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§2 Basic associativity tests.

We want to show thal an elemant w nucleizes a gubalgsbra B
as soon as certain "bhasic® associators, involving w oand the gen-
erators of B, vanish. From this we show that il the basic azso-
cilators on a set of generators for B vanish, then B is associative.
This leads to a khost of assosiativity theorems in the next fection.

We fix an element w& A and a sel {xi} of generatoras for
i€l .
the sukzlgebra B £5 A. Bn associaler [w,p.q)] whers p,q are monc-

Y

miaels in the %y of degrecs 3§p, 99 respectivily is said to be

& w-associator of degree n = $p + B2q . A w-associator

N, (x, PRy ) o= [wm. X% Exj_3 (---:r:in)}]

ig said to be in (left) normal form. IE the index set I 1s line-

arly ordorsd, a basic w-assgoiator of degres n 12 & normal

Nw(xi Gt } where i] < i2 Liwaons in {in particular, all the
1: n
varichles are distinct) .

2.1 (Basic Nugleizing Lemma)., The ideal R o in A gencrated
& Wl

by all w=assooistors of degrzee i n coincides with the ldeal E'r-’;n

in A generatad by all basic w-assoclators of degree < n.

Froof. Since basic w-asscoiators are a spocial kind of

w—assoclator, we clearly have B

Fiy S0 we Inesd onl
W11 W 4 £

prove B i . . We do this by inducztien, the result heing
W W,
vacuous for n = 0,1l. Assuwne the result for n - 1, Bw -1 -2
. ’
A - Tt suffices if A = B mord. A Yz
W, n~1 = “urn w,n ( w -1
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le can write p = M(1}, g = H(1) for HJJE}%{E} multipli-

cation operators, cven though 1 may only ke a figment of ocur
-~

imagination (i.e. an element of RA). By Corecllary I,7.8 to the

Gensralbion Leomma, MTEB} is gererated by the L, and R, since
' A A
- k| 1
the X generate B, Therefore we nssd only consider asscoiators
{w,p,;gl]l for p = M{1), g = N¥N(1l) with M = Hx ---Mt E
i s -
z 2
N =M ve s M and =sach M iz gither L or E .
3 W, % = K
i i k 3 k
r+1 n '

We have [w,xr,s] + [w,rx,8] = xo[w,r;s] + relw,x,s] by

linearized midéle bumping and [w,xr,s] + [w,xs,xr] = xrlw,z,s8] +
siw,x,r] by linearized left humping, so
IW,RH r,s} = - [W‘Lx a8 = [w,r*Lh 5]

nodule _asscociators of lower degree. Thus We ¢an move an R
al

or LF frem r to s (perhaps introducing a minus sign or changing

on R to an L) ; peeling off one cperator at a time we can move

all the copesralors from o to p,

[w,o,gl = [w,MEi '“I'-i:_:._I L, Hxi '-'Mxi 1} £ & [w,M x, LR
T g r+1 n n-1
] Y
M ax L i xi'] . Now we wpove them all back Lo M ; oxMoopt this
‘:F.:I n “n

time we convert all Rxfs Lo Lx's (cur process has already done
that te the R_'s in g, but now we do it to those in p too):
S

.“F 3 = ik i g I aEa ] = 4 [, . ; we g
[ ;}_1_1] [w, CO s 5. KJ_:I [ r-ﬁl r Kl ( i

1 i, 1o n ; 2 11

)]
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This is almost basiec; it still needs to be stiraightened so

that 1, =< in . This will follow if lw,x1 g iR, Qe Y

bE : i i
1 2 n
is an alternaiing function of its arguments wod A 4
-1
Clearly il is lincar in each variable and falls into g” -
v e L
if ®,o= o by right bumping. TF = Ry for k & 2 we
: 1 2 : k k41
1 -
move L's over to xil o gal [w,xi_, MLK Lx N1] ==fw,M o L42 s]
1 37 «

= in,x,xg @] , uske Tinearized right bunping to get Lvrpxd, rs]

3

module assoociators of lower degree, then middle bumping Lo gat

+ wo[w,x,rs] congrusnt to zerc modulo ansociators af lowor degres.

Thus [wW,®%. , X. *=+*%. 1] = 0 mod A if two adjacent wariables

* i - L W= L .

1 A n

are egual, and the funglicon iz alternmating. Conseguently [w,p,al

is congrvent Lo a multiple of a basic associator {w,xi poMg T 1
1 s g

For 4. e i moadulo A and A A 4+ h . B3
; Wen-L W, 1 W wWen=l

From this we get

2,2 (lasic Nueleizing Theorem). If a subalgchra B A is gen-
erated by elements {xi} , then an element w & A nuclelzas

_ M .
B ifl a2ll basic w—assooclators wvanish,

W ®, v = 0 Ao 4 g Memes To0}
ez, o o= | 2] (i 2 N
1 2 n

Froaf. I [w,B,;B] = 0 ccrtainly L1ha hatcio we—asooolators

musl vanish. Conversely, saving thess vanish says all Bw e = 0,
ST
and since A = B by the Lenma we have A = 0 toe. Thus
Wl W, Wyl

[w,p,q] = € for a2ll moncomials p,q in Lhe Xy cince the Xy

i 2 e x '+
generalte B, B is spanned by such menomials, and [w,B,B] =0 , &
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In characteristiec ¥ 3 situations we can break an associalor

involving a product inte smaller pieces.

il
3
L]
H

2.3.Lemma.  Ln any linear algebra we have the associt

identity

(2.4) [=v % ] [%,vz,w] + [x,v,ew] = xly,2,w] + [x,¥.2]w

while in any alternative algsebra wo have an idantily

(2.5%) Ilx.vezwl = [xmelyezewll - by, ez, wl] 4 wilx,y, 2l
+ [w,u,ylz + welx,ves]l + [wW,x,ylez o

Proof. (2.4) is just a matter of verificaticn:
Y (zw) - [xfve)dw + xl{lvz)w) + (xv) (2w) - xiylzwll

{f{xviziw - (xy)
= {(xy)u - xlyz)dw = xl(ye)w - y{zw)} = Dlx,y.zlw + xly,z,w] -

-

is clear: by the bumping formulas

The bhagic ldeo of (2.5)

[%,y,7w] is an alternating funchtion of its argumsnts modalo

smaller associztors, sa I[e,y,zw] = [z,wexy] + [x,vw,yz)
: = Txy,z,m] = [x,vzw] & Te,y,zw]l =0 by (2.4) .

+ [y vl

To change congrucncs te eguality, we simply £ill in the

deteils
3[x,v,zw] = = [y,x,2w] + [2w,x,y] + [=,v.2w]

{[w,m,ev] — yvilx,z,w)] - wlx,z,y1Y + {- lyw,x, 2]
{bumping)

+ ly,w,x]z + [z,w,x]y} + [=,¥,2w]

= [zv,w,x] + [z,x,vw] + [x,v,2w] - [y, [x,z,w]]

i W[Jir}';ﬁ] + I_Wr;‘:.r}r]z
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= {- [xv,w,z] 4+ [z,v,wlx + Ix,v.wlz} + {- [w,x,¥v2]

'
L

+ zlx;y,w] + wizx,¥,21} + [x,v,wz] - [y, [%,2,w]]
wihney,e] v bapxeyls (bumping again]
= {lny,2o9] - xyzwl + [y awl) - Dyez,wlx + ze [y )
+ wilx,v.z] - [y, [=,2,w]] + wix,y,2] + [w,%,v]z

{xlv,z,w] + [x,v,ziw} = [y,z2.01% - [velx,2,w]] & wix.y,

+ [wyxmsvlez + wilngy,al + Iwexavlz fhig (Ze4))
= [x, [ves,w]]l = [y,[x,2,w]] + woln,v,z] & [w,x,y]ez

o s,y,2] + lw,xwlz o K

Don't boather trying ko remember formulza (2.5), juslh rememscr
it exisis.

Now we want a test for associatiwity of the whole algebra A,

P
Y

wgain we fix a generating set {x, ! with linsarly-orderad index
=T
.set L. If p,g,r are monomials in the #y we say lp.o.r] is an asso-

n iz onoc o the form

Wil prvws 2y Y = e o B v M sy }]Eij < d. weeed i)

2.6 (Basic Resceiating Lemma). The ideal A, in A generated by

all asscciators of degres < n coincides with the idsal B, in A

generated by all basic asscciators of degres . Furthormore,

[
)
-

LR=3
3 ant: B3 "
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Proct. TIf [p,g,r] is an zssocliator ol degrec n, let Xy
1
be the lowest index appearing in p,o, or ¥ . Interchanging

pe,r we may assume it eceours in g . Then helding p fixed givas

[pig r] congruent modulco p-associztors of lower degree to

e, Ry o gl (even g = x, {xi MDY 1) . Now [P, Hyo o] o=
1 2 3 n 1
[xi . d,p] ; repezting this wroesdurc with Xy [ixed, [xi ]
1 i 1
iz pongrusnt modulo %y —asaccictors of lowsr degroc Lo
1 :
i, 30 %, (==+x., )] for i, < i, <---% i_ . By choice of 1
L funif T T i H 2 3 I Y ? 1
1 2 3 n
wo have i) 84, 2 3 i1 &= i2 the assoclator vanishss, otherwisc
=x 2 e
i, - 12 and [p,g.,x)] = [xi poTL e {“"xi 11 is congrusnt to a
1 2 3 I
basic azscciztor moduloc A - . Once more we have A OB+ A . o
n—-. n r =L
50 by Industion hn - EW . Identity (2.5) shows EhnC:ﬂn_ﬁ I
peating this, with cach factor 3 lowering d=2gree by one, gives
_n—3 I |
3 Alcﬁ‘ = E-_,j. . b
phis leads to the following associativity tests
2.7 (Basic hzspciativity Thzorem) TIE foe. ) iz a set of

4 g

gensrators [or an alternative algebra i, then 4 wWwill be asso-

T

ciative if cach basic associabor vanishes

[;-ri P (vervx, )] = 0 (il Lesae i}

=
L)
l.-l
in

injective it suffices If the gencrators associate
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Froof. A is associative if 21l associators of arbitrary

degree in the generators vanish, i.e. all hn = 0 . Our hypoth-
psis guarantees all basic asscciators wvanish, En = 0 . By the
Rasic Assoclating Lemma ro=B_ . Thercfore A =10 and A is

&

assooiabive,

IfT we only assume the basic zssocistors of degrse 3 vanish,

g ; PR . n—3 . : ; 3
33 = 0, but 3 i=s injective; then 3 _L";p{'_'_ Hj = { dimplies }'—‘,n = (]
RO R ; - N =3
and again & 15 associaobtive. s
We stress again that IN CHARACTETISTIC £ 3 STTUATIONS 11 SUNFLCLS

IF THE CENERATORS ASSCOCIATE, but otherwise one must checlk all
basic associators, ODnce more characteristic 3 breaks up a lovely
thooron.

Another case where associzting with generators iz enough is
when the element also comnmutes with generstors. We nead three
proliminoary formulas

(2.8) 3x,v,z] = [xy,z] - xly,z] -~ [x.2)y

£2.9) 3Alx:¥.2

[y .2] + [y=,.2x] "‘ [2x2,y]

(2.70) [x,y,8w]

[eeimev)iw] + lzix,ylw + zlmrw] -

The (irst bwo formulas are Just verifications: 3w, y,z] =

[x,v,2] + I2.x,y] - [x.2,¥] = (xy)z - xlyz) + {zx)y - z({xy} - (x2)y
+ m{my) = [xmy,2] - ®mlyvez]l — [z,sly and Als,v el = [Hi¥,=1 *
+ lyezx] 4 (zy] = Gdw - x(yz) + (y2)x - y(e0) + (sx)y - 2(xv)

= [xy,z) + [yz,x] « [zx,y] . For the third, [z,[x,y], w] + [2,%,¥]w



4+ zlx,v,w] = [z,xyv,w]l - [2,¥x.w] + [ex,y,w]l - [z,%¥,W]

+ [w,x,yvw] (by (2.4)) = - {[z,yx,w] + [2,yw,x]} + {[zx,y,w]

+ lzw,y,x1} - [zw,y,x] = = I{x(2z,y,w] +wilz,y,x]] + {x[z,¥,x]

+ wlz, v, x1: + [x,v,=zw] (left bumoing) = [x,v,zvw] . B

2.11 Propesition. If an clement ¢ commutes and zsscoiates

with generators My of a sebalgebra B, then ¢ centralizss 3
[c,xi] = [G,xi,x.] =0 dimplies c EECﬂ{E} é

Proaf, We first show ¢ nucleizes B. By the Basic Nucleizing

Theorem il sufficss 1f basic c-associazlors [e,x. Xy {'--xi )]
L 2 I

vanish. We induct en n, the resullb being trxue for n = 2 by

hypothssis, If true for degraes < n then by (2.10}

[Hl =T ] = 3. 5 ixi ;oaely o om] b [:«:.L ;o e T
i 2 i 1 s 1
%, [¥: , @, X1 = 0 gives [E,%. .= lo, % ¢ %x; 1= 0 by hypothcsis
L l._I l'l 1_2 .'Ll

and [¢, = ¥] = 0 by induclkicn.
F )

1

[

Once ¢ nucleizes B, commutativity is easy: the seb of BEP

which commute with « is a subspace containing the gensrators iy

and closed undar multiplication,
. . : ‘
e, bb'] = [g, blb' +.blz, '] = 3[b, ¢, b1 =10

P

by (2.8) and nuclearity of ¢ , se it ceincides with B. L



Fxercises

sooiatess with a

m

2.1 Prove direckly thab if e commutes and a
set of generators for a subalgebra B, thsn ¢ centralizes B,
{Prove Je,p) = [eg:x] = 0 f£or monomials by induction on

.n= 3p = 5g + ir) .

2.2 Prove the Basic Associativity Theorem directly, showing

that.ﬁntr Br -k ﬂn 1 by using intuction to rearrangs parcnthoses
| .

]

in Lhe wmenomials py,g,r maelking up o assoclator [Drg,x] of de-

gree n.

2.3 Prove that there iz no relation 3[w,x,vzl = o, [W,x,yilz

- T x g ity | P b = A
Z[‘r‘-f,}:,'_';:'_] + O"r?ln’_.}’,Z]J{ 'y 32 ;{[w;_‘,_’;-_"}_. + 153Ew,a;.';|}-

I__I
L

+ g. v[w,z,2] valied in 2ll alternative algsbras (i.e. there is
none in the free glgebra). Thus in (2.5) there iz no way Dake

all the lower dogrece assoclators be w-assogiakers, Give an cxam-

ple where [w,x..%.] = 0 for a set of generators for B but w

1]
dossn't nucleize . (2ven over a field of characteristic # 3).



