£4  Inverses

Inverses are well-behavad in an alternative algebra. Tndead,
alternalive divisicn algshras can he chavacterized as those in which
“1- 1 r =1 : ] L gsnn R * a1 3
x (xy) =y and {vx)x = =y for all x and ¥, 3 result which is geome-
trically significant. We will sce in Appendixz V Lhal geometries wilh
"enough'' translations are precisely those coordinatized by divislon
rinps satlsfying these inverse conditicn, therefore praciszly those
coordinatized by alternative division rings.

There 12 a general definition of division algebra which is

=4 &

applicable to arhitrary nonasscciative algebras. An algebrae A 15 a2

division alpebra IF 211 clements a+0 are operator invertible In the
gange that the pulsiplication eparalors La and Ra are hiiective. In

: F)
terms of equations, Lthis means that for nomzers A and arbitrary b there

are wnique soluciens ®, ¥ to the equaticns

ax = h

va="h

(the existence is equivalent to surjzctivibty ¢f T, Rq respectivaly,
3 1
and uniqueness to their injectivity)., These gre the sort of division

alpebras thabt ceoordinatize projective planes, where Lhe uniguoncss of
spluticns 1s what guarantees that Jlines intersect the right number of
CLlincs,

Nften ome assumnss the existence of a wnit element, la = al = a

for all a. A pencral division algebra nesd not have a unity I it

docs, for each a # N there will ke unique eloments ap a8y with



&-2

a. liawever, it doesn't follew that a = a,, or that

ga_= 1= & L [

E L

aI{ax) = % for all x. Indeed a and A meed nob resenble sur ordinary
‘gconcept of dnverses at all. The general notien of division alpgebrs i=
designed with unigque solutions of equations in mind, and disvegards
inverses.

On the other hand, we could call en alpehra a division algebra if

! : ; ; =, -1

all = # 0 had unique (two-sided) Inverses xx =1l =% ¥ THowever,
this does not imply Tk’ﬁk ar«'Vidvdtive (so the alpebra needn't be a
division alpgebra zccording Lo the other definition).

It i= important that these two noticns of invercibllity, operator-

. - i -1 Ll 2 %
wike (Lx’“ being bijective) or elemsnt-wise (xx = 1 = x "x}, ceincide
e

for alternative =slpebras, so that division algebra means what it ought
te {in either of the above SCnSes) .

W= adopt the element spproach. An elenent % o a unital slgehra

is left invertible with left Inverse v if yx = 1, right dnpvertible with

right inverse vy if xy = 1, and inwvertible with Inverse ¥ il xw = vyE = 1,

& division elgebra is a vnitzl algehra in which all nonzero elemznts arve

invertiblsa,

I'or one-sided fonverses we have a

4,1 (One-sided Inverse Thecorem) The following are equivaient Tor ele-

ments x,¥ of a unital zalternative alpgshra:

(i) xy =1
L=
(#1) L o=
(444} R E =T,
A

In this case [x,v,z] = 0 for =211 z.
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Proof., Olearly {ii) =r (i) since Xy = LxLyl' Comversely (i) = (i)

gince I = Ul = UKF by (L)) = Lzuny (laft findamental), so LxLF =
L L LUE =1 U R {left Moufang) = L U K by (310 = T. Similarly
b A HYE ¥ O X oy X

(1) (iii)}. 1In this case [x,v,z] = (ylz - xlyz) = =z - LxLyz = for

all z. &
For two-sided inverses we have an

4,2 {Inverse Theorem} The a1l wing are E':ll.l'i‘.-’.'—'[.jﬁni_' for an elepent in
a unital alterpnative algzebra!
(1} =x has a left and a right inverse
{(11) = 45 an invertibhle slement
(iii) Lx is an invertible woarator
(i) Rx i an invertible operator
() Uw i an dnvertible aperator
{vi) 1& Inm U
=
(vii) 12 ImL N ImER .
- o

In this case the inverse of = 1e wniquely datermined zs

e iz invertihle with inverse

{wldl) fx_1)_1 = X

and the multiplication operators

Q) L g R =0 .
() & go= L% B g BF Uy mll
i ! i

If =,v are invertible so0 I= =y and

(=) (xy}_l = y"]x"].



Proaf. Clearly (1i1) + (iv) = (v) =2 (vi) =% (vii) = (i)

since -I.}K = LR =RL, and (i) =% (ii) since xy = zx = 1 iuplies

x % T 4 _
y = L Ly (by One-Sided Inverse) = z{(xy) = zl = z and ¥ = 2 is a two-
%%
sided inverse. Further (ii) =2 (iii) since xy = yx = 1 iuplies
L};Ly =L T =T by the One-Sided Tnverse Theoremi eenversely (iii) =y (ii)
¥ o

eince if ]'x is surjective thers is a y such that =y = 1, and if Lx is

alse injocetive then x{vx = 1) = (xydn - x = x — x = 0 implies yx - 1 =10

and v = 1, Similarly (§:1)<€E%0oeir Thus (13136 (Iv)=s==b(i1i) + (i),

If y is en inverse of x then Ly = By = | T.lx}* = x imply ¥y

- = | e -
L ll = R l‘]. = Tl "=. The relatiocas L =L =1L 1 and & =% = R 1
x s x et ¥ x :-:_] ¥ E3

follow From =y = vx = 1 and the One-S5idsd Tnverse Theorem; from these

-1 =1 =1 -1 . ;
we sec 1 = L i =1 R = (B 1) a T teo. This proves (ix).
-1, =17 -1 e b s % :
g B £ -
Bince L‘.’ = T.x ig dnwvertible, v is fovertible with diaverse | o & T.}_l -

=

¥, estahiishing (will).
I =,z are inversible then 1.'x'_ = L_L:T_I R}L iz inwvortibhle (using lefr
Z . S

fundamental, (iii), (iv), (v}) sc by (iv) =2 is dnvertible with inverse

- ] -1 -1.-1 -1 -1 - -1 =1 -

1] ]'{Kz} ={LUR]} (Lz)=~r j!f LI I-f'I. £y = R’ 1I_1 -Iz = K =z = R z =

g g x WO TR o e T et il
-1.-1 5

- fby (ix)), This finishes (x) and the Theoremn. I3

4.3 Corollary., xvx 1s invertible<=% x and ¥ are invertible &2 xy-and

yx are invertihle.

Proof, If xvx 1s dovertible so is tho opevator U = Uuun
YR Xy X
(rnlddle Fundomentall. Now any time ARA is an inverrihle operator, A

must be dnvertible: A ds surjective sisee Im A D Im AlA = A, and

injective since Ker A C Ker AbA = 0, Thus U g5 dinvertilile, U =
X ¥
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Ay

7 - is invertible, so by {¥v) x and v are invertible.
®OWYR X

5 \
If %y and vx are invertible, so are (xy)}{yx) = xy'x and (vx) () =
2 ' 5 LR
vi'y, 8o by the above x and ¥y are invertible.
If % and v are invertihle, so arve xv, yx, Xyx since by (x) products

of invertible elemenrs are invertible. i3

Warning: Ewven in associztive algzbras, inwvercdsilicy of xy docs not
guarantee invertihility ol x and ¥,

This shows element invertibility of x roinecides with eoperator—inver-
tibildity ol L:_C (and RE’ and ij in a uniizl alpebra, Besides Ebesting
for invertibility, these eperalors can test for unit elemsnks In a (not

necessarlly mital) alscbra.

4.4 (U=Teet for Tnlta) IE Uq is surjective Tor soms x (cquivalently,

hoth L. and % are surdective) then the alternative slgebra A
- “ o =
necessarily has a unit and = is fonvertible,

Preof. If L iz surjective then =e = % for sowe o, Since U i

surjective, any element v & A can be written ¥ = xzx for soma =, =0
ye = (x=x)e = xiz{xe)l (left Moufang) = xfzx} =y and e Is a right unit,

Simlilarly, 1% fx = % then f is a left unit. Thevelere ¢ = £ =1 1=

the unit element. Onee U

- ig surjective its image contsine 1, so Ty

6.9 vi % is Invercible. UF

4.5 (L,R-Test for Units) If some L, is bijective the alternative zlpe-
Lra A has o left wunit; 17 sowe R? iz hijecLlive then A has a right
undit; if sema L LR are bijective then A has unit and =,y are in-

Mo ki i

vartible.
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Proof. It suffices te prove the first statesent (the second
follows by symmetry, together they imply the third). Eince Lx is

gurjective we apain have xe = ¥ for some e. Any z can ba written =z =

L]
wr for some w, and xfcz-z] = =le(xw)—ast {xex)w - %' w (left Moufang)

9
=xw — % w

]

0., Injectivicy of LK foroes ez — z = 0, g0 ex = & and

this time ¢ is a left wnit. 3

4.6 (411-L-Teost for Units) Tf all Lx for x # [} are surjective, then
4 iz univtal and all = # 0 are iovertible (thus A ix a division

algebral.

Proof. Tf =,y # 0 then L ,L are surjective, hence L L L =1
_ ! Ty W oM P

is too by left Moufaug; in particular, xy £ 0. This shows Ly iz injec-
tive as well as surjective, so all T.y for = # 0 arc bijective. but as
goor 2s one L 48 nifeciive we liave a left unit & by the L,R-Test, and
G 3
; ; : 2 2 2 :
p must he aripght unit as well sinee (xo-xix = znfex) - x =2 - x = (0
forees =2 — % = 0 and xe = %, ThereTera z11 LX for & # 0 are bijecriva

in the unital algebra A, so by the Inverse Theorem all x # 0 are inver-

tible and A iz a division algelra. £3

Putting these together, we can show thav the operator-wise and
clormont=wise definition of divieion algebra coincide even in the non-

unital caa=,

4,7 (¥guivalence Theorem for Divisien Algebras) An alternative algebra

Ad D de a dlvislon algebra 4107 211 LK, E for x4 0 are inverrible

opoeTatolrs.
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Pronf. In a (unital) division algehra all x ¥ 0 are invertihle

ac elemants, so Lx, EK are invertible as operators. Conversely, i7 all

L .E for x # 0 are invertible (and some x # 0 pxists) then by any of

the teste A ia unizal, and once we have & wnital algebra invertibility

of all L ,R implies invertibility of all = # 0. i3



4.1

4.2

4.3

4.4

4.6

4.8

4.9

Exercises

Prove =y = 1 *;"'?LKL}r = I by showing II = T'}[T'}r ig an idempotent

operateor with E R E = 1,
¥ X

2
1 f.,:-l,x invertihle by considering xy X,

Prclve_ }t}"‘ =2 }'r:\.:

1f xl[:-:z{...xn}} =1-= {(:u_n...)xz}xl show each ; is j_nw:rf_ihlel.

If 2y is invertible show x has a right and v a left inverse. S ¥

Shew that in a unitpl algebra, Lx surjective ﬁ}"r'{__: injective

{similavly B surjective :’@T.K injective).

oy

If the left annihilater A = {z/zA = 0} is zevo, show any left

wnit elewenl is a two-sided unic,
If 4 has a.c.e, on subspaces Her l.a, show L:{ surject ive :}“L]‘C
injective. Lf A has d.oc.c. on subspaces ol Lhe [orm Im La’ show

Lx Indaobive :..A:.*T._!{ surjective. Conclude thaet 1 a wnital alterne-

tive algebra A has a.c.c. or d.c.2. oa subspaces Far Ta ar Im T,

o

then any ene-sided inverse is two-mided,
Meta-—exsroise) Take any Lwo of 4.208)-(vii) and prove dirvectly

that cne dimplics Lthe other.
-1 . 2 3.-1 -1, 3

2 i
Trows {:z,'d'} = (% Y. (7)) = (x )7, hefine powers nductively

T2 i el =Lk ; ;
by = = T.I}_:f. , and prowve &0 = [(x ) Tor a1l n. While you're

nom n+m . : .
at 1t, prove X 5 = X (so that the powers could also have been

+1 -1 1 1

n .
= R ¥ ), Bhow L o i R R
= b x®

ol
«l
L]

defined by % = Lw:xn oY %

LKl &= '[TE-I_' for 211 {(zositive and nopative) .
s
X

Frove in two diffcrent ways that If all % # 0 in 2 unital algpebra

A are rvipght dnvertible then A is a division algebra (dually 1f they

are all left dnvertikle),
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4,172

§=0

h a, , - : _'1. _1
1f 4 -+ A is a homowmorphism with F(1) = 1, show F{z 71 = Flx) 7,

P .- n i . N nom
If = is invertible show L =1, K = R , L =y, xx =

=] 3 n % 1l %
o = *® =
¥ Tor all (positive or negative m, m. Conclude LX,RE gensrats
a commutarive associative algebra, contalning all L _, R _, 1! 2
x % .3

e I ; g
and that ¢fx,x 7] s ispmnorphie to the commutative, sscsoniabive

group Ting of s infinite ecyclic group.
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#2. Problem Set en Foufarg f.oops

A guasigrocp ks a sct X together with a binay composition fz.v}
oy such that left and vight meltiplicatiens Lx:y + xay and Ry > ye=
are ‘bijective for each ». A leop is & quasigroup with unit 1, l.x = x =
w%-1 for all %, Thus a loop is a sort: of a "nonassceiative group'. Such
objects zppear freguently in gEonELry; for example, a finire set with
& binary comgositicn is a gueasigroun 1f and only if its multiplication

table is a Latin square,

> ] =T ) :
In a locop, each elemsnt x has a undgue Jefl foverse x ° and a unigue

-1
I

o ) af
ripht invarse le defined by 2 "x = 1 = xx

1, A loop L. has the left inwverse properiy if

(1) xllfrf.:.. =y

for all =,y; sitwilarly i+ has the ripght doverse wvroverty i

(2] {yz}x;} =y,

1t 1s a loop with inverse nmoperiy if it zatiafies (1% and (2}, Zhow

: ; 2 : Z =
that In a loop with inverse property there is a unique inwverse, o=
-1 -1
g = x , and that

(1 = x,

Shew alzo thar

{4 ER‘.-‘]FI = F_lx_l

2, A loop hgs the lefrc, righr, or middle MHoufang properiy i1f




xly(xz)]

(5) [Geyixls

(6)  =z[=lyx)] [{==)y]x

(7)  [xlva)lx = (xy){=x)

respectively for all x,v,7. Show that any ene of (5), (81, {7) dimplies
flexibilicy

(8) ()= = xly=).
In particulaxr, {7) is equivalent Lo
(N =lly=)x] = G (=),

Show that In a leoop satisfying (8) the inverse is upique, x = = A, T

x_l. Use this to show that mny one of (5}, (6), (7) fmplies both of

(1) and (2), and leunce that L is o loos with inverse propsrty.

3, Show thar (53, (63, (73, (7' are ald equivalenl: a loop satis-

fying one (hence all) gf them is called & Mouwlans leop, These are sorc

of "alternative groups'. Problam 2 just says that o Moufanp loop has

the invorse propazrly.

A. TL 18 uet truc in peoeral thas, conversely, every loop with
inverse propevty is a Moufang loop. However, suppese D is a (nenassocia-
tive) divieion ripg with vait in the sense that all Lx and Rx for x £ 0
are bijective, Than the nonzere slements form a leoop L vnder mmltiplica-
tion., The fact that L can be imbeddad in a ring, so that we have the
operation of additicn around besides the multiplicatien x«y, makes L 2

very special kind of loep. Trove that if such an L ferms a loop with



