E3. Froducts of ons-sided ideals
The produck of two leflt ideals needn't be a left ideal,
and the expression for bhe left ideal generated by the preduct

iz slightly complicatod.

2.1 ({Product Loamma) Ti B is a left ifdeal and D a2 two-szided
idezal; then DB is & left ideal. T B and C arc lett idsals,
the left idsal gensrated by BC is
frf;;'.:}c'. = ¢ 4+ B,A,C] = ;:;[3(_'} .
rProof. For Lhe firslk, A(DR) . {(AD + TRIB - Df%H}C: IBIE}

since D absorbs A from either side ond B absorbs A from the

left, For thes second, since Bh = H(E) is two-sidoc we just saw

Fat

(BAYC is o lelt idezl containing BC; it is generated by BC sinc

oy

(BA)C C IB,A,.C] + B(AC) C[A,B,Q] + B CAIED) + BE = R(BL) is

contained in any left ideal in which BC is eceonlainsd. In par-

Ea s '

bigular (BaIC = a(UC), and sgueezed between is BC + [B,A,C). 13

3.2 Corellsary., 1f BC are left ideals and [A,B,C] = 0 , then

their produclh BC is a left ideal. [

-

Thus the product BC of two left idsals will again-be a left
idezl in casz B and C asscoiale in Lthe slbrong sense that any
associabor wilh factors from B and @ vanishes,

We introduce the notatlions IL(S};IRKS},E{SJ for the left,
right, (two-sided) ideal generated by a subset S C A, Although
a product of one-zided ideals need not be one-sided, it still

generates the correct two-sided ideals



3.3 (Proposition) If B,C are left ideals then the ideal gen-
erated by the produact BC is the product
L(z3c) = :[IL{ECH.= BT TEY .
Proof, ﬁlways 1{5} = I{lL[Sj} for any set 5 ; the last
eguality is Lhus the formula
[{BAICIA = (23) (CA)
by the Hell Lemma and the Produclk Lemma. Since EEE}E C;EEE}(CEJ

nd the latter is an idcal (as the product of ideals), we have

ot

inelusion {{Bajcia CT(BA) (CR) . [For any sets 8,,8,, I(S,8,)
s 1, o
ClI[Sle[SE] since latter is an idssl containing ELSE]

v Ior
the opposite inclusion, nete (BA) (CA) = (BR){Ceo A) — (BR)

AT

gl - A S

(
C {(ma)cia + [{(Ba)nlc - (BrR)o T {(Ba)C}Aa using (BA)A ¢ BA = H(®)

3.4 (Trivial Generation Corocllary) A trivizl cns-zided ideal

ganevratas 4 trivial two-sided ideal.

. r W & 2 ; :
Proof. We may aszune B is left, B = 0 ; then 1{1B)

2

= I(B°) =0 . I3

= Lark
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Frarcises

Convince yourseli the left ideal generated by BC (for
Bl
B,C left idesals) is not B(CA), and that if B is a left

ideal and D iz lwo-sided then 2D is nel a2 lefli ideal.,
Ii B,C are left idesals zuch that BC ieg again 3 left ideal,

P

ahow (NA) {C;";]I = {(B2)Aa

If B,C are left ideals show I(BC) = {a(pu)la .

If B,C ars disjoint left ideals, BNC = 0 , skow DC is a

left ida=al.

i

If B i1s-4 left. 2d
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il

nd £ a right ideal, the product BC
iz a Z-sided ideal 17 3 is asgoclative, T2 this true when

A i1s altecrnoative? Describs the ifZeal gencerabsd by BC.

]
If & iz =2 subscet of A, show AS i=s & left ideal iff
u o N

e Fal
[B,5 4] O A8 . Concolude A(BSA) = (AB)A i a 2-zided ideal

For such 5.



