Chapter V

Icsals




§1 Products cof ideals

In any ncnassociative algsbra & the sum B + C cof twe ideals
iz again an ideal, but in g=neral the product BC of two ideals
{consisting of all finite sums L bici of preducts of b, €& B with

= € ¢, nok just ef products be) is not an idesal. The Lrouble 1is

thal because of nonassociativity in a product A(BC) there is no

the 2 inside the parentheses (cnce inside we could
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use AR C B, ACGC)
1t is important that the allsrnative laws provide eanough

assonialivity Lo guaranice the product of two ideals iz again an

ideal.

1.1 (Product Theorem for Ideals). I1f 1,0 are ideals in an al-
ternative algebhra A then =o is %heir product BC.

Proof. By syrmmelry we nced only check BC is a left ide=al,
SA(BLY} 62 BC But A(BC) is spannesed by elements ol the fcrnm
albe) fora s h, b B, c & C,; anﬁ alba) = = hioe) + (al + balco

= he' h' o & Be for e - ac £ 0, L' = ab + ba € k. (Hote we

need B-twe sided, © left ir order that BC bhe two-sided; we will
soc the product of two left ideals is not alwavs a left dideal). §§
One simple but highly imnpertank example of a product is the

Sgulalie

(1.2) DB} = BZ = BB

of an idezl B. We can iterats this procedure to get the higher

L

derived ideals D7 (I8} = H, () = n[nn(E}}; these are idesls



in A if B is. An ideal i=s tri%ial il p(R} =B~ =0 , i.e. all
producls invalving twe factors from B are zero. An ideal is
solvable if on& af the higher derived ideals nn{u} = 0 . This
generalization of trivialiby will ke imporlant when we discuss
radicals in L'.hatpter. VI,

The lelt annihilator aAnn. (2) of any subset & of a lin=ar

L

algehra A is the set of elements in A which kill & from Lhe lefi:
Ann_ (8) = {a & AI&S = 0} .

Simllarly the right annihilalor Ann_(S) consists of the elements

el

which kill & from the right, Sa = 0 . (Thay can alsc be writisn
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as ghrhoang s ) « Th

il

se ars autcomatically lincazr subspaces,

but even in tha alternative case they need not bo one-sided iceals.
llowever, 1f the set & happens to be an ideal then so are its
ennlhilators:

1.3 (Annikilator Lemma). If£ B is an ideal in &, =20 are its lef:
iz

Proocf., Weo consider onlyv thes left annihilator, If x I‘.nnI (B}

and right anninhilatars _Iu"_nL (B} and Emn]__
kills b from the left, so do any ax or xa since (ax)B = [a,=,B]
+ aixB) = [x,B,a]l = (xi1)a - x(Ba) < 0 - =B = 0 {since B is right)
and (xa!'B = [x,a,B] + x(aB) Clx,B,a]l + xiB (since B is left) = 0
as above.

Also useful, becausd the Jordan Goerationsarc so well-behaved

in an alternacive zlgebra, is th

jt5

1.4 (Jordan Product Theorem for Jdeals). If B, C arc ideals
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in an alternztive algebra A so is then Jordan preduct U.C ,

B
Proof. It is enough if UEC iz a left idsal. But U“C is

spanncd by eclements of the form U for b & C, ¢ € ¢ and

k
a{UbﬂJ = {[ab?c}h (Right Moufang) = Uab,b e = {(be) {abh)
= nEbe o= Eb(ca} (Middle Moufang) = Uh', ¢+ U e &l
r . -l.-llr
whzare B = abh € B, ' = -caec., O

Two important and Jordan products of ideals are

' +
B 3y = 1
(1.5) o (R) UBE

pT (3 A
{- } i UBJ ]

+ i ) - . . At i >
D (B} is sort of the "Jordan cubs" of B, while ¥ {B} is sort

: R ;
of the "Jordan sguavre." Although D' {B) is intrinsically deter-
e e G 2 ; '
mined by S, P (B) depends on the snveloping alosbhra A. The Jor-
don Droduct Thand e b e o e ; ' ; i
Gan froauct Thzopom skhows Immediately that D (B) is an idesl inp

. : A+ : . C . : X
A LE B 1s. To see P O(B) is an ideal in A if B is, first note

that an idcal BEA remains an ideal in the unital holl n =

¢l + A (since B is briwially invariant under multiplication by

" 3 L i L h.
the added part ¢l), so the Jordan Froduct Theorem shows Ul is
_— , ~u .-'n.I
an ideal in . Bulb Uuﬂ iz contained bhack in & {(since B ig, and

Fal au
A is en ideal in A), so UPR iz an R-ideal,. We gan iterate these

constructions te get higher Jordan squares and cubcs D (E)

anel lle{BJ-

W o ; . . ;
P {B) ig just the ideal generated by 21l squares b2 for

b & 2! it certainly is an ideal centaining such sguares, and

it is generated by them beocause any U bab can be written

b £



2 L PR ! . , .
as bezbh — ab” = kel - ab” where bh = ab also liss in B.

We thus have two sguaress of an ideal, the ordinary sguare

S

2 . ; + =
p{) = 07 and the Jordan sguare PO(B] = UBu ; 85 well as a
g g = 0
Jordan cubs D OB = DB . These are related as follows,

=]

1.6 (Two-sguares—and-a-cubs Lemmz.) For any idezl B in an
alternative algesra A we have natural inclusions
D' (B)C P (8) CD(B)
as Wezll a2 relations
P+2[H} o LNP+{B}} E‘D+{ﬁ] EHEEE}QLP+{H}

Further, IHME) = BE = L Bl whers sach Eb + ?+{B} is an ideal
trifial moau Lo F+(H}.

Proci. The natural inclusions are UBU CZUE; CZU{EHJ = Bg .
Por the unrnatural inclusions, P+{P+{3}}C: D(E+{E}} since always
P+C: o . Ilor 3{E+{B)}E: D+{HJ ohssrye thai P+{E] is spanned by

2

o + v i 5
glements bhxb (h € B, x €& 4), so D{(F (B)) = F (B} is spanns=d

= 5 e prs
by (bxx) (cye) (b,c & B,x,y € &), where wod D (B) = UBB

{ [Lxlb) (elvel) ;.F‘:bx,wc: (k) = ([yelb) (cl[i:-'z:]',l {Middle Moufang)
= = (Iyelb(eibx]) {bx,vc,be € B)

i E'Uc,c[hx}b + {{y-elbxllble (Right Moot ang)
= {{y-clbxl)i}e : . (e/b,cibx] € B)
- {Hy,h glbxlic - {{b-clbx]) viec

= y{elbxl {bc)} + biclbxl(ya)} ~ [{[bchlx) yle (Laft Moufang)

v -Uclbx]b + b -Uc[bx]f {Middle Moufeng;h, ¢ € B)

=l ' ((ox)Db, (bx)y, ¢ & B).



To =g 3 (B) (. P (B) c¢bserve that by Middle Mourang
po= JE 5
U, {xy} = 0 mod POIR), =0
{1.7) {bx) (vb) = 0 (bx}) {va) = — (ex) (vyh) th,o & H)
Sincs alse b o ¢ =1 1 =0 we have
b,a
(1.8} be = - ¢b .

; 1 | (1.7} . (1.8) . ; {1.7) . :
Thus (bh J{(o e} = - (cb )lc b) = = (bellthe') = + (& o){bh
[l' E:I .1 . 1 - - I ] I T )

S = kb )i &) (since ©®b , c ¢ € B have bk, o ¢ ¢ = 0), or
=2
2(bb'Y{c ¢} = ¢ . Thus InT(n) = 2{vH{pe; e (B
Ta prove Bb + 2 (B) is an ideal irivial mod 1k (), it suffices
to divide out hy oY1) and prove BE is a trivial ideal in

I = h‘ (B, Since h2 and b E B} lie in ?+{EJ Lhis Mollows [rom
1.9 Temva, I7 32 = 1 . E = 0 for B <A Lhaen 2B = Bz im &
o
trivial idezl in A
Proucf, zB = - Bz since 7 o B = Uz E] = 0 by hypothesis. The

subspace i3 trivial since {25}2 = {zB) (Bz) = Kz EE (Middle Mou-
fang) and Uzb = wlren) - zzb = ) Af Bag o= 22 = § . It is a
lelft ideal since A(Rz) = ngz B — w(BA) = (AeBloz - Uer I
- Z(BA) T B n;_—'ﬂ 1 23 = zB {using Uz,ﬂ £ = 0}, Similarly it is
a right ideal. B0 |

" - = = :

1.10 Ceorellary. IfF (3) = Up A = 0 then all Bb are trivial
ideals in a. (2
These resulits will hely us compare the various notions of solv-

ability thal go

with the various notions of higher powers.



1=7

We have isolated Lemma 1.9 from the proeof for fulkure refcorence

see Proplem aet gl .
( 121 Set 007

1.11 (Minimal Ideal Theorem). A nminimal ideal B in an alter-
native algebra is either trivial or simple as an algebrs.

. = T 2. L3 i +.l 5

Froof. We considar two cases, according as D (B} = UEH
is B or 0 (thess are Lhe only two possibilicies, since D (3)

in an ideal of N contained in B oand B is minimal).

If DT(B) = 0 we will show B is Lrivial, g? = o. By the
Two-sguaras-and-a-cube Lemmz, P;E(E]E:lﬂ+{53 =0 ; if

?+{E} # 0 thesn P+(H} = B (2s an ideal contained in B), which
would imply P2l - b (et )y = 27(8) = B, contrary to the
above. Thcroloreo P]{E] = @, But then by Corollary 1.10 all EBb
are trivial ideals in A, As they are contained in B, either
Bh = B for some b (in which casc B is trivial; sincs Bh is3;
’haLLEI yvalt, Bb = B implizs B = Bb = (Binh = Ehg = 0 =incc

2

b € B (B) = 0), or else Bh = 0 for all b (in which case again

0} . Thus B2 = 0 when D+[H) = B

1313

Mow assums DT(E] = B. (In partieular, HE = B since

D+{B}E:EEC:B}. In =his ca=s=s B will turn oub to be simple.

We haegin by showing that if € <0 B then B(CR) <4 A, Since

I = S R 1t cmEra -= % S

B =10 (B} = UBB; Lﬁ LB iz spanned by ocperalors LaJhdh AQLdeLb
AT ol T For ) i = ] - 1 G e YT oo it 3 e

{left Moufang, for b,d & B) [TaTb'd -+ a bLa‘Lb LngTaLb

= - I, L « Thus AlB{CcB)} = L L, (CK
T, b T T Tabpan € Dply Thus AlB{CB)} Al (CB)

LHLB[CEJ = T, {B(CB) })C B(CB} (using the Produci Theorem te sceo

E



B {CB)
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iz an idszal in ths algebra B). This makes B(CE) a lafb

A-ideal. It is a right A-ideal since {B{CB)}A = [B,CB,A]

+ p{lce). A} where [A,B,CB] = (AB](CB) - A{B{CB) & B({CR) by Lhe

pravipus result, and where (CB)A C CB since again
~ R_K
o,

a Be=i

Ra Rbﬂb

: - R - chows 1,1 7 owil
BEaRy T Ryra,aip Fu ~ Rg Bpap Shows Ry, © TR, with

g
Lk

cmal., Onec BICRY is a (two-sicded) A-ideal we have by

minimality of B either B{CR) = B (whence B = B{(CB) & C if C <=

g0 B
B*

= ) or else BICR) = 0 {whence CB = 0 sinco

0 = BMAMm, B # B ¥ BMAm, B = 0 , then similarly C =

since CC B M fnn, B = 0) . We have shown Lhalt the only idecals

C in

B are =13 or ¢ = 0, and RE_# 0, so B i3 =impls as an

alushra. 13



Exercisss

1.1 If B,C,D ars ideals in an alternative algebraz A, show
the Jordan product Ui, o P {zpannsd by all elemsnts
G
o d)] is again an ideal.
1.2 Verify directly lthat if B,C arc ideals sop are the lafLh
and right transperiers L(B,C) = {x € A|xBCC)} and R(B,C)

= {x & h[BK::lC}. Conclude AnnLiﬁj and ﬁnﬂ (n arae ideals,

b T, .
(B,C) = x j’{nnnL r{lE)) (lfor r: A—?-‘L;'l:"l theo

=5

1.2 Verify thzat

. ; i -« i Py —1
canonical projection), dually R(B,C) = r "~ {ann_ x(B}).

e

g0 thabt the Tacl thal annihilators are ideals implies

the moyre oo nCldl rcduiL that transporters are Ldeals,

—— - S x _.-__ _: " = TR -

LA
L.4 ILet B be an ideal in A, T an iﬁmd1 of B which is idempocent
in the gense thel C7 = 2, Show Lhal € is astually on ideal
of A. (Usually €<= B <A deoa not imply ¢4 A},

3 SN el ; : o+
1.5 Prowve dDJ(ﬁJ LD (&) by showirg that module D (A) the product

(s x, )l {x.», ) iz alternating in ®aHy and in Mo ¥a Lhen

y}zz = 0 , then xf{yv(zw)] + (xv}(wz) = 0 , then
Exz{y{zwj} =0 = Z{Rzy}izw}.

l.6 Show B is trivial 1ff E-C;EnnL(BJ. If scm= DH{BJ CLEHHL{U}

show T ig soclvable: what about the converse?

1.7 If 1/2 € & show B iz zolvabls (scme DnES} =0) iff scms

ijﬁtB} Q.

1.8 What can you say about a minimal ides] B{in A) which is

trivial ag an algchra?




