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Splitting theorens

Lo this section we investigate how a general alternative
a2lgebra is built up out of its radieal Radﬂﬁl and i1ts senmisimple
partc AfRad 4. We hope to show that A is a szemidirect produact
of its semisimpls and radical parts, A = B & Kad A whers B is
gebra [(necessarily iscnorphic undsr the canonical pro-
2ction to A/Rad Aj.

W2 will need te make zn assumption on each of the two pleces.
Concerning the radical we will need to assume Rad A is solvable,
Wﬂiﬂh,iS-wnaker.t_an assuming A 15 Artinian (by VI.0.0 an artinian
algz=hra always has solvable radical). For the semisimple part
w2 will have to make a stronger assunption than being artinian
namely that ¢ is a fisld and A/Rad A is separable over ¢ , b=
in the asscciative case, the difficulty in lifting an Mn[&} or
T(A} is not in lifting the matrix units, but rather in Lifting
4 . Separability over a field ¢ allows ue to make a scalar
=xtension which reduces us to the case when & is algebraically
clozed;: but then the only choice for A iz ¢ itself, which lifts

autocnmabtically, Thus by mzans of scalar extensions we can avoid

explicitly Lrying to 1ift A .

(Wedderburn Splitting Thecorem) I A is an alternative algebra
over a fi=ld ¢ whose radical R is solvable and whose semisimple
part A/R is separable, then A is a semidirect product of its

L and its semisinple part: we have a Wedderburn splitting
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A=B@®R=5A/MRAR
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Tor soms separabls subalgeobra B = AR .
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ase 15 when 9 is algebraically closed.

= by 2.3 A = /R is a direct sum A, B - H Er of simple

algzhras which are either asscciarive mabtrix algshras M (&) or
szlio Caylsy algebras ©(6) . By Idempotent Iafting VII. 7.2,

gincz R iz a nil ideal the units El of XA, can be lifted to

orthogonzal idempotents €; € 2 5 applying the Matrix Algebra

Liffing Thsorem VIL.7.4 or the Cayvley Algobra Lifting Theorem

VII.7.6 to e, Ae. (with eiﬂeifcfhairﬁ_ﬁ - EA 5_3 wae can lift

1
the matrin or Cayley algsbra n = B85 A e. .back to a subalgsbra

8. {_ =.Ac, such that the restricticn of the projection

iy TR, o = —
he, ——a2>, A @, T2 B, 15 an dsomorphism B, - A. . Than

i 1 i i T : i 1

B=4, B-+H 3 is a subalgebra (by the automalic arthogonality
£ the : 2.8, 2.8, cAe L] = cah, = for i#] sl

T WRE JJ:I. T E4':|_B-. _ (":‘1‘;‘i J_}I {e] GJ:I ﬂl‘l;’-"--_] j‘i‘ 0 for i#])) sucdl

that the restriction of tha projection A —— A to B is an
isomorphism B = E]Bi + E]ﬁz'= A Thuz 2 =R 9 Eex T =23 & R
and we have our Wedderburn splilling.

Zo far R nezedsd only to be nil. Whan we turn fo +tke case
0f a nen-algebraically-closed ¥ we will assume R is solvable
and prove the existence of a splitting by induction en Lhe
index o R. The case of index 0 iz trivial: if B = DG{R} = 0

wa may take B = A, The hard part is the case of index 1,



h=3

N = ) - - i i - & 4 [
OL 1ncex n, DY(R) = 0 , we first use our inductive hypothesis

to split A = /D" "(R) : since A/R = {p,_,—'n”"lmwmm“'l (8))

A/F is zeparahle zrd B golvable of index n-1, Un"l[ﬁj

e BT (2 = 0 ; Wa have 4 Hj._':.i_..Lt:ir.'—[ L =B @

. Let € = TWH(E)

b

in & . Then T is a subalgebra with radical

C E =0D (8) of indax 1: cerbainly DfDn_l(R}) = Dn{Rl = {

F
where 2 MR = implies € MR = Dn‘l{R} by taking preimages,

anc this must be precisely the radical af ¢ since it is solvabls

yet the guocti=nt C/D -I{R] =2 R = A/R 1s separsble. By the index

L case wa have z splitting C =3 @ Dnhl{RJ for B = B = AR .

=

FA+2B+Rgives A =C + R , hance

]

Taxing preimages

=B 20Vt 2+ R
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B+ R, g0 by separability of B we have
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0 and A = B & R is a Wedderhurn aplitting foxr A.

Thus =vervthing iz routine afler we get by the hurdle of
index 1, Assums now B has indexw Ly R2 = 0 . We First note that
if ¢ iz the algebraic clasurs of % then RHERQ o (Afﬁ}ﬂ ig s£ill
finite-dim=nsional semisimple if A/R is separable (since sap-
arability coinecides with skrice semisimplicity by VIII.0.00),
Wwhaors . is ths radical of A;g since AL is s5till +risrial [J.{S' = 0]
yet has semigimpls guolient, Therefore by the algebraically
clogsed czse A, has a splitting Ay, = Ch ® Rg .Under the isomar-
vhism O —>Bp/ /Ry = {ﬂfﬂjﬁ let T bhe the aubalgebra of Co mapping

2 the subalgsebra A/R of {(2/R})py y C© —»A/R . If C were contained

rl
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done, bhut unfortunately all we know is that it is

centainad in .+ Neverthaless we oan make use of it *o obtain

A
i)

a2 splitting fer A . Choose =a baseafjui} for @/ with W =9 .

This determines a decompasition H? =8 @ {9 @mi} = @A @m ﬁmj}

= 2 Ay, and R, = & R Wy » Let T be the projeection of A, on

Aa  determined by this dzcompasition, and lat B = HC{C} . Since
0 :

o is not a homomorphism of clgehras it is not at first clear B

=

)

subalcehra. However, the ﬁmi are invariant under multi-

olication by & and FD is at least a homomerphism of A-bimcdules,
(5.2) rﬂfaxj = aﬂg{x}, wg[xa} = ﬂD{x}a (e E A, x &£ Ag) .

Te prove 7 is & homomorphiesm of algebras when restricted to

» Considar any two slements g,e' = C . Under the isomorzhism

C - A/R=2letc+ 3, ¢ + & s thenc & Mg and & € A project

=, 80 they differ by an element of +the kernel

?p 36 = a + r, ' = a' 4 ! go5r R R~ . Thus
i, leat) = rg[{a+r}la’rr’}1
= vuiaa"r!-ar'-l-raT} {Ré = 0}
= fZa' 4 aTU[J:'}-b Trcll:r]a" I:_I:r:,—“ (5.2)}
= latm tryMal+ 7 (v} (71 (R, = B, B? = 0)
. _.‘rD{::t-Fr} TrOILa‘-I-r':I I:"-'TO{E.;} = Tfﬂ{awﬂj = a)

wﬂ(c} ﬂﬁ{ﬂ'}

J-+

sno o+ € > B is an eplomorphism of algebras. It is an
isomorphism baosuse 7 (2] = ﬂO{a+r1 - a-wa{r} = 0 wounld

imply a = = -.rU{_r_'} ER , o= atr € RIR = R{: s and

k14 G
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Therefore B is a

and we have a Wedderburn splitting for the

index 1 caso. |

(Cozxollaxy) If A is a finite-dimensional altsrnative algebra

Cver a perfoct field (e.g. z finite field or a fi=ld of char-

=

then A has z Weddarburn splitting & = A/E & R

splitting.
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Problem Set: Alternale Approach

A S-algebra 5§ iz liftabla if it is o semidiract summznd

@yery tima it is a guotient by a solvable ideal, ie, if

5. /R Zor % solvable then A = § § R 50r some Suhalgabra B of A

(automatically isomorphic to S). In terms of short exsck seguaness,

2vary short axa..

seruence
i ]
=R - A = 5= 0
“’q-'--.‘.-"
T

for solvable B splits: thers is a homomorphism 5-34 A with
T oa = 1, (g "lifks" § into A).

now an associative matrix algebra Mn{é} or a Cayley matrix
algebra C{3) is liftanle.

It is essential here Lhat ¢ is the ring of scalars; in

general M {0) or C(¢) =are nob liftable in the cakegory of

el

—algsbras.

Show a direct s Eﬂisi of liftable unital altesrnative algebras
is liftabhle., What about direct product? Conversely, show that
if Sl & 52 is liftzble so is each Si P

Conclude that over an alusbraically closed fisld & any Linite-
dimensional semisimple alternalive algzbra 5 is liftable.

If & iy unital alternative, show § is liftable iff all

0+ FE + & ﬂ+ S -+ 0 split when A is unilal,

If 8 is a nonassociative algebra over a field & such that come

extansion 8; 15 1liftable as an fl—algebra (in a cakegory of

o
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algebras whera R” is an ideal wheneyer R iz), show 5 itsclf
T
15 liltsble &s d-algebra, [Hint: given A —s8 with solvable
xernsl, consitruct a lift Sfiq A by successive approximations,
- a - q-]-l
finding linear 1iftings 8§ —— A with 7 e g, = 1y and
i n ’

- o = o) 5 e -
gn{b}} : qn[Y}ﬁﬂtil od TR -]
Alternately, provae B5 using slements instead of rrftss BE
15, 15 2 bases for 5/5 with 5.5, = 7 a. . show the 15
15, ] hases S5/0 with “153 E ik % o here 31

a subzalgshra of 4 isomorphic to 8§ i1ff there zre clemants {xi}

IR E with oo, 5 3 weao 2 5 Cornps ruct Lhese v succszssive
I i i i) ﬂfljk I st vkt L= b

; : 7 = ; : ) " 1
ADProxXimationg, ia. finding [xgn'} with xinjxgﬁ}

, nd
oYk Yk

l

mod Dn(Rj-
Concludse that any separable alternative algebra 8 over a field

is 1:iZtable, and deduce the Wedderburn Splitting Theorem.
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Froblem Set on the Liheral
Lat A bhe 13 Tinite-dimensional alternative algebra over a
ti21d 9 . If A/R is separable we Know A has g fedderburn de=

& , i i
comoosition A = A/R @ R, We want to obtain soma sore of decom-

DOsSition even if /2 iz not Separable.

Show that if m is any ideal of A such that /L iIs ceparable
(L neaed not be solvahle!) then thers is a subalgsbra C of a
such thabt A is Lhe coemi-direct product n = o & B .

Thz likeral of A s the minimal ideal TL(A) such thab A/L is

separable. Show tha libaral contains the radical, . = 1 x

if A ~—=2A/R is the »rojection cn tha semisimple algsbra A/R
show T is the inverse lmage of the inseparakle summands, Con-

clude ths Jiberal of a semisimple algebra is Just the direct sum of

all ins=zparabls summnands, that TL(a) = » iff B/R is szeparable,
LA} = 0 iff & is separable and L(A) = R(A) when © is algebraically
closed. Conclude we always have a decomposition 2 = ¢ @ LA}

= A MVE(AL) if R is the algebraic closure af ¢ |
Show A/2 /™ RE{A. ) is isomorphis +#o a Yrsubaleshra B of A = gﬂfﬂiﬁﬂ}

with 2B = A 3 conclude AXE.F\Riﬁf} 15 semisimole, Giva examples
i

wihiars L{A) = 4 /™~ R{A.] and L{A}“ | L{ﬂﬂ} :



