2 Derivations

In fhis section we will give a stepwise construciion of derivations
paralieling the stepwise consbtructlen of algsbras by the Cavlevy-Dickson
process. Later (Ch. IV) we will give another construrtionm, in terms of
loner derivations, wvalid for split Cayley algebras over an arbitrary
ring, In this saction we assume we are working ovar = f151£_3.

We hepgin with some prospralizatines.zbool der ivaticoes. Tﬁe basic

bimodules Toi wm Seple,~Tonimon iwasgsy mipelia 4 woos the regular and

-

. q=-T
Caylev bimodules & wnd At ¢ €A, 1)), A derivation & > rep A satisfies

Di{ak} = N{z)+b + 2:0(b) where the himoduls cperation .—-dls-just ordinary
multiplication in A, so that D is nothing but an ordivary derivation of
A as algebra. A derivetion A H cay.ﬁ'will ke called a Cavley derivation
of A: whe derivarion comdition Do e m—0dnde i Ldab)e = Glalpeb +

a*Cfhii. We ren alse idemtify pay A zith 4 wmder the birepresentation

lﬂ = R, pa = HE; then the derivation ecoundition on © bocomes
et

(9.1) G[ab]l= Cia)h + C{b)=

c .
In general we will call & linear map A + A a Cayley derivaticn eof A if
it satisfies (9.1) (such a map nced not be a devivation of A).

From (2,1) we see C{1) = 0 and G{azj = (G{a){a+a); in the degree 2

case 32== siedia— nio)] slous Efazj = tfa)Cia) = C{a)(a + 2} automatically,

zo by linearization
(9.1"y  {C{ab) - C(a)b - T(bla} + {C(ba) - C{b)z - C(a)b} = O

is slso avtomatle. This =means in practice that we need enly wverify (9.1)



for pairs (a,b) with a # b, and then only for enz of (a,b) or (b,al.
A derivation, of course, satisfiss D(1) = 0, but for degree 2

algebras (ovar a field) it is also traceless:
{9.2) t{Da) = 0 n{la,a) =0 .

Indead, 0l = D(az -~ tf{a)a + nlz3l) = Dladea - t(a)D(a) = {c(Dala + t(alD(a)
- n(Da,a)l? - t({adD{a) = t(Da)a = n(Da,s)l. If 1, a are lincarly inde-
pendent hoth cosfficients must vanish, t{ba) = nfda,a) = 0, while if a =
ol then tTivially both wvanish siace Da = oD{l) = 0.

Unlike the derivation case, a Cayley derivation C ﬁcci net be trace-
less: we meedn't have t(Cz) = 0. Now a » t£(Ca) is & linear functicnal,
and 1f t(x,y) = n{x,¥) is a nondegenerate bilinear form (i.e. nix.y) is
nondegenerate, which is true in all standaxd compositicn algehbras,
failing only for inseparshle fields of characleristic 2) then by finite-
dimenﬂionﬂ]ity there must be 2 unicue vector ¢ € A giving rise to that

linear functlonal:

(9.3} tic,a) = c{ca) .

We call this tha trace element of O, written (somevhat misleadingly) as
¢ = t(C). Bince C{1} = 0 we have t{e) = t{z,1) = £(C1) = ﬂ,.sn the trace
element ¢ iz always skaw.

We now altemst to describe the derivations and Cayley derivations
of an algebra ﬂ:fﬂ,p}, chtained from & by the Cayley-Dicksen preocess, in
terms of derivations and Cavley derivations of the criginal algebra A

We bepin with the case of a derivation D of C(A,p). Write D as 2

matrix
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. P Pya
D=
Doy Dzz;

relatdve Lo the decomposition C(A,u) = 4 & AR, The condition D{1) = 0

beoomss
(9.4) Dll{l} = DElflj = [

while the altermating conditionm {(2.2) n(Dx,=) = 0 for x = a + ki becomas

n(dy,(a) + Dy (k), a) = iy, (a) + D, (L), B3 = EJ._ (Since A, AL ave
orthogonal and n{az, bi) = a(z,b)inls) and ne) = =u):
H(U]_lﬂ, al = 11{5221:-, b} =0

.5}
nla, D]gtb}} = “n{Dﬂl{ﬂ}’b}

The derivation conditicn Di{xy) = D{x)v % =D(v) for pairs =, v € A, x S 4

and vy £ AL, ®x,¥v € AL bocome

(9.6) D(ab) = Dia)b + al(L)

(9.7) D(a*bi) = Dla)(be) + abfbi)
(9.8) Dlal-br) = Diar)(ba) + (a2)D{L)
or

(9.6") Dlll:a‘:-] + Dzl{nh}ﬂ. = [Dllia}b-l-{nzl{a)b]z] + [aﬂllib}H:\‘zl{b}aH]

(9.7') Dlziba] + Dzziha}i = [{BD,.(a)}e4u5p. (a)] + [aalzib}+{ngzib}a};]

1 21

(9.8') Dy (oa) + 1:D2]_{‘5::}I = {'ibnlzia}}i-i-uﬂ;‘)zzfa]] + [{a_Du(b—]}i+

;DEE(b}a]
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Separabtlng these into componentse in A and A,

(Q.E-a}_ Dy (ab) = Dy, (a)db + ab,, (b)
(9.6b) D, (ab) = Dy, (a)b + D, (b)a
(3.72) by, (ba) = 1By (a) + Dy, ()
(9.7b) D, (ba) =_I:|I=11{a:} +D,,(ba
(9.8a) unllea.“-r- 1.;,-ﬂI-322{a:i +oun,, (Bla
(9.8k) un?_l{ﬂa) = bD ,{a) + aqu(—l:-}

9.9 (Marivation Condition for C{A,n)}) D is a derivation of 2 composi-

tion algebra €{A,u) 1iff

(i) D]l iz & derivaticn D” of 4

] vhere ¢ is skew in the nuclews of A
]
o

(1) nEE = Da + L:

fi44) D?l = CD iz a Cayley derivation of A whose trace element €,

iz skew in the nuclevs of A

= fe = 1 i
(ivl D u.'LD L

12
” '
73 e 5 D w{C -R_}
3] a] C
In this czse D = Do B Ld + CD = o
[a] - L L
8] o 4
a ]
and sufficient
Proof. Conditlons (2.4) - (9.8) are neceaxuryﬁcuuditiunﬁ that I Le

a derlvation, (9.6a) Is the eccndition that E11 be a derivation of A,

which automatically yields Dll(l) =0 dn (9.4} and j{Dlla,a} = 0 in: (9.5).



B3

This is (1),

Writing Déz = By = Dll the cenditions (9.7b), (2.8a), and nfuzgh,b}

= 0 in (9.5) become D! _{(ha) = Dézibja, O =15D'_(a) + D' {k)a, and n{ﬁégb,hj

22 o 22
= 0 respectively., Sectting b = 1 in the first of thesa shows D’?E{a} =
D%zflja = dﬂa onr 0! =L, feor do = Déz{l}; then for general b the first

22 d
a}

showe d_(ba) = (d4_b)a, so d_-is (left) nuclear. The third of these be-

comes O = n(dab,b) o= t{da}nih} (zes 2.0) for 211 b, =o tfdﬁ} = {1 and dc

is skew, Thenever do is skew and nuclear the s2cond of these is zuloma-
tic: B(da) +@B) a=bda+bd a=be(d)a=0. This s (i1).

(9.0b) iz the condirion that D,. be a Cayley derivartion C, of A,

21
which automatically wields Dzjfl} =0 in (9.4), Setting b =1 in (9.7a)
L s ‘\‘ Za Y .i - '-'4-_—-. f : = s " F g i L] "'S =
shows Dlﬁ{ﬂg ptzlf 3 i CD ar Dlg{l} uLD- This yield DTE
u{ﬂD - EP }e Betting a = 1 in (9.5}, and recalling ﬁ?1{1] = (), shows
n 2l

- = | and I s shkew: ) =0 f I by Writing D =
n(l,Dlzih)J 1, and ].l2 is shkew t{le{b}] 0 for all b riting 19
u{ﬂo - RCO}, skewness inplias 0 = t{ﬂﬁh - bcg] = t{COh) - t(ﬁno}, so Lhat

c. is the trece clenent: in parbLicular, G is skeouw.
S0 far we have 21l of {(i1i) and (iv) but nuclesarity of Ce Subtract-

ing (2.80) (with b replaced by B) from (9.7a) vields - (ba}:n = F{BUD}

- = 14T - = T T ——"=
12 T ¥Ppy R 5 wDgy = Dyy =R, 4 Dyp(b) - By, (8)

4] a]

Dlzib) + Dlzfn] = Ulz[t{n}l} = t{b}leflﬁ = — ut(h}co by skewness of D

- t{b)ac0 sipca D

12°

Thus — (ba}c“ = {b - L'(b}}a::n = - b{ann} and ey is {(right) nuclear.
Conversely, when (£ii) and (iv) hLold we get 9.7a (hence %.8b too by

nuclearity of EO}: since Dl?{xj = - DIV{x] Ey skewness, applwing the

invelution to 9.7a gives an equlvzalent conditlun - Dlsza} = p?zl{n}b -

an(bJE, or - Uﬂﬂfha] + ufba}co = ;Co{a}b - UGn(b]E + p{bco}g; cancelling



p and using the fact that ED is a Cayley derivation with t(ﬂoﬂa}} =

t{ac )}, we can rewrite this condition as - ED{bJE - Cmia}b + I:raalr:':|
o

tlac }b - Cﬂ{a}b - l%{h}g +-hc05, which is auntomatic from skewness and
o
- i =7 : -(ar a = - c a} = ' “EE‘_-:"—"

nuclearity of ey hf{PLO} -+ hcna b{t[acD] coa} b{L(acﬂ} .

b{acn};

Finally, (1i1) and (ii) also imply the last relation in {2.5):
L 3 == o e i |( e o o0E ==
n{ﬂ,ﬂlzib}J uﬂiﬂﬂlﬁﬂ},J] u(ﬂﬁlsz}J ut.nzi{d}b} (roeall alx,v)
" 2.0y =— | = - 3 = - )+
t(xy) by 2.0) = - £(aD, (B)) = ypr(D,, (ab) D, hla) t(af-D,, (k)

uDElfb]}} - utiﬂzlfab3? = t{a{phnﬂ}] - pL{[&b}Cﬁ} = 0., &

We follow & similar procedure for Cayley derivations D of Cia,u).
Recalling the vewmarks after (9.1'), it suffices to establish the Cayley
derivation conditica Dixv) = Dix)y + Div)x only Tor x,y & A and x & &,

v &AL end X,y £ Ap ¢

(9.10) Dian) = D{alb 4+ Nihd)a
(%.11) Dia-be) = = B{ai{hy) + Iihila

(9.12) B{n2-bg) = = D(agdlhg) + D(Ly)(an?

In terms of
By Pra

DEJ. D?.?.

these becoms

(9.10') D Cab) + b, Cabdz = [0, (a)bHD, (a)ble] + [D11(5]a+{B21[bJE};]

(9.117) Dlziba} + Dzz[ha]i - [{hpllia)}g+uﬂn2]{a}} - [Dlsz]a+{D22{bJE}£]



(9.127) ypy; (ha) + b, (BaYe = - [{bh,,(a) Jetibn,, (a)] + [{aD,, (0] ]2
+ '..'EEIZ:2 (b3 1]

or camponentwise

(9.10a) nllcabj = Byy (a)b + nl]_(h)al
(9.10h) Dy, (ab) = n,, (a)b + l}zl{h}ﬁ
(9.112) D a(ba) = - uEDzl(a} + Dy, (B)a
(9.11b) llzziba} = - bnll{a) + I)ﬂ(b]E
(9.12a) -uhll(Ea] = - uEDEE{a) -+ uauzzib}
(4,12h) uazll:Eaj = = bDy,(a) + an, (5)
Recall that 1f a2 A comnutes with A it liss din the center of &,

This i8 of course Lriwvial when A is associative, but in 3.0 we alsc zaw

it held when A is a Cayley algebra.

9.13 (Cavley Derivation Condition for CfA,p)} D is a Cayley darivacion

Df E{J’L} I-l} if'f

(1) Dy is a Coyley devivation D ol A such that the values

EDO(A] are 211 contained in the ceanter of A

1

(11} Dlgfa] dﬂa - DD{E} wharse dD and all Duﬂa] - dﬂa are cenlral

(114} Dzl{a] = Cﬂ(a] whers Cﬂ ig a Cavley derivation with values

GDEh) in the center



(1) szfa} = Ua - pf.'g[a} wherte :}P. is central,

Proof. (2.10a) is the conditicm that D_. bhe a Cayley derivation

11
nn of A. Setting b = 1 in (2,12a) yields ~..Dl_](3] = uﬁzzia] + UEJEE[I},
o cancelling p shows |}?2(;_—'.:l = a du - Dol:a} for dﬂ = T}ngl). 0o the
other hand, sctiing b = 1 in (%.11b) wvields ﬁzg{a) = - Dﬂ{a) + dDE, 20

a dﬂ = dDE. Since dD commutes with everything, it is ccnvrsl by our
above recollection. Onece we have this, (9.11b) becones dgfﬂaj - Daiha]

= bhg(a} + dDE; i no{b}ﬁ {do is centrzl} or du[E,E] = [Dﬂia},h] {Do

is Cavlev) or [Bu{a} - dna,h] =0 Edo iz central and [a,h] = [-a,-b] =

[2,b]).
¢9.11") D (a) - d_a@ T(A).

Cancelling p in (9.12a) (with b replaced dy b) and adding te (9.11h)

vields doiha) == bd a+ 1‘122(":'}5. + anﬂ{h) = - dGba + [DEE(b],a] oz

I:[:b}z.da {racall do = 1]22{1]}, oT [T};??_{b},ﬂ] = :]n-'_ab o ha - cllial =
=] = —4a [= sz h.n T e 2] =0

dDEr._'l_ Ju[a,b] dﬂ[u.. ] oz ['}22{3, «dob,a] 0

0 17" & AT,

(0.1Z2a') D, (b} - db& r{Al

_ Adding {E.E}b‘} ané (9.12a') gives dn; - Edah & T(L) ox t{bjdn -
JdﬂbEE 7{A). SAince dﬂ iz already In T(A), in the presence of (9.11k")

the condition (9.12a") is equiwvalent to
(9.12a") 3d¢h £ T{4)

Thus the Cayley dativation DD znd the central element dDI muskt be related

Ly all Doa = dua and all Edoﬂ being central; this dwpliss all E{Dﬂa -
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d 2} + 3d a = 10 {a) are central. These are the conditdons of (i) and
o Lo o

(1),
way
We arpgue in a slnilarﬂtor the ¢ff=diagonal entries nlﬂ and Dz1‘

Setting h = 1 in (9.11a) and (¥.12b) yields nlzia} = - gﬂglfaj + ¢z

a
(cﬂ = D]E{I}} and u_zlfa] = Ellfa} +-acﬂ. Onee apgain z, commutes with
everything and therefore is central, and n]?{a} = cﬂa - ;Djl{a]. Thus

if we maltiply (9.10%) (with &, b interchanged) by ﬁ'and add it to (9,11a)

f2),b]: since ¢ is central this reduces
o

ve pet CQ{hH} {cﬂb]a + ';J[I'J?1

i . gl cntral s
to [ﬁzlia},h] J, so Dzifa} iz ceptrals

(?.11a") Dzl(a}e; T{4) .

Using this commutatiwvity, we ean apply the involution to (9,10b) teo

2) b 4+ D, (b) a, which is

A

ootaln an equivalent condition D a1t (ab) =

By

the condition that ﬂu = Dﬂl be 2 Cevley derivetion, Sinee the values

=

of ”21 1ie in the canter, so do those of CO. This is conditien (111},

Revnlacineg b bv b in {(9.12b) and adding to (2.17z) yields ccfba} =

- b(c a) + cﬂ {hj + 0. _(nla = — €, (ba) + =(b)aD. . (1) = [312(5],3] or

12
f]!l?{h},a] = uﬁ{b:l + ba - t{bla} = 0: cuce wore DJ,}Eh) are all gentral,

J?

{9.12b7) Dl?{b} = T{A) *

. ! _ B N o . IS i x : -l
Sinece hlziu] = uﬁzlib} e b where Bz1ﬂh) is already central by (9.112"3,

we can replace (9.12b') by

(9.12L") Chb £ I'{4)

This 18 condition (iv). 3
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The Cayley derivation D takes the form -
' C L,os*x =D
L

We are mainly interested in Cayley algebras, and for these we have

9.14 (Cavlzy Derivaticn Thenrem) A Cayley algebra over a field & has
rno Cayley derivations if the charscteristic # 3, while in charac-
teristic 3 the only Cayley darivations are the scalar multiples

of the besic skew Cavlocy-derivatien
|

Dx) = % + t(z)Ll .

Procf, llare the center i= [{A) = ¢l1, so udﬁf:.$l implies By = 0.
I GD{a] = %({g)l is a Cavley derivation with wvaluss in the canter 1
then y(ab)l = (a8 + v(h)a for independant 1,a,l:, dwplies y dis =ero,
Eu = {l,- Thus nii = 3?1 = (.

in characteristic §F 3, BDC{AJ = &l inplies DDKEJC: 41 and apain

e i i : a & % & L] o L - s i .
D =0, Alza _-r_'lo_‘; 3l implies '-':‘.DH 'C:. 1 =0 d, 0, and :l] 1 = By i1
Thus in characteristic £ 3 the only Cayley derivation is I = 0.

In characierislic 3, 3ﬂﬂ[ﬁ} O 1l and Bdué.c: 41 are antomatic, so
the only restrictions on Dﬂ and dg are that joﬂ - doa arz 211 central:
Dfa)y =8 a-F &a)l for d =6 1, In tetms of § and the funclional §,

4] 3] fa} o o

the Cayley derivation condit{ion condition becomes ﬁonb + glab)l = Eufab}
= nn{a}5 + D {bla = 69[55 + ba) + 4{a)d + a(bla or 5(b)a + &(a)b -
¢(ab)l = & {ab - ha — ab} = § {2ab - aeh - t(bla + ab} = & {3ab ~ t{alb

P 2efb)a + nia,b)1] = ﬁa{t(b}a - t{a)b + nfa,b)1} {(characterisriec 31}.

Choosing 1,a,b% fudependent we cvan identdfy cozfficisnts of a to see



G(b) = aot[bj, Thus
Dllfa}.= DD{HJ = én{a + t(a)ll}
1‘122(5-.] = E-'Oa - Zlﬂ{'a] = Eof-Ea] = § 7

(o}

50 D{x)} = D{a + bi) = D, (a) + D, (L)% = S,la + £(@)l +bi) - 5 {x +

+{x31}: B2

This 1is not too surprising, since a Cavley derivation of a Cavley

algebra 4 is a derivation of A into the bimodule cav 4 , and cay 43

iz no lenpger an zllemnative himodule,
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9.4
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Exerciseas

Ehow the space Cayder(A) of Cayley deriwations of an arbirrary
degreas 2 algebra iz =n rnudlulr.: for the Lie algehra Derda),

Ehow the wmap © =+ t{C) ¢f Cayder(A) into A is a homomorphizm of
Der{A)-modules: ©([B,C]) = D{cfC)),

Show that 4f C ds a Cayleoy derivaticn of & and d a nuclear elswent

b

of A then C, = ..o 35 & new Dayley derivation. (For a composition

d. =g A
algahra nof dimzneion & the ruelevs is just &1, =o Ed = Cu1 is ju

aC). In this case show L(Cd] = t(C)d - C(d) = c(d) + ac(c).

{

=
L 5

o

In the situation of 2.3 show de - .

Rt{ﬂﬂ} =1R 0 T

If ¢, C' are Cayley derivations oo- T =t -
) ars Cayley derivations show RE{G,}b RE{GJC C RL(C}
e oy
th{C'} L{:[tfn'}}-u't{u;
If ¢, C' are Cavley derivalions show T = {0 - Ht{tj}ﬂ‘ LD Ht{ﬁ‘}

is &n ordinary derivatiomn. Find t(D).

i



