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86, MNilness

Naturally, the nil radical is golng to be the maximal nil idesl., In

any power associative algebra there exists a maximal nil {deal, whosze quotient

is free of nil ideals; for this reason the nil radical ia one of the wost
convenient radicals for studying power mssoclative amlgebras. 1In the alternative

cage this nil radical is more general than the Levitzki radical,

——

An algebra or ideal 4s nil 1f it consists entirely of ailpotent elements,
elements z with z" = 0 for some n, (This makes sanse in any power assaciative
algebra)., Be careful not to confuse nilness (nilpotence of the clementa) with

nilpotence (nilpotemce of the algebra as a whole).

6,1 (Wil Radical Theorem) Nilness is a very strongly heredltary radieal
property in power assoclstive algebras: (i) 4f A 15 nil g0 is any subalgebra
or homomorphic image, (1i) 4f A/B and B are nil g0 im A, (ii1) the unien of
a chain of nil {deals is nil, Therefore each powsr assoclativa algebra A
contains a largest nil ideal Nil(A), which is also the smallest ideal whase

quotient has no nil ideals,

Proof. Because nilness is defined slementwise, (1) is clear, To check
recoverablility (ii): 1f & = A/B and B are nil then for any x & A the image
XE A is nillpetent, X' = 0 for someE n, 850 :I-EnE B: but gince B 1ig nilixﬂ}m =
for some m, so BY POWER ASSOCIATIVITY x°" = 0,

Since nilpess iu_defined in terms of elements, the union of & directed
set of nil ideals is again a nil ideal, so (1ii) holds. Since the game

argumant from (i} and (4i) as in 2.6 guarantees that eny finite sum of nil ideals
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18 nil (if B is nil so 18 its image B/B Y\ C & B4C/C by (1), and 1f C is also

nil so is B+C by recoverability (ii)), and the sum of all nil ideals is the
union of all finite sums of nil idenls, we see that the sum or tnion of all

nil ideals forms the unique maximal nil ideal Nil(A). Again (1) end (ii) imply

Ni1(A) is the smalleat ideal R such that A/R 1a free of nil ideals: A/NL1(4)
is free of nil ideals since if B/N11(A) is nil so is B by recoverabilicy (ii),
so B Nil(A) by maximality and B/Nil(4) is the zero ideal, and nething smaller
will do since 4f & = A/R 1¢ nil-free then the nil image NAL(A) = NLL(A)/R by

(1) must be zero, and Wil(A)c R. B

We call Nil(A) the nil radical : it 18 2 nil ideal with
M1 (A/MNL1CA)) = D.

In the rest of this mection we return to the satting of altennativae
algebras. Clearly a locally nilpotent algebra 18 locally nil, so globally nil,
In particular, nil-free algebras are free of local nilpotence, which leads to

the chain of inclusions which follows

(6.2) Nilfree =%lecal-nilpotence free =pstrongly semiprime = semiprime

SCAYT T(A) C L(A) T Nil(A).

4s in tha asaccilative theory it is still an open gqueskion {the Foethe
Conjecture) whether nllnass is a one—sided radical property: whether  Wil{a)
containa all one-sided nil ideals, i.e,, whether nil ona-gided ideals pEnerate
nll two-silded dideals. As in the sssociative cage, an elementwise characterization

of the nil radical is lacking (see the Problem Sat).



