§7. Lifting theorems

If ¥ is a nil ideal we can 1ifL familics of erthogonal
{resp. connected, interconnected, Cayley-connected) idsmpotents.
families of associalbive matrix units, and families cf Cayley
matrix units frem the algebra /N into B, From this we deduce
thalt an associative matrix algebra or Cayley matrix algebra

can he lifted from A/N to A,

Because theov are essentislly exercises in Pelrce relations,
we will include at this point a series of lifting theorems
which are the vcore of the Wedderburn Splitting Theorem discussed
in Chapter WIII.

A structure or collection of elements in A/D can ba |fted
to A if there is a preimage in A having the same form. We say
an ideal B in an altsrnative algsbra A is a lfﬂ»ima ideal if
idempotents mod 3 can be lifted: whenever e £ A= A/B is an
idempotent we can lift it back to an idempotent ¢ & M owith
() = ela 5 A the canonical projection). If we can 1ift e to
an idempotent e which is a polynomial e = p(x) lor any preimage
% of 2, we say B is a 5+haqﬁ HFHfﬂj \deal - The important

example is

7.1 (ldempetent Lifting Theorem) 2Zny nil ideal H in & is &

atrang lifting ideal: if w(x) = ¢ is an idempotent in



A = A/N there is an iLdempotent = = plx} in A with v (a)

Proof. B = §[x] is an asscciative subalgebra of A,
M=RBMY anil ideal in B, and B = B/M = 5 (B) contains a.
By the associative Tifting Theorem (see Ex. 1, 2) there is a
polynemials p(x) = ¢ with zero constant <erm which iz an idem-

potent covering e, nle) = =. B

tnee we know how to lift one idempotent we can lift a

whole string of thewm.

7.2  (Orthogenal Idsmpotent Lifting Thearem) If N is 3 strondg

1lifting ideal then any countable family El' 52,--- of

orthogonal idempotents in A = A/N may bDe lifted to an or-
thogonal family Sqr B, e in A. If M is guasi-inverzible,
when the ;e are connacted (resp, interconnecisd or Cavley-
connected) in A then so are tha =N in 4, indeced strongly
connecting (resp. Cayley-connecting) =lements in A can be
lifted to strongly connecting (resno. Cayley~-connecting)

elemants in A,

Proof. We proceed by induction. The induction gats off

the ground with the lifting of 24 to e., due to the hypotheasis

N is a lifting ideal. Suppose we have lifted El,q—-,én to

Eo,sve a2 din A and set & = B 4 e es S, ince o =
1, r " Pt =k o ] + S Sin =2 "n+1



F=3

(1-ala_ .. {1-8) & (l-a)i({l-e) = (I-&)al(l-e; we can find a prc?
n+1l

image = for = lving in A_ (e} = (l-e]lA{l-2). Gy the strong

n+l

lifting hvpothesis, there is 2 polyvnomial e plx) without

n+l
constant term which iz an idempotant covering SR Since
X < ﬁﬂﬂ arnd the latter is a subalyebra, Enil = pl(x) also belcengs
to Aﬁn‘ Since all = belong to h11 = ghe, Peirce orthogonality
automatically gives orthogonality e.e 2 e, =0 (1 < i < nl.
L i £ TiTn+l 5T ot S TR T e

Thus é1,4--,a

S iz an orthegonal family, and the induection is
= LT

completa.

Now assume N is g.i. If o,, c¢. are intcrconnectced, so Ei

THeg B AL . B, = B B then there is a preimage f.. of e. in
s e 5 ERRS =R R e ) i

AL, Since e, is also a preimage of e., Lthe difference
P i - i

in

B =o8e = Lo has B, =0 and rafore 1i i s oZiy & AL M.
i i fll L i1 0 and therefere lies in N 2. € a1lfﬁ'\

M"aen F.. = e, - 2,, = e, is invertible in AL .
2 i i e )e; is invertible in A .
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wikh inverse £.. = e, {l-z..) W
11 i B 11 11

I
—
[
|
B
—

g. l[rememboer =.., & M
i (reme Zii

iz g.i.). Bince ﬂjjhji is an ideal in Eii {by £.1) containing
the invertikle =lement fji‘ it egntains gll of Aii’ and consge-~

gquently e. and ej are interconnscted.

T gi’ Ej are (strongly) connscted, Eij;ji = Ei for
ElJ c E'ij" ;_'I = E’jj_" wa oan chooss preimagoes 'I'?i 5 &= I‘ij" f]i = .E.:Ii
oF Eij' Eji' Then £5; = fijfji has ﬁ[ﬁii} = Eijgji = éi’
fii =&, -~ @y for EXY (&) hiifﬁ N, so Eii ig invertible in Aii A

N is g.i., and o Ej are conn=cted in AL onee 85 ej are con-

neted by £.., fji we lnow they are strongly conncctoed by



7-4

e, . = fo £ .54 @i = £y, By vhe Jtrong Connscition Lemma. Here
il 1i Tij ji p o A
the connecting elements e.. cover the e., since F{Ejij = w(fji]
= Ea = e
= . : M
= Baep TEE..) = TiE.. FltEaad = .. = 8. ..
Sai Wtclj} M 111 L LJ} “i ij ij

Finally, suppose El’ E? are (strongly) Cayleay-vonnected:

{?J

of associative matrix unite for ASN can

for A. If A is unital and the oz iginal
A/N arc supplementary, so autcmalically

(k)

_[2 b - - {JJ :I = o ] E . -
g5 (e e o= ey leg5iels je 1o = e, for eli i.ulz. Choose
.- S (%) . " . = (k) & =(1); (zl [3] .
preimages £, & Ajp Of the 85+ MNote D, 0{f.57£,57) = £11
g Sy =z (2203}, o = pel2) (3}, (1) _ N——
Covers 20 15 12 €170 = ey and ‘flz f12 1 le = £,, covers
ol 0 e G- R 2l : - . 3 -3
{el? 25 'ﬂli = ez, CricE more fii = & 41: whors ziL lies in
N Diy+ Since N is g.i., the elements Fes 2, — z,. are again
invertible in ﬂii' By the strong Cayley-connection Lemma 6.2
RO v [ =¥ L1y s (2 GB2) d3) _ (3] el
the =lements ey fJ_1 fl2 r Byy = 512 poBysl = fJ‘2 trongly
Cayley-ccnnect e, and e,. Heore u{eik}} = w[f{k}} efk} for k =
7 1 g N 13 12 12
Gl o oy e (1) =~1 ={1} v ;
2, 3, and W(Elz . nihll] r{f,l_2 ) ) 253" = ey5", so the
:—:-{;zj cover the c“ﬂ
The theorem is actually bLrue whan N is cnly weak lifling (see
Problem Sat),
403 [Matrix Units Lifting Theorewm) 717 H is a g.i. strong
lifting ideal in an alternative algebra A, then any lamily

be 1lifted to one
matrix units in

arc those in A,



Froof. 1If {%ii} are matrix unilbs for A then e, ;, e

1:4: il

strongly connacl éll ke 5ii’ 50 by Orthogonal Idenpotent Tift-
ing 7.2 we can 1ift to orthogonszl idempotents @30 B4 in A

st o0 : xd by elen 52, . g Bl in &,., A... By the
trongly connected by aoloment S5 Biq T e ¥
Corollary 5.3 to the Transitivity Lemma, ths elemenis g, =

and =zatistv

e

g, . ®trongly connect e, . Lo

S31R15 %54 T PRl ii 33 X
Eijejk = e, for i,j.k # {3incs eijejk = {eilcl.}ojk = "il{eijejk
= : ' = = T = =, oo s

= egqleqsleg e} = e {legies )ent = o908, = ey where

associativity follows from the fact that three S * erq, =
=k et —
either belong to distinct Pelirce spaces or else two of them

coincide}. Thal is, Lhe {eij} form a family of matrix units,

ET . ince o la g -, Y=
wnich cover the original Eij since u{ ij] w(hllelj
ﬂLEil}T[Elj} = e clj = eij‘

TF A is uniktal and 1 = T P Lhen e = L = E {-“.i. has
e = 0 and consequeatly ¢ € N. Yet e is idempotent since & e..

11

is by orthogonality of the STE The cnly idempotent which is

gale iz &= 0, 30 1 = & ey ik

Wz could have lifted the Eji directly to elements i strongly

connocting Ciq0 cjj’ but unless we arce careful thers is no raason
why Eijﬂj:{ = e for i35,k &
n
llaving a family of associative matrix units {&i,} is
. Y " dednl
the same as having a malbrix subalgelzrs Eieij = MHKQJ, 30



7.4 (Matrix Algebra Lifting Thecrem) If N is a nil ideal in

an alternative algebra A then any matriz subalgabra

Mﬂ[i] ﬂﬁ l o ljﬂ 2AN Lé 1;£Le4 Lo a ma rlx =0 alqeLra

M_(z) of a. H

I

B

|

e

We ecan de the same thing for Cayvley matrix units,

7.5 (Cayley Units Lifting Theorem) If N is a g.i. lifting
ideal in an alternative algebra A, then any family of
Cayley units for A/N can be lifted +to cne for &. IFf 2 is
unitzal and the original family is supplsmentary in a/N, so

automatically is tha family in A,

Prooct. Suppose gii* i%j (1 94,3 %2, 1 2k 5 3) =zve

Cayley units in A. Then by Lhe Orthogonal Idempotent Lifhing
& il =(2)
Theorem 7.2 the strongly Cayley-connecting element ey S1n

)

S5 can be lifted to strongly Caylev-connecting elements
i;}, ef%b, {g}. By the Cayley Units Conslrueticn 6.3 the
) (1) {21 (3) .4 oll) _ (2} (3} L(2) _ (31 (1)
elements e),% ¢ e15", e’ and o577 = epyle s, e;70 = g0 ey,
Ei) = {ﬁl {%3 form a set of Cayley matrix units for A. Since
(k) Shick . (k) ikFl} ; [<+2}
the Sy ©over e, we see ﬂ[ezl | T (e )T (e e
gletll g (k2] _ =k} _ . all K -(k}

12 ]..-‘.f -21 [=igie] . F_’lj coVCr E

The supplementary case follows as in 7.3.



y 2

Since having a family of Cayley units C.E_T:I I iz the same
i . . k]
as having a subalgehra .‘e..f‘;e].{ijJ = (2},
7.6 (Cayley Algebra Lifting Theorem). If N is a nil ideal

in an alternatiwve algsbra A then any split Cayley sub-
T (

1 1 &
Cayley subalgebhra ¢ = @€ (¢} of A. A

e

of A = A/N can be lifted to a split

[

algebra C )



o |
[

Vi. 7 Exsrcises

Show that if x2 -~ ® = #Z 18 nilpotent thsn there is an

3 L i 2 i o
idenpotent & = x4+ 4 .20 ¢ =z & B.z" whers o,, B, are
= = Tk 1 * i o
defincd recursively by
= ! ¥ &, 4- ¥ . -y -
“x Zﬁk"l T ivjy=k-1 %l%] i+i=k *l&]
o = - —-E_ . N A . + o. i "
I:1]{ Eak it+j=k [ul%j GJBL 5].[3:]:1
Alternately, if x2 - x = z is nilpotent show inductivelv
o s A n, -
there are x_ with 27 - 2 &€ z'¢[z] and x_ & = + z¥[=],
I Il Il il
so if 2 € ¥ has z© = 0 then e = % is idempolent with
e = x,

Show thabt any ideal N which is a direct summand o A is
a lifting ideal, but give an exanple to sse it need not
be strongly lifting. Show N is a lifting ideal if it is

merely a senidirect summand of A,




VI. 7.1 Problem Sec on Lifting Ideals

If ¥ is & strong lifting ideal in A and ¢ is an idempotent,

show ele is a strong lifling ideal in eae.

If ¥ is a g.i. lifting ideal in an associative algebra A,
show eNe is a lifting ideal in eze., (It is important that

Nobe geia),

If W ie a g.i, lifting ideal in an alternative algchra A,

show eMe is a lifting ideal in chAc.

frove the Orthogonal Lifting Theorem. If W is a g.i.

lifting ideal thern any countable family =., E?, <+ pf

orthcgonal idempotents in A = A/M mav he lifted to an

orthogonal familwy €r B4 "' In A,

kS




