§2  AZfine planes
Moere familiar to us are the affine planes. The ordinary
real x-y planc of calculus is an example of an affine plane.

To he axiomatic about it, an affine plane Ta = (P,L,I) iz a

plane satisfying the axioms

g (Aff I) any two distinet points are incident to a

unigue line
(REE I1) any two distinct lines are either parallel
{2.1) $ or are incident to a unigue point

(Aff ITT) given a point P and a line L, there is a unigue
line incident to P and parallel to L

|L"[I'n.ff Iv) Lhere exists a 3-point.

Here two lines are parallel, written LIIL', if either . = L'

or there is no point incident to poth (their intersection is
everything or nothing). A 3-point conzists of three non collinear

points {?1,P2,?1} :

3~point
Eecause all points are alike but lines come in twe varieties
(parallsl or intersecting), affine planes loge the duality
enjoyed by projective planes.
As in the projesctive case, we write Pw ( for the unique

lins on P # Q, LAL' for the unigue point of intersection of



2=2

L and L' if L-H’L' {50 before writing La L' we must check that

L,L' are not only distinct but also non-parallel). The unigque

line through P parallel to L guaranteed by Aff III will bhe de-

netad hy By L:

I'w L

The line Pw I

Note that if P liss on L already then Pwl is dust L,

In the nexti section we will see a general method of obtain-—
ing affine planes from projactive ones hy deleting a "line at
infinity ;" parallelism in the resulting plane means the lines
intersect on thiszs deleted line, which no longer exists within
the affine plane but only has an "ideal" existence in the sur-
rounding projective plane. Thus the "points at infinity" are
constructed from the affine plane as points of intersection of
rarallel lines, so are in 1-1 correspondence with parallel
classes of lines.

Let us note that parallelism iz inds==8 an sguivalence
relaticn, so that

L o= || (L)
breaks up into a disdeint union of parallel classes (the par-

allel class of L is denoted [| (L)). We have reflexivity L|| L




by definilien, as well as symmetry Lilm *&==b'MJ!L + while
relexivity L||M , m||y = L|/¥ follows since if L W4 N then

LN, N#M , M# L so by Aff IT L and N intersect at a point P,

Uhéﬂéuﬁbh L ang “ wwu;J Le J'sLlncL llnes cn P garaiiei to M,

which would cenlradict unigqueness Aff III.
A7fine planes not only contain 3-points, they contain
4-points. An ordered set'{Pl,PE,P3rP4} of distinct points in

an affine plane is called a parallelogram if thev are not col-

linear and L VP, | PovE, , PEUPSH PyvER, .

F '|I;|

L4

Parallelogram
A parallelogram is automatically a 4-peint. Since the parallel-

ogram condition is invariant under cyclic permutation of PirPorParPyy

it suffices to check PL'PE’PS ara nolk cellinear. If they ware

collinear, Eyv B, = ByvP, would imply P,Y Py = Pyv Py (sincs

they are parallel and pass through F,), all four points would

be eollinsar, contrarv to hyvpothesie.

(Parallelogram Lemma) Any 3 noncollinear points ?1,?2,P3

uniguely determine a 4th point P, = {Pl W I[PEV PE}} A {P3 v fPlv‘ EEH

such that {PI'PE’PE'Pd} is a parallelagram.



Procf. An st 1 ' | f
[Py mseAie onFyy (ByVE,) 1T B WP (B 0D,
similarly it must lis on P,V {PE-JPEJ xF ?4vPl]' Pz-qu3 )
These lines intersect in = single point since they are nen-

A q ] e T =
parallel: if P, v P (| B, v P, then P,v P, = P.v P, and P, ,P, P,

arc collinear, which we disproved abova. 'Thus P, can only be

{Pl~¢{P2~1P33} A{P3 v{Plv-Pz}}, and this peint works: P, is

off PEVP;’- » S50 Py ¥ {PZ VPE} is disjoint from P vP3 ; and

2

: S el co ,
Py 1s off P58 Py 7 osimilarly it is off PywF Then P, v P

2
=Py (Pyv P, Pi¥ Py and P vk, = Fyvi(P,vP )| Py WP

3

3 I
Efs) {Pl-‘PE'Pj'Pq} is a parallelogram. B

Besides constructing affine planes from projective planes,

it is guite easy to build them From scratch,

Example (Vector space planes). If V ig 5 2=dimensional left

WECLOX dpAce oVer an associalive division ring A then we obtain

an affine plane Aff(V) (the plane of the vector space V) by

taking the elements of V as points and tha l-dimensional affine

subspaces (=translates of l-dimensional linear subspaces) as lines,Thuys

a line has the form of a coset LP g = F + AQ for P, 9 # 0 points
]
in ¥. Two zsuch lines L o and L, oL are parallel iff they are
¥ - ¥
translates of the same subspace AQ = AD" (ie. Q,Q' are dependent),

and coincide iff P - P' @ AQ = AQ'". Two non-parallel lines LP o
r

and Lo o have unigue intersecticon R = P + t0 = P'" + t'Q"' where
F

t,t' are the unigue solutions to P - D' = t'Q" - £Q (since 0Q,0°



form a basis for V)., The unigue line through P parallel to

L =L, 4 is L, ., . This establishes Aff II and Aff III,
P ,0 E,Q

For ALf I note that if P,P' ars distinet then E=-2l=q#0

50 both lie on I Lo g - Tor Aff IV note that if {X,¥} is

2.8 B £

& bazis for V then Pl = 0; ?2 = X,_E3 = ¥ are non-collinear.
Note that peints P,Q,R are collinear iff the vectors

P =0y Q= Ry R = P all 2ie 1% & l-dimensional subspace of V

(iz. P = 0 = R moduls a subspace W of V).

J
Any semilinear isomorphism V —— V of vector spacss over
. AZf (o) "
Avd Anduces an igomorphism of planes AEFE(V) ——— nsEf(V) by

P—g(P) , L =P + AQ+g(B) + EG{Q}. (An easy way Lo see this
is to note ¢ preserves collinearity since it preserves dependence) .
This gives us a functor

ALE
vector spaces ——— Affine planes

from the calegory of 2-dimenzicnal vector spaces with semi-linear

isomorphism to the category of affine planes. B

brample (Division ring planes) With avery division ring A we

_ . ; { , 2
can construct a canonical 2-dimensicnal vectar space V_(A) = A" .

& i
lere isomcorphisms A— A induce semilinear isomorphisms
¥y le)

Vo {A) —

& vaiiﬁ By (3,7)— (s(2),5(y)), Thus we have a

functor from divisieon rings to vettor spaces; composing it with
Lhe previcus functor gives a functor from division ring & Lo
affine planes

ALE(A)



{the affine plane ¢f 4). Here points are ordered pairs

P = (x,y] (x,v € &) and lines are represented in parametric form

EVOTIC, TaDnior (@0 7 (o0, If om0 o 10 yooe

the set of peints (x,v) with ¥ = a, otherwise we can solve for

(% <. afe T %6 WEite v=Db+ {x -ale™d=xm + b (m = c-ld,

b =5k = acFld]. The exXpressions L = [a]l or L = [m,b] uniguely

T

1

determine the line. The incidence structure is detcrmined by

(2.5] (x,v) 1 [a]€E=» x
{(%,v) I [m,b]l&Dy = xm + b

=1

Later we will see thal we can introduce similar sorts of coordi-
nates in an arbitrary affine plane.

Since every 2-dimensional lsft vector space V over A is
(non-canonically) isomorphic to ?a{ﬁ} relative to a choice of
basis, all veclor space planes are isomorphic to division ring

palnes, Aff(v) = AZE(V_(4)) = Aff(A), B
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Exercise

¥ ] ]
If ﬂ; 18 8 Lanale affine plane such that one line L contains

exacﬁly n pcints, show

(v)

every line centains n points

there are n> points in all

through each point there are n+l lines
Lhars gra n2+n lines in all

there are n lines parallel to any given line,

Show all atfine planes are concrate,

a .

Show a bijection P — P induces an isomorphiem of affine

planes iff iL preserves cellinearity: Fi11F5¢Py collinear

G :j{Pl}, '“_'{PEJ' r_}{r’jj collinear.,

0

Show any isomorphism T_—p I, preserves parallelism,
i

L ||M €& (L

& T
e (Mo If a bijeetion I — L is given which

preserves parallelism, show ¢ extends to an isomorphism of

affine planes iff T, A Ly =LAL, = G{L}Al:rl:LlJ = o (L) AU{LE}.

Give an example where this conditicn is not met.

Define homomorphism of affine planes. Show that & homomorphism

]
I—— T_ i=
= =4

czllapses “a

collapses it

gither injective (isomorphism into) or sls=
Lo a point, (D ) = {P} and :T[I..a]l = T.a[P}, or

te a lins, o(1) = {1} and U(Pa}c_ﬁafi}.



