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Threshold policy avian-only model achieves global stability. Moreover, by choosing an appropriate quaran-
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Quarantine region below I, or a sliding equilibrium, suggesting the outbreak can be controlled. There-
fore a well-defined threshold policy is important for us to combat the influenza outbreak
efficiently.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Recently, a new bird flu H7N9 has been reported as a threat to the public health across China. As an early stage of pre-
caution, the China Health and Family Planning Commission has alerted the WHO (World Health Organization) about this
infection [1,2]. Further, epidemiological investigations have been carried out to identify the root of the infection so that the
disease can be controlled in the most effective and efficient way [2]. The public are also advised to take care of their personal
hygiene, avoiding any contact with the sick or bird carcasses, reducing contact with wild birds and limiting unnecessary vis-
its to poultry farms [3,2]. Humans can be infected by avian influenza through direct contact with dead or infected poultry
and wild birds. People who have been infected by avian influenza may initially develop several symptoms such as fever,
sore throat, muscle aches, cough, having breathing difficulties and conjunctivitis [4-6].

The spread of the new highly pathogenic avian influenza A viruses has not only triggered a major loss of life but has also
cost a significant amount of money. Governments worldwide have spent billions of dollars to treat the infected patients
and invest in prevention to control the disease [7]. Thus it is crucial to identify any possible effective control measures that
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can eradicate the disease or at least to bring down the impact of the outbreak to a minimum level. That is, minimizing the
number of infected is always a priority.

A significant number of mathematical modeling studies have been initiated to evaluate the effectiveness and the role
of control measures in combating avian influenza [8-13]. Ferguson et al. [14] examined the effectiveness of targeted
prophylaxis antiviral drug and social distancing measures in fighting an emerging influenza outbreak in Southeast Asia. Nufio
etal.[15] assessed the basic public-health control strategies (such as using protective tools like gloves and masks, isolation in
hospital wards and quarantine of suspected patients) in order to minimize the infection rate in hospitals and communities.
The use of antiviral drugs and vaccination in combating a potential flu pandemic had also been discussed. Gulbudak
and Martcheva [16] incorporated various approaches to culling of domestic birds: mass, modified and selective culling
approaches. They concluded that, besides culling of domestic birds, timely employment of temporary control methods such
as separation of poultry from wild birds, increasing biosecurity and prohibiting poultry movement and hatching eggs will
either reduce the number of infected domestic birds or eradicate the disease in poultry.

Further, Agusto [17] applied optimal control theory to a system of ordinary differential equations to describe the trans-
mission of two-strain avian influenza. Isolation of individuals with avian and mutant strains is represented by a pair of con-
trol variables. Moreover, cost-effectiveness of all possible combinations of the control measures is calculated. The results
show that the combination strategy of isolating individuals with both avian and mutant strains is the most cost-effectiveness
and provides more benefits towards disease eradication compared to only using one control strategy. Chong et al. [ 18] sug-
gested that a combination of pharmaceutical (vaccination) and non-pharmaceutical (personal protection and isolation) in-
terventions can combat avian influenza more effectively.

Several conventional control methods such as pharmaceutical or non-pharmaceutical interventions may be employed
if the number of infected individuals exceeds a certain tolerant threshold, say I, in order to control or suppress the
transmission rate of an emerging infectious disease. Thus, whenever the number of infected is below the threshold level
I, the infection is considered tolerable. However, once the number of infected reaches I, we assume that an outbreak might
occur. Henceforth, we call this type of disease management strategy a threshold policy [19-21].

Xiao et al. [22] extended the classical SIR model to a Filippov SIR model incorporating behavioral change of general
individuals and implementation of necessary control measures by public authorities. They showed that the model solutions
will either converge to one of the two endemic equilibria or the sliding equilibrium on the discontinuous surface. In order to
preclude the outbreak or to stabilize the infection at a desired level, Xiao et al. suggested that choosing a proper combination
of threshold level and control intensities is crucial.

Tang et al. [19] designed a piecewise HIV virus dynamic model with CD4™ T cell counts to evaluate the strategies of
structured treatment interruptions (STIs) of antiretroviral therapies. The dynamic models for drug-on and drug-off states
with a single threshold and two thresholds (i.e., threshold window) are studied. Both models for STIs with single thresh-
old and threshold window show that the CD4™ T cell counts are preserved above a safe level. However, numerical results
show that, by picking different lower and upper tolerant thresholds, it will either converge to a stable level or fluctuate.
To conclude, an appropriate tolerant threshold of CD4™" T cell counts and an individualized STI strategy based on the ini-
tial value of CD4™ T cell counts for each individual patient are essential to compute the duration of drug on/off states for a
patient.

In addition, Zhao et al. [23] proposed two Filippov plant disease models with cultural control strategy; a plant-disease
model with replanting and roguing, and a Lotka-Volterra Filippov plant disease model with proportional planting rate. For
the former model, a roguing rate that is proportional to the number of infected plants is considered. The global dynamic
behavior of these models is discussed. Further, the global stability of five types of equilibria is thoroughly investigated.

An HPAI (highly pathogenic avian influenza) outbreak brings losses to the poultry business especially in commercialized
poultry-processing industries. Besides the great loss in these business ventures, a significant number of birds will be de-
stroyed [24,25]. The H5N1 outbreak in Hong Kong during 1997 caused an estimated loss of $13 million and the culling
of 1.4 millions birds. In the 2001 H5N1 outbreak in Hong Kong, 1.2 million birds were killed, resulting in a total loss
of $3.8 million. The H7N7 outbreak in 2003 in several European countries caused a loss of $314 million and 30 million
birds [26,27].

HPAI viruses (H5 and H7 subtypes) usually cause infection among common bird species, such as chickens, ducks, pigeons,
quails, turkeys and others. HPAI viruses can result in a very high mortality rate (90%-100%). Avian influenza viruses can be
found mostly in the feces, saliva and nasal secretions of birds. Due to limited space of birds in the farm, avian influenza
viruses can be spread easily among poultry flocks through aerosol or fecal-oral route [8,26,28]. Poultry, mainly chicken
meat and eggs, are a valuable source of protein for many people, especially for lower-income groups, since chicken meat is
the cheapest of all farm animals [29]. Hence, it is important for us to study avian influenza infections.

Here we would like to propose two mathematical models with piecewise control strategy that relate to threshold policy:
an avian-only model with culling of infected birds as a control strategy in Section 2 and an SIIR model with quarantine as the
control measure in Section 3. The dynamical systems of these two models are governed by nonlinear ordinary differential
equations with discontinuous right-hand sides. The local asymptotic stability of disease-free and endemic equilibria in
the regions below and above the threshold level are analyzed in each model. Further, the existence of a sliding mode, its
dynamics and the global stability of the equilibria (if it exists) will also be investigated in each model. Finally, we will discuss
the implications of our results in Section 4.
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2. The avian-only model with culling of infected domestic birds

In this section, we consider an avian-only model incorporating culling of infected birds as a control strategy. Here we only
consider domestic birds for the avian population. In order to manage the disease, the number of infected birds is used as
an index of reference in applying the control strategy. The disease is considered to be manageable and the implementation
of control methods is not required if the number of infected birds is below the tolerant threshold Ir. However, the action
of culling the infected birds has to be employed immediately when the number of the infected birds exceeds the threshold
level Ir. This action is essential to control the outbreak before the situation becomes more severe.

The avian-only model is driven by two compartments: susceptible domestic birds (S4) and infected domestic birds (I).
The total population of domestic birds, Ng(t), is the sum of S;(t) and I;(t) at time t. Here, we represent the bird inflow,
natural death and disease death by the parameters A4, uq and dg, respectively. The differential equations for this model are
formulated as follows:

Sq(t) = Agq — BaSalg — LaSa

, (2.1)
Iy (t) = BaSals — (pa + da)lg — ugcly
with
0 forly<ly < ogly) =1lg—1Ir <0
Ug = (2.2)
1 forly > It < oy(ly) =13 — It > 0,

where It > 0 is the tolerance threshold, Sy is the rate at which domestic birds contract avian influenza and c is the culling
rate of infected domestic birds.
Moreover, we divide (S4, Iy) € Ri into three regions as follows:

Gia = {(Sa, la) € R%; 1q < Ir}
Goa = {(Sa. 1o) € RY: 1g > Iy}
Mg = {(Sa. 1a) € R Iy = Ir}.

We define the normal vector perpendicular to My as ng = (0, 1) and the right-hand sides of (2.1) in region G;4 are denoted
by fig fori = 1, 2, where

o=saseto = (s 00 L i)

faa = fa(Sa. 1) = <1d [gdds;fd((ﬁglizdui)do '

Lemma 2.1. Theset Dy = {(Sd, I) eR2; Sy +1; < 2—5} is a positively invariant and attracting region for model (2.1) with any
given initial conditions in Ri.
Proof. By adding both Sj(t) and I}(t) of model (2.1), we get

N; = Ag — taSq — (g + da)lg — ugcly < Ag — palNg. (2.3)

Solving (2.3) by using an integrating factor, we obtain

t d t
— ¢ — ¢
[) d§ (Nde“d )d; = A Ade“d d{

A
Na(t)ed" = Ng(0) + J(eudt B 1)
Hd

Ag . Aqg
Ng(t) < — ifNg(0) = S4(0) + 15(0) < —.
Hd Hd

Thus we obtain Ny(t) < 2—2 if Ng(0) < 2—;’ Hence the region Dy is positively invariant.
Next, to show that Dy is an attracting region for model (2.1), let Ng(t) > % and % =Yg = Ag = uq¥q. From (2.3),
we have
Ny < Ag — paNa = pta(Ya — Na) < 0.

We infer that the total population of domestic birds (i.e., Ny = Sq+14) of (2.1) is bounded by 2—2 Moreover, every solution
of model (2.1) with initial conditions in D4 will remain in Dy for t > 0. It is noteworthy to mention that every solution with
initial conditions in Ri \ Dg will approach Dy as t — oo. Hence the w-limit sets of (2.1) are contained in D;. H
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Since Dy is a positively invariant and attracting region for model (2.1), the solution of model (2.1) exists in D;Vt > 0 and
this model is mathematically and epidemiologically well-posed in Dy [30]. So it is sufficient to consider the dynamics of this
model in Dy.

2.1. Analysis in region Gqq

In this section, we begin with the calculation of the basic reproduction number and then analyze the stability of the equi-
libria in region G14. The dynamics in region G4 can be described by the following nonlinear ordinary differential equations:

Sq(6) Ag — BaSalg — p4Sq
(Ig,(r) BaSala — (a + da)lg ) =1e (24)
There are two equilibria involved in (2.4), the DFE (disease-free equilibrium), E1og = (Sq4, I5) = (%, 0) and a unique

“d+dd  AdBd—id(nd+dq)

positive EE (endemic equilibrium), Ey14 = ( ) The basic reproduction number (see [31,32] for further

Ba Ba(a+da)
details) for model (2.4), Ry4, is given as follows:
AdB
Ry=—"""+.
ta(peg + da)

In addition, we would like to show that the DFE and EE of model (2.4) achieve local asymptotic stability in the following
theorems, and the Jacobian matrix for this model is

_ (—Pda—n —BdS
Jua Gar 1) = < dﬂild ‘ BaSa — (,ldidd+ dd)) '

Theorem 2.2. The DFE, Eq4, of model (2.4) is locally asymptotically stable if Ryq < 1.

Proof. By solving the characteristic equation |J14(E104) — M| = 0, we obtain

AgBy
(=g —2) P —(a+d)) —2[=0 = A=—us<0
d
A — d
- aBa — ma(pg + d)<0
Md

if Ryg < 1. We conclude that, at the DFE, all eigenvalues of (2.4) are negative if Riy4 < 1. Hence Eqoq is locally asymptotically
stableif Ry < 1. W

Theorem 2.3. The EE, Eq14, of model (2.4) is locally asymptotically stable if R1g > 1.
Proof. The eigenvalues of J14(E114) are
1 AgBy ) ( AaBa )2
A=—-|— + VA where Ay = —4|A — +dg)|.
5 < o+ da 1d 1d o+ dy [AdBd — 1a(pra + dg) ]
If Rig > 1, we obtain AgB4 — wa(ugq +dg) > 0. Thus all A are complex eigenvalues with negative real parts if A14 < 0 since

2
all associated parameters are positive. Otherwise, if Aj4 > 0, then A4 < (M’;"f;d) , o0 all A are negative real numbers.

It follows that Eqq4 is either a stable spiral or stable node. Hence Eqq4 achieves local asymptotic stability whenever
Rg>1 N

2.2. Analysis in region Gaq

Asimilar analysis as shown in Section 2.1 will be carried out in this section. The following equations describe the dynamics
in region Gyg.

SiO _ Ag — BaSald — paSq _
(%(0) - </3d5d1a — (g +dg + C)’d) = faa- (2.5)
Md+dg+c

Ba
). Moreover, the basic reproduction number (refer to [31,32] for further details) for model (2.5), Ryq, is

In Gy4, we found two equilibria: the DFE, Eygg = (Sg,1Iq) = (%, 0), and a unique positive EE, Eyyq = (

AdBa—md(ng+dg+c)
Ba(g+dg+c)
thus

AgBa

Ryy=—7—""—"-.
ma(pg +dg +¢)
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Further, the local asymptotic stability of the DFE and EE of model (2.5) are shown in the following theorems.

Theorem 2.4. The DFE E;oq of model (2.5) is locally asymptotically stable if Ryg < 1.

We use a similar method as in the proof of Theorem 2.2 to demonstrate that all eigenvalues of (2.5) at E,q4 are negative or
have negative real parts whenever R,y < 1. Therefore, we claim that E,qq is locally asymptotically stable if Ryg < 1.

Theorem 2.5. The EE E;14 of model (2.5) is locally asymptotically stable if Ryq > 1.

The same method as Theorem 2.3 can be used to prove Theorem 2.5, so we omit the proof here.

2.3. Existence of a sliding mode and its dynamics

Definition 2.1 ([23]). If (ng, fig) > 0and (ng, fo4) < 0on £24 C My, then §2; is the sliding region.

Types of regions on discontinuity surfaces are given in Appendix A.
The existence of a sliding mode is assured if (ng, fi4) > 0 and (ng, fo4) < 0. In this case, we have

d d
Ha T8 od (g, fua) <0 ifSy < hyg = He T 9T C
B B

Note that we have hi4 < hyy whenever ¢ > 0. So the sliding domain £2; C M; is defined as follows:

d dg+c
QdZ{(Sd,Id)GMd; fa + Ga <Sd<Md+ at
Bud B

Next, we find the sliding mode equations using Filippov convex method [33,34], which is demonstrated as follows:

B _(sho _ (ng, foa)
o= 0 wheresy = () and o= B0

= Sq©\ _ (Aa — BaSala — 1aSa
= fd 1h(t) 0 .

Since the sliding mode only exists on £2; € My and there is no change of I; with respect to time t, we can rewrite (2.6) on
£24 in following manner.

Sq(t) = Ag — BaSalr — [14Sa- (2.7)

(Tld,fm) >0 ifSqy>hy=

} = {(Sq, Ia) € My; hig < Sqg < hag}.

(2.6)

Ad
Balr+1ud
types of equilibrium points for a Filippov system) if

Md +dg Ag Mg+ dg+c
< < .

The sliding equilibrium, E; = ( , IT), is a unique pseudoequilibrium (refer to Appendix B for further discussion of

(2.8)
Bad Balr + pa Bad
By manipulating (2.8), we infer that E, lies on 24 if
_ AgBa— pa(png +da +©) AgBy — pa(pba +dg)
h3s = <Ir < = hyg.
Ba(pa + da + ) Ba(ua + da)
In conclusion, E; is locally asymptotically stable on £2; since % (Ag — BaSala — 14Sq) = —Balr — g < 0 where

Wd, Ba, It > 0; i.e., the eigenvalue of (2.7) is negative.

2.4. Global stability of the endemic equilibria

We divide (Sq, I;) € Ri into three regions, G4, My and G,4. For each region, there exists equilibrium points, E;4, E114 and
E>14, Which are located in regions My, G14 and G,q, respectively. In this section, we represent Ey, E114, E214 and the initial
point in Figs. 2-6 by symbols o, e, x and M, respectively. Next, the stability of equilibria E4, E114 and E,14 is discussed in the
following subsections and some numerical simulations have been shown to depict the stability of the equilibrium point. All
parameters are given in Table 1, unless otherwise stated.

2.4.1. Case 1: E11q and E»q4 are virtual equilibria if hsg < It < hgqg

Let us denote the virtual equilibria E114 and E514 as E}’ld and E;’ld. These two equilibria are located in regions G,4 and Gyg4,
respectively. In this case, we claim that E; € 24 C My is globally asymptotically stable if hsy < It < hyg in the following
theorem. So if a limit cycle does not exist in model (2.1), then our claim is valid.
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Table 1
Avian-only model (2.1) parameters.
Parameter Description Sample value Units Reference
Aq Bird inflow L% Individuals per day [35]
a Natural death of birds e per day [36]
Ba Rate at which birds contract avian influenza 0.4 per individual per day [37]
dg Disease death rate due to avian influenza in birds 0.1 per day [36]
c Culling rate of infected birds 1.5 per day Assumed

Theorem 2.6. E; € 24 C My is globally asymptotically stable if hyg < It < hag.

Proof. Letg; = Ag—BaSala—i1dSd, &2 = BaSala—(a+da)la, g3 = BaSala— (a+da+uac)lgand gy = BySala— (a+da+C)lg.
Consider a Dulac function, B(Sg, Iy) = ﬁ for regions Iy < Iy and Iy > It where It > 0 and (S4, Ij) € ]Rf_.
For regions I; < Ir and I; > I, we obtain

d(Bgy) = 0(Bgs) _i(Ad d_ud>+7<5d Md—l—dd—l—udc)

O al; 9S4 \ Saly aly Sy

Ag

S2lg
<0 V(S4,1g) € RZ\ Mg. (2.9)

We refer to [22], which has demonstrated that Dulac’s theorem (see Theorem C.3 in Appendix C for more details) can be
used to prove the non-existence of a limit cycle for a discontinuous dynamical system. In this case, the dynamical system
(2.1)with (2.2)is discontinuous at the line I; = I and (2.9) is satisfied for I; # Ir.In order to show the non-existence of limit

cycle I' that surrounds the sliding equilibrium E4, we have to show that ffcid [B(BB;';) + a(;?)] dSqdl; < Ofori = 1,2, by

Green’s Theorem. We would like to show this by contradiction. Assume that there exists a limit cycle I” that passes through
the discontinuous manifold My containing E; and the sliding domain £2; in its interior. Suppose this limit cycle I" has period
T and direction as shown in Fig. 1. Let us denote the intersection points of I" and My (i.e., the line I; = Ir) as P and Q,
the intersection points of I" and the line Iy = It — § as P; = P + a;(8) and Q; = Q — a,(8), and the intersection points
of I' and the linel; = Iy + 8§ asP, = P + by(§) and Q; = Q — b,(§) where § > 0 is sufficiently small. Moreover, we
assume that a;(8), a,(8), b1(8) and b, (8) are continuous with respect to § and lims_, ¢ a;(§) = lims_.q b;(6) = O0fori=1,2
are satisfied. The region G4 is bounded by I'; and segment P;Q;, whereas the region G,4 is bounded by I'; and segment
P,Q,. Furthermore, the nonlinear ordinary differential equations in region G4 are denoted by g; and g,. Let 3Gy4 denote the
boundary of G14. By Green’s Theorem, we obtain the following:

J(B a(B d(B 9 (B
/'/' [ ( gl) ( gZ)]dedId _ // ( gl)dsdd1d+ff ( gZ)dedId
cul 050 Ol G 95 G Ola
= % (Bgy)dly —-(%; (Bg2)dSq
aG1q 0G1q

= / Bgqdly + /_} Bgqdly — (/ Bg,dSy + [_) Bg2d5d>
In QP In QP
/ (Bgl & — Bg '31)df - /_, Bg,dSq
I QP

- /_} Bg,dSqy (2.10)
QP

where -4 =g => dSy = gidt
Bgldld = f, * Bgydly = 0.
Slmllarly, in Gyq the dynamical system is represented by g, and g4. By Green’s Theorem, we have

, dt = g, = dl; = gydt and there are no changes of I in the segment P1Q; —

d(B, d(B.
// [ (Bgy) 9 g4)]d5ddld - —/ Bg,dS,. 2.11)
Gl 954 dlg P20,
Suppose Gyo C Gog. Let & = ffczo [agssg;) + 8(354)] dSqdly = 9§ac20 (Bgldld — Bg4d5d) < 0 from (2.9). Thus we have

0>¢ > —(/H Bg,dSy + /H Bg4d5d>. (2.12)
QP PyQ
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Fig. 2. E; € £24 C My is globally asymptotically stable if hsg < It < hyg.

Moreover, by taking the limit § — 0 of the addition of (2.10) and (2.11), we obtain

lim (— /_} Bg,dSy; — /_} Bg4d5d>
§—0 QP X0

Q—ay(3) d Q—by(8) d c
_ hm[ / (ﬁd _ Lﬂ)dsd _ / (m _ W)dsd]
§=00 Jpta(s) Sa P-+b1(6) S

Q Q
= [/3d5d — (g +dg) In Sd]P - [,Bdsd — (g +dg+0c)ln Sd]P
=c(InQ —InP) >0

since Q > P, which contradicts (2.12). Thus there are no limit cycles surrounding the sliding domain £24 and the sliding
equilibrium E,4. Hence E; € 24 C My is globally asymptotically stable if hsg < It < hyg. B

Fig. 2 shows that all the trajectories with arbitrary initial conditions in ]Ri will converge to Eg € 24 C Mg if hsy < It < hyg,
as per Theorem 2.6. We pick It = 20 in this figure. Trajectories denoted by (a) will hit and slide to the right of £2; before
convergin/g to E4. Meanwhile, trajectories (b) will hit and slide to the left of £2; and then move towards Eg.

Since ;Tg (from Table 1) is large, it is unlikely we can show clearly that Case 1 will remain in the positively invariant and

attracting region, Dy = {(Sd, Iy) € Ri; Ig+Sq < % } ast — oo. For this reason, we increase w4 to 0.3 in Fig. 3 to depict

the convergence of solutions of Case 1 in region D4 and define I; = 8. From Fig. 3, we found that the possible trajectories for
this case are

(a) atrajectory that hits §2,4 from the region G4 slides to the left of £2; and moves towards E,.

(b) atrajectory with initial point located either inside or outside the attraction region Dy will cross My from Gy4 to Go4. Then
the trajectory hits and slides to the left of £24 before converging to Ej.

(c) atrajectory with initial point located in G4 either inside or outside of the attraction region Dy will hit and slide to the
right of £2,4 before moving towards E,.
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Fig. 3. All trajectories move towards E; € £2; C M, in the positively invariant and attracting region Dy = [(Sd, Iy) € Rﬁ_; Ig+Sq < %} ifhsg < It < hyg
is fulfilled.

G,
5 \- R
(b)
4t @ ]
%> gf

21d

T .’__*/_/—// Q My
()
s 4
RCI—— G
0 I I I I
0 hy 1 2 3 hyy 5 6
S

Fig. 6. E5, € Gyq is globally asymptotically stable if Ir < hsg.
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2.4.2. Case 2: Eq114 is a real equilibrium, whereas E14 is a virtual equilibrium if It > hyq

Let us denote Ef,; as a real equilibrium and E} ; as a virtual equilibrium. Both of these equilibria are located in region G4
and there is no equilibrium lying in region G,4. Further, we claim that Efl 4 achieves global asymptotic stability if Iy > haq. In

order to show the global behavior of E{‘] 4 in this case, we would like to consider the following Lyapunov functions for model
(2.1), which have given rise to Theorem 2.7:

Ma+dg g +dg ( BaSa ) AaBa — a(ig + da)
Vi = ViSa, Ig) = S — - In -
! o ¢ Bu B M+ dg Ba(pa + da)
_ AdBa — jta(pta 4 da) [ Ba(a + da)la ]
Ba(pg + dg) AgBa — wa(peg + dg)

and

Vo = Va(Sa, Iy) = Sq —

Md+dd+C_Md+dd+Cln( BaSa > I_Adﬂd—ﬂd(ﬂd+dd+c)
Bad Ba g +dg+c Ba(pg + dg + )

~ AdBa — pd(pa +da +©) ln[ Ba(pg +dg + o)y } (2.13)
Ba(pg +da +©) Aafa — a(pa+dg+0) | '
Theorem 2.7. The function
Vi(Sq, 1a); Iy <Ir g
Ug + dg
Vi(Sa, It) + Va(Sa, o) — Vo(Sa, Ir); Iy =Irand S < ————
4
V (S, la) = d (2.14)
Vi(Sa. b lo=Irand$, > ’”TJ“’
4
V1(Sq 1a); Iy > Ir

is a Lyapunov function on Ri for (2.1) and {E$1d} is globally asymptotically stable if It > hgyg.

Proof. If [; > hyg, it follows that Ag8q < Ba(wg + d))lr + a(ug + dg) & AgBa < (g + da)(Balt + a).

(a) We want to show that if (Sg, Iy) € G4 := {(S4, Ig) € Ri; Iy < It}, then (VV, fiq) < 0.
In this particular case, we have the fact that V;(Sq, Ij) > 0V(S4, I3) € G1g and V4 (Efm) = 0.Then

(VV, fia) = (VV1, fig)
_ [BaSa — (g + da)l[Ad — Sa(Bala + pna)l | [(na + da)(Bala + ta) — AaBallBaSa — (a + dg)]
= +
,Bde ﬂd(/j-d + dd)
_ ~AdlBaSa — (na + dg))?
BaSa(1a + da)
0 V(Sd, Id) € Gyg

IA

where (VV, fi4) = 0when S; = ”dﬁ—*fd Otherwise, (VV, fi4) < 0.

(b) We claim that if (Sy, I) € [(sd, Ia) € My: Sq < %] is satisfied, then we obtain supgq.<; (VV., afig + (1 — ar)fog) = 0.

Forly =Irand S; < %, we have V{(Sq, It) + Vo (Sq, Ig) — V5(Sq, It) > 0. We find that, when I; = It,

Ag[BaSa — (a + da)1[ (g + da + ) — BaSq] -0

VvV, =
(VY- i) BaSa(pq + dg + )

where, for all S; < "dﬁtdd , we have 84Sy — (g +dg) < 0and (ug + dg + ¢) — BaSq > 0. It follows that (VV, fiz) =0

when Sy = ”dﬂ—tdd. Otherwise, (VV, fiq) < 0.
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Again, we compute

(V. o) = [BaSa — (pa + da)][Ag — Sa(Bala + 14)]
BaSa
N [(q + dg + ) (Bala + pa) — AgBal [BaSa — (a + dg + ©)]
Ba(pg + dg + )
- (g +dg + ©) [BaSa — (pa + da)] [Aa — Sa(Balr + pa)l
BaSa(a + dg + ¢)
N Sa [(a + dg + ) (Balr + a) — AaBal [BaSa — (1a + da)]
BaSa(fLa + dg + ©)
where Iy = Ir, (g + dg + ¢)(Balr + q) — AgBq > 0 and
X [(pa + dg + ) (Balr + 1a) — AgBal [BaSa — (a + da +©)]
[(pa + da + ) (Balr + pa) — AaBal [BaSa — (g + dg)]
Aq[BaSa — (a + da)] [(a + da + ¢) — BaS4]
BaSa (g + dg + ©)
Md +dg
4
where B4Ss — (1a + dg) < 0, (g + dg + ¢) — BaSq > 0VSg < % and (VV, fo4) = Owhen Sy = %
Hence supy_,<1 (VV, afia + (1 — @)foq) = 0.
(c) We claim that, under the condition of (S4, I) € [(Sd, Ig) € My; Sq > ‘”"Ttd"},we have supy-, <1{VV, afig+(1—a)faq) <
0.

A

IA

0 VS5 <

Forl; =Ir and Sy > MT:% we obtain V;(Sg, It) > 0. Next,

(VV, fia) = (VV, f)
[BaSd — (g + da)1[Ag — Sa(Balr + pa)]

= where I; = I7
BaSa

[BaSa — (ia + d)] (Ad _ m)

a+dg AgBa
< BaSs where — (Bglt + 1g) < —m
—AdlBaSa — (pa + do)]?
BaSa(ua + da)
<0 VS > Md+dd.
Ba
Hence, supy,<1 (VV, afia + (1 — @)foq) < 0.
(d) We want to show that, whenever the condition (S4,I) € Gyq = {(Sa,Is) € ]Ri; Iy > It} is satisfied, we obtain

(VV, frq) < 0.

For I; > Iy, it follows that V;(Sg4, I;) > 0. Next,

(VV, fag) = (VV1, faa)
—AqlBaSa — (g + da)* — ¢Sq [(iea + da) (ia + Bala) — Aafudl
BaSa(ig + dg)
- —AqlBaSa — (a + da)1* — Sq [(iq + da) (g + Balr) — AdPBal
BaSa(ia + da)

< 0 V(Sq,1q) € Gyg

since —cSq [(14g + da) (a + Bala) — Aafal < —Sa[(pa + da) (a + Balr) — Aafal and (g + da) (a + Balr) — AdBa > 0.
We obtain V* = maX,ef sy, (VV, 1) <0V (Sq, Iy) € Ri and with equality only if S; = 444 where j = 1,2 and

Bd
fia; (Sa, Iq) € Gug
fia(Sa, Ig) = Jafia + (1 — a)fag;  (Sa, Ig) € Mg where o € [0, 1]
fads (Sq, 1) € Gyq.

Thus V(S4, Iy) is a Lyapunov function on Dy and, by Lemma 2.1, Dy is compact. Let Z14 = {(S4,Iq) € R?; v = 0} =

eny (“d;d dg , IT>. So the largest positively invariant subset of X4 is {Efld}. Hence, by LaSalle’s Invariance Principle and
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Fig. 7. All trajectories will remain in region Dy = {(Sd, Iy) € Ri; Ig+Sq < f’—:} and converge to E§1d € Gygast — oo if Iy < haq is satisfied.

Corollary C.2 (see Appendix C), every solution of (2.1) with initial conditions in ]R{?F will approach Ef]d ast — o0 if It > hyg.
Therefore Ef] 4 is globally asymptotically stable if Iy > hyq. B

Fig. 4 describes the possible trajectories for Case 2 with It = 65. The solutions for Case 2 with initial points in G4 will move
to EX,, in G4, whereas trajectories with initial conditions in G,4 will either converge to EX, ; after crossing My or hit and slide
to the left of £24 before moving towards EX, .

By applying the same reasoning as in Case 1, we choose 4y = 0.3 and I = 15 in Fig. 5. The possible trajectories, which
are illustrated in Fig. 5, are as follows:

(a) atrajectory with initial point located in G4 within D4 will converge directly to Efl @

(b) a trajectory with initial point located either in G4 or G4 and outside the attracting region D4 will hit and slide to the left
of £24 before moving towards EX, ; in region Gyg.

(c) a trajectory that begins in region G4 outside the attracting region D4 will cross the discontinuous surface My. Then it
will hit and slide to the left of £24 before converging to EX,, in Gg.

2.4.3. Case 3: Eyq4 is a real equilibrium, whereas Eq14 is a virtual equilibrium if It < hsq

Let us denote EX, ; as a real equilibrium and EY; as a virtual equilibrium. Both of these equilibria are located in region Gy,
and there is no equilibrium lying in region Gy4. Further, we claim that Efld achieves global asymptotic stability if It < hsg.
In order to show the global behavior of E§1d, we consider the Lyapunov function V,(Sy, Ig) (2.13) for model (2.1) and the
construction of Theorem 2.8.

’l}heore;ln 2.8. The function V,(Sy4, I) (2.13) is a Lyapunov function on Ri for (2.1) and {E§1d} is globally asymptotically stable
if It < hsg.

The proof of Theorem 2.8 is similar to that of Theorem 2.7.
We depict Theorem 2.8 numerically in Fig. 6. It is clearly shown that every solution of Case 3 will approach E§1d ast — oo

with arbitrary initial conditions in Ri. Trajectories, which are depicted in Fig. 6, are

(a) atrajectory that starts in region G4 or G,4 will hit and slide to the right of £24 before moving towards E§1 @
(b) a trajectory with initial condition in G,y will approach E§1d ast — oo.
(c) atrajectory with initial point in G4 may pass through My and then proceed towards E§] 4 inregion Gyg.

We increase the parameter (4 to 0.3 in Fig. 7 to show that the numerical solutions of Case 3 remain in region Dy and
converge to EX,; as t — oo. In this simulation, we select Iy = 1.2. From Fig. 7, we can see that

(a) atrajectory with initial point located in G4 within D4 will hit and slide to the right of £2; C My before moving towards
ER , in region Gyg.

(b) a trajectory with initial point located in Gy4 and either within or outside of the attraction region Dy will approach to Ef, ,
directly.

(c) atrajectory that begins from G,4 might hit £2; C My and slide to the right before moving towards E§1 @

For Fig. 8, we set Ag = 100, ug = 0.3, 84 = 0.01, dy = 0.05, c = 0.5 and It = 50. We observe that all trajectories with
arbitrary initial conditions converge to EX ,, which agrees with the theoretical result shown in Theorem 2.8.

In conclusion, the solutions of model (2.1) will converge to either one of the two endemic equilibria (i.e., either EX,; in
GyqOr E§1d in Gy4) or the sliding equilibrium E; on sliding domain 24 C My if the requirement of (2.8) is met. We do not have
to apply any control methods whenever h3y < It < hyg (Case 1) or It > hyg (Case 2) is satisfied. This is due to the number
of infected birds, which always remain below the given threshold level I; since we have proclaimed that the infection is
tolerable. Therefore, in this particular case, the trajectory of model (2.1) either converges to Efl 4 1IN Gyg or stabilizes at Eq
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Fig. 8. E§1 4 € Gyg achieves global asymptotic stability whenever It < hsq.

on £24 C My. However, the solution of (2.1) converges to E§1d in Gyq if It < h3g (Case 3). For this case, the application of
control methods will be triggered as the number of infected birds reaches the critical level (i.e., greater than the tolerance
threshold level Ir), beyond which we proclaim that an outbreak will occur. In order to inhibit the occurrence of an outbreak
or stabilize the infection at a satisfactory level, by virtue of Theorem 2.6, we need a proper combination of control intensity
and tolerance level. Hence, in order to combat an outbreak effectively, we require a well-defined threshold policy.

3. The SIIR model with quarantine as a control measure

When six people were reported dead and 18 people infected by H5N1 in Hong Kong in 1997, it changed the general belief
that avian influenza viruses were believed to be non-infectious to humans. Most avian influenza viruses do not spread to
humans; however, H5N1, H7N2, H7N3, H7N7 and H7N9 are known to cause severe infections in humans [26,38,39]. Avian
influenza viruses transmit easily to humans through direct contact with dead or infected birds. However, there are some
reported cases that humans might be infected by the lethal virus indirectly via contaminated water, food that has been
stained by the virus or other objects contaminated with infected birds’ feces [26,40].

There are many types of control methods that have been employed to reduce the infection rate of avian influenza, such
as practicing personal protection, isolation, prescription of antiviral drugs and vaccination [18,14,15]. So in this section,
we would like to consider a Filippov SIIR avian influenza model incorporating quarantine as a control measure. This model
consists of susceptibles (S), humans infected with avian strain (I, ), humans infected with mutant strain (I,;) and humans who
have recovered from avian and mutant strains (R). Here, we assume that when the total number of infected humans, I, + I,,,
is greater than some threshold level I, infected humans with either avian or mutant strain will be isolated from susceptibles.
In other words, quarantine will be implemented in order to control the spread of the disease and the quarantined individuals
will not return to the susceptible population; that is, the immunity was permanent. However, if the total number of infected
humans is below the tolerance threshold I, then quarantine is not required. The SIIR model equations can be expressed as:

S'ty=4- Ba(1 — qu)Sly — Br(1 — qu)Shyy — uS
I,(6) = Ba(1 = qu)Sly — (n +d +y + €

I () = Bn(1 — qu)Slyy + €Iy — ( + d + y)I (3:1)
R'(t) = y (s + In) — 4R
with
u={0 forly+ 1y <le & o, In) =l +1n—1. <0 (32)
1 forly+In>1I < o(aly) =l +In—1I. >0,

where q is the quarantine rate and I, > 0 is the critical threshold of the total number of infected humans. Table 2 shows the
descriptions of the associated parameters in model (3.1) and sample values.

Since R decouples from the remaining equations in model (3.1), we consider only the first three equations of model (3.1)
with (3.2). It should be noted that R always preserves local stability; i.e., the associated eigenvalue is A = —u < 0 where
> 0. We further assume that 8, > B, [37]. Furthermore, we define

Gr=A{S.Io.Im) € R Ig + I < I}
Gy = {6, Is, In) € Ri; Iy + I > Ic}
M = {(S, Io. Im) € R3; I + In = I}
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Table 2

Descriptions of the associated parameters in SIIR model (3.1) and sample values.
Parameter Description Sample value Units Reference
A Human recruitment rate 190 Individuals per day [36]
n Natural mortality rate of humans ssx]W per day [36]
Ba Transmission rate of human-to-human with avian strain 0.4 per individual per day [37]
B Transmission rate of human-to-human with mutant strain 0.3 x B4 per individual per day [37]
d Additional disease death rate of humans due to avian influenza 0.15 per day [36]
1% Recovery rate of humans with avian influenza 0.2669 per day [41]
€ Mutation rate 0.01 per day [37]
q Quarantine rate 0.6 Assumed

The manifold M is a discontinuous surface and it divides Ri into two regions, G; and G,. We denote the normal vector

that is perpendicular to M as n = (0, 1, 1)T and all the right-hand sides of (3.1) in region G; by f; fori = 1, 2. The dynamical
systems in regions G; and G, are thus represented by

A = BoSlag — PmSIn — uS
fi=AG 1, In) = ( BaSla — (W +d +y + )l )

BuSln + €lg — (1 +d + y)In (3.3)

A= =q)BSla — (1 — q)BmnSln — 1S
f2 :fZ(S, Iaslm) = (] _Q)ﬂaSIa_(ﬂ+d+V+5)Ia
(1= q)BuSln + €lg — (n +d + )l

Lemma 3.1. The set D = [(S, I, Im,A) eR*;N=S+I,+I,+R < ﬁ] is a positively invariant and attracting region
for (3.1) with any initial conditions in Ri.

We can use a similar method as shown in Lemma 2.1 to prove Lemma 3.1; hence we omit the proof of this lemma.

Since D is a positively invariant and attracting region for model (3.1), the solution of (3.1) exists in D Vt > 0 and model
(3.1) is mathematically and epidemiologically well-posed in D [30]. Thus it is sufficient to consider the dynamics of this
model in D.

3.1. Analysis in region G,

The dynamical systems in region G; can be described by the following nonlinear ordinary differential equations.

S,(t) A— ,BaSIa - ﬁmSIm - /’LS
I(;(t) = ( BaSly — (u+d+y + )l ) = fi.
I, (t) BnSIn + €lg — (1w + d + ¥)In

(3.4)

There are two equilibria in G;, the DFE E1g = (S, Iy, Iy) = (ﬁ 0, 0) and a unique positive EE

E11 = (En1S, Enla, E11lin)
where
w+d+y+e
Ba
€[ABa —pu(p+d+y +e)l
(Ba—Br)(u+d+y)(u+d+y+e)
[ABs —pn(u+d+y + )]l [(u+d+y)(Ba— Bm) — €Bnl

Ba(Ba — Br)(u +d+y)(u+d+y +e)
[((u+d+y)(Ba— Bm) — G,Bm]EHIm.

€Ba
InGy == {(S, Io, Im) € R3; Iy < —Iq + I}, we have Ey; € R3, and this implies that

Ei1S =

Eyln =

Enle =

d
Es=HTatrte o (3.5)

Ba
€[ABs—pn(p+d+y +e)l

Enln =
Ba—Bn)(w+d+y)(u+d+y+e)
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which implies AB; — u(uw +d+ y + €) > Osince B; > By, and

d — — Eqq]
Epl, = [(+d~+y)(Ba — Bm) — €Bml Eniln =0, (36)
€Ba
which implies (u +d + y)Bs — (u +d + ¥ + €)Bm > Osince B, > By and Eq1l, > 0.
The transmission matrix F; and transition matrix V; of model (3.4) are defined as

F; = (585 ﬂn015> and V; = (M +dj_€y T M +2+ y) , respectively.
At the DFE, we have
ABa 0
RV = up+d+y+e)
APme ABnm

up+d+y)u+d+y+e) pp+d+y)
and the basic reproduction number (see [31,32] for more details) of G; is given as follows:

A A
R{ := max { P , P } = max {Riq, Rim}
uptd+y+e) pup+d+y)
— ABa _ ABm
where Rla = Wtdtr+o and le = Lutd)
The Jacobian matrix of model (3.4) is
—Bala — Pmlm — —Ba —Bm
J16S, 1o, In) = Bala BaS—(n+d+y+e 0 .
Bmln € BuS — (u+d+y)

Further, the local asymptotic stability of E;y and E;; is shown in the following theorems.

Theorem 3.2. For model (3.4), the DFE Eqq is locally asymptotically stable if Ry < 1.

As in the proof of Theorem 2.2, we can show that all eigenvalues of (3.4) at Eqg are negative if Ry < 1. Hence E;q achieves
local asymptotic stability whenever Ry < 1.

Theorem 3.3. For model (3.4), the endemic equilibrium Eq; is locally asymptotically stable if Ry > 1,a;,a,,a3 > 0 and

aia, > as, where
a, = —Aba + (utd+y)Ba— (/4+d+y+e)ﬁm
1= WFd+y+e Ba
4 = [ABa—p(ut+dty+)]Ba(utd+y)—€pfml + A[ﬁa(u+d+y) Pm(utdty+e)] and
2= Ba(utd+y) ptdty+e
[ABa— u(u+d+y+6)l[(u+d+y)f3a (utd+y+e€)Bml
a

as =

Proof. At Eq1, the Jacobian matrix is

Al A A
Ji(En1) = (A1 A Ax

As1 Az Asz
_ _ _ Bm(utdty+e) — [ABa—p(utd+y+O)]l(n+d+y)a— (M+d+y+e)ﬂm]
where Ay = — 3l A = —(u+d+y +€). A = [ PP A+ (u+ ATy +0)
Ay = Ay3 = 0,A3; = €BmlABa—p(utdty+e)l Asy = € and As; — (utdty+O)pm—(utdity)ba

(Ba=Bm) (u+d+y) (u+d+y+e)’
By solving the characteristic equation |J;(E11) — AI| = 0, we obtain

Ba

)»3+|: ABq (N+d+y)ﬁa_(/*+d+7/+€)ﬂmi|k2
u+d+y+e Ba
(48— nu+d+y +0][ulu+d+y) —ebn|  A[fatn+d+y) = putu+d+y+e)
+ + 2
Ba(p +d+y) ut+d+y+e
[Aﬂa—M(u+d+y+6)][(u+d+y)ﬁa—(M+d+y+6)ﬁm]

Ba

IfRi >1 = Ry >1 = ABs —pu(u+d+y+e€) >0and og(u+d+y) — Bn(r+d+ y +¢€) > 0 from
(3.6) = Bo(u+d+ y) —€Bm > 0, then we obtain aq, a;, a3 > 0. Moreover, if we also have a;a, > as, then, by the
Routh-Hurwitz Criterion [42], all roots of (3.7) are negative or have negative real parts. Hence E1; is locally asymptotically
stableif Ry > 1Tandaia, > a;. W
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3.2. Analysis in region G,

The dynamics in region G, can be represented by nonlinear ordinary differential equations as follows:

S'(t) A = Ba(1 = q)Slg — Bn(1 — @)SIyy — S
L@ | = Ba(1=qSla — (n+d+y + ) = fo. (3.8)
I.(t) Bn(1 — @)Shy + €y — (0 +d + ¥)In

In G,, we have two equilibria: the DFE, Eyg = (S, Iy, Iy) = <§, 0, 0), and a unique positive EE,

Ey1 = (ExS, Exilg, Exily),

where
d
EyS = wt+d+y+e
Ba(1—1q)
Bl — €[AB(1—q) —p(p+d+y +e)l
21 -
T A-B— B +d+y)(n+d+y +e)
Eyl — [AB(1—q@) —pu(u+d+y +e)ll(u+d+y)Bs— (u+d+y +€)pnl
! Bl =) (Ba— B)(+d+y) (e +d+y +€)
_ [(u+d+y)Ba— (L +d+y +€)Bml| Eailn
€Ba '
Furthermore, we have E;; € Ri, and this implies that
b, 5= HTdtyr+e
Ba(1—q)
_ €[AB(1—q) —p(p+d+y +e)l
Exily = ,

>
(1=Ba—Bm)u+d+y)u+d+y+e)
which implies AB,(1—q) — u(u+d+y +¢€) >0,where0 <1—q < land B; > By = By — Bm > 0and

Eoil [(w+d+y)Ba— (u+d+y +€)BnlE2iln
21lg = > 0,

€fa

which implies (u +d + y)Bs — (w +d + Y + €)Bm > 0 with Ex1I;, > 0.
The transmission matrix, F,, and transition matrix, V5, of model (3.8) are

F, = (ﬂa(lo— QS ﬂm(10— q)s) and V, = (u Tty e } +2+ y) . respectively.
At the DFE E,(, we have
ABa(1—q) 0
By = up+d+y+e
€APn(1—10q) ABm(1—q)

uptd+y)(ut+d+y+e) pp+d+y)
and the basic reproduction number (see [31,32] for further details) of G, is

) ABa(1—q) ABm(1—q)
R, := max , = max {Ryq, Rom}
up+d+y+e) up+d+y)
where Ry, = —2£41=9_ and R,,, = Abn1-0)

D nuddtyte) o plutdty)t
In addition, the Jacobian matrix of model (3.8) is

Bi1 Biz Bis
J2(S, I, Im) = | Bar Bz Bas
B31 B3z Bss

where By = _,‘30(1 - Q)Ia - ,Bm(] - Q)Im - H»B12 = _ﬂa(l - Q)SvBB = _IBm(] - Q)S, By = ,Ba(‘l - Q)Ia, By =
Ba(1—q@)S — (u+d+7y +€),By3 =0,B31 = Bn(1 — @, B3y = € and B33 = B(1 — @)S — (w +d + y).
Furthermore, the local asymptotic stability of E;; and E;; is shown in the following theorems.

Theorem 3.4. For model (3.8), the DFE E,g is locally asymptotically stable if R, < 1.
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We use a similar method as shown in Theorem 3.2 to prove Theorem 3.4; i.e., to show that all eigenvalues of model (3.8) at
Eyq are negative if R, < 1.

Theorem 3.5. For model (3.8), the endemic equilibrium E, is locally asymptotically stable if R, > 1, by, b, b3 > 0 and b1b, >
bs, where

AB(1—q) (m+d+y)Ba—(u+d+y +€)Bn

S i dry te Ba
b, — [AB(1—q@) —u(pn+d+y +e)]lBa(n+d+y) — €Bnl
Ba(u +d+y)
+A(1—q)[ﬁa(u+d+y)—ﬁm(u+d+y+e)]
n+d+y+e
by — [A,Ba(l_Q)_M(M+d+y+€)][(ﬂ+d+)’)lga_(/i+d+)/+€),3m].
Ba

Similar methods as Theorem 3.3 can be used to demonstrate the proof of Theorem 3.5; thus we omit the proof of this
theorem.

3.3. Existence of sliding mode and its dynamical systems

We need to compute
0 A — BaSlg — BinSlm — uS
(n,f1) = <(1> , ( BaSla — (L +d+y + € >>
1 BmSly + €lg — (u +d + y)Iy
= BaSla + BnSln — (0 +d + y) g + Iin)
= ﬂaSIa + ,BmSIm - (M +d+ V)IC (39)
where, on M, we have I, = —I, + I, and
0 A= Bo(1 = q)Slg — Bn(1 — @)Slyy — S
(n,fo) = <(1> , ( Ba(1 =Sl — (n+d+y + ) )>
1 Bn(1 — @Sl + €l — (u+d+ ¥y
= Ba(1 = @)Slg + Bin(1 — @)SIyy — (u +d + y)Ua + )
= Bu(1 = @)Sly + Bn(1 — SUc — Io) — (n +d + )l
= (lga - ,Bm)(l - Q)SIa + ,Bm(1 - Q)SIC - (.u + d + V)Ic- (3-10)
A sliding mode exists if (n, f;) > 0 and (n, f;) < 0. Thus
(u+d+y)l

(,Ba - ,Bm)la + ﬁmlc
(nw+d+y)l

(1 — @) [(Ba — Bm)la + Bulc]

where0 < 1—¢q < 1.Since B; > Bm,0 < 1—q < land I, I, > 0, then we obtain h,(I;) = % and hi(I;) < hy(I,). So
the sliding domain £2 C M is defined as

2 :={6,Is,In) e M;hi(Iy) <S < hy(y), g +I;y =1} .

(n,fi) >0 ifS > hi(ly) ==

(n,fo) <0 ifS < hy(ly) ==

Further, we can find sliding mode equations by using the Utkin equivalent control method [43]. From (3.2), we have
o (g, In) = Iy + Iy — I.. Then,

do do  dl, " do  dly
dt ~— dl, dt =9I, dt
(1 = qu)S(Bala + Bmlm) — (u +d+y)Uq + 1) from (3.1).

= 0 and solving for u, we obtain

do
dt

_ S[(Ba — Bu)la + Bl — (n+d + p)le
qs [(lga - ,Bm)la + ,BmIC]

where, on M, we have I,,, = —I; + I..

By setting

(3.11)
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From %‘[ = 0, we also have I/ (t) + I/,(t) = 0. By substituting (3.11) into (3.1), we have

St)=A—(u+d+y)l. — us;

(n+d+ )l
(ﬂa - ﬂm)la + Igmlc
So the sliding mode equations on £2 C M are

SO =A—(u+d+y). —uS

(1 +d+p)l

I[;(t) = ﬂaIa |: -

(ﬂa - ﬁm)la + ,Bmlc
I (t) = —L(0).

I(t) = ﬂala[ ]— (w+d+y+el,. (3.12)

]— (n+d+y+el (3.13)

For model (3.13), there exists a unique positive pseudoequilibrium point, E; = (ES, Esl,, Esl,), where ES =
A—(ptd+y)le _ IclBa(ptd+y)—Bm(utd+y+e)] _ €Balc e ; ; ;
m ,Ed, = o P ity +O and E,,, = Fe Pty 7o E; is in 2 C M if the following constraint

is satisfied.

A—(u+d+yp)l
hi(la) < ES < hy(la) & hy(ly) < =& p Y% < hy(ly).

A reduced dynamical system of (3.13) is defined as in (3.12), and the local asymptotic stability of Es is shown in the following
theorem.

Theorem 3.6. E; € 2 is locally asymptotically stable if Bo(u +d+y) — Bn(u +d+ y +€) > 0.

A similar approach as in Theorem 2.2 can be employed to demonstrate that all eigenvalues of (3.12) at E; are negative if
Ba(w+d+y) — Bu( +d+ y + €) > 0, so we omit the proof of this theorem.

3.4. Local stability of the endemic equilibria

S, I, Iy) € Ri is divided into three regions, Gy, M and G,. There exists an equilibrium point in each region, Eq1, E; and
E,; inregions Gy, 2 C M and G,, respectively. In this section, let us denote the real and virtual equilibria with superscripts
R and V, respectively. We will discuss the stability of Es, E{; and E;; in the following subsections. Note that, in order to
illustrate the theoretical results, some numerical simulations are carried out in this section. All parameters shown in Table 2
are used in the numerical simulations, unless otherwise stated.

3.4.1. Case 1: E1; and E»q are virtual equilibria
If (3.14) is satisfied, then both Eq; and E;; are virtual equilibria.
Eqilg + Eqqly > 1. and Exily + Exqly < .. (314)

Here EY, and EJ, are located in regions G, and Gy, respectively. In this case, we have E; € £ C M, which is locally
asymptotically stable. All trajectories will converge to Es if (3.14) is satisfied.

Theorem 3.7. The pseudoequilibrium E; cannot coexist with Efl and E§]. In addition, Es € 2 C M is locally asymptotically
stable if it exists.

Proof. Note that ES — hy(Esly) > (<)0 = ABy — u( +d+y +€) > (<)Ba(it + d + Y)Ie, ES — hy (Esly) < ()0 =>
AB(1—q) —pup+d+y+e) < (>)B(1 —q)(u+d—+ y)l. where0 < 1 —q < 1 and all associated parameters

are positive, vl + Eyily = 2P HUEEIEO and Byl + Byl = AP0 bUCArt9 we refer to [44] to prove that the

pseudoequilibrium E; cannot coexist with Ef; and EX,. So we have to show that (a) if E; € £ C M is a pseudoequilibrium,
then Eq; and E,; are virtual equilibria, and (b) if E is not a pseudoequilibrium, then E1; and E;; are real equilibria.

(a) IfE; € 2 C M is a pseudoequilibrium (i.e., h(Esly) < EsS < hy(Esl,) = EsS — hq(Esly) > 0 and E;S — hy(El;) < 0),
then Ey1ly + Eq1lm > I and Exql; + Exql, < I indicate that Eq; and E,q are virtual equilibria.
Apo—plptdtyt+e)  Pulptdtyle
Ba(pt +d+y) Balw +d+y)
where E;S — hy(Eslg) > 0= ABs —pu(u+d+y+¢€)> Ba(t +d+ y)l.
APl - —pptdty+e) Fl-gu+d+yl —1
Ba(1l — (e +d+y) Ba(l — (e +d+y)

where ES — hy(Esly)) < 0 = AB(1—q) —u(p+d+y +¢€) < B.(1 —q)(n+d+ y)l. Thus the existence of
pseudoequilibrium E; implies the non-existence of real equilibria E1; and E;.

Eilg + Enly =

c

Exilg + Exiln =
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(a) A trajectory with initial point in G; will hit and slide to the left on 2 C M
before moving towards E;.

S
o
[ =T R AR G

m 0 4 3.5 |

(b) A trajectory which begins in region G, will converge to E; after it hits and
slides to the right on £2 C M.

Fig.9. E; € £2 C M is locally asymptotically stable if (3.14) is satisfied.

(b) IfEs is not a pseudoequilibrium (i.e., Es & 2 C M = ES — hy(Esl;) < 0and ES — hy(Esly) > 0)then Eqqly + E1ly < Ie
and E»qI; + Ex1l, > I indicate that E1; and E;q are real equilibria.
ABy —u(n+d+y+e) - Balw +d+y)lc
Bl +d+y) Ba +d+y)
where E;S — h(Esly)) < 0= ABg—pu(u+d+y +e€) < Bo(u+d+ p)l.
AB(1—q@) —p(p+d+y+e)  Ba(l—q@)(u+d+y)l
Exilg + Exily = > =
Ba(1 = +d+y) Ba(l—q(u+d+y)
where E;S — hy(Esly) > 0 = AB(1—q@) —pu(u+d+y+e)>B1—-qu+d+ y)l.
So Eq; and E;q are real equilibria whenever E; ¢ §2 C M. Therefore, the pseudoequilibrium Es cannot coexist with the real
equilibria E1; and E3;.
Next, we would like to discuss the stability of E; € £2 C M. We have shown that Es € £2 C M achieves local asymptotic
stability in Theorem 3.6. For any choice of threshold level I. in between E3I; + Ex1I,, and Eq1l; 4 E11], the local asymptotic

stability of E; in the sliding domain always holds. Hence, E; is locally asymptotically stable in the sliding domain £2 C M if
itexists. W

Enlg + Enily =

c

o

* Ba(1=q)(u+d+y) 65x365

(0.0001619), then we select 4 = 0.3 and I, = 2.5 while other parameters are defined in Table 2 in order to depict Case 1
clearly; i.e., Es € 2 C M achieves local asymptotic stability if (3.14) is fulfilled. Fig. 9 shows that any trajectory that begins
either in region G; or G, will converge to E; € £2 C M if (3.14) is satisfied.

Since the difference between Eq1l; + E11l;; and Exql, + Exqly (i.e. M) with u = ——— is considerably small

3.4.2. Case 2: Eq; is a real equilibrium, whereas E,1 is a virtual equilibrium
If the following constraint is satisfied, then E1; is a real equilibrium and E, is a virtual equilibrium.

Evlg + Enln < I¢ and Eoqlg 4 Bl < I (3]5)

Both EF, and E}, are located in region G;. In this case, we have an equilibrium point located in G (i.e., E11) and there is no
equilibrium point located in region G,. If (3.15) is satisfied, then all trajectories in this case will converge to Ef]. Hence, Ef1
achieves local asymptotic stability.

Theorem 3.8. Efl is locally asymptotically stable if (3.15) is satisfied.
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(a) A trajectory with initial point in G, will hit and slide to the right (b) A trajectory will cross the region S < h; on M from the direction
on £2 C M before moving towards E¥,. of G, before moving towards EF,.

(c) A trajectory that begins in region G; will converge to E¥, without (d) A trajectory will pass through M moving towards G, from G; and
hitting or passing through manifold M. hit manifold M again from the direction of G,. Then it will slide down
on 2 C M before converging to Ef, in G;.

Fig. 10. EF, € G, is locally asymptotically stable if (3.15) is fulfilled.

We discover that Ef1 is located in region G, if (3.15) is fulfilled. Since we have proved that the equilibrium point E;; € G;
achieves local asymptotic stability in Theorem 3.3, we omit the proof of Theorem 3.8.

Case 2 is depicted in Fig. 10 with I. = 8. Any trajectory with initial point in region G or G, will converge directly to Ef1
either without hitting the manifold M or it will hit the manifold M, slide and then move towards the equilibrium E¥,.

3.4.3. Case 3: E»; is a real equilibrium, whereas E11 is a virtual equilibrium
E5; is areal equilibrium and Eq is a virtual equilibrium if (3.16) is satisfied.

E]]Ia +E111m > IC and Ez]Ia + E21Im > IC. (316)

In this case, both EY, and EX, are located in region G,. There is no equilibrium point that can be found in region Gy, but
there is one equilibrium point (i.e., Eo1) that lies in region G,. All trajectories will converge to E§1 if (3.16) is fulfilled. So E§1
achieves local asymptotic stability in this case.

Theorem 3.9. E§1 achieves local asymptotic stability if the requirement of (3.16) is met.

Note that E§1 is located in region G, if (3.16) is satisfied. In Theorem 3.5, we have proved that the equilibrium point E;; € G,
is locally asymptotically stable. So we omit the proof of Theorem 3.9.

The result of Theorem 3.9 is illustrated in Fig. 11. All trajectories in this case with I. = 6 will either hit or do not hit the
manifold M before converging to EX,.

4. Conclusion and discussion

Two Filippov models that are governed by nonlinear ordinary differential equations with discontinuous right-hand sides
have been proposed; notably the avian-only model with culling of infected birds and the SIIR model with quarantine as
control measure. At the initial stage of an outbreak, many people are not aware of the existence of the disease. This usually
leads to rapid disease outbreak since no disease preventions have been practiced by the public. When the emerging infectious
disease has reached a critical stage, known as the “threshold level”, people may start to take necessary precautions to prevent
themselves from being infected [22]. Sliding mode control is one of the desirable methods to depict this type of disease-
management phenomenon [21].

An HPAI outbreak in avian population can create havoc in the poultry industry; a large number of birds will have to be
killed since culling birds is one of the primary strategy to eradicate an avian flu outbreak, especially among the infected
avian population. Studies on culling have been carried out to identify the most effective approach to eradicating the disease
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(a) A trajectory will hit M from the direction of G,. Then it will slide to  (b) A trajectory with initial point in region G, converges to EX,
right on £2 C M before moving towards E5, in G,. directly.
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a

(c) A trajectory hits £2 C M from G, and then moves up on §2 before (d) A trajectory crosses manifold M from G; to G, and then moves
converging to EY, in G,. towards EX,.

Fig. 11. EX, € G, is locally asymptotically stable if (3.16) is satisfied.

and reducing the socio-economic impact [ 16,45]. Hence it is essential for us to look closely at which culling threshold level
should be chosen in order to eliminate the disease or at least to stabilize the infection. For instance, in the avian-only Filippov
model (2.1), whenever the trajectory is found to be converging to E{14 in G4 or Eq € £24 C Mgy, we proclaim that the infection
of avian influenza in the avian population is still bearable. However, if the solution of model (2.1) converges to E,14 in Gy,
we assume that an outbreak is emerging. As a response to the outbreak, control methods have to be implemented in order to
suppress the transmission and contain the disease. In addition, the theoretical results and numerical simulations in Section 2
show that model (2.1) achieves global asymptotic stability.

Due to the influenza pandemic history, HPAI outbreaks, mainly H5N1, have caused severe infections in humans and
resulted in many human deaths [46]. Many types of interventions have been applied to minimize the impact of avian
influenza. Quarantine is one of the conventional control methods that has been widely used, especially in the absence of
medicines and vaccines, during the onset of the outbreak to reduce the transmission rate of the disease. However, quarantine
policy (e.g., location of quarantine, timeframe, who can set up quarantine, the use of legal orders and who has the authority
to issue the orders and so on), limitations of resources (e.g., food, clean drinking water and medical equipments) and the lack
of health-care workers are some of the most critical issues for public-health authorities [47,48]. Hence, an SIIR model with
quarantine as a control measure is designed to assess an appropriate quarantine threshold level that will lead to disease
elimination. In Section 3, it is shown that the solutions of model (3.1) will converge to either one of the two endemic
equilibria or the sliding equilibrium. In order to inhibit an outbreak or to stabilize the infection, we have to choose a suitable
tolerance threshold I. such that the trajectory of model (3.1) is approaching E{ in G or a sliding equilibrium E; on £2 C M.

There are several limitations of these two models that should be mentioned here. Throughout the model simulations,
fixed constants of bird inflow and human recruitment have been applied in avian-only and SIIR models. We have made
assumptions that the immunity of humans was permanent (i.e., recovered humans will not move to susceptible class) and the
human-to-human transmission rate with avian strain is greater than the human-to-human transmission rate with mutant
strain. For the avian population, infected birds are presumed to stay infected; i.e., infected birds will not move to other
classes such as susceptible and recovered compartments. It is also noteworthy that we assumed humans with avian and
mutant strains have the same values of recovery and additional disease death rate.

Our findings show that we can either preclude the influenza outbreak or stabilize the infection at a desired level by
choosing an appropriate threshold level. A well-defined threshold policy is essential to us in order to combat an outbreak
effectively and efficiently.
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Appendix A. Types of regions on a discontinuity surface M

Suppose an ordinary differential equation
x=f(x,t) (A1)
with threshold policy is discontinuous on a surface M that is defined by equation
o(x)=0
where x € R". The surface M separates the x space into domains G~ and G*. Let us denote the differential equations that

represent the dynamics in the regions G~ and G* as f~(x, t) and f ™ (x, t), respectively.
There are three types of regions on M: sliding, sewing and escaping regions [23], which are defined as follows.

Definition A.1 ([23]).

(a) If (n,f~) > Oand (n, f*) < 0on 2 C M, then 2 is known as a sliding region.
(b) If (n, f~) - (n.f*) > 0,i.e., (n,f~) and (n, f*) have the same signs on £2, C M, then 2, is called as a sewing region.
(c) If (n,f~) < 0and (n, f*) > 0 on £25 C M, then £25 is known as an escaping region.

Note that escaping and sliding regions cannot exist simultaneously; it is impossible that <n,f*) < Oand (n, f*) > 0 exist at
the same time with (n, f~) > O and (n, f*) < 0.

Appendix B. Types of equilibrium points for a Filippov system

In this appendix, we will use similar notations as in Appendix A. Let us denote the sliding mode equation that describes
the motion in the sliding region £2 C M by f°(x, t). Suppose there exists an equilibrium point in each region G~, G* and £2,
denoted by E;, E; and E;, respectively. There are four types of equilibria that might exist in a model of ordinary differential
equations with threshold policy: real, virtual, pseudoequilibrium and boundary equilibria [23].

Definition B.1 ([23]).

(a) ERis areal equilibrium if f~(ER) = 0 and o (E?) < O or f*(E®) = 0 and o (EF) > 0.

(b) EV is a virtual equilibrium if f~(EY) = 0and 6 (EY) > Oor f*(EY) = 0and o (E") < 0.

(c) EBis a boundary equilibrium if f~(E®) = 0 and o (E®) = O or f*(EE) = 0 and o (E®) = 0.

(d) E” is a pseudoequilibrium if E” is an equilibrium point on the sliding mode; i.e., f°(E”) = 0 and o (E*) = 0.

Note that a stable virtual equilibrium will not be achieved as the dynamics will change once the trajectory hits the
discontinuous manifold [23].

Appendix C. Lyapunov function and theories on global stability of the Filippov system

Consider a differential equation (A.1) with f € C'(G) where G is an open subset of R". The solution ¢ (t, Xo) of the initial-
value problem (A.1) with xo € G will be a dynamical system on G if and only if Vxy € G, ¢(t, xo) is defined Vt € R. The
function ¢ (-, x) : R — G for x € G defines a solution curve, trajectory or orbit of (A.1) with initial point x, € G. A trajectory
with xo € G can be described as a motion along the curve I' = {x € G; x = ¢(t, xo), t € R}, which is defined by (A.1) (refer
to [49] for further details).

Definition C.1 ([49]). A point E € G is an w-limit point of the trajectory ¢ (-, x) of (A.1) if there is a sequence t, — oo such
that lim,_, o, ¢(t,;, x) = E. The set of all w-limit points of a trajectory I" is called the w-limit set of I" and it is denoted by
w(I).

Definition C.2 ([49]). Let G be an open subset of R", f € C!(G) and ¢; : G — G be the flow of the differential equation (A.1)
defined Vt € R.ThenasetS C G is called invariant with respect to the flow ¢ if ¢;(S) C S Vt € R and S is called positively
invariant with respect to the flow ¢, if ¢, (S) C SVt > 0.

Let I (t) := {x € R ; x = ¢(t, Xo) for some xy € G} and ¢ (G) = UtzO I (¢).
Definition C.3 (/50,23]). A function V € C'(R") is called a Lyapunov function of (A.1) on G C R" if it is non-negative on G
and, Vx € G,
V*(x) ;= max (VV(x), n) <0 where
neg(x)
@) xeG

gx) ={afT(x) + (1 —a)f (x); xeMwherea € [0, 1]
fr®; xeG'.



N.S. Chong, RJ. Smith? / Nonlinear Analysis: Real World Applications 24 (2015) 196-218 217

Proposition C.1 ([50,23, LaSalle’s Invariance Principle]). Suppose G C R" is an open set that satisfies w(G) = |Jc 0(x) C
¢ (G). Let every Filippov solution ¢ (t, xo) of (A.1) be unique and defined Vt > 0 and xp € G. Suppose V : R" — R is a Lyapunov
function of (A.1) on ¢ (G). Then w(G) is a subset of the largest positively invariant subset of X where ¥ := {x € G; V*(x) = 0}.

Corollary C.2 ([50,23]). Assume that G and V : R" — R satisfy Proposition C.1 and R" \ G is repelling in the sense that all
solutions stay in R" \ G for only a finite time. Let w(R") = w(G) be bounded. Then w(R") is globally asymptotically stable.

Theorem C.3 ([49, Dulac’s Theorem]). Suppose

dx

_ dy _
@ =f(x,y) and o =gx,y) (C.1)

where f(x, y) and g(x, y) are assumed to be C! functions. If there exists a C! function B(x, y) (where B(x, y) is also known as a
Dulac function) in a simply connected region R such that % + %}g) has constant sign and is not identically zero in any subregion,

then system (C.1) does not have a periodic orbit lying entirely in R.
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