I'rom projective to affine and hack again

We will show how toc construct affine planes from projec-
tive planes and vice wversza, and that (in a suitablse Bensa)
the concepls are eguivalent: if vou'wve got one vou've got the
other (but not guite).

Given a pair (I, L) consisting of a projective plane

and a distinguished line ab infinity L. , we construct an

affine plane

ATE(T, L) = (P, L, %)
oo = ETe (remove one line)
(3.1) 2
¥F INEBI) (remove all points on that line)

I,=IN(_ =T, ) (take induced incidence),

We call this Lhe affine restricticon of I relative to L_

Notice that two lines are parallel in Aff(1n, L) iff their
intersection (which always cxists in 1) does not belong to
the affline part of , ie iff the lines intersect on thes line
at infinity L_

L”M iff LAME P{Lm}
MNote alsc that Pa{L} = P{L}\\L.ALE for L & La y 30 the affine
line 1, € L, ig not quite the same as the projesctive line L € T

as far as its poinls gu.

(Affins Restriction Theorem) If 71 iz a projective plane Lhen
for any line Lm Lhe affine restriction R, = ATE(N, Hm} is an

affine plane,



J=2

Proof., Aff I: 2 points F,Q E Pa lie on a unigue line
PwQ since Pw (@ (which exists by Precj. I) is not Lg and hence

belongs to L
a

Aff TI: +twn Iines L, L' in La gither intersect in

P (if LAL' € P(L )] or are disjoint (if LAL' € P(L )) by
(=R w3 o)
Froj. II.

AFf I11: given L & La (g0 I, # L] and B € Pa (so P & P(Lﬂ}]
there is a unigque point of intersectipn LaL_ = Q in P (Proj. II)
and a unique line L' = PwQ in L{Proj. I). Since P & F(L_ ) we
have L' # I, , sc L' € L, and P € P(L') for L'|| L. Such an L'
is unique, since any othsr L" on P parallel to L must intersect
Th. o L . hence at @, and soc L" = Pw D = L',

Aff IV: 2ick a line L # L {(we know there are at least 3
lines by 1.10%), and pecints Pl PE on L different from LAL_

(L has at least 3 points by 1.10). By 1.6 there is a point Py
off L = Pler and gff . ¢ S0 Pl'PE'P ara non-collinear affine

2 3

points. B

This construction is functorial, from the category of

projective planes with line at infinity (a moxphism (N, L) -
(ﬁ, EW) in this category being an iscmorphiam j| = ﬁ of planes

which sends L, into im} to the category of affine planes,
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Affine restriction
Projective planes with line at infinity ~+ Affine planes,
J . B
Indeed, 1f | ~—+ I is an isomorphism sending L —* I_ then we

obtain an isomorphism Aff(3) of affine planes Ey restriction
to AEL(M): {Aff(g)} (L} = o (L,{ALE(g)}(P) = q(P) for L € L, +

€ P . This restriction does indesd map onto ﬁff{ﬂj:

=1
(L) €L, + ie o(L) # L, and a(P) € B, , o q(P) & P(L,) by

bijectivity of 5. Ik cartainly preserves incidencs in ALff )

since it did in 1. Clearly Aff(l) = 1 and Afffc o 1) = AFF(g) ° Aff (1)

by restriction, using AFf(a) (P_) = Ea and A££(g) (L)

L=

I
a
in short, we have a natural way of constructing affine planes

from projective planes by means of affine restriction.

. I= . L & - =4 - - ]
Now start with any old affine plane n. (P La’ Iaj.

We construct a projective compleotion

Proj(i,! = (P,L,T)

L = L (adjoin an ideal line)

o

L sl
P=P W H{“a} (adjoin one idezal point

(3.4) for each parallel class)

I_\{all(|| (L), L ) I{all{|| (L), L)}.

Thus the ordinary points P & L_ lie on the same lines as befors,
(=

while the ideal points || (L} lis on T_ and all lines L' parallel
to L. Observe that two crdinary lines intersect on L, (are in-
cident to some P = || (L) on L_) iff they are parallel in n,

(belong to the same parallel class [ (L) ).



Line at Infinity

73
Py L
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gy ] (L) Il (z5)

Projective Completion

{Completion Thecrem) If Ha iz an affine plane then its projec-

tive completion Il = Pruj{ﬁa} is a projective plane.

Proof, Proj. I: if P, P' & Pa are ordinary points thay

do not 1ie on L , and in view of I_ they lie on a unigue affins
[ =9

1]

line P ¥ P' (A£f I). If P = |[|(m), P' = ||{L') are ideal points
they lie on L_ but in view of I” on no ordinary line (if they

|zt , dmplying P = ||(m) = [[(z") = 2').

lie on M then L|| M
It P is ordinary but P' = ||(L) is ideal then in view of IH
the only line they lie on is PV L (Aff IIT) (P € P(L_) and if
P, P' are on an ordimary M then M||L).

Proj. IT: If L, L' are crdinary lines which are not par-

allel then by AFf III their intersection iz the unigue crdinary



3-5

point L A L' in view of La (by I|| they would ﬂnly hawve an
ideal point |[[(M) in common if L||/n'|[M). If L, L' are ordi-

nary but parallel they have no ordinary intersection, and

LaL'= [[(L) = [|[(L") as their unique ideal intersection
by I|I. If L is ordinary but L' = L, is ideal their unigue
intersaction i= L A L.o= || (@ (they clearly have no ordi-

nary intersection, and the only ideal point on L is [] (L} by
Proj. III: 4-points exist in T because they already exist

in I_ by Lhe Parallelegram Lemma 2,2, B

This consbtruction is funcltorial: any igsomomorphism

g = Praj (o)
m, — 1 lnduces an isomomorphism [ ———— 1 by
Proj{a) (P) = g(P) PE P,
Broj(o) ( [|(z)) = [lo(m) Lex,
Froj (o) (L) = g{L) Ler,
Proj(c) (L ) = L_
(note L[ ' =B s()Jo(L'), so || ¢ (L) depends only on || (L)).

Certainly Proji{s) is hijective on points and linss. Tt PrEesRrves
incidence It if P, L are ordinary then P I L fEmly, P I, L

&= c (7] Ea o (L) +(P) L (L), (so Proj (v} preserves I_),

1f B o= H{L} iz ideal thsn :|{L} T irgy and |'g{L] I im (so
Proj{g) praserveas Lm}, and if P = || (M) is ideal, L ordinaxy
then P I L =B M| L S=dy ¢ {:-1)|]g{L}ﬁ. |'m| g(M) I a(n) (so
Proj (o) preaserves Ifl}. Clearly Prcj(l} = 1 and Projlg o )

= Proj(s) ® Proji(r) by the form of Prei(g).



Notice that Projlg) preserves the line at infinity, so
we can view Prey as a functor

Proj
Affine planes —— Projective planes with line at infinity.

In short, we have a natural way of constructing projective
planes (with distinguishad lines at infinity) out of affine

planes by means of projective completion.

(Equivalence Theorem) Affine restriction and projective com-
pletion are reciprocal functors between Lhe categories of affine
planes and projsctive plancs with lines at infinity.

More precisely, if 11 is an affine plane then the affine
restriction of its projective completicn T relatiwve to L is
jus+t n

&Ef{ProjﬂﬂE]J = Ha 4
while 1f || is & projective plans and L a line then the pro-
Jective completion of its affine restriclion gy relative to

L is canonically isomorphic ta T ,

n, L) = Proj(AfE(I, L))

under the isomorphism

g(B) = P (P € P> P(L_)})
afB_) = [[{(OwP_) (P, € P(L_))
(L} = L {T.€ L™L_}
gL ] =T

Proof. TIt's easy to show Aff = Proj is the identity
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functor. Let [ be an affine plane, (I, L)) its completion,

and ﬁa = AZE(U, T ). Then T = (/L ,1.), L = (P,1,I) for
T = Lav J_m , B = P UJH".:L} ; L = Ian._.-Imu_..lIH , and

:ra = t‘?a,"i_'.a,ﬁla} for La = L‘-~~.LW = L-a y Ea = PNBL ) = Pa
(since by I  the paints on L  are precisely the |[|(T), ie
precisely the ideal peoints of 1), =o Ea = 1 M (%a w E"a:'

= IfN {Pa > La} = Ia {since I = Iau T, u...J_LH 1.

Now assume we are given a projective plans [[ with dis-

tinguished line L - lts associaled affine plane is I
= AR, L) = (Pa,LarId) = (Px2L), L>NL ,IN o e
which has completion :[ = (E-,E.,-i} for

BE=P W [{L)

L =1 L

=1 [ 42
g " =
Bere I ==& _ 5 L s I, swJ'L =TI is clzarly a bidjection on
a x =] o u

lines, and B = I.-‘au P[Lm_i —_ L—‘a ! {;i(LH = P iz & biiecticn

on points since ' &€— 5 OVEP &5 | (GNP ] is @ bijection
o = ' =
PlL ) gt {Ld} (P —» OVP , L —+ LAL are inverse bijections
=t I fotel o m
P{L ) L{0), and L —» | (L) |[{L} — LVYO are inverse bijections
L{O] g——p |||:T_.a‘.ljl. This preserves incidencs since I = Iaqu ~...rI|.

I ., and

where undsr 5 Ia_;- T'a gk = P{Lx“ L — | ELa]x L

I

) TIOMRE@Ix Ly = {(B, L)|P, €P(L), LeL, , P = LAL]

— {{[J(@Vve_}, L} P_=1aL } = {(|| (L), L)} = I|| {note

o
|
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LalOwp,) =1, = L|[(0wD, b == |l = |ltovr)).

e |

Hs ¢ e en somorphisn of plangd (and takes the distine

guished line L into the distinguished line L . B
aa}

T'his shows, for examzle, that every affine plane Ha can
be obtained from a projeclive plane by affine restriction,
L., = ALL (], IL] waera (I, Lm} = Proj{naj. This projective
plane is unigque up to isomarphism: if ACC(W, L ) = Aff{ﬁr L. )

then (I, L_)} = ProjlAff(m, L))

I

Proj (Af£(I, L)) = W, T ).
However, bc careful to note that 1if we start with an affine
clane :a » comnlete il ko 3 projective plane | by adding a lins
L, + then delete from 7 a different line L # L+ kthe resulting
affine planes H; = I™L need nokb look like the I we began with,
One must be careful to take away just what cne added.
8imilarly everv projective plane T can be obtained up to
lscmorphism from an affine plane by projective completicon,
M= Pruji;a} where Kd = ATfL(1], I} for any line L of . But
this affine plans is not unigue: We can get T by throwing out
any line I. (getting an affine AFf(I, L) = T~1) and then outting
it kack in again, so T is the completion of various affine
I~L's but Lhere 1s ne reason why thesa [~<L's should look alike.
In general, a projective plane locks different whern viewed from

different lines L and L'; equivalently, thers will gensrally not

e an isomorphism of the whole plane sending L inte L'. (Note



that if Af£(I, L) = AFL(T, L'}

H | then

(n, L) - Proj (Af£(I, T)) = Proj(Aff(l, L') = (L, L.'), ie there
o o)

is

an isomorphism T —T , L — L"}.

Our natural correspondences were between affine planes and

projective slanes with distinguished line; a projective plane

alone can give rise to very different choices of lins at infinity.



