZKDW�QHHGV�WR�EH�GRQH�LQ�DGYDQFH�
DQG�WR�GHWHUPLQH�ZKLFK�IDFWRUV�ZLOO�KDYH�WKH�
JUHDWHVW�LPSDFW�RQ�WKH�RXWFRPH��:H�DUH�FORVH�WR�
HUDGLFDWLQJ�*XLQHD�:RUP�'LVHDVH��RQH� 
RI�KXPDQLW\¶V�ROGHVW�GLVHDVHV��WKDQNV�WR�
EHKDYLRXU�FKDQJHV�DQG�HGXFDWLRQ�DORQH��2QFH�
*XLQHD�:RUP�'LVHDVH�LV�HUDGLFDWHG��LWV�OHVVRQV�
ZLOO�DSSO\�WR�RWKHU�GLVHDVHV�ZKHUH�HGXFDWLRQ� 
FDQ�EH�HIIHFWLYH��QRW�OHDVW�RI�ZKLFK�LV�+,9��
0HVVDJHV�QHHG�WR�EH�FDUHIXOO\�SRVLWLRQHG�DQG�
WDUJHWHG��EXW�LI�GRQH�ULJKW�WKH\�KDYH�WKH�SRWHQWLDO�
WR�GR�ZKDW�QR�DPRXQW�RI�WUHDWPHQW�KDV�PDQDJHG��
WXUQ�D�JOREDO�HSLGHPLF�DURXQG��XVLQJ�WKH�SRZHU�
RI�HGXFDWLRQ�

Figure 5: The level surface R���Ȗ��ȕ��µ9��� ����If you are above the surface, 
then R0 is greater than 1 and the disease will persist. If you are below, then R0 
is less than 1 and the disease will be eradicated.


