Maloev's theoram

The Wedderburn Splitling Theoorsem tells us how A i=s built
up from its radical R and i+ s gemisinmple partk j% » In the
semi—direct zum A = B § R the radical part R is unigue, and
B is determined up to lsomorphism. The exact extent to which =

Le unigus is described by

(Malesv's Theoram) If A is a unital allernative algehbra over

& Zicld of charactavistic # 2,3 whose radical R iz solvable
2nd whose semisimple part B/R is separakles, lhen any two

Wiedderburn splittings of A are conjugate: 1f A = By 2

Tor subalgebras E. then B, and B, &re conjugate under an inner

2utomorphiasm (which s a product of conjuygations).

This will follow from a mora ganeral conjugacy resull

(Maloav's Gonoral Thecrsm) IF a iz a unital alternatbive algebra
over a field of characteristie # 2,3 whose radical R is solvable
znd waosz semisimple part A/R is separable, then for any sepa-—

rablz unital subalgebra C and Wedderburn gplitting &4 = B & R
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r autemoerphism (a product of conjugations) of

A taking C te a subalgekra of B,

Droont, A in the Wedderburn = litting Theoroem, we orove
B g E
thig by induction on khe index n of the solvable ideal R . If

T =0 there is nothing to prowe, B = A .

B R=B, 8RR



Now assums E has index 1, D(R) = Hz =0 . If G,p are the

srojections of A = 11 & R on B,R respectively than any % £ A
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g (x) + p{x}. Sinece B iz a subalgehbra and
_— o 2
R an icdeal with R” = 0 we have xy = {8(x} + pCGa e (vt oy}
= 3(R)E(¥) + 3 (%) ply) + pG)B{y) = 3{x)B{y) g {xply) + o(x)y} , so

v 2 Alawl =

]

() 8 (v} ; pixy) = =aly) + g(x)y .
This £ is a homomorphism A - 3B and p a derivation A +~ R .

The treubls is that g is not an automorphism of A. What we

22k 15 a conjugaticn T on all of & which has the same =ffect
cn O thabt ¥ dos=s,
Tlx) = B3{x) (n & )

then T(C) = §(C) C B as desired. Offhand il might he

hard to discover a T extending § , but 1f we obsecrve 3(x) = 3x - pix)

w2 noed only extend T - g , ie find Y satisfving
(5.4 T{x) = 2 — gix) (= &2 2 .

automorphism T 2 T — D infinitesimally generatsd by a derivation.
)
The restriction D of ¢ to C is a derivation C -+ R, which

baooausae C© 1

L

secarable must be inner by the Derivation Thecrem 4,

and since the characteristic # 2,3 even intrinsically inner:

U= A X 5 s 3 ; G - MR
I 2d_ T DK;;mi Lar = e C , mi ER , and n € e Fo (. N{A)
for = € C = sLrongly assucliative fdempotent. Because D isg

3, M

linzar in x and C is spanned hy invertible elemsnts (see 0,00)

Wi Ccan assume sli xi are inwvertcible. The innar darivetion
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o= Eﬂn + & Dx.,m. extends to gll of A By 1V.3.35 tha con-
1 3
Jugation
T = TF-R rx.,yt (v = 1l-n, s S mixi)
il
on A hawm TX = X - % modulo terms inyolving bwo or more factors

from R and theratare belonging +o »* - q .

Tl = 3 - D) (€ ) .
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By (6.4) +his is Pracisely the T wa'wva Lean looking far.

Asgune we have founs conjugaticons whenever the index is
- " . I
~855 than n , and suppose R has index n: D(R) = 0 ., In

n=] . - . - - = -
A o= A lLHj we have C = O separable and A = [ @ 8 where R

n-1 — N1 —

now has index n-1, D (R) = n (Rl = 0 . By the inductive

hvvothesis thara is 4 coenjugatiaon

0= Mmoo = R B invertiblae,
Lz xj;l—zi 1
2, £, % £ 2f= for o € C strongly asaocialive (ral. C) with
T{C)CT B . We can identi fy E,QI in € with ;% in © and lift

———

Z & =02 F E: € R to “Z & 2la rZ2. & B . Then z,zi are still npnil—

]

potent and ¢ € ehie O 2Rhe T N({A) is still nuclear by strong
assosiativily of e (rel. C), so

T B 6 T o
1—x Li,] 25

is a conjugalbion on A Which induces T on © - In particular,

T~ T(E)C F implies C, = w(C) € B + p 7 - A, + New the

radical = ™ (R} of A has index 1, D(g_ ) = PRy

LB H 1
= D (R} = @ ., Thersfore we can apply the index 1 caze 1o

€, & B + R, to obtain a conjugation
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¥. € C_ 1invertihle, w €R - w6 F f 3 T i
t_l S LG rti ef Wi Y ) | i % ;ﬁb; iQI j E Go ﬁLIUHglj

agsaciative) of i with T C ) C B . This extends to a con-

'..T.'G = 'Tl g Tr TY

Jjugation en A since yy #re still invertible in A, Wy S R ;
and w & IRECLAF S N(R) for £ strongly assocliztive (xel. CG}.

The composite T T is a conjugation on A wish TDIECJ = Tn{: B

Maleev's Theorem can be Lhought of as the uniguensss theorem

corrsssonding to the Wedderburn Splitting Theorem.

Corollary. Tt A be a finite-dimensional altornabive algabra
cvar g fizld of characteristic # 2,3 wilh A/u gpparable. Then

2y sSaparable subalgebra C of A is contained in a Weddsrbura

factor of A, CS B IOor A=B B R «_

Froof. Tf A =B @8 R there ig an automorphism T of A with
g

(8) = B where A = T (a) = TTH(E) & v (R)

+ In characterisbic 0 , 1f C is a semisimple subalgsbra
A4 = B B R such that every derivabion © + M is intrinsically
tnner, then C is conjugate to a subalgebra of U under an avto-
morphism T = | exp(ﬂil for Di nilpotent derivations of L .

1
Indsed, in the procf once we know € + R is inner wa can by



6=5

aypothesis 1ift it to a derivation D of A ; which is covered

by ths automcrphism exp(D) = ¥ ]J'{;’k!

(D is nilpotent and tha

c¢haracteristic is @ :}+ Thus in characteristic 0 we can avolid

the Infinitesimal Conjugation Temus and use exponenitials of

derivations.



Prsrgises
Show that Melcev's General Theorwn follows if there exist

conjugations moyving C closer and closer ta B, is, if thare

k] (k)

3 . k
exist T with T (C)CC B + D (R .

Foduce Lhe inductive conztruction of the suyccessive appraxi-

b

maticns TV to the Lemma: 1if D is a separable subalgsbra of

1

=z algebra 8 = B3 5 (B :

H)

eparable subalgebra, § a nil ideal)
over a field of characteristic # 2,3 then there is a conjugate

T{D) lying inside B © D{s).

Recuce the finding of T in #2 to finding T with T(x) = 2 — 7(x)
mod DIS) Tor x € 8 (0« B = 5 the projection on 8). Show there
ig an Intrinsically inner derivation D of & with D{x} = oz
mod D{S) Zor X € D . Show there is & conjugation T of A with

T{x) T = — ¢{x} a5 desired.



