54 Flanes from rings

We have seen that we can construct affine planes from
asscciative division rings. Actually, we can get by with much
weaker algesbralec structures. In Example 2.4 we built Afs(A)
out of erdered pairs (x,¥) from A , with lines of +he form |a]
orf [m,b]. By (2.5) the incidenece structure was given hy
(Xe¥)T[a]l Ggealp x = a and (3, ¥)T[mb] &% v = xin + b. Thus the

addition and multiplication of p occcour only in the form =m + b.

This suggests ths following construction. Let R be any set
with a ternary composition F: B x B x B—s E (thinking of

4]
F{¢,m,b) = xm + b in cur example). An isomerphism R—R of

ernary systems is a bijective map preserving what lictle al-
gebraic structure we have, namely the ternary composition
alFlx,mbl) = Flc(x), alm), s(b)).

The plane associated with the ternary system (R,F) is LIf(R,F)

= [(P.L,I) where

(]

[C(,F) = R x B = {(x,v)|x,y € R}

L(R)F} = R " Rx R= {[a],[m,3]|a,mb& R}

(4.1} Y IT{R,F} is defined by

1 (2,7 L [a]lg=D x = a

= (2,v) I [m,bleE=dv = Fix,m, b,
We say AZL(R,F) satisfies the Parallel Criterion if
(4.2) [m/b] |[[m',b"]&= m = m',

This insures Lthat the parameter m measures slepe (as in the

exampla of AfE£{Ar)).
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We say (R,F] is a Lernary ring if it satisfies the axioms

(TE. I} fer any =,m,y € R the eguation

T(HD) 7 ¥ Mas @ uique solution b

(TR. IT) for any %x,x',v.¥' €& R the pair of esquations

Fiz,m,o) = v, F({x",m,b) = v' has a unigue

L

{4.3)
solution m,b if % # %'

(I'R. III) for any b,b',m,m' & R the eguation
I"{x,m,2] = F(x,m',b') has a unique
solubticn x if m # m'.
These thres rather strange axioms are precisely what we need
Lo guarantee the plane Aff(R,r) is affine. We consistently
write F(x,m,b) = y even though at first glance all the vari-
ables x,m,2,v from ® are on the same footing and could he
dencted by any letter we choose; the reason is that x,v will
e the x and v coordinates of points, m will be slope of a
line and b Lhe y-intercep:t of a line. To kesp these roles
straight We distinguish the variables by using different sorts

af lelbkers.

(Plane Construction Thsorem) The plane ATf(R) consiructed
from a bLernary sgystem (R,F) is an affine plane satisfying the
Parallel Criterion 4.2 iff (F,R) is a ternary ring with at

least 2 distinct slsments,

Proof. Ceonsider the axiom Aff I that there he z unigus



line threugh any =wo points P = (x,y), B' = (X'yy')}y If
¥ = x' then there is a unique line L of the form [a] incident
to both points (namely a = x - x'), and no line of the form
[m,b] sinces v = Flx,m b}, ¥' = P(x',m,b) for x = 3! forces
¥y =¥', P=P' by single-valuedness of F. If x # x' theare is
no L = [a] on both points, and the condibion that there Le a
unigque L = [m,b] on both is that ¥ = Flx,m,b), ¥' = F(x',m, k)
nave a unigue solution m,b for = # x'. Thus Aff I is eauivalent
o TR. TI1,

The axiom that Lwo lines L,L' intersacl in exactly 1 or
€ points invelves threa caces, If T, = [al, L' = [&'] for
a # a' the lines da not intersect, since if (%,v) were on
L and L' we would have a = x = a' . If [, = [a), L' = [m,B]
then. LE9) is 60 L Ehd BY AFF xo= w and v = Flxmn,b), 2a ths
unique peoint of interseetion is (a,Fla,m,b)). IF L = [m,b],
L' = [m',=2'] then the points of intersection P = (x,y) are
the solulLions of the equations v = P(x,m,b) = iz, m" , b').
The Parallel Criterion is Lhat no solution exist (the lines
are parallel) 1ff m = w' , Thus AFF II and ths Parallel Crite—
rion together are squivalent to the condition that Flx,m;h)
= Flx,m' ,B") hawve 3 unigue solution if m # m' and no solution
ifm=m" (b # k'), ia. o TR. 11l and the unigueness part
of TR, I,

The axiom Aff ITT that through each P = {2,y) there is



a unigue line L' parallel %o L hreaks into two cases. IF

L = [a] we saw the only lines parzllel to L are the L' = [a'l,

and there is aonlv one cf Lhese incident to P (namaly a' = x),

Tf L = [m,b] we saw the cnly lines parallel te L are the

L' = [mp']l, which ia en (x,y) iff v = F(=,m,b'), s0 Aff III
is eguivalent to thz existence of unigque solutions b' of
aguations ¥ = F(x,m,b'). vhis is just TkR. I.

Thus we have a pre-affine plane iff (R,F}) is a ternary
ring, The axiom Aff TV that a 3-veint exist amounts to the
condition that |R| > 2: if T = {r} contains only one element
then the plane contains only one point (r,r), while if &
contains r # 3 then alrsady (r.r), (r,2), (=,3) form a J=-point
(they are nct all on a commor lire L since if Lhey are on
L = [a] we would have ¥ = a = 5, and if they are on L = [m,b!

then ¥ = Flr,m,b) = z). R

This constructicn is funetorial in the sensc that any

isomomorphism g: R + R induces an izomorphism
Aff(g): Aff(R) + AfZ(R) dofined by
(%,¥) — {o(=x), a(¥))
[m,b] = lg(m), {b)]
[a] —— [agfall.
How ean this help but be an isomorphizm of planesa? AFF(R) is
built wp from R using only the ternary structure of R, so

any map preserving this ternary strucitures must also preserve



the derived geometric structure. For skeptivcs: Aff(g)
cerbainly is bijective Ffrom points to points and lines to

lines, and preserves incidence since

(Rryd T In] g= x = a @Do(x) = g (2= (4 (x), ¢(y]) L5 (a)]

and (x:,v) I[m,bl€g=——2 F(x,m,b) = %

Flox,om,eh) = c(Flx,m,b)) = 5y &= (g %,0v) Ilom,ob]., The other

regquirements for a funchar are trivially met: if 5 = 1 ig the

identity map from R to R by its very delinition Aff{g) = 1 i=

the identity map on ATT(R), and gimilarily if R f R l % then

by definition Aff{{)= ﬂff(j}‘= Aff(To;). Thus we have & functor
Ternary rings-ﬂtf+ Affine planes,

In short, we can construct a#fine vlanes in a natural way
frem ternary rings,

We noticed before that we could construct ternary svstems
cul of rings. Tndeed, if (R, +,+) consiats of 2 set R with two
binary cperations 4+ and . we can form a ternary composition

F(x,m,b) = xm + b,
The conditions on (R,+,-) in order that (R, ) be ternary are
{R.I) ar eguation x-m + b = ¥ has unigue solutiocn b
(R.IT) & pair of eguaticns x-m 4 & = ¥r 2'm + b = y!
[d
) for = 2 %' have a unigue soluticon u,h
{R.III} an eguation x.m + h = x.m" + b'" fer m # m' has
a unigue solution x.
Clearly the construction of (R,F} from (R,+,s+) iz functorial.

Lo the next section we will investigate when (R,+,+) can be ro-

covered frem (R,r}.
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Exercise
A ternary ring is rigid in the same way a division r;nﬁ iﬁ
rigid: a hemomorphism must be zero or injective. Define

homomurphisnm of ternary rings and show that

if g R = E iz a homomorphism of Eernary rings then either
(i) (g fRY = 2 }
{(1i) o is injective.
The fact that ternary rings admit essentially only isomorphisms

eXvlains why planes admit essentially only isomorphisms:

A Zero element 0 and unit element 1 af a ternary ring are

clements sakisfying F(0,x,b) = F(x,0,b) = b, F(1,m,0) Fim,1,0) =

for all x,m,b. Show the zerc and unit of a ternary ring are

unique 1f Lhesy sxist.

An isotope (K,F) of a ternary ring (R,F) is defined by

R =R, Flx,m,b) = Flglx), plm), t(b)) for bijective per,t !R + R,
Show averv such isotope is again a ternary rinog. Does every
ternary ring have an isotope which i unital: if r # s is there

an isotope where r = 0, g = 1 7

Show that if the plane asscciated with (R, ") is affine, so is

the »lane associaled with (R,F) for any map I'(x,v,z)

= Fl{¥,o (¥,2) 1 (yy8) ) whare (yv,z) = loly,2),7(y,2)) is 2 bijection
of R » R onto itself. Coacluds that AFF(R,F) does not in general

Satisfy Lhe Parallel Criterion.
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Given an arhkitrary F such Lhat &ff(R,%j iz affine, show there

iz F with ?{x,y,z] = F(x,aly,z}, T(¥,2)) such that Aff(R,F

WG BACLSTY [P FATaLlaL Criforion. Thun e mae alwsgs wau-

malize I* sc that m measures slaope.

In AFT(R,I") where B iz unital (as in #2) show
(i [xlaim, bl = (x, F(x,m,b)), (ii} [m,b] = (0,b) v {(0,0) v {(1,m)]
ELXA] [l;U]ﬂ I_':';_fj = (_‘:’r}‘_}r Izl Am[1,0] = I:}E,H}, I':!jqﬂ [m,b] = I:":Il‘j:'}l’

[x1 A [0,b] = (x,b), (iv) (x,y) v [0,0] = [0,y], (x,¥)v 0] = [x].



