334, Division rings

Skornvakov's Theorem asseris Lhat all lelt Moufang divisien rings
are alternatiwve, hence asspclalive or Cavlev algebras. This has important
peomelric consequences [for which as vet oo purely geomctric preof is knowno,
The algebraic proef is an application of Michesev's ldentitwv, which savs Lhe

fourth power of anv asscciator [x,v.x!| wanishes In a lelL Moulacg alechbra.

As in the case of alternative division algehbras, we will he ahle Lo
el asaiy all left Moufang diwvisieon algehras. Since we alvaady koow Chab any
Aalternative diwlsimﬁ.algahra is either asscciative or a Cavlev algebra, all we
need do is show a lafc Moufang division algebra is actually alternalkive (Lhat
is, Ly 1.8 we must establish flewihilityl). Tn the next ssctlon we will sheow
that left alternativity is not saflicisnt — there exist lsfc alrernative
divisivn rinzs which are not left Moufang {(moch les= alternative}; of course,
this can havzen only in characteristic 2 in view of the Eguivalence Theorem L.4.

et ns introduce Lwoe operators

(3.1) A =1 -LL., B = I -LTL .
Xy X ¥ X Xy ¥R

Gl

Mearly lefit alternativity gives
(3.2) k: =B =0
(3.2') A 3 4 = _ + B =0,

Inn the presence af the left doufang Law we will establish

a7y s f
(3.3) Bx,ylxﬁx,y 0
K L B A =0
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(3.6) [x,v,5%] =,y ES ATt
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Mhserve Lhat (3.3') and (3.4') follow from (3.3) and (3.4} In the left Moufang

aleehra A by linecarizing = * %x,1 (since Aq o Ex s and [x,v] all wanish
- Lo 3 ¥ F

when x = 1), Therefare we must chack only (3.3), (3.4), (3.5), (3.5}, (3.7).

for [3.3) we compule
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= ;(xy}{xzy}_{Ly(xgExy]}+L(xv](xzy]}+Lyfw3y}

=
A ; 2 4 1
by repeated use of left Moufangitivity (rewcall = (xy) = xv by {1,633,
L ni it messi : = {L,  ~L L }L {1 =L T
(3.4) 1z similar hut nmessier Aﬁ,nyBx,y 1 o V} ok oy y K}
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Tor (3.6 multiply the [irst and third terms in (3.5] on the
right by A to get L. A = B A by (5.3"), next ovbserve
% aY¥ 3,7, ¥ FF® Ha Y :

= =k A (by (3.2")) = 4B

A . 3 {lincarized (3.3'))
ISl Wy Mg WV XM LY

-l vﬂv? o » then multiply the first and second terms in (3.5) en the
o WV s

laft b+ B to zze —H L = - A . For (3.7 multipnly these
¥ B e ﬁxe? [%,v,%] 2y L or (3.71, pLy

-, F A s then multiply the first and

by L to pet T. L A = -l
% xlm,vex] x,y R HL,Y xXY,E

third terms in (3.5) en the right by A to sea T A
; HY X [x,y+%] %y,%

. B A .
X R,Y OEYE

mee we have Lhesa computations owut of the wavy we ars rveadvy bo eslablish
an important identity for left Moufang algebras: we will show the fourth

powar of any asseciator [x,v,x] is merao. "This striking resulr af Micheew

resembles the Fourth Fowsr Theorem for allernalive alpebras.

3.8 (Micheev's Tdenbibv) Tnn & left MouTang algebra the assccialor [x,v.z]

of any two clements x,v 1 nilpotent,

Froof. T0 we writs p = [x.v.x] we have

7

I;ﬂkl? = Lprprhk!F} = Lp{ﬂxy,x+5x,ny]{'3x,va} (by (3.5),(3.6}]
= LXIPAK,FEK!FLP—LP{ijylk%x’y1h? (hy (3.71)
= LELPLELP-LPLdLP (by (3.47),03.4))
= Lpr(cp]_Lv{dpj =0 (left Moufang)
sinca hy (3.4, (3.47) the evlements o = Axlylx,yj, d = ﬁ?:FAlK,TJ walbisly
ap = an " {Ak,yﬁx.y}{ﬁk,y{x}} = (] and dp = Ldp = :ﬂK,YLXBK,Y][ﬂK,?H} = ]
by orthogonality (3.3"). ‘lhus pﬁ = L;p = Liﬂxlvx =1 for anv p = [=,v,x]. [@

[f all the nilpotent [x,¥,%| vanish we pet flexibility [=,¥7,x] = 0,

hence alternativiby:



1,4 (Hleinfeld-Micheav Theorem). A lefr Mowlaneg aleebra without nilpotent

glements {(even without nilpotenlL associalors [x,y,x]) Ls alternative. [
In parciculazr

3.10 (Skornyakov's Theovem). A4 left Moufang division algebra is alternative,

therefore asscciative or a Caviey division algsbra. ]

Sioce a division ring with left inverse property is left Mcufang by

2.8, we have rthe geomctrically significant

3.11 (Lelt Inverse Thoorem). A nomassociative division ping with lete

inverss nropertv is alternative, therefore associzlive or a Cavley algsbra. B

As mentioned previonsly, = prejective plane with enowuph translations dis

coordinatized hy a division ring with left invarse property.
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ATV.3 Exercises

Nerive (3.4) from (3.3) using the velatiom

o =
() T e T e

Use [m.v,2] = xyﬂz-z(xy}mux Jy+zlyx) te obrain
2

{1‘::‘::] el L'. +L.-..B =L

LA(x,y)z = PR Ol B |

Deduce {3.4") from (3.3") using (%) and (&%),



ALV, 3.7 Problem Ssb oo Preperty (F)

We want te obtatin Kleinfeld's eriginal result (befere Micheev's result

was lknowa) .

Tet us consider left Moufang algebras with Lhe following propersy X
fas in Zleinfeld):
(£) I£ z has the form (i) =, {1i) [x,v], (111} =[=,v], or
i 2 g ; ;
{iv) = [=,v] then [x,v,z]" = O implies [x,7,2] = 0.
Clearlv (K) helds if A is a divisien algebra, or has ne zerc divisors, or
has wo nilpotent elements, ar even if it has no nilpotenl assoclators

[#,v.,0(%,v)] involwving only 2 variables x,y (which assccialers are thereters

zara in all alternabive algebras).

. 2
3.1 Show L A =0 for = = ®[x,v] er = = [x,v]. Deducec [x,v,z] =M.
[2,vs2] =7 -
Conclude [x,y,z] = 0 fer z = x{x,v] or z = [x,y] if (Riii) ar (Kii)

hold. When A satisfies (E) show we can strenglhen (3.4), (3,47) to read

3,4 A LB =10
(3. 4K) R
(3.47E) - = 1,
" c 1L7":::5" Ha ¥
9 2 ) .
42 Shew L7 = &4 LB for any asszociator p = [x,v.x] in a lelt Moufang
P H,¥ X K.V
o 3
algebra satisfving (K)}. Deduce ?J =0 and {p7)" = 0.
2 2 ]
4.3 Show p~ = [%,v.2] for = = = [x,y]. Deduce p° = 0 when (Kiv] holds and

ther p = 0 when (Ki) holds.

.4 Prove the Propertv (K) Thearsm: A Jleft Moufang alsabra is zlternative

iff it has properviy (K).

4.5 Nerive Skornvakov's Theorem and rhe Kleinfeld-Michaev Theerem.



ATV, 3.2 Provlem Szt oo Jordan Homomorphisms

Let Fih ™ D he a :Tﬂr"iu.n iﬂﬂmmm’phirm of tha lefr Moufang alsebra

A Into Lhe asscciative alpehra T, in the sense that F 15 a linear map sacisfyving

.

Flx") = F(x)™ Flx(yx)) = Pl Fly) iix)
(for example, D = End A and F(x) = T._K}. Introduce the akbreviations
= Flay)=Fi=) 7(y) %, = Flxy)-F()F(x).

Thus F i3 a homonorphism L00 a1l w o= 0, and an antihowmomnrphism 1ift all = = 0,
y

*® ; ; g y f s
1 bR Prove = = . = 0 linearizc. Ehow :-4.1‘“’—'.'].C = Fl{lax]), = i, = [P}, Flx}y] i
. Y ¥ )
& Show x?x =0, xx_= F([x,v,[=x,v]1]1).
3. Sheow x' = F{x}xy, ® = x M=),
R ¥
ny o 3
i, Shaow :x:wax}?-:" = (] (when 1/2€ ¢ derive this fmmediately from #Z, #3}.
Y ¥
D Show Filv,x.z]) = = -2"Flx) = xxva-(xjxv.

b Show xey = 02 F([y,x,x])x = 0,

Za Show KT’T-"":Z}"']?{?'}X}f = Ff[x,v,2]+z[x,v]), }':T—?(Z:H‘F{Z}:{y N T
a. Show }:YF([}:,‘_'_.',zj}+F{[x,y.zJ]xF = 0.

9. Show ® F(z)x 4x Flz)x = F(lx,v,zlxy]11).

10, show x F(x)x, = F(lx,y,x[x,¥]) and F(lx,y.xlx,yDx = 0.

11. Whan F(x) = Lx show = (7] = (X7, %] yyizj = [x,y]z+[x%,7,2]1, XF{L]

= [z.v]. Simplifv netatien in #2, #7, #8, 9, #10.



