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INTRODUCTION

e Interpenetrating continua.
e Averaged models.
e Closure relations.

e Qualitative comparison of various models.

e Numerical methods for advection dominated problems.

e Validation problems.
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TWO-PHASE MODELS
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TWO-PHASE MODELS

0 0 0
AT+ 4600 + By a” + Baluoe +
By(o)uge + Biloas = 8ol —ulw—u) — (&
0 0 0
£(0)50 + olor — plg + 5 (a0 )
% , dlov) _
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where A1 = By > O,AQ <0
Solution: ¢ = ¢, u =0, v = vy = Po(p1 — p2)g/B (o).

Ottawa, May 2006
5




-

LINEAR ANALYSIS
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Figure 1: Neutral stability curves.
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LINEAR ANALY SIS (cont.)

0.5
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wave number

Figure 2: Growth rate vs. k: case (i) (first row, left;- ¢ = 0.212,
— ¢ = 0.215, -. ¢ = 0.22); case (ii1) (first row, right; - ¢ = 0.13,
— ¢ = 0.131, -. ¢ = 0.132); and case (v) (second row; left;- ¢ =
0.353, — ¢ = 0.354, -. ¢ = 0.35)).
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Weakly non-linear analysis

T=6t, n=c¢lx— cot) (8)
u = u262 + U363 + ...
v = vy + Vo€’ + v3ed + ... 9)
Qb = ¢0+¢262—|—¢363+...
8¢2 8¢2 83¢2
— —= 10
8T+)\0877 +706773 (10)
670, 9 2 o 2
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Weakly non-linear analysis (cont.)

0 =k(n—m—40k’r), s=r1 (14)
2 093
—4¢3 + 12sech”0¢3 + BYE =
12k
~—(tanhfsech@) + 2\ tanhfsechd
Ao (15)

+4k*y)tanhfsech*d — 12k*y/tanhfsech’d) + A = R(0)

Particular solution: w = sech?6tanh6
General solution: ¢3 = wv

do do
=B — 0)R(0)do 16
v=p+0 [ 1o+ [ [ woR® (16)
Boundedness of ¢3 requires:
C=0, 8\ —20yk*+7=0 (17)
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Weakly non-linear analysis (cont.)

A 3A 9A A
o3(0) = o 1—6tanh29 + 1—6$ech2«9 + (B — E)tanhesech%
192 816
+——(=3ANy — 12k — ——= )k + —~k”)0tanhfsech?¢1 8)
4\ 7 7
1 96 576
+——(= Mk — —)k*)In(e? + 1)tanhfsech?d
AN T 7

Since ¢3 — 0 as # — oo then A = 0.
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TWO-PHASE FLOW MODELING

e Governing equations in the non-dimensional form are: (1),(2)

and
Dyv o (D) 1 O(1—d)?
P = —OVp — Vo — _ _u)—
ab—- p P Fr O(®) (Vv —u)
a b Dy(v —u) Q
— 0,0,1) — du(d . o
F/r,l - OZ( ? ) ) ,LL( ) Dt + pQZ'U*V (/'Ld< )vv)
(19)
Dyu £() 1 (1 —d)?
1—® — —(1—D)V Vo o o
(1-2) Dt (1-2)Vp+ e T (0 (v—u)
— (0,0,1) + du(d) + V- (1.Vu)
Frl—« Dt olv, 20)
o= — (density ratio) ['r = —~  (Froude number)
P p1— P29l
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TWO-PHASE FLOW MODELING(cont.)

Dy Dy
The material (total) derivatives — and — stand for:

Dt Dt
DI‘)’:V = %‘: +v-Vw
D];:V = %‘:—FU'VW
The expressions of the coefficients are:
o) 1
O(1— D)*(p; —
B(d) = ( (}(S{f)l p2)g

U(®) = v5o(1 — ®)(1 — & 4 0.5507)
Voo = 0.219m/s

£(P) _ (v—=U,)*® . D _
T-@eed  (G-0F T
(T, + T(®) + an(®)T (D) — a(@)ozl(@));l—g

where
Unp=dv+ (1 —P)u
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TWO-PHASE FLOW MODELING(cont.)

a(®) = Uy, + Vao(1 — ®)(1 — 3.08D + 2.770% — 0.550°)

a(®) represents the kinematic wave speed and was chosen by Lam-
mers et al. (1996) to be in agreement with their experiments.
Performing a weakly nonlinear analysis, we ended up with the
generalized Burgers’ equation:
= M 92
? + (_i - ?—;@1)@ = _%8 ke
x ap  ag ot as Ot?
D represents the effective diffusivity measured in the experiments
and was always found to be positive.This yields to the Generalized
Burgers equation with a positive viscosity whose solutions are ex-
pected to be stable.
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TWO-PHASE FLOW MODELING(cont.)

e Discretization scheme
Operator splitting :

3Vn+1 AT ‘N/.n—l

CDTH—l
20\t
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_ __q)n+1vpn+l_|_
(8

n n n 1 n n
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QI s S D\ s
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TWO-PHASE FLOW MODELING(cont.)

where 0" '(i = 0,1) and v""*(i = 0, 1) are the “advected” velocity
fields at time level n+1 and are found by solving the initial-value
problems:

ou"(s) o -
S @) V) (s)
0<s<(i+1)At, i=0,1 (
ﬁn—l(O) _ i
and
8\7"—@'(3) o -
P = —(v"(s) - V)v"(s),
i 24)
0<s<(i+1)At, i=0,1 (
{,n—i (O) _ Y
ﬁ(tn+1) _ ﬁn7 {,(tn+1) -
Method of characteristic for u”, v, d"*1,
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TWO-PHASE FLOW MODELING(cont.)

e Characteristic equations
dX3 ()

D X, i [

X2+1(tn+1) —x
e The convected velocity fields are given by:
0" (x) = u"(XE (), i=0,1

1. Second order extrapolation of the velocity field to time level

n+1 n+1.
A § H
n+1 — 9 n n—1

u, u’' —u

2. Solve the characteristic equation
X-Z+1(tn_i) — X2+1<tn+1) . @Atu2+1 Z — 0’ 1
3. Determine which elements contain the feet of the characteris-
tics XL (¢,

4. Interpolate velocity field at time t"~*,7 = 0,1 onto the feet
of the characteristics X" using the finite element interpolant
based on the Eulerian grid.
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TWO-PHASE FLOW MODEL ING(cont.)

The momentum equations for the intermediate velocities u* and

v* are: e id
o L9V —4vt vt

2At
* % AN 1 n n
fl(u y V 7CD +1) T aq) +1:u(q) +1))
(3v* — 4V vl 3wt —dn + ﬁ“—l) )

1
o

VAN INL
1 *
v Hal @V (25)
3u* — 4u” +a!
1—(1)”*1 :_1_q)n+1vn
( ) A7 ( V't
fo(u®, v*, "4
3V — 4V + vl 3ut —4at 4+ at !
(I)TH—l (I)n—|—1 B
He ( DAL oA )*
1 *
vy V) 26)
ind
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®n+1§ (_) — QL (vprtl - vp)

At o
1 3 Vn+1 . V* un+1 . U.*
. _q)n—|—1 q)n—|—1 < . 27
PR ( At At ) (27)
and
3/u" —u*
1_(I)n+1_ D R 1_(I)n+1 n+1l n
10 (B ) = -
1 1 3 Vn+1 —v* un+1 —u*
+ O (D )§ A7 — A7 (28)
0P
Vo (p2®v A+ pr(l = @Ju) = (p1 — p2) - (29)
3< ) 3L — 4" 4 Pt B
5 P1 — P2 OAL =

3
-V - ((I)n+1p2v* + (1 — ch+1)p1u*) — AtV - (Vpn+1 L vpn)
: (30)
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TWO-PHASE FLOW MODEL ING(cont.)

Let us consider two nested grids of sizes H and h, where H =
2h, which generate corresponding finite element functional spaces

denoted by (X j7) and (X,). The basis for the difference space X,
based on the decomposition X;, = Xy @ X, is given by:

Phi s ifiETh—TH
. 31
(91); = { Oni — Pri, i€y GD

For an easy implementation, X is injected into Xy, using the
representation of the basis functions:

k, J
a; ey

I
<.
s
—_

In order to find a"? , we solve the following systems

(ol b ) Za gph,goh 1,5=1..,35 k=1,..,10
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TWO-PHASE FLOW MODEL ING(cont.)

Weak formulation:

Find u;, € X, s.t. a(uh, Vh) + bh(uf, VhH) = (f, Vh), Vv, € X,

by(ull vl = ¢, Z meas(Kh)l/?’/ (Vuy - Vvi).

KhETh Kh

Vul!
Ch(uf; Vh, Wh) — Csc Z nfleaJS(I<H)1/3 “vu};“SEH A (VVh°VWh)
s H H

KHETH

|
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Figure 3: Tetrahedral element in local coordinate system, with

axes (£,7,6)
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NUMERICAL RESULTS

e Validation of the scheme: sedimentation problem

0P

E‘I’V'(CDV):O (32)

o1 —2) +V-((1—-du)=0 (33)

ot
Dyv
Cpyme = —PVp — E(P)VD — B(D)(v —u) + Ppag—
D(v —
Dpy (D) %t W (34)
Dy
(1= D)o = —(1 = O)Vp+E(O)VD + F(®)(v — u)+
D, (v —
(1= P)pig + Pp1pu(P) (Bt W (35)
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NUMERICAL RESULTS cont.

11+ 20
o) = -
we) =575
B(P) = cp((1 = @)py + Ppo)(1 — O)P
__Imtp
2p1— p2
E(P,v,u) = poi(vs — us)’
Cf =1 fl =1
0, if 2 € [0, ]
R TTe oy - 11
(=T e
Polz] = 3 if 2 € [, 9] (36)
L " ap £ 3 7
s 1+e 1 , ifzels, ]
1 if z € [£,2]
\ ? 4
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Figure 4: The void fraction
profile at iteration=50.

Figure 5: The void fraction

profile at iter=1000 (t=1)

Figure 6: The void fraction
profile at iter=1500 (t=1.5)

Figure 7: The void fraction

profile at iter=2000 (t=2)
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Figure 8: The void fraction profile prescribed by Coquel et al.

Ottawa, May 2006
25



NUMERICAL RESULT S(cont.)

e Nonlinear void fraction wave propagation in a real bubble col-
umn

Lammers et al. measured nonlinear long standing waves in the
range for the void fraction corresponding to the homogeneous
regime. In order for the nonlinear effect to occur in the numer-
ical simulations, we start with an initial nonlinear wave profile
given by the signal recorded at the lowest measuring station.
The so-called Khokhlov solution is used to fit the measured
wave profile.

[ —

.. - - 2 T

- Nt
(2,9, 2 = w1,t) = =

—_— M
DN | —

tel0,T

AP =0.00 T=4352 S =1.263.
AP =0.00 T=2176 S =0.526.
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Figure 9: The void fraction
profile in the z direction at
z=0.87,2.04 when the period
T=2.176 &y = 0.06

phl (-]

Figure 11: The evolution of sinu-
soidal finite-amplitude concen-
tration disturbances in time for
x=0.87,2.04,3.22,4.47 by Lam-
mers et al. (1996) T=2.176
dy = 0.06

Figure 10: The void frac-
tion profile in the z direction
at z=0.87,2.04 when the period
T=4.352 g = 0.06

Figure 12: The evolution of siny
soidal finite-amplitude concer
tration disturbances in time fq
x=0.87,2.04,3.22,4.47 by Lam
mers et al. (1996) T=4.35

A =0.06 &5 = 0.06
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NUMERICAL RESULT S(cont.)

e Growth factor:

The bubbles increase in size due to the loss of hydrostatic
head. That’s why we must add mass through the system to
the continuity equation for the gas.

It becomes:
0P
— + V- (dv) = \Dv (37)
ot
where
\ _ Pyl = Pu)
b1
pu(z) = Put (1 = ) prg(H — 2)
Ottawa, May 2006
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NUMERICAL RESULT S(cont.)

e Cirulation in gas-liquid column reactors

We compared our numerical results with the experiments per-
formed by Durst et al.(1984).

Geometric configuration:

Diameter=0.1 m

Height=0.098 m

Liquid (castor oil): density=960.3 kg/m?
kinematic viscosity=0.699*%10"° m?/s

d,=6 mm.
£
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NUMERICAL RESULT S(cont.)

Boundary Conditions:

e Inlet boundary conditions

oy, forr e [0,r]
Oz = 0] = (38)
0, ifzée(rsR]

dy = 0.12
uz=0]=0
v.[z = 0] = 0.4 * Uy
Umaz = 3.09¢m/s

e Wall boundary conditions

u,lz=H]=0
plz=H] =0
Ottawa, May 2006
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NUMERICAL RESULT S(cont.)
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Figure 13: Liquid velocity vector field after the flow reaches the

steady state.
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NUMERICAL RESULT S(cont.)
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Figure 14: Profiles of the liquid axial velocity at successive axial
stations.
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NUMERICAL RESULT S(cont.)
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Figure 15: Profiles of the liquid axial velocity at successive axial
stations.
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Figure 17: The liquid velocity reaches steady state
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Figure 18: The gas velocity reaches steady state
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Figure 19: The void fraction reaches steady state
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