it Bimodules with fnvolution

A bimcdule with invelution or #-bimodule for a *—algebra A is a

bimodule ¥ together with an endoemorphism n +m of pericd 2 such that
a &mn R £ m

{nduces an invelution on the split mull extensiom E = A & M, turning it

into a ®#-algebra. Decause %y = yx already holds for x,y € 4 (if A is a

%-alpehra) or for =,y € M (as HE = 0), the condition amoumls To

(8.1} am = wa na = am ,

This makes it clear that the nepative of an invelution con M dis zgain an
invalution. Also, the regular bimodule M = A with the naturel involntion
becomes a *-bimndule.

e have obvious metions of #-sub-bimodu’z, #—iyrrgducible, fepomolotely

———

reducible, *-homomerphism cte. Ome ronwenient fzet about #-homomorphisms:

F -
i ¥ + K catisfiss Flam) = all{m) and F{m) = Fmd, it automatically satis-

B

Fies F(ma) = Flmla: F(ma) = Flma) = Flam) = =7(n) = F(m = F{ma .

Tor a composition alpslra A we thus chtain the repular “-himodules
reg+(h] and rep (A} obtained from the regular bimadule M = & by takiag

the usual invelution or its nepative. The Caylev-Nickson *-bimodules

cay, (A) and cay_(A) ara obtalned frox the Cayley-Dickson bimodule M = Ag
by taking the usual fnvolution (namelvy —I) induced from the invelution
on C(A) = &' & AP, or 1ts negative (namely +L).

Ag an example, we censider the possible involutioms on the regular

and Cayley bimodules for the composition algebras.
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#.% Proposition. IEI(I: i{g an ordinary cowposition algebra of dimension
1, ﬁ. & over a field 4 then the only inwvolutions on Teg T are z
the standard inwvolution; if C has dimension 2 the involutions are
nf.thc form Tla) = cfE where n{cF} = 1, and in this case ﬂ:f is

» %-{somorphic Lo _rug__'_ﬂ:. 5 gl £ ?e.l‘i'!_"l. -f»c:! iz split of dimensiom 2
there are ne involutions on the medule e, .
1£ (T 4is a divisicn alpshra of dimensiou 1, 2, 4 then the only
{nvolutions on cay € are + 1'?11«: standard involution (i.=. +1); if
€ = elﬂE + ﬂgﬂ: iz split of dimension 2 oT 4, the nniy involution
om cay Eeiﬂ:} are X the trestricticns of the s;andard invalutions

(l.e. 310,

Progf. According to ths Commuting Crirericn 3,19, in the regular

bimodule reg (U of dimension 1, &4, & the only coumuters are the elemantis

of %L, so an invelution must have £(1) = pl; =zince f2 (1) = 1 we =zee ug =

1, s a = ;i and by (B.1) £(a) = fiusl) = £(1)a = +a. Thus T is = the
etandard involution. Io dimensfon 2, 1f £(1) = ¢ then fla) = ffa-1) =
f{)a = pa and 1 = SCEQ1Y) = £(e) = ::E.. The man a —= cu Is g S—iscmorphism

I - a
ﬂ:f “* IE-!-: it i a linear bijection with Fla'h) = cab = ach = a2 (k) and
Fh+a) = cha = ¥(h)a and F(£(a)} = Flca) = eca = a. Since f‘(f'.i) = f{eie‘)
i -—
= f(ei}ai = ‘F{-:-'.i}ej e ';-ai:-:j, there are no involutions on te,. -
Cay O = €2 is not an alternative bimodula 1f L has dimension 8.

Tet L be a divisicn algebra of dimcaslion Ly 2 or 4. TIf Ffip) = &1 then

f(at) = £(e)a = (et)a = (ca)i, where £ = £(fi) = £(ci} = ugg. Tt r-.z =1
in a division. alpebra implies c = 1 (as (c-1} (ct+1) = 0], sa £(al) = Lalk.

In this case the only involutiens are 2I. If € iz split of dimension 2

w
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or 4, CE = l?.lﬂ: Y EEG:., then cay . ig not irraducihle and has lots of
inj.:c-lut{uns flai) = (ca)e for n:2 = 1, Hewowver, rcay {Eiﬂ:} 1s irredurcible.
If f is an Involutlon on {'eiﬂ:?i we hawve f[ei;,} = e (o= CP c) and
ii{eia)E,} = ffa(aii}} = F(Eig}a = {ep)a = (eca)g., In particular cp =

- ] - Iy - ] : = : s g5 :
£(e 8 (le e 0e) (ce )i, so ¢ = ceg and ¢ = e ce, helongs teo the

2
Pairre spact ciﬂf_ai = g2 1 e = yeg, From f{f(eiﬁ,}] = e f we see ¢ = @,
bl
v =1, y=2l, ¢ = -.Fei. Thus E{(F.ia}i'.} = t{eia}h and £ is I, 15

Scranegs things happen with involutions in characteristic 2 {=ince +

‘and - are the same), so we first consider the rharacteristic # 2 case.

6.3 *-Bimodule Theorem. (First Versica) Ivery #-pimodule FTor an ordi-
nzry compesition algebra (C over a 4214 ¢ of characteristic # 2 dis
completely *-reducible, with %-irreducible sub-bimndules isomerphic
to tha *-sub-bimpdules of the repular and Cayley-Dickson S-bimadules.
We thus obrtain the follewing list of *-irreducibles:

I. @ =1 rep (€, reg (L)
1la. [C= G{¢,~,_nl} division algebra: rﬂ_;t+{iT.}, ca::+{|f}, cay (I}
ITh. €= C(¢,1) selic: reg+(£]:,], eay  (fe,)s cay_(@al}, cay, (ze,),
anufﬁczh
111a. = C{-"ﬂ,ul,uzj division algebra: rng+((1:]. reg (L), :::-15,:_'_{{]:},
cay_ ()

111, = c{s,1,1) spliv: reg_l_{ﬂ:}, 1'!:1:-.___Ef]'_'}, na}'lk{(e_‘{}:'ji.},

cay_((e; @)1)

. (L= clonyivgamgd: reg (L), reg ().



Pyoof. Once more the essentizl part of the proof is that ewvery
k-pimodule is a sum of images eof repular and Caylev-Dickson *-bilmodules.
mThe differcnce of the present list [rom that In the Bimadule Theoren 1s
due Lo the fact that for (C = C(¥,u) we den't nzed both invelutions since

: o g :
reg+{ﬁ:] % reg () uwader the map a > ia in characterlscic # 2: T2g L=

2 : .
21 + #14, 17 = ul so ¥F(a) = 1ia 1s5 =2 homonorphisn of bipodules which 1s

alen a *-hemonmorphism since ia = ia = — ia; moraover this i= irreducible
as *~bimodule even in the split case as Qal, $ez zlone don't form *-
bimodulas,

To fi11 H wp with rapular or Cayley-Dicksen t-himodules we need
only fill it wp with symmetric and skew cemmuters and F-ocommuiors.

Indead, a symmetric (resp. skow) commuter m generates a F-bimodule {mt

which is an image of reg & (resp. reg A) since the module homomorphism

a< zm of 7,2 is actomatically a *-homenorphism: & 7 am = + am = ma
= am (resp., a =+ - am), Similarly a skew (resp., symmetric) *-commuter

gencrates a *-binodule {m: which is an image of cay+A (resp. cay A)

simee ah + am as in 7.4 is a “=homomorphismi  ap = — ai - = an = = na
= ma = am (resp. af - — aml.

In characteristic ¢ 2 iL is casy te £111 H with such elements:
since m -+ m 1ls an antd-autemorphism on B = A ¢ M, tf m iz A commuter or
#_pemmuter so is its image m and hence also its symmettlc and skew parts

1 - 1 - z
m, * 5 (m+uw), m = Efm - m). Thus every commuter (rasp. F—pommuter)

I.
is the sum of a symmetrtic and a skew commutar (resp. *-commuter) m =
+ m_, and such elements £11l up {i.e. generate) M. @

o

%

L

T

We now develop an alternate approach which works in 211 characteristics.
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Instead of filling a bimndule M up with homomorphic images of the 4 hasic
bimodulas reg A and cay A we £111 1t up with homomorphic images of Cwo
bimndules regld) and eay{A) with exchange involuticn.

Suppose M is any bimpdule fnot necessarily with involution) for a2

*~glgebra A. Then we can imbed M in the exchange #-bimodule

ex (M) Moo Mk

with A-module structure

al{m,n} (am,na)

(m,n)a = (ma,zn)

and exchange Involnfion

':-ﬂ 1 1I'I:J

(m,n)

This 1z indeed an involuticn of the module structure since alm,n) =
(am,n0an) = fnha.am) = (n,m)a = (m,n)i. To see 2x(M) is an alrernative A-
bimodule, notice that H C ex(M) carriss its piven binodule structure

while the representation on M* is given by E: = T_, rg = i_ in terms
&L

a
1 i
oft, r on H. MNow we know we can give M the structure of an A " -bimodule

oo op o 3 ; ; ;
M by Ea- gt I P = ia (Lhe split null sxtension is then just

A%P & 1P o (h e H}DD, which i3 alternative i A & M is). Cownposing

thiz with the iscmorphism A — ATE hy a -« a, we get a hireprescotation

* i
o . - ] ; ;
£ : ao a- - =1, z2ad r¥ra v a~ r_ = L_. Thus a= bimodule ex(d}) i=s
a a 2 a

just the direcet sum of the Lwo bimodules M znd M*.

Hote that this constructlon iz additlve,
. .
.||I
|

|
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ex(b M ) Y 2, ex(M,) .
i1 b i

The usefulness of the exchange bimeodule resides in its universal

property.

8.4 (Universal Property of Exchange Himodule) Any bimodule hoemeomorphism
F
M+ N ef a bimodule M into a *-bimoduls N extends uniquely to 2

1

*~homomorphism ex (M) - N,
F
M — N

N[
ex M) -

Proof., If we defiane f‘{m,n} = F{m) + F{n) we have a *-homoucrphism

because ﬁ(a{m,n}] = ‘;‘(am,rﬁ} = F{am) + F(ug) = aFfi{m) -+ aff(n) = HZ:"{:I.,P.}

and Flmm) = Pln,m) = Fln) + Flm) = ¥(n) + F(m) = ¥(mmn). This 1z
unigue since it is unigquely determined on the *-penerating set M of

ex(), @

8.5 Example. If L = e, B te, is split of dimension 2 then

E 2
ex(te,) Z oex(ee,) X reg, (@)

since the iwbedding de., -+ T'F'_Er}_d:. extaends to & #-ivhadding e:{(lﬁel} =

1
::eg_l_il:. H

Thus we have & universal way of building * biwodules ocut of ordinary

bimedules. What happens if M already carrles an invelution, i.e. an

endomorphism  of pericd"f -;a:isf:;im f{am) = f(mla and flma) = af (u) 7

In this case the set of f-traces



tf'(}:)f {(m, £(m} = e

r
lq a *—sub-himodule of ex(¥) which is *-isomorphic fo M_: m =+ {o,E(m))

{e a 1near bijection 1, t (M) with FOFCod) = (E(m), FIF(ud) = (£(m),m)

= [(m,T(m)) = F(r) and flam} = (am,f(am))} = (am, £{m)a) = al(m, E(m))= aF{m).
Thus_if ¥ ig & #-bipodule it dis #-imbedded i ex(¥). What does Lhe
the remainine part of ex(M) look 1ike? TWe elaim it loogks 1ike M, bul

relative to the dnvelution —f:

M_g -

e

cx (M) z’tf{?-t}

I
Tndeed, by the Universal Property 8.4 the isomorphism M= M . induces an

5 5
epimorphism ex(M) ~ ¥ by I'(m,n) = F(n) - f(F{n})} = m - £(n), with
=k
kernel [{m,n}{w e fin)] = {{m, flm}3}1 = tf{H]. Thus F indunes #-isomor=
phism ex{ﬂ)ftfﬂﬁ} P M

In echaracteristic £ 7 the axchangs Limodule decomposes inte the

direct sum

(5.5) ex(M) = LOMY @ t (M) S M, &M |
T -~f -7

£

of ene copy of ¥ under fts glven invelutilon, and one ceny wich the nepa-

tive of this inwvolution. One way to s=2e this splits is ro chserve that

: %
the bimodule isomorphism M £ M in ex(M) -+ ex() (¥(ml

il

(0, f(m)) extends

It

to a *—automerphiszm ex() l ex(M) of pericd 2 (F(m,n) (L), £4m)) by

unlversality, so the 71 elgensvaces of T oare the *-submodules tf{H} =

1

[{m,n]|n = f{m}} {[m,u}|(fn,fmﬁ = (m,n}} and E_F{H} ='{(m,n}|n = —f{m)]

= {(m,n)|{fu,fm) = = (myn)}, havirg ex(M) as their direct sum.

In charantarizstle 2, +1 codnecides wirth -1 =o Lf{H = r{H} and
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ex(M) does not break up into their direct sum. All we can =ay is

t 0N 2 M, Y oex(D /e 00 .

Newt we invesripate to what ewfent ex(M) preserves irreducibility.

£,7 Propositicn, Let M be =n irreducible s-himedule, Then the only
proper S—suhmodules of ex(M) are the suhmodulss tf(H} and the only
nonzern *-hemomerphic imases of ex() are ex(¥) and all pessible

thHF for all invelutions £ on ¥ (if such exisLl).

Proof. We begin by recalling the basic fact (Vel. I) that the only

proper submodules of M, @ H? when the Ei are irreducible are

};l'

Myy t.00 = {(mFm)]
for all pussible Isemorphisms H1 E H?. In pur casze an iscmorphism
M j Wi satisfies Tlam) = fimlz, £(ma) = 25 (m). Tf we demand orooer -
cuh=bimodules, M and ¥® are rulsd out, and tf{M} is a2 #<himcdule cnly
for thnse [ of perisd 2: (m,flm)) = (f(=),m) € £ () implies FLE(m)) =
m. Thus the only preopar *-submedules are the tf(H} for the inveluticns
f on M.

Since a *=homomorphic “mage of ex() is isemorphic to px(M)/E for
some T-subnedule B, for B =1, tf(H}, ex M we get ex(M), t_ffH}, N

respectively. [
<,

For all characteristlcs, we can at least f£ill up a given *-bimocule

M for a cowmposition alpehra C witlh images of

e:-:{':.l':]. = Lo C*, ex(Cy = Cro o ex .
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Just as wa can represent cay () = (L1 as ﬂ:. with onarations F‘a = RH,
¢ = R_, tha formulas cfai,bs) = ((ac)e, (belrn), (an,bide = {(ac)e, (pela)
el & H

show we czn represent ex(e) as L& T with action cfa,n) = (ac.bel,

(a,bdc = (aZ,bcl.

8.8 #-Bimodule Theorem (2nd Versicn) Every %-himedule for an erdinary
compeeition alpebra @ over a [ield ¢ is = sum of *-homoworohic
imapes of the regular and Cayley-Dicssen exchange bimodules ex({)

and ex(C 2%, The list of images is
1. €= 811 ex(T), reg (T)
Tta. €= Cee,ny) division: ex(@), ver (T} ex(@i), cay (L)

11, &€= EEII-:',u.lTl solit: ex(@=) - ex{(f:ez} Y reg (@)
ex({elfﬂbj], ex( (e, L)1), ca}fi{ﬂl{i}, Cﬂ'}-'i(fz"zll-}

111a. & = E(@,ul,uz} diviston; ex(@), reg (C); ex(LL), wvay, (@)

11th. @ = lI{@,ul,'u,}} split: ex(ﬂ:elﬁ = EK{'.I:E:?'} = rEg+{'E},

reg ({L): e:f.{{v:lﬂ:}ﬂ}, ex(le, LI, Ca:fﬂ_('ﬂ-lEL cay, (Ez'ﬁ:}

Iv. qd-= ﬂ:{ﬁ-.u}.,:rz,u:}'): ex{dL 1, T'Eg‘(ﬂ:]-

The ex(@T) and ex(L &) are never *—irraducible, and are complately

t—raducible enly in charactaristic # 2.

Proof. From the erdinary Bimoduls Theorsm 7.1 we know M is a (direct)
gsum of howonorphiec imapes Hi of regular or Cayley-Dickson bimodules (L vr

@+, By the Universal Property 8.4 of the exchange bimedule, khe homomer-

in ¥
T'hism.-_-:(r-st -+ }Ii + M extend to *-lhomomorphisms ex(Ls) + M. Thus M is a



gunm of *-homomamnhic images of ex() and ex(@Li).

Tt remains to 1ist the imapzs. The rtepgular bimodule 1s irreducible
when (U is slwple, i.2, in 211 cases but I1bh; when C is irrveducihle we
know hy 8.7 the onlv neonzero images of ex{(L) are ex{@L ) and e, (L)
{recall by 5.2 the only dnveluticns om (C are £ the standard involuticn
in dimensiesas 1, 4, B, and in dimensinn 2 are all eguivalent to the
standard invelutien). 1n ITh we have i = t.-z-.l ‘EE].¢-’:2 and ex(L) =
Ex{-izejfl & e:{{'ﬁez} for ex{-ﬁei} i rcg‘_l_[li'} by &.5, which by 8.7 are ir-
reducible since there are no ipvelutions  on iﬁei according to 8.2. This
plassifies the repular dimages.

Turning to the Cayley-Dickson images, we know cay € = €L is ir-
reducible when L has nn right ideals, f.e. I, IIz, Illa. When £t is
irreduciblie, hy B.7 the nﬁnly nenzero * i:ne;gcs are ex(L ) and ce.:;if{I:}
(by 8.2, the only ipvolutiens en 2 are * the standard invelvtion in
these eazes). TIn the split cases IIb and IIIb we have Lo = (r—.}ﬂ'_"}?. B
{agﬂ::lfz for {Eiﬂ:ji irredusible, so ex{d 1) = cx({elﬁ:}n] & ex{(eﬁﬂ}ﬂ.
The % inases of ex(C4) ars thus sums of *-imapes of extieii}’.{}, whieh

by 8.7 and 8,2 are apain either c:{{fei{}l} DT cayq_{ejﬁ:}. |-
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Exerclses

Verify directly that 1 is an inveluticn on cay(ﬁ:}.
let tfm) = m + m oZa zny *-bimodule, If m i & ¥-comnuter, show
t{{m}y is a %—submodule, while if m L5 a comuuter and A is A cou-

position algehra with nontrivial invelution then t{{m}) esnerates

im, T,

VYerify dirsctly fhat if m iz & commuter then (a,b) - am + bm is
a #=homemorphism ex{LY + {m,m}, and if w is a %-commuter then
{(a,b) = am + bm is a #*-homemorphiszm ex{ﬁ:;] + {m,m}.

In Proposition B.2 comstruct infinitely nany involuticns on the
2—dimensicnal module reg(@) when & = MR, ¢imilarly construet
infinitzly many Invelutions eon car (L) when L 4is split of dimen-
sion 2 or 4. |

Verify Fima) = F{m)ra directly in 8.4, in ex{ﬁhfufiﬁ) : M_ps dn

t;(H) 2 M
Prewve that the sxchange bimodules ex() and ex{{ i) are dafinitely

not completely #-reducible in characteristic 2.



