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ABSTRACT. We develop general results on centroids of Lie algebras and
apply them to determine the centroid of extended affine Lie algebras,
loop-like and Kac-Moody Lie algebras, and Lie algebras graded by finite

root systems.

1. INTRODUCTION

Our main focus will be on centroids of Lie algebras. When L is a Lie al-
gebra, the centroid Cent(L) is just the space of £L-module homomorphisms
x on L: x([z,y]) = [z, x(y)] for all z,y € L, (viewing £ as an L-module
under the adjoint action). Our interest in the centroid stems from investi-
gations of extended affine Lie algebras (see [AABGP]). These Lie algebras
are natural generalizations of the affine and toroidal Lie algebras, which
have played such a critical role in many different areas of mathematics and
physics. Their root systems (the so-called extended affine root systems)
feature prominently in the work of Saito ([S1], [S2]) and Slodowy [Sl] on
singularities. In the classification of the extended affine Lie algebras, ele-
ments of the centroid are essential in constructing the portion of the algebra
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that lies outside of the core (see for example, [N2]). This is the part of the
extended affine Lie algebra £ that is nondegenerately paired with the centre
under the invariant bilinear form on &£. Thus, results on the centroid are a
key ingredient in the classification of extended affine Lie algebras.

The centroid also plays an important role in understanding forms of an
algebra: All scalar extensions of a simple algebra remain simple if and only
if its centroid just consists of the scalars in the base field. In particular,
for finite-dimensional simple associative algebras, the centroid is critical in
investigating Brauer groups and division algebras. Another area where the
centroid occurs naturally is in the study of derivations of an algebra. If
X € Cent(A) and 0 is a derivation of A, then x0 is also a derivation of
A, so centroidal transformations can be used to construct derivations of an
algebra.

We will develop general results, extending some earlier work of other
authors, and then apply them to determine the centroid of several families of
(mostly infinite-dimensional) Lie algebras: tensor product and in particular
loop-like algebras (Prop. 2.19, Rem. 2.24), centreless Lie tori (Prop. 3.13),
extended affine Lie algebras (Cor. 4.13), Lie algebras graded by finite root
systems (Thm. 5.15 and Thm. 5.18), and Kac-Moody Lie algebras (Cor. 3.5),
which are distinguished because of their substantial applications in a diverse
array of subjects.

We take this opportunity to thank Alberto Elduque and Arturo Pianzola
for their helpful comments on an earlier version of this paper.

2. CENTROIDS OF ALGEBRAS

2.1. Some general results. We begin with a little background on centroids
for arbitrary (not necessarily Lie, associative, etc.) algebras A. Proofs of the
results quoted here can be found for example in [J, X.1] for finite-dimensional
algebras and in [Mc, II, 1.6, 1.7] in general.

It is natural and important for our approach to centroids to consider
algebras over a unital commutative associative ring, (for example, a perfect
algebra A over its centroid, which may not be a field unless A is simple).
Thus, let A be an arbitrary algebra over a unital commutative associative
ring K. The centroid of A is the space of K-linear transformations on .4 given
by Cent(A) = {x € Endg(A) | x(ab) = ax(b) = x(a)b for all a,b € A}.
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We will write Centg(A) for Cent(A) if it is important to emphasize the
dependence on K. Clearly, Cent(.A) is simply the centralizer algebra of
the multiplication algebra Mult(A) = Multg(A), the unital subalgebra of
Endg(A) generated by the left and multiplication operators of A. The
centroid is always a subalgebra of the associative algebra Endg(.A).

For a,b,c € A, their associator is defined as (a,b,c) = (ab)c — a(bc).
The centre of A consists of all z € A satisfying za = az and (a,b,z) =
(a,z,b) = (z,a,b) =0 for all a,b € A. The centre is always a commutative
associative subalgebra of A. Moreover, if A has an identity element 1, then
Cent(A) — A, x — x(1), is an algebra isomorphism between the centroid
and the centre of A. We denote by A1) the K-span of all products ab for
a,b € A. If Ais perfect, (i.e., A equals A1), then the centroid is necessarily
commutative, as yw(ab) = x((a)b) = (a)x(8) = w(ax(8)) = ¥x(ab) holds
for all a,b € A, x,¢ € Cent(A). If Cent(A) is commutative, we may regard
A as an algebra over its centroid, ya = ay and x(ab) = (xa)b = a(xb)
for all a,b € A, x € Cent(A). If A is prime in the sense that A has no
nonzero ideals I, J with IJ = 0, then Cent(A) is an integral domain and
A is a torsion-free Cent(A)-module. If A is simple, i.e., A1) # 0 and the
only ideals of A are 0 and A, then Cent(.A) must be a field by Schur’s
Lemma. When the centroid of an algebra coincides with the base ring K
(more precisely, it equals Kid), the algebra is said to be central, and in the
special case of a simple algebra, it is said to be central simple. Every simple
algebra is central simple over its centroid.

For any subset B of A, the annihilator of B in A is Anny(B) = {z €
A| 2B =0 = Bz}. Any K-submodule of A containing A™® or contained in
Anny(A) is an ideal of A. If A is a Lie algebra, we follow the usual conven-
tion of denoting the product of a,b € A by [a,b]. In this case, Ann(B) is
simply the centralizer C4(B) = {z € A| [2,B] = 0} of B in A. In particular,
Ann4(A) = Z(A), the usual centre of A, which coincides with the general
definition of the centre as given above if 3 € K. Let Der(A) denote the
algebra Derg (.A) of K-linear derivations of an algebra .A. Then we have the
following basic facts:

Lemma 2.1. Let A be an algebra over a unital commutative associative ring
K and let B be a subset of A.

(a) Anny(B) is invariant under Cent(A), as is any perfect ideal of A.



(b)

(¢)

For any Cent(A)-invariant ideal B of A, the vanishing ideal
V(B) = {x € Cent(A) | x(B) = 0}

is isomorphic to Hom 4/5(A/B, Ann4(B)), which is the set of K-
linear maps f : A/B — Anna(B) satisfying f(zy) = f(z)y = zf(y)
for all z,y € A/B, where A/B x Anng(B) — A is defined by (a +
B)z = az and similarly for Anng(B) x A/B — A. In particular, if
Cent(B) = Kid, then

Cent(A) = Kid &V(B). (2.2)

Cent(A) NDer(A) = {¢ € Endg(A) | AY C kery, im ¢ € Anny(A)}

(d)

(e)

(f)

— {¢ € Cent(A) | AV C kergp} = V(AD)
= {¢ € Der(A) |im ¢ C Anny(A)},

> Hom 4, 40 (A/AY , Anny(A))

=~ Homg (A/AY | Anny(A)).

A is indecomposable (cannot be written as the direct sum of two non-
trivial ideals, or equivalently, is an indecomposable Mult(.A)-module)
if and only if Cent(A) does not contain idempotents # 0,id.

Suppose A is an indecomposable Mult(A)-module of finite length n,
and denote by rad Cent(A) the Jacobson radical of Cent(A). Then
Cent(A) is a local ring, i.e., Cent(A)/rad Cent(A) is a division ring
(see for ezample, [L, Sec. 19]), and (rad Cent(A))" = 0. Thus,
rad Cent(A) is nilpotent and coincides with the set of nilpotent trans-
formations in Cent(A). In particular, if A is a finite-dimensional
indecomposable algebra over a perfect field F then there exists a di-

vision algebra ® over F such that Cent(A) = D id ¢ rad Cent(.A).

If A is perfect, every x € Cent(A) is symmetric with respect to any
invariant form on A.

Proof. (a)— (d) are straightforward. Part (d) can be found in [Me, Sec. 1] for
Lie algebras or in [Po, Lem. 1] for more general algebras, where a description

of Cent(A) for decomposable A is also given.

(e) Since Cent(.A) consists of the Mult(.4)-module endomorphisms of A,
the first part of (e) follows from [L, Thm. 19.17]. Under the assumptions of
the second part we know that Cent(.A) is a local F-algebra. The claim then

follows from Wedderburn’s Principal Theorem.



(f) Let (|) be an invariant K-bilinear form on A, so that (ab|c) = (a|bc)
for all a,b,c € A, and let x € Cent(A). Then (x(ab)|c) = (ax(b)|c) =
(a|x(b)c) = (a|bx(c)) = (ab|x(c)) for all a,b,c € A. O

Remark 2.3. Let £ be a Lie algebra over a field F. A derivation from £ to
an L£-module 9 is an F-linear map 6 : £ — 9 such that 6([z, y]) = z.6(y) —
y.0(x) for all x,y € L. The space Der(L,9M) of such derivations contains
the inner derivations IDer(L, M) = {6, | m € M}, where 0,,(x) = x.m for
all z € L. Then the first cohomology group of L with values in 9 is the
quotient H! (L, M) := Der(L, M) /IDer(L, M) (see for example, [Bo2, Ch. I,
Sec. 3, Ex. 12] or [J, Ch. V.6]). Now for any Lie algebra £, an ideal 9t of
L is an L£-module under the adjoint action. Examples of Cent(L)-invariant
ideals are the centre Z(L£) and all the ideals in the derived series, lower
(descending) central series, and ascending central series of £. In particular if
M = Z(L), we have IDer(L, Z(L)) = 0. Thus H' (L, Z(L)) = Der(L, Z(L)),
and by Lemma 2.1, we have a canonical identification

HU(C.Z(0) = (b€ Bnde(0)] [B(£).£] = 0 = w(c)} = V(D) (2
= HomF(ﬁ/ﬁ(l),Z(E))

as Cent(L)-modules.

Example 2.5. For any Lie algebra £ over a field F,
V(LW) = { € Bnda(£) | [0(£), £] = 0 = w(£D) },
as in (2.4). Thus, if Z(£) # 0 and £ # £, we have
Fid C Fid @V (LW) C Centy(L).

So in order for £ to be central, a necessary condition is that Z(£) = 0
or L is perfect. Later results (Corollaries 3.4 and 4.13) will treat various
classes of Lie algebras for which Fid C Fid ®@V(£LM)) = Cent(L). Heisenberg
Lie algebras provide easy examples of this phenomenon. A Heisenberg Lie
algebra H has a basis {a;, b; | i € Z}U{c}, such that [a;,b;] = §; jc, [ai, a] =
0 = [bi, b;], and [H, ¢| = 0, where §; ; is the Kronecker delta. By (2.2) applied
to B=HWY = Z(H),

Cent(H) = Fid @V (HW).
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For nilpotent Lie algebras (in particular, for £ = H), V(L)) # 0, but it
may well be that Fid @V(LM) € Cent(L) for an arbitrary nilpotent Lie
algebra (see [Me, Prop. 2.7]).

Remark 2.6. Indecomposable Lie algebras £ having a small centroid, i.e.
those for which Cent(£) = Fid ®V(£M), have been investigated by Melville
[Me] and Ponomarév [Po] under certain assumptions (e.g. in [Me], when £

is finite-dimensional).

Lemma 2.7. Let w : A — B be an epimorphism of K-algebras. For every
f € Endg(A;kerm) := {g € Endg(A) | glkerm) C kern}, there exists a
unique f € Endg(B) satisfying mo f = f o m. Moreover the following hold:

(a) The map
TEnd : Endg (A; ker 7) — Endg(B), f+— f
1 a unital algebra homomorphism with the following properties:

TEnd(Mult(A)) = Mult(B), (2.8)
TEnd (Cent(A) N Endg (A; kerm)) € Cent(B). (2.9)

By restriction, there is an algebra homomorphism
Tcent : (Cent(A) N Endg (A; kerm)) — Cent(B), f+— f (2.10)

If kerm = Anng(A), every x € Cent(A) leaves ker m invariant, and
hence Tcent is defined on all of Cent(A).

(b) Suppose A is perfect and kerm C Ann4(A). Then
Tcent ¢ (Cent(A) N Endg(A;ker)) — Cent(B), f— f (2.11)
18 injective.

(c) If A is perfect, Anng(B) = 0 and kerm C Anng(A), then Tcent :
Cent(A) — Cent(B) is an algebra monomorphism.

The main application of this lemma will be to Lie algebras. In this case,
an epimorphism 7 : A — B with kerm C Z(A) is nothing but a central
extension, see Section 4 for more on central extensions and centroids.
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Proof. (a) That mgpq is an algebra homomorphism is well-known and easily
seen. Since ker 7 is an ideal, all left and right multiplication operators of
A leave ker m invariant, whence Mult(A) C Endg(A;ker 7). Also, for the
left multiplication operator L, on A we have 7 o L, = Ly, om which
shows mgnd(Lz) = Lg(y)- Since the analogous formula holds for the right
multiplication operators and since mg,q is an algebra epimorphism, we have
(2.8). Let x € Cent(A) N Endg(A;kerm). Then for z,y € A, we have
X(m(2)7(y)) = xm(zy) = nx(zy) = 7(zx(y)) = 7(z)(x7(y)) = 7(x(x)y) =
X(m(z))m(y), which proves x € Cent(B).

(b) If x = 0 for x € Cent(A) N Endg(A; ker)), then y(A) C kerm C
Ann4(A). So x(xzy) = x(z)y =0 for all z,y € A, and because A is perfect,
it must be that y = 0.

(c) It follows readily from 7(Anny(A)) C Anng(B) = 0 that kerm =
Ann 4(A). By (a), Tcent : Cent(A) — Cent(B) is then a well-defined algebra
homomorphism, which is injective by (b). O

2.2. Centroids of graded algebras. We recall some concepts and results
from the theory of graded algebras and graded modules ([Bol, Sec. 11]).

Definition 2.12. (1) Let A be an abelian group written additively. An
algebra A over some base ring K is said to be A-graded if A = @, AN is
a direct sum of K-submodules A* satisfying A*A* C AMF for all A, € A.
In this case, supp 4 = {\ € A | A* # 0} is called the support of A, and the
elements of A* are said to be homogeneous of degree X. A subalgebra (or
ideal) B of A is graded if B = @, (BN A*). Then A is graded-simple if
AWM =£ 0, and every graded ideal B of A is trivial, i.e., B =0 or B = A.

(2) A A-graded unital associative algebra A is said to be a division-graded
algebra if every nonzero homogeneous element of A is invertible.

When A is a division-graded associative algebra, supp 4 is a subgroup of
A; A% is division algebra; and A is a crossed product algebra
A = AY x supp 4. Conversely, every crossed product algebra over a division
algebra is a division-graded associative algebra. In particular, a commuta-
tive associative division-graded algebra A is the same as a twisted group
ring Ef[supp 4] for E = A° (see for example, [P, Sec. 1]).

Now let B be a A-graded unital associative K-algebra. A left B-module
M is A-graded if M is a direct sum of K-submodules, M = @, M,
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such that BAMH* C MM for all A, € A. In this case, we denote by
Endg(M)? the K-submodule of all f € Endg(M) satisfying fMH C MAHH
for all 4 € A. The (internal) sum of the subspaces grEndz(M)? is direct,
and we set
grEndg(M) = @Endg(./\/l))‘.
AEA

This is a A-graded associative subalgebra of Endz (M) such that M is canon-
ically a A-graded left module over grEndg(M). In general grEndg(M) is a
proper subalgebra of Endg(M). However, the following is proven in [Bol,
Sec. 11.6, Rem.]:

Lemma 2.13. If M is a finitely generated graded B-module, then grEndz(M)
= Endg(M).

A A-graded B-module M is graded-irreducible if the only graded B-sub-
modules N = @, ., (N N M?) are the trivial submodules N =0 and N =
M. A straightforward adaptation of the usual proof of Schur’s Lemma gives
the graded version below, in which the equality Endg(M) = grEndg(M)

follows from Lemma 2.13.

Lemma 2.14. Let B be a A-graded associative algebra and let M be a A-
graded B-module which is graded-irreducible. Then Endp(M) = grEndg(M)
s a diviston-graded algebra.

We now apply the above to a A-graded algebra A over K. The multi-
plication algebra Mult(.A) is a graded subalgebra of the A-graded algebra
grEndg A, and A is a A-graded Mult(A)-module. Then since Cent(A) =
Endypi(4).A4, we have

grCent(A) = grEndMult(A)A:@ Cent(A)*, where
A€A

Cent(A)» = Cent(A) N Endg(A)>.
By Lemma 2.13 we see that
grCent(A) = Cent(A) if A is a finitely generated Mult(A)-module. (2.15)

The graded version of Schur’s Lemma now yields the following result.
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Proposition 2.16. Let A be a A-graded K-algebra that is graded-simple.
Then grCent(A) = Cent(A) is a division-graded commutative associative
algebra, i.e., a twisted group ring EY[T] over an extension field E = Cent(A)°
of K where T' = {\ € A | Cent(A)* # 0} is a subgroup of A. Moreover, for

every nonzero homogeneous a € A, the evaluation map
ev, : Cent(A) — A,  x — x(a)
is injective and has degree equal to the degree of a.

Proof. By assumption, A is a graded-irreducible Mult(.4)-module. From
Lemma 2.14, we know that grCent(A) = Cent(A) is a division-graded asso-
ciative algebra. It is commutative, since A1) is a graded ideal and hence A
is perfect. The map ev, is injective since the Mult(.A)-submodule generated
by a is all of A, i.e., Mult(A).a = A. O

2.3. Centroids of tensor products and loop algebras. In the following
all tensor products will be over a unital commutative associative ring K.
Let A and B be K-algebras. There exists a unique K-algebra structure
on A ® B satisfying (a; ® b1)(a2 ® ba) = (ar1a2) ® (bib2) for a; € A and
b; € B. Also, for f € Endg(A) and g € Endg(B) there exists a unique map
f®g € Endg(A® B) such that (f®g)(a®b) = f(a) ® g(b) for all a € A and
b € B. The map f®g should not be confused with the element f ® g of the
tensor product Endk (A) ® Endg(B). Of course, one has a canonical map

w : Endg (A) ® Endg(B) — Endg(A® B) : f®g— Ry, (2.17)

It is straightforward to see that if x4 € Cent(A) and yg € Cent(B) then
x4®x5 € Cent(A® B), and so Cent(A)@Cent(B) C Cent(A ® B) where
Cent(A)®@Cent(B) is the K-span of all endomorphisms x 4®x5-

We will say that y € Cent(A ® B) has finite A-image if for every b € B
there exist finitely many by,...,b, € B such that x(A ® Kb) C A® Kby +
<+ AR Kb,. It is easily seen that

Cent(A)@Cent(B) C {x € Cent(A® B) | x has finite A-image}. (2.18)

Proposition 2.19. Let A be a perfect K-algebra and let B be a unital K-
algebra. Then
(a) A® B is perfect, and x € Cent(A ® B) has finite A-image as soon
as x(A®1) CARKb +--- + A® Kb, for suitable b; € B.
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(b) Every x € Cent(A®B) has finite A-image if B is free as a K-module
and either of the following conditions holds:
(b.1) A is finitely generated as a Mult(A)- or as a Cent(A)-module,
or
(b.2) K is a domain, and A is central and a torsion-free K-module.
(c) If Cent(A) and B are a free K-modules and the map w of (2.17) is

injective, then
Cent(A)®@Cent(B) = {x € Cent(A® B) | x has finite A-image}.

Proof. (a) Since A is perfect, any a ® b € A ® B can be written as a finite
suma®b=">(ala)®b=">",(a;®b)(a] ®1), where 1 denotes the identity
element of B. Hence A is perfect, and for x as in the statement of (a) we
have x(a ®@b) = 3>_,;(a; @ b)x(aj ® 1) € 3°; A® Kbb;.

(b.1) Set M = Mult(A), and observe that M ® id C Mult(A ® B) since
B is unital. Suppose A = Ma; + --- + Ma,, for aj,...,a, € A and fix
X € Cent(A® B) and b € B. There exist finite families (a;;) € A and
(bij) € B such that x(a; ® b) = >, a;; ®b;; for 1 < i < n, and hence
X(A®b) =3, ; X ((M&id)(a;®b)) = Zi,j(Méid)(aij@’bij) C > j A®b;;.

By (a) the centroid Cent(A ® B) is commutative. The same argument as
above with M replaced by Cent(.A) then shows that every x € Cent(A® B)
has finite A-image if A is a finitely generated Cent(A)-module.

(b.2) and (c): (This part of the proof is inspired by [BM, Lem. 1.2].) Let
{br }rem be a basis of B, and let x € Cent(A® B). We define x, € Endg(.A)
by

X(@®1)=> xr(a) @b, (2.20)
reR
For a1, as € A, we then have

x(maz ®1) = Z Xr(aiaz) @ by
renr
= x((a1®@1)(az®1)) = (x(a1 ®1))(az ® 1)
= Z Xr(al)CLQ ® by

reR

= (@m®)x(e2®1) =) ax(a2) @by,
reR

whence x,(ajaz) = xr(a1)ag = a1x-(ag) for all a; € A, so all x, € Cent(A).
We can now finish the proof of (b.2): By assumption there exist scalars
z, € K such that x, = z,id, hence x(a ® 1) = > .qzra ® b.. Fix a
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non-zero a € A. Since almost all z,.a = 0, the torsion-freeness of A implies
that almost all 2, = 0. Thus, there exists a finite subset § of R such that
x(@'®1) =37, c5 2ra’ @by holds for all ' € A. By (a), this shows that x
has finite A-image.

We continue with the proof of (c). Because of (2.18), we only need to
prove the inclusion from right to left. So suppose that x € Cent(A @ B)
has finite .A-image. Then there exists a finite subset § C 2 such that (2.20)
becomes

X(@®1) =Y xr(a)®b,.
re¥
For ai,as € A and b € B, we then get x(a1a2 ® b) = x((a1 ® 1)(az ® b)) =

(x(a1®1)) (a2 ®b) = 3, c5 Xxr(a1)az @b = Y = Xr(a1a2) ® byb. Since A
is perfect, this implies

X =Y xe@\ (2.21)

where A, is the left multiplication in B by b,.

Let {15 | s € &} be a K-basis of Cent(A). Then there exists a finite subset
T C 6 and scalars 2, € K (r € §,5 € T) such that x, = Y ¢ zr50s. We
then get X = Y ez Yoser Trsls®Ns = Y cq Ys@¢s for ¢ = 3, sy,
and it remains to show that ¢s € Cent(B). For a; € A, b; € B(i = 1,2) we
have

D s(araz) © ¢s(bib) = x(araz ® bibg) = (x(a1 @ b1))(az @ by)
seT

- Z Vs(ar)az @ ¢s(b1)be

seET

= Z Vs(araz) @ ¢s(b1)ba .
SET
Because A = A, this implies 3« ¥s(a) ® (¢5(b1b) — ¢5(b1)b) = 0 for
all @ € A and b,b; € B, and then ) < s@ps = 0 where y, € Endg(B)
is defined as ps(b) = ¢s(b1b) — ¢s(b1)b. Since by assumption w is injective,
we also have ) < 9s ® us = 0. So by the linear independence of the
s, we see that us = 0. But then 13 € Cent(B) follows, and hence x €
Cent(A)®@Cent(B). O

Remark 2.22. Let A and B be K-algebras such that A is a finitely generated
Mult(.A)-module and B is unital commutative associative K-algebra which
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is free as a K-module. It is shown in [ABP2, Lem. 2.3] that then
Cent(A) ® Cent(B) — Cent(A)@Cent(B) = Cent(A ® B).

Indeed, equation (2.20), (which in fact holds even if A is not perfect),
together with (b.1) of Proposition 2.19 shows that Cent(A)®Cent(B) =
Cent(A ® B). The isomorphism Cent(A) @ Cent(B) = Cent(A)®Cent(B)

follows from the linear independence of the set (by)ycn .

From now on, unless explicitly stated otherwise, all algebras will be over
some field F. For easier reference we state the following consequence of
Proposition 2.19.

Corollary 2.23. Let A and B be algebras over a field F such that A is
perfect and B is unital. Then

Cent(A) ® Cent(B) = Cent(A)®Cent(B)

= {x € Cent(A® B) | x has finite A-image}.
Moreover, we have
Cent(A)®@Cent(B) = Cent(A ® B)

in either one of the following cases:

(a) A is finitely generated as Mult(.A)-module, e.g., dimp A < 0o, or

(b) Cent(A) =TFid, in which case Cent(A® B) = id @Cent(B).

Proof. Over fields the map w is injective ([Bol, Sec. 7.7, Prop. 16]). All
assertions then follow from Proposition 2.19.

Remark 2.24. When g is a simple Lie algebra with Cent(g) = Fid (which
is always true when [ is algebraically closed and g is finite-dimensional)
Melville [Me, 3.2, 3.4, 3.5] has shown Cent(g ® B) = Fid ®Cent(B) for
B = Fx1,...,z,] a polynomial ring or an ideal B = t"F[t"] of the polyno-
mial ring F[t]. Actually the proof given in [Me, 3.2] works for any unital
commutative associative F-algebra B. Part (b) of Corollary 2.23 was proven
by Allison-Berman-Pianzola (JABP1, Lem. 4.2]) under the assumption that
B is a unital commutative associative F-algebra.

Example 2.25. Suppose A is the centreless Virasoro Lie algebra (often
called the Witt algebra). Thus, A has a basis consisting of the elements
{a; | i € Z} and multiplication given by [a;,a;] = (j — 9)a;y;. Suppose
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x € Cent(A). Then jx(a;) = x([ao,a;j]) = [ao, x(a;)]. Since {z € A |
lag, z] = jo} = Faj, we see that x(a;) = \ja; for some scalar A;. But then
Nitj (G = Daivj = x([ai, a5]) = [ai, x(a;)] = (j — i)Ajair; (with j = 0) shows
that \; = Ao for all . Hence Cent(.A) = FFid — this can also be derived easily
from Proposition 3.1 below. Applying part (b) of the previous proposition,
we obtain that Cent(A ® B) = id ®Cent(B) for any unital algebra B.

Corollary 2.26. Let A be a central, perfect F-algebra, B be a unital com-
mutative associative F-algebra, and C be a unital subalgebra of B such that
B is a free C-module with a C-basis containing the identity element 1 of B.
Suppose further that L is B/C-form of A®rC, i.e., a C-algebra L such that
LR¢BE(ARrC) ¢ B2 A®rB. Then Centp(L) = C id.

Proof. Since B is a free and hence faithfully flat C-module, there exists a
C-subalgebra £’ of A @y B which is isomorphic to £ as a C-algebra (see for
example, [W, Ch. 17]). Therefore, we can assume that £ is a subalgebra of
the C-algebra A®pB. It follows from the assumptions that C id C Centr (L),
where a ® b — a ® cb for all ¢ € C. Conversely, let x € Centr(L) and extend
X to a F-linear map X on LR¢ B by setting ¥ = x®id. Since L&¢B = AQrB
and Centp(A ®p B) = id @B by Corollary 2.23, it follows that there exists
¢ € B such that Y is given by 2 ®c b +— x ®¢ ¢b for all x € L, b € B. Let
(bi)iez be a C-basis of B containing 1, say bg = 1. We can write ¢ in the form
c =), ¢ib; for unique ¢; € C. Then X(x ®c 1) =2z ®cc =),z ®c c;b; =
> wci Q¢ by Since X(x ®c¢ 1) = x(x) ®c 1 € L ®¢ 1, it follows that xc; =0
for i # 0 and x(x) = coz, i.e., x = co id. Thus, Centr(L) C C id, and we
have the desired conclusion. O

Remark 2.27. The assumptions on B and C are fulfilled for example when
B = F[t,t7!], a Laurent polynomial ring, and C = F[t™,¢~™] for some
positive m € N. Indeed, in this case {t' | 0 < i < m} is a C-basis of B as
required. Let A be a Lie algebra and ¢ be an automorphism of A of period
m. Assume ¢ € F is a primitive mth root of unity, and form the loop algebra
L(A,0) = @,y Ai @r Ft' where A, is the (*-eigenspace of 0. That L(A, o)
is indeed a C-form of A ®p B is shown by Allison-Berman-Pianzola [ABP1,
Thm. 3.6]. In this particular situation, the result Cent(L(A,0)) = C id from
Corollary 2.26 can be found in [ABP1, Lem. 4.3 (d)]. When A is taken to be
a finite-dimensional split simple Lie algebra over a field F of characteristic

0, the loop algebra L(A, o) is an example of a centreless core of an extended



14

affine Lie algebra. Later in Corollary 4.13, we will see that the cores of
extended affine Lie algebras are always central.

Corollary 2.28. Let A be an algebra over a ring K and set C = Centg (A).

(a) Every K-linear automorphism f of A determines a K-linear auto-
morphism fe : C — C, x> fe(x) = foxo f~' of the associative
K-algebra C. The map

v Autg(A) — Autg(C), f+— fec

is a group homomorphism whose kernel is Autc(A), the C-linear
automorphisms of A.

(b) Let A be a perfect, central algebra over a field F and B be a unital
commutative associative F-algebra. Then, after identifying Autp(B)

with a subgroup of Autrp(A ®r B) via g — id ®g, we have
Autp(A ®F B) = Autp(A ®p B) x Autp(B) (semidirect product).

Proof. (a) is straightforward. For (b) we note that Cent(A®pB) = id @B =
B by Corollary 2.23. Every g € Autp(B) extends to an automorphism
€(g) = id®g of A®p B. The map & : Autp(B) — Autp(A ®f B) is a
group homomorphism which satisfies (y 0 &)(g) = g, i.e., £ is a section of ~.
The claim then follows from standard facts in group theory. O

Remarks 2.29. For special choices of A and B, the automorphism group
Autp(A ®r B) has been investigated by several authors; for example, by
Benkart-Osborn [BO] when A is the algebra of n x n-matrices over F and B
is an arbitrary algebra with an Artinian nucleus, or by Pianzola [Pi] when A
is a finite-dimensional split simple Lie algebra over a field I of characteristic
0 and B is an integral domain with trivial Picard group and with a maximal
ideal m which satisfies B/m = F.

An analogous result holds for derivations; we leave the proof as an exercise
to the reader.

Corollary 2.30. Let A be an algebra over a ring K and set C = Centg (A).

(a) Every K-linear derivation d of A determines a K-linear derivation

de:C—C, xrde(x):=[d,x] =dox—xod ofC. The map
0: DerK(A) — DerK(C), d— dc
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is a K-linear Lie algebra homomorphism whose kernel is Derc(A),
the C-linear derivations of A.

(b) Let A be a perfect, central algebra over a field F and B be a unital
commutative associative F-algebra. Then, after identifying Derp(B)
with a subalgebra of Derp(A ®p B) via e — id ®e, we have

Derp(A ®p B) = Derp(A ®r B) x Derp(B) (semidirect product).

Remarks 2.31. The result in Corollary 2.30(b) complements [BM, Thm. 1],
which describes Derp(A @ B) when A is a finite-dimensional perfect F-
algebra and B is as above:

Derp(A @r B) = (Derp(A) ®r B) @ (Centy(A) @ Derp(B)).  (2.32)

We note that (2.32) is not a semidirect product in general.

3. CENTROIDS OF LIE ALGEBRAS WITH TORAL SUBALGEBRAS

3.1. A general result. In this section, £ is a Lie algebra over some field
F, which will be assumed of characteristic 0 from Section 3.2 on. Recall
that a subalgebra b is a toral subalgebra of L if L = ®aeb* Ly, where
Lo ={x € L | [h,z] = a(h)x for all h € h}. Necessarily h is abelian, and
(Lo, Ls] € Loyp for o, B € h*. If L, # 0, then « is a weight (relative to bh)
and supp £ = {a € h* | L, # 0} is the set of weights.
Proposition 3.1. Let L be a Lie algebra with a toral subalgebra b.
(a) If x € Cent(L), then x(La) C Ly for alla € b*, x(h) C Z(Lo),
and x 1s uniquely determined by its restriction to Lg.
(b) Let J be a Cent(L)-invariant ideal, and suppose there exists 0 #*
a € b* such that dim(J N Ly) = 1 and the ideal of L generated by
JNLy is J. Then
Cent(£) = Fid @ {¢ € Cent(L) | Y(T) = 0}
=~ Fid @ Homg,7(L/T,Cc(T)) (3.2)

where Cr(J) is the centralizer of J in L. In particular, if J = £1)
satisfies the assumptions above, then

Cent(£) = Fid @ {¢ € Endp(L) | (L), L] =0 =4(LM)} (3.3)
= Fid av(cW)
>~ Fid @ Homy(£/LW,Cr(LM)).
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Proof. (a) For all h € h and 2, € L, we have a(h)x(za) = x[h,zo] =
[h, X (xq)] which implies x(Lq) C Lq. Also [x(h), Lo] = x[h, Lo] = 0, proving
x(h) is central in Ly. For 0 # « there exists t, € h such that a(t,) = 1.
The last claim then follows from x(zq) = X[ta, Ta] = [X(ta), Zal-

(b) Suppose x € Cent(L£). Our assumptions imply that there exists a
scalar & such that x |7nz, = £id. Thus J N L, is contained in the kernel
of v = x — £id, which is an ideal of £ since ¢ € Cent(L). As J N L,
generates J, we have 1|7 = 0. This proves Cent(L) is contained in the
right-hand side. The other direction is obvious. The second part of (3.2)
and the statement concerning £(!) follow from Lemma 2.1. (]

Corollary 3.4. Let L be a Lie algebra with a toral subalgebra by and suppose
that LY is generated by elements e;, f;, (1 < i < n) such that the following
conditions hold:

(i) o = e, fi] € b, and these elements act on the generators ej, f; by

[, ej] = aije; and o, fj] = —aijf; (1<4i,j<n)

where a;; € F.

(ii) The matriz A = (a; ;) is indecomposable in the sense that after pos-
sibly renumbering the indices we have a12a23 - an—1,, # 0. More-
over, a;; 70 for alli=1,...,n.

(iii) For some i and some o € b*, we have L, = Fe;.

Then Cent(L£) = Fid @Homp(ﬁ/ﬁ(l),65(£(1))). In particular, L is central
if L=LD orCr(LMV) =0.

Proof. Let i be as in (iii), and note that a # 0 since a() = a;; # 0 . By
Proposition 3.1 (b), it suffices to show that the ideal J of £ generated by e;
contains all the generators e;, f; of L), This follows from the indecomposi-
bility of the matrix 2 by upward and downward induction starting from 4.
Indeed, assume e; € J. Relation (i) implies that a}/ € J and then, since
aj; # 0, that f; € J. Moreover, e = CL;;+1[O[;/,€]'+1] € J and similarly
fit1€J. a

3.2. Centroids of Kac-Moody algebras. From now on we assume F is a
field of characteristic 0. Corollary 3.4 applies to contragredient Lie algebras
over F in the sense of [MP, Ch. 4]. In particular, it applies to Kac-Moody
algebras. We will elaborate on this important special case.
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Assume 2 := (a;;);';—; is a generalized Cartan matrix of rank £. Thus,
a;; = 2 for ¢ = 1,...,n; the entries a;; for i # j are nonpositive integers;
and a;; = 0 if and only if a;; = 0. We will assume that the matrix 2
is indecomposable as in Corollary 3.4(ii). A realization of 2 is a triple
(h, I, I1V) consisting of an F-vector space h and linearly independent subsets
M= {o,...,,} Ch*and IV = {af, ..., oy} C hsuch that (a;[af) = a;;
(1 <i,j <n), and dimbh = 2n — ¢. The Kac-Moody Lie algebra g := g(2A)
associated to 2 is the Lie algebra over F with generators e;, f;, (1 <1i < n)
and b, which satisfy the defining relations,

(a) [ei, f] = dija) 1<, <mn;

(b) [h,A]=0 h,h' € b;

(c) [h,ei] = (ai| h)e; and [h, f;] = —(a; | h) f; heh, i=1,....,m
(d) (ade;)!"%ie; = 0= (ad f;)1 7% f; 1<i#j<n.

The Lie algebra g is graded by the root lattice @ = €D, Za;, so that
g = D,cq 8, Where go = {z € g | [h,2] = (| h)x for all h € h} are the
root (weight) spaces of the toral subalgebra h. Condition (i) of Corollary
3.4 follows from relations (a) and (c) above, while (ii) holds since a;; = 2
for all ¢ and since the Cartan matrix 2 is assumed to be indecomposable.
Finally, (iii) is well-known, see e.g. [K, (1.3.3)]. Therefore, we obtain

Corollary 3.5. Let g = g(2d) be the Kac-Moody Lie algebra corresponding
to the indecomposable generalized Cartan matriz A. Then g(l) is central and

Cent(g) = Fid ®Homp (g/g(l), Cg(g(l))).

Remarks 3.6. When 2 is invertible, dimbh = n, h = @] ,Fa;, and
g =g, so that Cent(g) = Fid in that case.

When 2 is an affine Cartan matrix (associated to an affine Dynkin dia-
gram), then 2 has rank n — 1. The center is one-dimensional, spanned by
¢ say. We may suppose h = b’ @ Cd in this case, where b’ = @ ; Fo/
and g = gV @ Fd. (Readers familiar with affine algebras will recognize d
as the degree derivation.) Corollary 3.5 then says that g(l) is central and
Cent(g) = Fid ®@Homy (Fd, Fc) for each affine Kac-Moody Lie algebra.

3.3. Centroids of Lie tori. First we introduce the notion of a root graded
Lie algebra. We prove a result concerning the centroid of a special class
of root graded Lie algebras but postpone giving the precise description of
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the centroid for general root graded Lie algebras until Section 5. We then
specialize considerations to certain root graded Lie algebras called Lie tori
and describe their centroids. Our rationale for doing this is that Lie tori
play a critical role in the theory of extended affine Lie algebras (EALAs) —
they are precisely the cores of EALAs. The centroid of the core is another
key ingredient in the structure of the EALA.

Let g be a finite-dimensional split simple Lie algebra over a field F of
characteristic 0 with root space decomposition g = b ®© @, A, 9o relative
to a split Cartan subalgebra §h. Such a Lie algebra is the F-analogue of
a finite-dimensional complex Lie algebra, and the set of roots Ay is the
finite reduced root system. Every finite irreducible root system A is one of
the reduced root systems Ag or is a nonreduced root system BC, (see for
example, [Bo3, Sec. 1.1]).

Definition 3.7. Let £ be a Lie algebra over a field F of characteristic 0,
and let A be a finite irreducible root system. Then L is said to be graded
by the root system A or to be A-graded if

(i) £ contains as a subalgebra a finite-dimensional split “simple” Lie
algebra g, called the grading subalgebra, with split Cartan subalgebra
b;

(ii) b is a toral subalgebra of £, and the weights of £ relative to b are

in AU {0},
- @ o

ac AU{0}
(iii) Lo = qen [LasL-al;
(iv) either A is reduced and equals the root system Ag of (g,h) or A =
BC, and Ay is of type B,, C,., or D;.

The word simple is in quotes, because in all instances except two, g is a
simple Lie algebra. The sole exceptions are when A is of type BCy, Ay is of
type Dy = A1 x A1, and g is the direct sum of two copies of sly; or when A
is of type BCy, Ay is of type D1, and g = b is one-dimensional.

The definition above is due to Berman-Moody [BM] for the case A = Ag.
The extension to the nonreduced root systems was developed by Allison-
Benkart-Gao in [ABG2|. The A-graded Lie algebras for A reduced have
been classified up to central extensions by Tits [T] for A = A; (see also
[BZ]); by Berman-Moody [BeM] for A = A,, (r > 2), D,, Eg, E7, and Eg;
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by Benkart-Zelmanov [BZ] for A =B,, C,, F4 and Ga (see also[ABG1] for
C,); and by Neher [N1], who studied Lie algebras 3-graded by a locally
finite root system A, which in our setting means A # Eg, F4, Go, or BC,..
Central extensions of Lie algebras graded by reduced root systems have been
described by Allison-Benkart-Gao in [ABG1]. The Lie algebras graded by
the root systems BC, have been classified in [ABG2] for » > 2 and in [BS]
for r = 1. As a result, the A-graded Lie algebras are determined completely
up to isomorphism.

Examples of Lie algebras graded by a (not necessarily reduced) A include
the affine Kac-Moody Lie algebras, the toroidal Lie algebras, the intersection
matrix Lie algebras introduced by Slodowy in his study of singularities, and
the cores of EALAs, to name just a few (see [ABG2, Exs. 1.16-1.23] for
further discussion of examples). Any finite-dimensional simple Lie algebra
over a field F of characteristic 0 which has an ad-nilpotent element (or
equivalently, by the Jacobson-Morozov theorem has a copy of sl2) is graded
by a finite root system (see [Se]). Thus, the notion encompasses a diverse
array of important Lie algebras.

Definition 3.8. Let £ be a A-graded Lie algebra with grading subalgebra
g, and let A be an abelian group. We say that £ is (A, A)-graded if £ has a
A-grading
L= with gc L (3.9)
AEA

This notion was introduced and studied by Yoshii in [Y1] where it was
termed a refined root grading of type (A, A). In any (A, A)-graded Lie al-
gebra, each space £* is an h-submodule, so £} = @aEAU{O} Eé for Eé =
L,NL . Thus, £ has a grading by A® Q(A), where Q(A) is the root lattice
of A,

L= P £y with [£), L4 cLith (3.10)
acAU{0}, AeA
for a, 5 € AU{0} and A\, u € A. Since the centre of any graded Lie algebra
is a graded subspace, Z(L) = @ycpn Z(£)* € Byen L5

Lemma 3.11. (1) Let £ be a (A, A)-graded Lie algebra. Then

Cent(£) = €P Cent(£)}
AEA
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is a A-graded commutative associative algebra, where Cent(L) is the sub-
space of centroidal transformations that are homogeneous of degree A with
respect to the A-grading (3.9).

(2) If the A-graded Lie algebra L is graded-simple, its centroid Cent(L) is
a commutative associative division-graded algebra, hence it is isomorphic to
a twisted group ring B[] for the extension field E = Cent(L£)° of F and for
the subgroup I' = supp cent(z) of A-

Proof. Any A-graded Lie algebra L is perfect, so Cent(£) is commutative.
As a Mult(£)-module, £ is generated by h. Indeed, [L,,H] = L, for 0 #
a € A and then Lo = Y ca [£-a;[La,b]] by (iv) in Definition 3.7. Since b
is finite-dimensional, it follows from (2.15) that Cent(L£) = grCent(L) with
respect to the A @ Q(A)-grading (3.10). However, by Proposition 3.1 (a),
every x has degree 0 with respect to the Q(A)-grading of £, which proves
the first part of the lemma. The last part now follows from Proposition
2.16. O

Definition 3.12. A (A, A)-graded Lie algebra L is called a Lie torus of
type (A, A), or simply a Lie torus, if

(i) whenever £ # 0 for « € A and A € A, then there exists an slp-triple
e,h, f) e L) x £ x £ such that
( s 10y « 0 «
(a) L) =TFe and L7) =Ff, and
(b) [h,x] = (B,a")x for all x € L}, B€ AU{0}, p€A;
(ii) the group A is generated by supp o = {\ € A | £} # 0}; and
iii) if A = BC,. for r = 1,2, then Ay # D,..
g

In (b), o is the usual coroot, and {3, ") comes from the usual inner
product on the real span of the root system A. An sly-triple in (i) is assumed
to satisfy the canonical relations, [e, f] = h, [h,e] = 2e, and [h, f] = —2f.
We point out that no condition is imposed on dim £6\; however, when A is
free of finite rank, one knows that dim ES‘ < m for some positive integer m
that does not depend on A by [N2, Thm. 5(a)]. In [N2], Neher considers
Lie tori only for A = Z"; while in [Y3], the above notion is referred to as a
A-torus, and the term Lie torus is reserved for the case A = Z"™. Here we
consider Lie tori for an arbitrary A, since the determination of the centroid

is exactly the same as for A = Z".
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A centreless Lie torus is graded-simple by [Y3, Lem. 4.4]. It is assumed
in [Y3] that Ag is of type B, when A is of type BC,; however, the same

proof as given there works in our more general setting.

The following result provides a proof of [N2, Thm. 7(a)]:

Proposition 3.13. Let L be a centreless Lie torus of type (A,A). Then
Cent(L) is a twisted group ring F'[T] for some subgroup T’ of A. In particular,
(i) Cent(£)" = Fid, and
(ii) if A = Z", then Cent(L) is isomorphic to a Laurent polynomial ring
i r variables, where 0 < r < n.

Proof. We know from Lemma 3.11 and [Y3, Lem. 3.4] that Cent(L) =
@D)cn Cent(L£) is a commutative associative division-graded algebra. Since
Cent(£)* — L) is injective for each A and a by Proposition 2.16, it follows
that all homogeneous spaces Cent(£)* are at most one-dimensional. In
particular (i) holds. It also follows that Cent(L) is a twisted group ring
for a subgroup I' of A. When A = Z", this subgroup is isomorphic to Z"
for some 0 < r < n. But any twisted group ring over Z" is in fact a group
ring, and hence isomorphic to a Laurent polynomial ring, (compare [BGKN,
Lem. 1.8]). O

4. THE CENTROID OF AN EALA AND ITS CORE

We will prove in Corollary 4.13 below that the core of a tame EALA is
central, and from this result, the centroid of the EALA itself can easily be
determined. Since the core of an EALA is a central extension of a centreless
Lie torus, and since we know the centroid of centreless Lie tori by Proposition
3.13, it is natural to base our investigation on a general result which describes
the behavior of the centroid under a central extension, see Lemma 4.3 below.
We start by recalling some facts about central extensions and 2-cocycles,

which also serves to establish our notation.

Throughout we consider Lie algebras over an arbitrary field F. We recall
that a central extension of a Lie algebra L is a pair (K, m) consisting of
a Lie algebra KC and a surjective Lie algebra homomorphism 7 : I — L
whose kernel lies in the center Z(K) of K. If K is perfect, then K is said
to be a cover or covering of L. In this case L is necessarily perfect also. A
homomorphism (resp. isomorphism) from a central extension f : K — L
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to a central extension f': K’ — L is a Lie algebra homomorphism (resp.
isomorphism) ¢ : K — K’ satisfying f = f' o g.

A central extension u : £ — £ is a universal central extension if there
exists a unique homomorphism from L to any other central extension K of
L. This universal property implies that any two universal central extensions
of £ are isomorphic as central extensions. A Lie algebra £ has a universal
central extension if and only if £ is perfect. In this case, the universal central
extension £ is perfect, and Lisa covering of every covering of L.

Examples of central extensions can be constructed in terms of 2-cocycles
which are bilinear maps o : £ x £ — C' into some vector space C satisfying

o(x,x) =0 and o([z,y],2)+o([y,z],x) +o([z,z],y) =0 (4.1)

for all z,y,z € L. Given such a 2-cocycle, the vector space £ = L & C
becomes a Lie algebra with product

z@c,y® e =[z,y] ®o(z,y). (4.2)

(Here we are using the notation = @ ¢ to designate that x € £ and ¢ € C'.)
This is a central extension of £, which we denote E(L, o), with respect to
the projection map E(L,0) — L, x @ ¢+ x. Since we are considering
Lie algebras over a field, every central extension f : K — L is isomorphic as
central extension to some E(L, o), see e.g. [MP, 1.9].

Lemma 4.3. Let m : K — L be a central extension of the Lie algebra L
written in the form (4.2), and suppose that Z(L) = 0. Then Z(K) = C.
Moreover, ¥ € Endp(K) lies in the centroid Cent(KC) if and only if there
exist x € Cent(L), ¢ € Homp(L,C) and n € Endp(C) such that

U(zdc) = x(z)® (¥(x)+n(c) and (4.4)
o(z,x(y) = Y(zy) +nlo(z,y)) (4.5)

for all z,y € L and ¢ € C. In this case, o(z, x(y)) = o(x(x),y).

Proof. f x®c € Z(K), then (4.2) implies that x € Z(L£) = 0, hence Z(K) C
C'. The other inclusion is obvious.

Now assume ¥ € Cent(K). By Lemma 2.7 (a), ¥ leaves Z(K) = C
invariant, hence has the form (4.4) for ¢, i as in the statement of the lemma
and some x € Endp(L). Since mcent(V) = X, it follows from Lemma 2.7 (a)
that x € Cent(£) (this is also immediate from the computation below). It
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now remains to characterize when a map of the form (4.4) belongs to the
centroid of . For z,y € £ and ¢, € C we have

v ([x Be,yd c/];c) = \IJ([x,y] &) J(a:,y))
= X[, 9D @ (v( ) +n(o(@.v)).
[z @, U(y® )k = [z, x(y)] © o(x,x(v))-

Combined they show that ¥ € Cent(K) if and only if x € Cent(£) and (4.5)
holds. (]

Next we will construct a special class of 2-cocycles for Lie algebras with a
nondegenerate invariant bilinear form and describe the centroid of the cor-
responding central extension in Proposition 4.11. Later this will be applied
to determine the centroid of the core of an EALA.

Let A be an abelian group. We say w : K — L is a A-graded central
extension if both £ and IC are graded by A, say £ = @, L* and K =
@, K, and if 7 is homogeneous of degree 0, i.e., T7(K*) C £*. Every
A-graded central extension 7 :  — L is isomorphic to a central extension
E(L,0) where 0 : L x L — C'is a A-graded 2-cocycle, i.e., C = @, C* is
a A-graded vector space and o is a 2-cocycle satisfying o(L*, LH) C CA
for all \,;x € A. When K is perfect, such a A-graded central extension
m: K — L is called a A-covering. In particular, if £ is perfect, the universal

central extension £ is a A-covering of L.

Let £ = @yea L* be a A-graded Lie algebra over F. We denote by
Homy(A,F) the F-vector space of additive maps 6 : A — F. For any 0 €
Homgz (A, F), the corresponding degree derivation 0y of L is defined by

Og(z) = 0(\)z (x e L), (4.6)
There is a linear map
Homgz (A, F) — D := {0y | 0 € Homz(A,F)} 0 +— 0O,

into the space D of degree derivations, which is an isomorphism if A is
spanned by the support of L, i.e., if

A =spang{\ € A | £* # 0}. (4.7)

Indeed, if 99 = 0 then #(\) = 0 for all A € A with £* # 0 whence § = 0. We
note that (4.7) is essentially a notational convenience; if it is not fulfilled,
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one can always replace A by the subgroup generated by the support of L.
Assuming (4.7), we have a well-defined linear map

ev: A —D* A—ev())
into the dual space D* of D given by
ev(A)(Og) =0(N), A€A, 0y €D. (4.8)

We denote by Der(£)?, the vector space of F-linear derivations of £ of degree

A, and we set

grDer(L) = @ Der(£)*,

which is obviously a graded subalgebra of Der(£). It is well-known (see for
example [F, Prop. 1]) that grDer(£) = Der(L) if £ is finitely generated as
Lie algebra.

Let (.| .) be an invariant A-graded bilinear form on £, i.e., (£ | L*) =0
for all A+ p # 0. We denote by SDer(L£) = SDerp(L) the subalgebra of
Der(L) consisting of skew derivations 9 of £: (0x|y) = —(x|dy) for all
x,y € L. Tt is easily seen that 0 € grDer(L) is skew if and only if every
homogeneous component of 0 is, so that

grSDer(L) := SDer(L£) N grDer(L) = @ SDer(£).
AEA
where SDer(£)* = SDer(L£) N Der(£)*. Moreover

D C SDer(£)? and IDer(£) C grSDer(L)

where IDer(£) = IDerp(£) = {adz | * € L} denotes the ideal of inner
derivations of L.

Let S = Pyca S? be a graded subspace of grSDer(£), and let S&* be the
graded dual space. Thus,

S8 = P(S#)Y,  where (SF) = (S7H)". (4.9)
AEA
We may assume (S~*)* C S* by defining f |su= 0 for f € (S™)* and
1 # —X. Then it is easy to verify that
o5 Lx L— S, os(zy)(d) = (dx) ) (4.10)
for x,y € L and d € S is a A-graded 2-cocycle. Thus E(L,05) = L & S

with product [z @ e,y ® g = [x,y] D os(z,y) for all z,y € L, ¢, € S&* is
a A-graded central extension of L.
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Proposition 4.11. Let L = @, L be a perfect A-graded Lie algebra
with a nondegenerate invariant graded bilinear form such that (4.7) holds.
Let S C grSDer(L) be a A-graded subspace such that

evs: A — (DNS)", A—ev()) ‘Dms (4.12)

is injective, where the evaluation map ev is as in (4.8). Let K = E(L,0s) =
L @ C where C = S&*.

(i) Suppose U € Cent(K) is homogeneous of degree X. Then there exists
x € Cent(L), v € Homp(L,C), and n € Endp(C) all of degree A
such that

(a) ¥(zdc) = x(z)® (Y(z) ®n(c) forallz € L,ceC.
(b) x =0 if A #0.
(i) If K is perfect, then Cent(K)* = 0 for all X # 0. In particular, if K

is a Lie torus, then K is central.

Proof. (i) Observe first that Z(£) = 0. This follows from the computation
([x,y] | 2) = (x| [y,2]) =0 for all z,y € L, z € Z(L) and the fact that L is
perfect and the form is nondegenerate.

Now suppose ¥ € Cent(K) has degree A\, and apply Lemma 4.3 to conclude
that ¥(z ® c) = x(z) ® (¢¥(z) + n(c)) where x € Cent(L), 1 € Homg(L, C),
and 7 € Endp(C), and all have degree \. For z# € L*, y € L, and 0y € DNS
we have by (4.5),

os(x(@"), y)(F) = (Fex(z")|y) = O(p+ N (x(z") |y)
= os(z",x(y))(0s) = (Op(2") | x(v)) = (1) (=" | x(v))
= 0(u)(x(2") |y),

where in the last equality we used Lemma 2.1 (f). Hence 0(\)(x(z*)|y) =0
for all z# € £* and p € A. Suppose A # 0. Then there exists a § € DNS
such that 6(\) # 0. From this we see (x(z"),y) = 0 and nondegeneracy
forces x = 0. Thus, (b) holds.

(ii) In the preceding paragraph we have shown that Z(£) =0, and x =0
whenever A # 0. If # : K — L is the cover map and K is perfect, it
follows from Lemma 2.7 (¢) that mcent : Cent(K) — Cent(L) is an algebra
monomorphism which takes W to x. In particular, if A # 0, then y has
degree A, forcing both x and ¥ to be 0. Therefore, moent : Cent(K) =
Cent(K)? — Cent(£)? = Fid by Proposition 3.13 (i). Consequently, K is
central. (]
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As an application of Proposition 4.11, we can now determine the centroid
of a tame EALA & and of its core K, which is the ideal of £ generated
by the root spaces corresponding to the nonisotropic roots. The reader is
referred to [AABGP, Ch. I] for the precise definition of a tame EALA over
F = C and to [N3] for arbitrary fields F of characteristic 0. An EALA has
an invariant nondegenerate bilinear form, which when restricted to the core
K is A-graded for A = Z" for some n > 0. Tameness says that the ideal K
satisfies Cg(KC) = Z(K).

Corollary 4.13. Let £ be a tame extended affine Lie algebra, let KC be its
core and set D = E/K. Then K is central and

Cent(€) = Fid 8V(K) = Fid ©Homp(D, Z(K)).

Proof. 1t is known that K is a Lie torus with A = Z" (see [Y4, Cor. 7.3] for
F = C or [N3, Prop. 3(a)] for arbitrary F). Moreover, by [N3, Thm. 6], K is
obtained from the centreless Lie torus £ = K/Z(K) by the construction of
Proposition 4.11. Thus K is central by part (ii) of that proposition. Since
K is a Cent(€)-invariant ideal of £, Cent(£) = Fid®V(K) follows from
(2.2). Finally, V(K) =2 Homp(D, Z(K)) by Lemma 2.1 (b) and the fact that
Anng (K) = Ce(K) = Z(K) because of tameness. O

Example 4.14. Finite-dimensional split simple Lie algebras are examples
of tame EALAs. In this case £ = K and Z(K) = 0, so the result above
simply says that £ is central — which is of course well-known.

Another class of examples of tame EALAs are the affine Lie algebras (see
[ABGP]). In this case, K = £ and D and Z(K) are both one-dimensional,
so that our result recovers Corollary 3.5.

However there are many other examples of extended affine Lie algebras
besides the two just mentioned, e.g. toroidal algebras extended by some

derivations.

5. CENTROIDS OF LIE ALGEBRAS GRADED BY FINITE ROOT SYSTEMS

In this section, we will describe the centroid of Lie algebras graded by
finite root systems. The case of reduced root systems will be treated in
Subsection 5.1, while the nonreduced case will be done in 5.2. As a prelude
to that, we begin with a general result about Lie algebras £ which are
completely reducible relative to the adjoint action of a subalgebra g. By
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gathering together isomorphic summands, we may assume that such Lie
algebras are written in the form

£:@(sz®x4kz)a
s

where the V} are nonisomorphic irreducible g-modules; the subspace Ay
indexes the copies of Vi; and the g-action is given by z.(vx ® a) = [z, v ®
ag)] = x.vg @ ay, for x € g, v € Vi, ap € Ay

Lemma 5.1. Assume L is a Lie algebra which is completely reducible rela-
tive to the adjoint action of a subalgebra g, and let L = @@, (Vi ® Ay) be its
decomposition relative to g. Assume Endg(Vy) = Fid for each irreducible g-
module Vi,. If U € Cent(L), then there exist transformations vy : A — Ag
such that ¥(vg @ ar) = vk @ Yi(ag) for all v € Vi, ap € Ag.

Proof. Assume {ai | i € Jy} is a basis for A, and let 7} denote the projec-
tion of £ onto the summand Vj ® a};. Fix j € Jx. Then for any ¥ € Cent(L)
and any ¢ € J, we have (7r/§C oW): Vi ® ai - Vi ® a}'c is a g-module homo-
morphism. Thus, it determines an element of Endg(V;) = Fid, and there
exists a scalar §; ; € F, so that (TI'Z, o) (v ® ai) =& 0 ® a?c for all v, € V..
When ¢ # k, (7o W) : V; ® ai — Vi ®aj, is a g-module homomorphism de-
termining an element of Homg(V;, V}). Such a homomorphism must be the
zero map since Vi and Vp are irreducible and nonisomorphic. Consequently,
U (v ® ai) €V, ® Ay for all v, € Vj,, and

o) = St ook = (3.
1€Tg 1€Tg

Define ¢k(ai) =D e, & ;ai for each j € J; and extend this linearly to all
of Ag. Then

\I/(Uk & ak) =V X @Dk(ak) for all vy € Vi, ap € A, O

5.1. Lie algebras graded by reduced root systems. Suppose that £
is a Lie algebra graded by the reduced root system A as in Definition 3.7.
Then £ is completely reducible relative to the adjoint action of the grading
subalgebra g, and by results in ([BeM], [BZ], [N1]) we know that

L= (g A)e (WeB)®D,
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where the following hold:

(1) W is the irreducible g-module with highest weight the highest short
root of g; thus W and B are zero when A is simply laced.

(2) The sum a = A® B is a unital algebra called the coordinate algebra
of L. In all cases except for type Csy, a is an associative, alternative,
or Jordan algebra depending on A. The unit element 1 of a lives in
A, and g is identified with g ® 1.

(3) D is the sum of the trivial one-dimensional g-modules. Moreover, D
can be identified with a quotient space, D = (a,a) = (A, A)+(B, B),
of the skew-dihedral homology of a, and D acts by inner derivations
on a. Thus, (o, B)(7) = Dag(y) for all a, 3,7 € a, where D, g is
the inner derivation determined by «, (.

(4) the multiplication in £ is given in terms of the product on a as follows
(note here we do not use @ to separate summands to simplify the

expressions):

(A:Ala Brv(r > 3)’ DT’(T > 4)a E¢, E7, Es, Fy, GQ) (52)
®a,y®ad] = [z,y] ®ad + (z]y){a, d’)
d,x®al=r®da=—[z®a,d

[z
[
[T ®a,u®b =ru®ab=—-[u®b,x®a
[diu®b =u®db=—[u®b,d
[u®b,v @] = 0up ® (b)) + (uxv) @ (bxb) + (ufv)(b, V),
(A=A, (r>2), C,(r>2) (5.3)
r®ay©d] =14 ® 5(ad +da) + (r0y) ® o (ad' — d'a) + (aly){a,a"),
d,x®al =2z®da=—[z®a,d]

1 1
[m@a,u@b]:(xou)@i(ab—ba)—i-[w,u]@i(ab+ba):—[u®b,x®a]

1 1
[u®b,v®b] =[u,v]® i(bb/ +b0'b) + (uov)® i(bb/ v'b) + (ulv)(b, )
[d,u®b =u®db=—[u®b,d]
for all a,a’ € A, b,V/ € B, z,y € g, u,v € W, and d € D.
(5) In (4), (|) denotes the Killing form when applied to g, and the

unique g-invariant bilinear form when applied to W. The maps 0 €
Homg(W ® W, g) and * € Homg(W @ W, W) in (5.2) are unique up
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to scalars. In (5.2), the product in the coordinate algebra a = A¢ B
is given by (a+b)(a’'+b') = (aa/—k (b, b’)) + (ab’+a’b+b*b’). The
algebra g in (5.3) can be realized as a matrix Lie algebra sl 11 or sp,,.
respectively. So for any two matrices w, z, we have [w, z] = wz — zw
and wo z = wz + zw — (2/n)te(wz), where n = r + 1 or 2r and tv
denotes the trace.

Proposition 5.4. Assume L = (g® A) @ (W ® B) @ D is a Lie algebra
graded by a finite reduced root system. Then ¥ € Cent(L) if and only if
there exist maps g € Cent(a) and ¢, € Cent(D) such that 1¥q(A) C A,
Yo(B) € B, and

\I’((az ®a)+ (u@b)+ d) = (z®@¢a(a)) + (u@a(b)) + ¢, (d) (5.5)
¥y () = (o ga(@)) = ($a(a), o) (5.6)

(%Od)(a) = (dova)(a) (5.7)

(d)(a) = (Yaod)(a) (5.8)

for all a,/ € a and d € D.

Proof. Applying Lemma 5.1, we see that corresponding to ¥ € Cent(L)
are maps ¢, € Endp(A), ¥, € Endp(B), and ¢, € Endp(D) such that
U(z®a) =z ,(a), U(u®b) = u®p, (b) and ¥(d) = ¢, (d) for z@a € gRA,
u®be W®B, and d € D. Set g(a®b) =1, (a)+1,(b) and observe that
a(A) C A and ¢4(B) C B clearly hold.

Now suppose 2 ® a,y ® a’ € g® A, and consider ¥([z ® a,y ® a]). When
A is as in (5.2), then

V([z@ayed]) = [r0a¥(y@d)] —
[z,y] ® Ya(ad’) + (z|y)v, ((a,d)) = [z®a,y®1a(d)]
= [2,9] ® apa(a’) + (z[y)(a, Pa(a’)).

Equating components shows that vq(aa’) = ava(a’), and ¢, ((a,d’)) =
(a,q4(a’)) hold for all a,a’ € A. Similarly, using ¥([z ® a,y ® d]) =
[U(z ® a),y ® d], we obtain ¥4(aa’) = 4(a)a’ and the second equality
n (5.6) for all a,a’ € A.
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Now when A is as in (5.3), then
1
V(z@aywd]) = [2,y]®5ddad +da) (5.9)

+(xoy) ® %wa(aa’ —d'a) + (z|y)v, ((a,a’)) while
[zT®a,V(yd) = [r®a,y®pa(d)]

7] @ 5 (aala’) + ela)a)
Haoy) ® 3 (ald)) — vald)a) + (ely)a, Yala).

In particular, if A = A, for r > 2, we may set © = e;; — e22 = y (matrix
units) and get [z,y] = 0, but x oy # 0. Then equating components in these
expressions, we obtain that

Ya(aad' —d'a) = apg(a’) — pe(a’)a

holds for all a,a’ € A, (as does the first equality in (5.6)). Then putting
that relation back in, we determine that

Ya(ad' + d'a) = apg(a’) + Pe(a’)a

for all a,a’ € A. Combining these gives 14(aa’) = ahq(a’) for all a,a’ € A.
When A = C, for » > 2, then the summands on the right side of (5.9)
lie in different components, so equating them gives the same information as
obtained in the A case.
Applying ¥ to all the various other products in (5.2) and (5.3) and arguing
similarly will complete the proof of the proposition. U

For the centroidal transformation 4 € Cent(a) coming from an element
U € Cent(L) as in Proposition 5.4, it follows that 14(1) € AN Z(a), as
14 preserves the space A and the unit element of the coordinate algebra a

belongs to A.

The inner derivations of the coordinate algebra a involve certain expres-
sions in the left multiplication and right multiplication operators which can
be found in [ABG1, (2.41)]. For any ¥ € Cent(L), the associated trans-
formation 1, belongs to Cent(a), so it commutes with the left and right
multiplication operators of a. It also commutes with the involution ¢ on a
when A is of type C,, as 14 preserves the spaces A and B, which are the
symmetric elements and skew-symmetric elements respectively relative to o.
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Thus, ¥ commutes with the inner derivation D, g for all a, 3 € a, and

¢a (¢] Da“@ = Diﬁa(a)ﬂ = Daﬂ/)a(ﬁ)' (510)
As
(a, B)(7) = Da,s(7), (5.11)

we have

(a0 () () = (Ya(@). B)() = (o, a3 () = i (fer AN), (5:12)
so that for 3 := 14(1),

3. B)(7) = G, B) () = (,38)(v) = ¥, ({o, B)) ()

for all o, 3,7 € a. Combining this with Proposition 5.4, we obtain the
following:

Corollary 5.13. Assume L is a A-graded Lie algebra as in Proposition 5.4,
and let ¥ € Cent(L). Then there exists an element 3 (= 1¥q(1) € A) in the
center Z(a) of the coordinate algebra a of L such that

U(zr®a) = x®j3a (5.14)

V(w®b) = w®jzb

V(@ 8) = (o B) = (@38
forallzacgR A, wbeWRB, a,0 € a.

Theorem 5.15. Let L = (g® A) & (W ® B) @ (a,a) denote a Lie algebra
graded by a finite reduced root system A with coordinate algebra a = A® B.
Then Cent(L) = 34, where 34 is the set of elements 3 in Z(a) N A which
satisfy the following properties:

(a) (3, 8) = (@,30) for all a, € a;

(b) >-i(ay, Br) = 0 implies Y, (304, Br) = 0.
More specifically, if 3 € Z(a) N A satisfies (a) and (b), and if ¥ € Endp(L)
is gien by (5.14) above, then ¥ € Cent(L); and every element of Cent(L)
has this form.

Proof. Suppose 3 € 34, and define ¥ as in (5.14). We need to know that the
action of ¥ on (a,a) is well-defined. But that is apparent from condition
(b). Also, to make sense of the definition, we must have 3a € A and 30 € B
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for a € A, b € B, which is of course obvious in case a = A, i.e., A is simply
laced. If A is not simply laced and A # Fy or Ga, the condition follows from
the fact that the subspaces A and B are the symmetric and skew-symmetric
elements with respect to an involution of a ([BZ]).

In case A = F4 or Go, the algebra a is a unital algebra over the com-
mutative associative subalgebra A = A.1, while the subspace B is the
kernel of an A-linear trace functional a — A, and hence AB C B. The
fact that U € Cent(L) can be verified directly using Proposition 5.4. Now
for the other direction, apply Corollary 5.13 to deduce ¥ has the form in
(5.14). If >, (ay, By) = 0, then ¥ must map that expression to 0, so that

> (3o, Be) = 0. O

A A-graded Lie algebra £ with trivial centre has the following form £ =
(@A) & (W ® B) @ Dg,q, where Dy 4 is the space of all inner derivations.
In this particular case, D;q3 = Dq 5 for all a, 3 € a and all 3 € Z(a) N A.
Moreover, 3D, 3 = D;a,g, so that (b) holds as well. Therefore, Theorem
5.15 implies:

Corollary 5.16. Let L = (g® A) & (W ® B) @ Dqq denote the centerless
Lie algebra graded by a finite reduced root system A with coordinate algebra
a=A®B. Then Cent(L) = Z(a) N A.

Any A-graded Lie algebra K = (g®@ A) & (W ® B) @ (a, a) with coordinate
algebra a = A @ B is a cover of the centreless A-graded Lie algebra £ =
(g®A) & (W ® B) @ Dg,q with that same coordinate algebra via the map
which is the identity on (g ® A) @ (W ® B) and sends (a, 5) to Dy g. By
Theorem 5.15 and Corollary 5.16, there is always an embedding

Cent(K) — Z(a) N A = Cent(L).

Of course, we already knew that from Lemma 2.7(c).

Example 5.17. Let £ = (g ® F[t,t‘l]) @ Fc be the derived algebra of an
untwisted affine algebra. As an application of general results, we have seen
in Corollary 3.6 and then again in Example 4.14 that K is central. An
alternate proof of this fact comes from specializing Theorem 5.15.

Indeed, K is a A-graded Lie algebra with grading subalgebra the split
simple Lie algebra g. The element c¢ is central, and [z ® t™,y ® t"] =
[z, y] @ ™" 4 (x| y)(t™, ") for all z,y € g, where (t"",t") = mdy, _nc. The
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centreless A-graded Lie algebra £ with the same coordinate algebra is just
the loop algebra £ := g®F|[t,t~!], whose centroid according to Corollary 5.16
is Cent(L) = F[t,t7!], since a = A = F[t,t71] is a commutative associative
algebra (compare Remark 2.24 and Remark 2.27 with o = id). By Theorem
5.15, we know that each element x € Cent(K) is determined by an element
3=, kpt? € 30 = a, which satisfies (5¢™,¢") = (t™,5t") for all m,n € Z.
Thus,

> kp(m 4+ p)omgpn = kpmbm, n_p.
p p

must hold. If k; # 0 for some ¢ # 0, then choosing m,n so that m =
—n — q # 0, we obtain m + ¢ = m, a contradiction. So it must be that
3 = kol. Consequently, Cent(K) = Fid.

5.2. Lie algebras graded by nonreduced root systems (the BC,
case). For simplicity, we will assume r > 3. Exceptional behavior occurs
for small ranks, and somewhat different arguments need to be used for them.
We will not address those cases here. In what follows, we will apply results
from [ABG2] without specifically quoting chapter and verse.

When r > 3, each BC,-graded Lie algebra £ admits a decomposition,

L=@gA)d(B)ad(Vel) eD,
relative to the grading subalgebra g. The spaces s and V are irreducible

g-modules and D is the sum of the trivial g-modules. Moreover,

(a) The sum a = A @ B is a unital algebra with involution 1 whose
symmetric elements are A and skew-symmetric elements are B.

(b) The algebra a is associative in all cases except when g is of type Cs.
In that exceptional case a is an alternative algebra, and the set A
of symmetric elements must be contained in the nucleus (associative
center) of a.

(c) The space C is a left a-module, and it is equipped with a hermitian
or skew-hermitian form x(, ) depending on whether Ay is of type
B,, D, or C,.

(d) b =a® C is an algebra (the coordinate algebra of L) with product
given by

(a+c)-(/ +)=ad +x(c,d)+a.cd +ac.
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Now suppose ¥ € Cent(L). Then by Lemma 5.1 (compare also Propo-
sition 5.4), it follows that there are transformations v, v, and 1, such
that

U((x@a)+(s@b)+(v@c)+d)= (@1, (a)+(s@v, (b)) +(v@Y (c))+1, (d)

Since M = (g A)B(s®B)D(a, a) is a subalgebra having exactly the same
multiplication as in (5.3) (think of s as playing the role of W in the reduced
case), we obtain just as before that there exists an element 3 € 34 such that
U(r®a) =x®3a, V(s®b) =s®3b, and ¥((, ) = (30, ') = («, 30/} for
alla€ A,be B, a,a’ €a, z €g, and s € s.

Note that ¥([z®1,u®c]) = ¥(z.u®c) = z.u®1,(c), which must equal
Prl)ud=reuec=cxu®jcforallzx €cg,veV, and ce C.
Thus, ¢¥¢c(c) = 3.c. Applying the formulas in [ABG2, (2.8)], we determine
from the relation ¥ ([u®@c,v®c]) = [¥(u@c), v ] = [u®c, ¥(v® )] that
U ({c,d)) = (.c,d) = {c,3.¢) for all ¢,d € C. Since D = (a,a) + (C,C),
this determines ¥ completely.

Theorem 5.18. Let L= (g A)® (s @ B)® (V@ C) & (b,b) denote a Lie
algebra graded by BC, for r > 3 with coordinate algebra b = a ® C where
a=A®B. Then Cent(L) = 34, where 34 is the set of elements in Z(a)N A
which satisfy the following properties:

(a) (383,8") = (B,30') for all B, € b;

(b) 3,8, B) = 0 implies >, (36, ;) = 0 for all B¢, 5, € b.
More specifically, if 3 € Z(a) N A satisfies (a) and (b), and if ¥ € Endp(L)
s given by

UV(rz®a) = z®j3a (5.19)
U(s®@b) = s®3b
V(v®e) = v®j.c

v((B,8)) = (6,8)=(830)

forallzrt®a € g A, sbes®B,v@ceV®C, and 3,5 € b, then
U € Cent(L); and every element of Cent(L) has this form.
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