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Formulation

ρ1
Dû1

Dt
= ∇ · σ̂1, ∇ · û1 = 0 in Ω1

σ̂1 = p̂1δ + 2µ1D[û1]

Mi

dUi

dt
= Mig + Fi

Ii

dωi

dt
+ ωi × Iiωi = Ti

Ottawa, May 2006 – p.4



Fictitious domain formulation
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Fictitious domain formulation

∫

Ω

ρ1(
du

dt
−g) ·vdx−M(

dU

dt
−g) ·V − (I

d$

dt
+$× I$) · ξ

+

∫

Ω

σ : D[v]dx = 〈λ,v − (V + ξ × r)〉P (t) (1)

∫

Ω

q · ∇udx = 0 (2)

〈η,u − (U + $ × r)〉P (t) = 0 (3)
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Fictitious domain formulation

• Step1 :Advection

• Step2 :Generalized Stokes

• Step3 : Rigid body constraints
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Fictitious domain formulation

u2(x, t)|Ωi
= Ui(t) + ωi(t) × (x− Xi(t))

d

dt

∫

Ω2,i

ρ2,iu2dΩ =

∫

Ω2,i

(ρ2,i − ρ1)gdΩ +

∫

∂Ω2,i

σ̂1nids

∫

Ω2,i

D

Dt
(ρ2,iu2) dΩ =

∫

Ω2,i

(ρ2,i − ρ1)gdΩ +

∫

Ω2,i

∇·σ1dΩ

∫

Ω2,i

D

Dt
(ρ2u2,i) dΩ =

∫

Ω2,i

(ρ2,i−ρ1)gdΩ+

∫

Ω2,i

(

−∇p1 + µ1∇
2u1

)

dΩ
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Fictitious domain formulation

F =







−ρ1
Du1

Dt
+ µ1∇

2u1 −∇p1, in Ω2,i, i = 1, . . . , n

0, in Ω1

ρ1
Du1

Dt
= −∇p1 + µ1∇

2u1 − F, ∇·u1 = 0 in Ω

∫

Ω2,i

D

Dt
(ρ2,iu2 − ρ1u1) dΩ =

∫

Ω2,i

[(ρ2,i − ρ1)g + F]dΩ

∫

Ω2,i

D

Dt
[(ρ2,i − ρ1)u2] dΩ =

∫

Ω2,i

[(ρ2,i − ρ1)g + F]dΩ
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Fictitious domain formulation

ρ1
Du1

Dt
= −∇p1 + µ1∇

2u1 − F, ∇·u1 = 0 in Ω

∆Mi

dUi

dt
= ∆Mig +

∫

Ω2,i

FdΩ, i = 1, . . . , n

Ui(t) + ωi(t) × (x −Xi(t)) = u1, in Ω2,i, i = 1, . . . , n

ωi(t)VΩi
= 0.5

∫

Ω2,i

∇× (u1 − Ui(t))dΩ, i = 1, . . . , n
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Fictitious domain formulation

−αλ + µ1∇
2
λ = F, in Ω

λ = 0, on Γ,

ρ1
Du1

Dt
= −∇p1 + µ1∇

2u1 + αλ − µ1∇
2
λ, ∇·u1 = 0 in Ω

∆Mi

dUi

dt
= ∆Mig −

∫

Ω2,i

αλdΩ − µ1

∫

∂Ω2,i

∂λ

∂n
ds, i = 1, . . . , n
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Discretization

• Substep 1 (advection-diffusion)

X
p,n+1
i = Xn−1

i + 2δtUn
i

ρ1τ0u
∗

1 − µ1∇
2u∗

1 = −ρ1(τ1ũ
n
1 − τ2ũ

n−1
1 ) −∇pn, in Ω

u∗

1 = 0 on Γ

• Substep 2 (incompressibility)

τ0(u
∗∗

1 − u∗

1) = −∇(pn+1
1 − pn

1 ) in Ω

∇ · u∗∗

1 = 0 in Ω

u∗∗

1 · n = 0 on Γ,
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Discretization

• Substep 3 (rigid body constraint)

λ
0,n+1 = 0

u
0,n+1
1 = u∗∗

1

τ0U
0,n+1
i = −τ1U

n
i − τ2U

n−1
i + g

VΩi
ω

0,n+1
i = 0.5

∫

Ωi

∇× u
0,n+1
1 dΩ

u
0,n+1
2 = U

0,n+1
i + ω

0,n+1 × (x −X
p,n+1
i )
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Discretization



























(1 + ρ1

ρ2,i−ρ1
)(αI − µ1∇

2)δλk+1,n+1

= −(ρ1τ0I − µ1∇
2)(uk,n+1

1 − u
k,n+1
2 ) in Ω2,i, i = 1, . . . , n

(1 + ρ1

ρ2,i−ρ1
)(αI − µ1∇

2)δλk+1,n+1 = 0 in Ω1

δλk+1,n+1 = 0 on Γ,
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Discretization







(ρ1τ0I − µ1∇
2)δuk+1,n+1

1 = (αI − µ1∇
2)δλk+1,n+1 in Ω

δuk+1,n+1
1 = 0 on Γ







































∆Miτ0δU
k+1,n+1
i = −

ρ2,i−ρ1

ρ2,i

∫

Ω2,i
α(uk,n+1

1 − u
k,n+1
2 )dΩ

+µ1
ρ2,i−ρ1

ρ2,i

∫

∂Ω2,i

∂(uk,n+1

1
−u

k,n+1

2
)

∂n
ds

VΩi
ω

k+1,n+1
i = 0.5

∫

Ωi
∇× u

k+1,n+1
1 dΩ

u
k+1,n+1
2 = U

k+1,n+1
i + ω

k+1,n+1
i × (x− X

p,n+1
i ) in Ω2,i

u
k+1,n+1
2 = 0 in Ω1
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None-Lagrange formulation

F =

{

1

Fr
eg + ρ1

ρ2−ρ1

F̂, in Ω2,i, i = 1, . . . , n

0, in Ω1

Du1

Dt
= −∇p1 +

1

Re
∇2u1 +

ρ2 − ρ1

ρ1

(G − F) , in Ω

dUi

dt
=

1

Vi

∫

Ω2,i

FdΩ
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None-Lagrange formulation

τ0(u
n+1
1 − u∗∗

1 ) = −
ρ2,i − ρ1

ρ1

F in Ω,

τ0

(

Un+1
i − U∗

i

)

=
1

V

∫

Ω2,i

FdΩ,

un+1
1 −

(

Un+1
i + ω

n+1
i × (x − X

p,n+1

i )
)

= 0 in Ω2,i.
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None-Lagrange formulation

−
ρ2,i − ρ1

ρ1

F −
1

V

∫

Ω2,i

FdΩ = τ0 (U∗
i − u∗∗

1 )

+
τ0

2V







∫

Ω2,i

∇× un+1
1 dΩ






× (x − X

p,n+1

i ) in Ω2,i.

∫

Ω2,i

FdΩ =
ρ1

ρ2,i

τ0

∫

Ω2,i

(u∗∗
1 − U∗

i ) dΩ.
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None-Lagrange formulation

un+1
1 = u∗∗

1 +

[

(U∗
i − u∗∗

1 ) +
1

2V

(

∫

Ω2,i

∇× un+1
1 dΩ

)

× (x − X
p,n+1

i )

−
1

V

ρ1

ρ2,i

∫

Ω2,i

(u∗∗
1 − U∗

i ) dΩ

]

1Ω2
in Ω,

Un+1
i =

1

V

ρ1

ρ2,i

∫

Ω2,i

u∗∗
1 dΩ +

(

1 −
ρ1

ρ2,i

)

U∗
i .
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Collision

Fw
i =

{

−6πriU⊥µ1

(

ri

ĥ
− ri

h

)

, if ĥ < h

0, otherwise

si,j = |Xi − Xj| − (ri + rj)

∆ri =
Mj(ε − si,j)

Mi + Mj
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Mesh fitting

Figure 1: A cross section of the basic tetrahedral

grid (left) and the boundary fitted grid (right).
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Validation
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Validation
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Validation

t

u

0 1 2 3 4

-0.12

-0.11

-0.1

-0.09

-0.08

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0

C1.5
C4.1
C11.6
C31.9
Re = 1.5
Re = 4.1
Re = 11.6
Re = 32.2

t

h*

0 1 2 3 4
0

1

2

3

4

5

6

7

8

9

C1.5
C4.1
C11.6
C31.9
Re = 1.5
Re = 4.1
Re = 11.6
Re = 32.2

Ottawa, May 2006 – p.24



Two spheres

Sedimenting particles
Heavy and neutral particles

Light and neutral particles
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Three spheres

Three spheres interaction
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64 spheres

64 particles swirl

64 particles wave
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64 spheres
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Poiseuille flow

Um = 20.0 DLM Present DLM Present

d/R Uy ωz

0.10 19.4965 19.5805 0.7751 0.7812

0.20 18.8841 18.9658 1.5514 1.5734

0.30 17.8656 17.9730 2.3235 2.3537

0.40 16.4442 16.5582 3.0872 3.1523

0.50 14.6210 14.7561 3.8409 3.9060

0.60 12.3957 12.5155 4.5824 4.7483
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Poiseuille flow
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