Manin products and Koszul duality patterns
Bruno Vallette

Black and white products of quadratic algebras were introduced by Y. Manin
in his works on quantum groups and non-commutative geometry. Koszul duality
theory for algebras relates these two constructions : the Koszul dual of the
product of two algebras is the other product of the Koszul dual algebras. In their
seminal paper on Koszul duality for operads, V. Ginzburg and M. Kapranov
generalized Manin’s constructions to operads. Notice that these generalizations
are not straightforward and that these products have not been studied much
further. Recently, other Koszul duality theories were proved for colored operad
(Van der Laan), dioperads (Gan) and properads-props (BV).

In this talk, we aim to describe first the general framework for Koszul duality
theories (for instance, the Koszul dual to consider is a comonoid and not a
monoid and its construction only involves universal algebra). Then, we will
define the black and white products in any 2-monoidal categories. Hence, we
get explicit constructions of these products for operads, regular operads and
properads. We will conclude by the proof of a conjecture of M.Aguiar and J.-L.
Loday.
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Manin products for associative
algebras and operads

Associative algebra

Denote by (k-Mod, ®f, k) the monoidal category of
k-modules.

Definition. An associative algebra (A, p, 17) is a monoid
in (k-Mod, ®y,, k). The product 1 : A Q@ A5 Als
associative and k — A is the unit of A.

The product ag ... a; of elements aq, ..., a; of A can be
represented by an indexed branch
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Figure 1: Productof ay, ..., aj.



The free algebra on V is given by the tensor module
T(V):=Ev™
n>0

The natural grading corresponds to the number of vertices
of the branch.

Manin products for quadratic algebras [M]

Denote by A(V, R) := T(V')/(R) the algebra generated
by V and the relations R. When R C V2, A(V, R) is
called a quadratic algebra.

Definition. Manin’s white product is defined by
A(V,R)o AW, S) := A(VW,7(ROW?*+V?®S))
and Manin’s black product is defined by
A(V,R)e A(W,S) := A(V R W, T(R® S)),
where T is the isomorphism
ViV Vs ViV Ve Ve ® V.

Definition. When V is finite dimensional, the Koszul dual

algebra of A(V, R) is the quadratic algebra
A= A(V* RY).

Proposition (M). One has the relation

(AoB)' = A'e B'.



Operad

Definition. An S-module is a collection {P(n) },cn of
right modules over the symmetric group S,,.

To any S-module M, one associates its Schur functor
M : k-Mod — k-Mod defined by

- @ e,

n>0
Let M and N be two S-modules.

Proposition. The composite M O N of the two Schur
functors is the Schur functor of the S-module M o N
defined by (M o N)(n) :=

P Mk@s, (P s, (N)@ - @N(r)),

k>0

where the second sum is extended to all the k-tuples
(i1,...,1x) verifying i1 + - - - + i = n.

With this product, the category of S-modules is a monoidal
category.

Definition. An operad (P, 1, 1) is a monoid in

(S-Mod, o).



Figure 2: The monoidal product M o V.

Roughly speaking, the free operad F (V) is given by trees
with vertices indexed by elements of V. The composition
product of .7-"(V) IS given by the grafting of trees. This
operad is naturally graded by the number of non-trivial
vertices.

Definition. The Hadamard product of two S-modules M
and [V is defined by

(M @y N)(n) :=M(n), N(n).



Manin products for binary quadratic operads
[GK]

Denote by P(V, R) := F(V')/(R) the operad generated
by V' and the relations R.

When V' (n) = 0 for n # 2 the operad P(V, R) is called
binary. When R C F(2y(V), P(V, R) is called a

guadratic operad.

Definition. Manin’s white product is defined by

A(V,R)o A(W,S) :=
AV @y W, H(R@y F(W)(3) + F(V)(3) @4 S)).

Manin'’s black product is defined by
P(V,R) e P(W,S) :=P(V @u W, ¥(R®u S)).

Definition. When V is finite dimensional, the Koszul dual
operad of P(V, R) is the quadratic operad
P':=P(V*, R).

Proposition (GK). One has the relation

(PoQ) =P eQ.



2-monoidal category

Lax monoidal functor

A lax monoidal functor [B] is a functor
F: (A Ky, I4) — (B, Kg, Ig) between two
monoidal categories with a natural transformation

daa  F(A)Rg F(A) = F(AR4 A).

andamap ¢ : Ip — F(I4) compatible with the
associativity and the units of the monoidal categories :

e Associativity condition :

(F(A)Rp F(A)) K F(A") = F(A) K (F(A") g F(A"))

cblZidl id&cﬁi

F(AR4 A RKg F(A") F(A)Kp F(A K4 A”)

d g

F(ARA A R4 A") — 2 o F(ARL (A K4 AY))




e Unit condition : For every A in A, the following diagram
IS commutative

X A A1 4,
Is K F(A) 2D p (1) R F(A) 222 P14 R4 A)

A
l?w \LF(ZA)

F(A).
The same statement holds on the right.

Proposition (B). Let M be a monoid in (A, X 4). The
image F'(M) of M under a lax monoidal functor F'is a
monoid in (B, X).

(Lax) 2-monoidal category

A 2-monoidal category is a category (A, X, I, ®, K),
such that (A, X, I) and (A, ®, K) are two monoidal
categories and such that the functor & : A? — Ais alax
monoidal functor. The natural transformation

¢: (A9B)R (A ®B') — (AR A) @ (BRB')is
called the interchange law.

Proposition. In a 2-monoidal category, the ®-product
M & N of two monoids M and [V for the product X is a
monoid for [X.



Examples

The categories (k-Mod, ®, ®) and (S-Mod, o, [, ®, K)
are 2-monoidal categories, where I = (k,0,0,...) and

K= (k,kk,...).
In the first case, the interchange law is given by the twisting
isomorphism

T: ViV VieaVs—-V0Vs® Vo ® V.
In the second case, the interchange law map comes from
the following map [take coinvariants]

(Vou V(1) @k ((W Ru W) @k -+ @k (W @pu W/)(Zl))
!
V() ®k (W(Zl) Rk - Qk W(Zl)) X
V(1) (W/(’h) QK+ Qk W/(il))
!
(VoW)Q (V' o W) (ir + -+ i)
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Operads Colored operads
Dioperads
PrOperadS ---------------------------- > Props

Properad

Definition. An S-bimodule is a collection
{P(m,n)}m nen of modules over S,,, on the leftand S,,
on the right.

Let M and N be two S-bimodules. One defines a
composite product M X /N which is based on the
composite of operations on a connected graph.
The category (S-biMod, X) is a monoidal category.

Definition. A properad (P, 1, 1) is a monoid in
(S-biMod, X).

(k-Mod, ®f) »— (S-Mod, o) = (S-biMod, X))



——Q1————7QZ——
— P11 —————- D2 —
Y Y

U1 Y2 Y3 Ya

Figure 3: Composition of operations with multiple inputs and
multiple outputs.

Associative algebra — Operad — Properad



White product

Let (A, X, ®) be a 2-monoidal category such that
(LA, X) has free monoids F (V') and denote the canonical
inclusionby ¢ : V — F(V).

LvVew

VoW F(V W)

|
Lv QLw Y

FV)e FW).

Proposition. There exists a natural morphism of monoids

o FVeW)—FV)FW).

Let P and O be two properads defined by generators and
relations, thatis P = F(V)/(R) and Q = F(W)/(S).
Denote by mp : F(V) - Pandbymg : F(W) - Q
the projections.

7'l"p®7TQ

FVRQW)—s F(V)Q@FW) == P Q

\ I@

PoQ




Since the composite mp @ mo © P is a morphism of
properads, its kernel is an ideal of F(V ® W).

Definition. The quotient properad
PoQ:=FVRW)/Ker(mp ® mg o P)
is called the white product of P and Q.

Proposition. The white product of P and Q is equal to
PoQ:=FVeW)/ (2 H(RF(W)+F(V)®S)).

REMARK. When the composite mp & mo o P is surjective,
we have

PO =7Pod.

For example, since 7 is an isomorphism, for algebras, we
have

A(V,R)® AW, S) = A(V,R) o A(W, S).



Koszul duality

Ideal notions

Let (A, &) be an abelian monoidal category. Denote by
Mon 4 the category of monoids in A. Let A be a monoid in

A.

Definition. Let I — A — () be an exact sequence in A.
The monomorphism I — A in Mon 4 is an ideal
monomorphism if A — () is a morphism in Mon 4.

In this case, we say that [ is an ideal (subobject) of A and
() is naturally a quotient monoid, also denoted A/I.

Let (C, A, €) be a comonoid in A, thatis C'is a monoid in
the opposite category A°. Denote by Comon 4 the
category of comonoids in A.

Definition. Let [ — C — () be an exact sequence in A.
The epimorphism C' — () in Comon 4 is a coideal
epimorphism if I >~ C'is a morphism in Comon 4.

In this case, the subobject [ — C'is naturally a
subcomonoid of C' and the quotient () is called a coideal
guotient.

REMARK. Different from the notion of coideal that appears
in the literature (Hopf algebras, Quantum groups for
instance).



(co)ldeal generated by

When R — A is a subobject of a monoid A. Consider the
category of exact sequences (S) : [ — A — () such that
the composite R — A — () is equal to 0.

R

v
3, 0
Y

> A —= @ : (S

Definition. When it exists, denote the initial object of this
category by (R) — A — A/(R).

In this case, () is called the ideal generated by R and
A/(R) is the induced quotient monoid.

Dually, when S «— (' be a quotient of a comonoid C.
Consider the category of exact sequences

(S) : I «~ C «= @ such that the composite

S « C «—= () isequaltoO.

Q (S



Definition. When it exists, denote the terminal object of this
category by (5) «— C' «— C(S5).

In this case, C'(.5) is called the subcomonoid of C
generated by S and (.5 is the induced coideal quotient.

Quadratic data and Koszul dual

Let (V, R) be a quadratic data, that is

R — Foy(V) — F(V).

Definition. The quadratic properad generated by V' and R
is the quotient properad of F (V') by the ideal generated by
R— F(V).wedenoteit P(V, R) = F(V)/(R).

Since the two S-bimodules F (V') = F¢(V) are
isomorphic, we also have

FV) = Fioy(V) = Fipy(V)/R = S.

Definition. The quadratic coproperad generated by V" and
R is the subcoproperad of F¢(V') generated by
Fe(V)— S.wedenoteitC(V, R).

The coproperad C(V, R) is called the Koszul dual
coproperad of P(V, R) and denoted P'. And the properad
P(V, R) is called the Koszul dual properad of C(V, R)
and denoted C'

Proposition.  The linear dual of C(V, R) is a properad
equalto P(VV, R1).



Bar and cobar constructions

The bar and cobar constructions form a pair of adjoint
functors

() : {coaug. dg-coproperads} = {aug. dg-properads} : B.

Theorem. The unite : Q(B(P)) — P of the adjunction
IS a quasi-isomorphism of dg-properads.

Since P(V, R) is a graded properad, its bar construction is
a direct sum of chain complexes

B(P) = D B(P)w)-

n>0

Each B(P)y, is finite, more precisely By, (P),,) = O for
k> n.

Proposition.  We have H,,(Be(P)(n)) = Cin)(V, R).

Therefore C(V, R) — B(P) is the top homology of the
bar construction of P,

When o« : C — P is a twisting morphism (cochain)
between a dg-coproperad and a dg-properad, one can
define a twisted differential on C X P. This chain is denoted
C X, P.

Themapa : C(V,R) - V »— P(V, R) is twisting

morphism.



Definition. The chain complex C X, P is called the Koszul
complex.

Theorem (P (70), GK (94), -). The following assertions are
equivalent

The Koszul complex C X, P is acyclic.

The canonical inclusion C — B(P) is a
guasi-isomorphism.

The canonical projection 2(C) — P is a
quasi-isomorphism.

Definition.  In this case, the properad P(V, R) is called a
Koszul properad. And £2(C) — P is the minimal model of

P.



Black product of comonoids

Colax monoidal functor

A colax monoidal functor [B] is a functor
F (A Ky, I4) — (B, Xg, Ig) between two
monoidal categories with a natural transformation

F(A) K F(A) — F(ARLZA') : ta ar.

andamap Iz «+ F(I4) : & compatible with the
associativity and the units of the monoidal categories :

Proposition (B). Let C' be a comonoid in (A, X 4). The
image F'(C') of C under a colax monoidal functor F'is a
comonoid in (B, Xp).

Colax 2-monoidal category

A colax 2-monoidal category is a category

(A, X, I, ®, K),suchthat (A, X, I)and (4, ®, K)
are two monoidal categories and such that the functor

® : A? — Ais a colax monoidal functor.

Proposition. In a colax 2-monoidal category, the
®-product C' ® D of two comonoids C' and D for the
product X is a comonoid for X.



REMARK. One can also define the notion of bilax
2-monoidal category, that is a lax and colax 2-monoidal
category with compatible relations between the two
structures.

Black product

Let (A, X, ®) be a colax 2-monoidal category such that
(A, X) has free comonoids F“(V') and denote the
canonical projection by py : F¢(V) - V.

Pvew

VoW F(VeoW)

A
=
Pv Qpw |

F(V) F(W).

Proposition. There exists a natural morphism of

comonoids ¥ : F¢(V) @ F¢(W) — F(V @ W).

LetC = C(V, R) and D = C(W, S) be two coproperads
defined by generators and relations. Denote by

ic : C— Fé(V)andbyip : D — F¢(W) the natural
inclusions.



o tc®ip

FVRW) <— FI(V)@F(W) <—=<C®D

KA
-

CeD

Since the composite W o ¢ ® 2p is a morphism of

coproperads, its cokernel is an coideal quotient
Fe(V o W).

Definition. The subcoproperad C e D defined by the
induced kernel is called the black product of C and D.

Proposition. We have (P o Q)i =Pl e Q



Black and White products for binary
guadratic operads

Relation between the white product and the

Hadamard product

Let T denote a binary tree with n — 1 vertices and the
induced label morphism by LY : V@=L — F(V)(n).

Proposition. Let P be a binary quadratic operad such that
for every n > 3 and every binary tree T with n — 1
vertices, the composite

mp o LY : VEOTD L F(V)(n) - P(n)

IS surjective.
For every binary quadratic operad Q, we have

PoQ=P®Q

Corollary. For every binary quadratic operad O, we have

e ComoQ=Com®x 9 = 0.
The operad Com is neutral for the white product in the
category of binary quadratic operads.

e Permo Q ="Perm® Q
e ComTriaso Q =ComTrias @ Q



A ‘Perme-algebra, is a vector space equipped with a binary
operation such that

(x*xy)xz=xx(yx2z) =% (2*xy).

Theorem. We have Perm o As = Dias.

Some black and white products

Under finite dimensional assumptions, the linear dual of an
operad is cooperad. Define the black product of two operads
P and O by the formula

PeQ:= (P eQ")".
We define a similar map
UV : FVIQFW)— F(V®W ®sgn)
Proposition. The black product of P and Q is equal to
PeQ:=F(V@W®asgn)/(¥(R®S)).
It verifies (P o Q)' = P' o Q"
Corollary. We have Prelic e As = Dend.

Theorem. For any binary quadratic operad P, the operad
P e P’ is a Hopf operad.



Theorem. We have

Prelie e Com = Zinb and Perm o Lie = Le1h.

We adopt the following convention. Denote by v, ..., V19
the 12 elements of F (V) (3).

pop — (zy)z

poy = (zx)y

poygp < (yz)z

p’ oy b =(yz)

p' o p o z2(zy)

10

p oy p = y(zx)

7 7
peoypu <« x(2y)

p' oy p’ o z2(y=x)

11

7 7
p' ooy p' = y(xz)

(ool BN o)l ¢

AlWIN|PF

7 7 7
poyp — (zz)y poyp <« (zy)z | 12 poyp <« (yz)z

This labelling corresponds to the labelling of the
permutoassociahedron.

Theorem. An algebra over the operad Prelie @ Perm is
a dendriform algebra such that the two operations < and >
verify the two extra relations

r<y<z2)+tx<@y=z2)=r<EZ<y +z<(z>1y)
- (y<z)=x>(z>1y).

Using the notation x * y := x < y + & > Yy, we sum up
the 5 relations of a Prelie @ Perme-algebra by

i

(x<y)<z=x<(yx*2)
(x=y)<z=z (y < 2)
(x*xy)=z=x+ (y = 2)
r<(y*xz)=x<(2xy)

r-(y<z)=x= (2>y).

/\\

\

All this results show that Prelie @ — is an operation that
"splits the associativity”.



Figure 4: The permutoassociahedron



Relation with unital operations

When an operad P has a Rota-Baxter operator, that is a
unital operator verifying

p(a) * p(b) = p(p(a) * b) + p(a * p(b)), one can also
define two new generating operations : p(a) * b and

a * p(b) that “split the relations”.

There are relations between

Rota-Baxter operators and Prelie o —,

Averaging operators and Perm e —,

differential operators and Letb o —.

Black and White square products for
regular operads

Non-symetric and regular operads

A non-symmetric operad is, roughly speaking, an operad
without the actions of the symmetric groups. The underlying
category is a bilax 2-monoidal category. Denote by P o O
the white product of two non-symmetric operads.

To a non-symmetric operad {Pﬁ}n one can associate an
operad P(n) := P, ®Q k[S,] =: XP/.. Such an operad



Is called a regular operad.

U
Non-symmetric Operads Regular Operads.
D

Black and white square products

Definition (White square-product). The white
square-product of two binary quadratic regular operads P
and Q is defined by the following formula

POQ :=XU(P)oU(Q)).

REMARK. The white circle and the white square products
are not equal

PLQ #Po Q.

One can also define a black square product which verifies

PEQ=(P'OQ".

Proposition.  If you take\<( and \P/for basis of

F(V')(3), the black square product P Bl Q is equal to the
one of [EFG].

The operad Quad

The operad Quad was defined by M. Aguiar and J.-L.
Loday as a split of an associative product x into four



products 7, \, ./ and N\, that is
*x=/+ N+ +"\.

Proposition (EFG). The operad Quad is equal to
Quad = Dend B Dend.

Proposition. The Koszul dual operad of Quad is the
operad

Quad' = Dias 1 Dias = PermoDias = Perm®?*QAs.

Theorem. The operads Quad' and Quad are Koszul
operads.

PROOF. The operad Quad! Is the algebraic operad
associated to a set operad. Consider the related partition
posets {II5,4q4' (1) } n. They are totally semi-modular.
Therefore, they are Cohen-Macaulay, which is equivalent to
the Koszulity of Quad.. []



THANK YOU !



