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Talk Overview

I) Transient Unit Cell Models
Phase change in porous media
Multiphase flow
Comparisons to Chop-chop data
Transient simulations

II) Hysteresis and Lateral Diffusion
Benziger’s STR Data
Ignition waves
Hysteresis in wet cells
Stability analysis of a toy model

III) Nanophase Models
Membrane Model
Catalyst Layer Mixing
Multiphase Performance
Carbon Corrosion/Pt dissolution
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I: Transient Unit Cell Models

The PEM Unit Cell

Oxidant

Bipolar Plate

Fuel

Membrane

Catalyst layers

Coolant

Anode −

Cathode +

GDL anode

GDL ca
thode

Channels: Variation of O2, H2, and H2O from
inlet to outlet.
GDL: Oxygen and vapor counter-diffusion,
two-phase flow, formation of condensa-
tion/evaporation fronts.
Catalyst Layers: Production of H2O and heat
at cathode catalyst layers. Build-up of double-
layer charge at catalyst interface.
Membrane: Ion and water motion in mem-
brane, proton conduction, forms barrier for
fuel, gases, e−.
Coolant: Dominates cell temperature in long
direction.

Presence of disparate length and time-scales for lengths> 1µ meter.
Functional structure at all length scales< 1µ meter.
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Cross-sectional Slice
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Average over the lateral
direction

Average over the typical
pore size in GDL

Each species has an aver-
age value at each point

Do not resolve liquid-
water interface on the
pore length scale

4



Along-the-Channel Slice

y

z

0.67 meter
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Cathode GDL

Bipolar Plate −
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Dry

D
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D
ryTwo Phase

Dry

Dry

Mixed

The anode reaction H2 ⇀↽ 2H+ + 2e−

Cathode reaction (1.5 volts) O2 + 4H+ + 4e− ⇀↽ 2H2O

Through plane voltage balance

V = Eo
︸ ︷︷ ︸

Open circ pot.

−
I(y)

σ
︸ ︷︷ ︸

Omhic Losses

− η(I, Co)
︸ ︷︷ ︸

overpotential
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Ionomer Membrane Properties

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

5

10

15
(a) Isotherms

RH

C
w

30 35 40 45 50 55 60 65 70 75 80
8

10

12

14

16

18

20

22
(b) Shroeder paradox
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(Left) The hydration isotherm for Nafion 117 (from Takanaka 1994).
(Right) Protonic conductivity as a function of water content.
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GDL: Transient Multiphase flow

Degeneratetransport of liquid water
Disparate length scales1000 : 1

Disparate time scales:
10−6s for pressure
103s for liquid flow

Co Oxygen Molar Conc. T Temperature
Cv Vapor Molar Conc. β Liquid Vol. Frac.
Cn Nitrogen Molar Conc. C Total Gas Conc.

Conservation of Energy and Mass

∂
∂t((1 − β)C) + ∂y(

Ng
︷ ︸︸ ︷

CUg) = −Γ,

∂
∂t(ρcT ) + ∂y((

NT
︷ ︸︸ ︷

ρcU)T − κ̃∂yT ) = hlgΓ,

∂
∂t((1 − β)Co) + ∂y(

No
︷ ︸︸ ︷

CoUg + Jo) = 0,

∂
∂t((1 − β)Cv) + ∂y(

Nv
︷ ︸︸ ︷

CvUg + Jv) = −Γ,

∂
∂t(clβ) + ∂y(

Nl
︷ ︸︸ ︷

βclUl) = Γ.
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Constitutive Relations

Pg = CRT, Ideal Gas Law

Ug = −Kkrg(β)
µg

∂yPg, Darcy’s Law-Gas

Ul = −Kkrl(β)
µl

∂yPl, Darcy’s Law-Liquid

[Ji] = M−1[∂yCi] Maxwell Stefan Flux

Pc = Pg − Pl = L(β), Leveret-like Capillary Pressure.

Γ = γv
Lp

(β)(Cv − C sat (T )), Condensation-Saturation

Hydrophobicity

Capillary pressure and relative permeabil-
ity form nonlinear diffusivity

f(β) = βkrl(β)L′(β).

∂
∂t(β) − D∂y(f(β)∂yβ) = Γ/cl

f(  )β

(Teflonated)
Hydrophobic

 Hydrophillic
 (sand)

β*
β

x 100
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Boundary Conditions

y

z

0.67 meter

Fuel

Membrane

Anode GDL

Bipolar Plate +

Cathode GDL

Bipolar Plate −

Air

Dry

D
ry

D
ryTwo Phase

Dry

Dry

Mixed

Boundry I: Membrane-GDLBoundry II: Channel-GDL

Ño =
Ĩ(x)
4F r̃(C̃o(0) − Co) = −Ño(0)

Ñv = Ñm
v r̃(C̃v(0) − Cv) = −Ñv(0)

Ñn = 0 r̃(C̃n(0) − Cn) = −Ñn(0)

Ñl = Ñm
w − Ñm

v β = 0

ÑT = Ñm
T − hvÑ

m
v r̃T (T̃ (0) − T c) = −ÑT (0)

Driving forces computed at higher iteration:

Ñm
v Flux of vapor into GDL

Ñm
w Total flux of water out of catalyst layer

Ñm
T Total heat production in catalyst layer

Ĩ Local current density
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Non-dimensional Forms

Nondimensionalize the variables. Choose temperature scale T∗ = hvC
ρlcl

so heat flux produced by
evaporation balances the fluxes of water, setting the coefficient of Γ in the heat equation to one.

Distance is scaled by the thicknessL of the diffusion layer, time is scaled byτ∗ = ǫL2

D , the
characteristic diffusive time.

Co = C̃o/C Cv = C̃v/C Cn = C̃n/C,

T = T̃ /T∗ τ = t/τ∗ z = z̃/L,

Collect the fluxes and unknowns

~N = (Ng, NT , No, Nv, Nl)
t and ~V = (C, T, Co, Cv, β)t

The full problem can be written as
(

M(~V )~V
)

τ
+ ∇ ·

(

D(~V )∇~V
)

= ~S Γ,

where~S = (−1, 1, 0, −1, 1)t is the scaled stoichiometry vector for phase change and the matrix
D is given by

D = −

















RgkrgTC RgkrgC
2 0 0 0

δlClgT
2 δlClgCT + RT 0 0 RcTf(β)

(

RgkrgT − 1
C

)

Co RgkrgCCo 1 0 0
(

RgkrgT − 1
C

)

Cv RgkrgCCv 0 1 0

Rlβkrl(β)T Rlβkrl(β)C 0 0 Rcf(β)/δl
















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Scalings

I = ĨL
4FCD

≪ 1 Scaled current density approximately10−2

H = L2γv
DLp

≫ 1 Scaled phase change rate approximately106

δl = C
Cl

≪ 1 Ratio of gas to liquid molar concentrations10−3

Nα = L
DC

Ñα = O(I) Scaled gas or liquid flux

NT = L
hvCD

ÑT = O(I) Scaled heat flux

Break domain into dry, two-phase, and boundary layerO(I/
√

H)

Γ
*

O(       )H−1/2

z*
+z*

− z*
0

β

z

Two PhaseDry

=O(I  )2

β=0

Evaporative Layer

Γ=0 Γ=O(       )IH1/2

β
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Dry Regime
No liquid water (β = 0) and no phase changeΓ = 0. The unknowns~V = (C, T, Co, Cv)

t

are expanded
~V = ~V (0) + I ~V 1 + O(I2).

The conservation laws
(

M(~V )~V
)

τ
+ ∇ ·

(

D(~V )∇~V
)

= 0,

are expanded as
M(~V (0))~V 1

τ + D(~V (0))∆~V 1 = O(I).

The matrixM−1D(~V (0)) has eigenvalues with ratioO(105). Time scales from10−6 seconds
down to10−1 second.
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(fast)

adiabatic
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−0.007

−0.006
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Slope of R vs. y curves
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Cathode (comp.)  
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no transient
steady
stateadiabatic

Convection dominates the gas
flow, but balances diffusion at
equilibrium
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Two-Phase Regime
In the two-phase regime the liquid water is everywhere greater than the immobile volume frac-

tion, β∗, and the gas is saturated to leading order. As in the dry regime, the scaled variables
~V w = (C1, T 1, C1

o, C1
v, β1)t describe variations from the channel values, except for thescaled

water vapor and water volume fractions, which describe variations from the saturation pressure and
the immobile volume fraction respectively,

C = 1 + C1I/Tc, T = Tc + T 1I, Co = Xo + C1
oI,

Cv = Csat(T ) + C1
vI/H, β = β∗ + β1 (Iδl)

2

3 .

The equation for vapor flux is degenerate at leading order – Atsteady-state

• Phase change isO(I2) in the two-phase layer – fluxes are con-
stant

• The vapor flux within the two-phase region is determined at
leading order by the temperature profile

Nv = −D∇Cv ≈ −DC′
sat(T )∇T

but
−κ∇T = NT ≈ αhI

while

Nm
w =

I

2F
so that

Nv

Nm
w

≈
D

κ
C′

sat(T )αh2F
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The Evaporative Layer

• The leading order phase change occurs in the evaporative layer.
• The free boundary evolution is determined by the total phase

change, expressed in terms ofΘ∗, the degree of vapor under-
saturation at the two-phase pointz−

∗

Θ∗ =

√
H

I

(

Csat

(

T (z−
∗ )

)

− Cv(z
−
∗ )

)

Rescale as in the two-phase region, except for the water vapor molar concentration

C = 1 + C1I
Tc

, T = Tc + T 1I, Co = Xo + C1
oI,

Cv = Csat(T ) +
C1

vI√
H

, β = β∗ + (δlI)
2

3β1, z̃ = (z − z∗
0)

√
H.

Thinness of bdry layer leads to very fast relaxation time scales. The quasi-steady version of the
conservation laws

~Nz̃ =
Γ√
H

~S = IH
1

2
−αC1

vh∗~S.

Fluxes are related to the scaled variables~V b = (C1, T 1, C1
o, C1

v, β1) through the constitutive
laws as

~N = I
√

HDb~V b
z̃ + O(I2

√
H)
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where the5 × 5 matrixDb is given by

Db = −

















Rgkrg Rgkrg 0 0 0

ClgδlTc ClgδlTc + RT 0 0 RcTcδl
(

Rgkrg − 1
Tc

)

Co RgkrgCo 1 0 0
(

Rgkrg − 1
Tc

)

Xs RgkrgXs + X ′
s 0 1

Hα 0

0 0 0 0 Rc

















The conservation laws and the constitutive relations yielda5 × 5 system

Db~Vz̃z̃ =
h∗C

1
v

Hα
~S + O(I).

Observe that
1

Hα
[Db]−1~S = ξv

~S0 + O(H−α)

where~S0 = (0, 0, 0, 1, 0)t and the parameterξv is independent ofH and strictly positive.

The equation forC1
v uncouples at leading order,

(

C1
v

)

z̃z̃
= ξvh∗C

1
v ,

lim
z̃→∞

C1
v(z̃) = 0,

C1
v(0) = HαΘ∗

I .

This has a classic boundary layer solution,

C1
v = C1

v(0)e−
√

h∗ξv z̃.
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The jump in fluxes across the boundary layers is determined asfunction of undersaturation,Θ∗, at
dry edge

[[ ~N ]] = −IΘ∗

√
√
√
√
√
√

h∗

ξv

~S.

Taking the dry and two-phase problem at quasi-steady state,obtain the interface motion as a degen-
erate Rankine-Hugoniot relation

dz∗

dτ
= δl

[[Nl]]

[[β]]
=

δlNl(z
0
∗)

β∗

The liquid flux into the front serves to propagate the front.

The front propagation is the slowest time scale in the system, as it requires the production of
quantities of liquid water.
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Recap

RH = 1

*

NtpNdry

β*

z
*∆ 

N l

β*
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= ∆ τ δl
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layer is determined by the

of two−phase interface
undersaturation on dry side

Jump in fluxes across bdry

z

C
ha

nn
el

C
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t L
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Two PhaseDry

β

z

Dry Two Phase

z
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Quasi-Steady Along the Channel

0.5 − 1.0 meter

Water flux

mµ25−50 

mµ   250

m   250 µ

Oxidant

Fuel

Bipolar Plate −

Cathode GDL

Bipolar Plate +

Anode GDL

Membrane

Cathode Oxygen flux Qc,o(x)

Cathode Vapor flux Qc,v(x)

Cathode Nitrogen flux Qc,n(x)

Water cross-over/protonα(x) (An.7→ Cath.)
Anode Hydrogen flux Qa,h

Anode Vapor flux Qa,v

Coolant Temp. Tcol

Reservoir Temp. Tr

dQc,o

dx
= −I(x)Lw

4F
, Cc,o = Pc

RTc(x)
Qc,o

Qc,o + Qc,v + Qc,n
,

dQc,v

dx
= (1 + α(x))I(x)Lw

2F
, Cc,v = Min







Pc
RT (x)

Qc,v

Qc,o + Qc,v + Qc,n
,
Psat(Tc)
RTc(x)






,

dQc,n

dx
= 0, Cc,n = Pc

RTc(x)
Qc,n

Qc,o + Qc,v + Qc,n
,

dQa,h

dx
= ±I(x)Lw

2F
, Ca,h = Pa

RTa(x)
Qc,h

Qa,h + Qa,v
,

dQa,v

dx
= ±αI(x)Lw

2F
, Ca,v = Min







Pa
RTa(x)

Qa,v

Qa,h + Qa,v
,
Psat(Ta)
RTa(x)






,

∂

∂t
(ρcTcol) + ∂x (ρcTcolvg) = NTLw, Tcol(0, t) = Tr(t),

dTr

dt
= q(T out

col − Tr) − r(Tr − Tamb)
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Steady-State Regimes

y

z

0.67 meter

Fuel

Membrane

Anode GDL

Bipolar Plate +

Cathode GDL

Bipolar Plate −

Air

Dry

D
ry

D
ryTwo Phase

Dry

Dry

Mixed

Dry Channel and GDL RH< 1

everywhereor Channel RH=1
and RHfalls toward membrane

Mixed Channel RH ¡ 1, RH rises to-
wards membrane and hits 1 in
GDL

Two-phase Channel saturated, RH rises to-
wards membrane

Transients

All transients are associated to build up of liquid water,δl ≪ 1 or to accumulation of heat in the
external radiator. All other processes at steady-state.

• Slow motion of wetting front in GDL
• Build up of water in membrane
• Build up of heat in resevoir
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Major Open Issue

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

5

10

15
(a) Isotherms

RH

C
w

30 35 40 45 50 55 60 65 70 75 80
8

10

12

14

16

18

20

22
(b) Shroeder paradox

Temperature

C
w

T=30° C 

T=80° C 

liquid 

saturated vapor 

If the anode channel is dry but almost sat-
urated (typical) and the cathode channel is
saturated and the GDL is two-phase (typi-
cal) then most models predict a water flux
across the membrane, from cathode to an-
ode, that is sufficiently high to saturate the
anode.

Fixes

• Degenerate diffusion (Weber or Brutal)
• Artificially constrain membrane water content (Ugly)
• Increase the water drag, and include impact of membrane com-

pression on water uptake (Igor – related to Ugly)
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Steady-State Simulations

Use degenerate diffusion in membrane
Do not include membrane compression effects
Prescribes coolant thermal profile
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Polarization curves for Cathode/Anode dew point 66C. The
mobility of the two-phase region within the unit cell enhances
current non-uniformity and induces an earlier knee.

27



Steady-State Hysteresis & Lateral Diffusion
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Membrane resistence verses channel position for six different current densities, run-
ning from 1.6 A/cm2 (A) down to 0.7 A/cm2. Figures show two different steady-
state configurations. Low membrane resistence correspondsto liquid equilibrated
membrane
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Transient Unit Cell Simulation

Tr(0) = 70C,Tamb = 25C, I = 1A/cm2, An/Cath press.=2.2/2 barg, Stoich 1.2/1.8

40C 0 to 100 seconds
Inlet Dew Point 65C 100 to 200 seconds

40C 200 to 400 seconds
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