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Please read the following instructions carefully.

e You have 75 minutes to complete this exam.

e This is a closed book exam. No notes, calculators, cell phones or related
devices of any kind are permitted. All such devices, including cell phones,
must be stored in your bag under your desk for the duration of the exam.

e Read each question carefully — you will save yourself time and grief later
on.

e Questions 1-4 are multiple choice, worth 1 point each. Record your an-
swers to the multiple choice questions into the table below.

e Questions 57 are long answer, with point values as indicated. The correct
answers here require justificaiton written legibly and logically: you
must convince the marker that you know why your solution is
correct.

9 .
e Question 8 is a bonus question, worth 3 points. The bonus question is Marker’s use only:

more difficult; do not attempt it until you are satisfied that you
have completed the rest of the test to the best of your ability.

Question Marks

e Where it is possible to check your work, do so. 1-4 (/4)
e Good luck!
5(/3)
Question Your answer to the
Multiple choice question 6 (/6)

! 7(/6)

8(/3)
3 (bonus)

Total (/19)
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1. Which of the following are axioms of a vector space V7

(1) If u,v € V then uv € V.

(2) If u,v,w € V then u+ (v +w) = (u +v) + w.
B) IfceRandue Vthenc+ueV.
(4)
(5)
(6)

4) For every v € V| |lu]| = vu - u.

5) If u e V and ¢,d € R then (¢ + d)u = cu + du.

6) If u,v,w € V then u € span{v, w}.

A. (1) and (6) C.
B. (2) and (5) correct D.

2. Which of the following are subspaces of R3?
U={t(1,2,3) +s5(1,0,1) € R* | t,s € R}
X ={(1,2,3) +r(1,0,1) e R?* | r € R}

C. XandV
D. XandY

A, UandV
B. U and X

E. (3) and (5)
F. (2) only

V={(z,y,2) eR’ |z + 2=y + 3z}
Y ={(z,y,2) e R’ |z =y + 3z}

E. U and Y correct
F. VandY

U is a span; X is not and doesn’t contain the zero vector; V' doesn’t contain the zero vector;

Y is a plane through the origin
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b
3. LetU_Hi d} € My,

of the following is/are true?

ab = cd } be a subset of the vector space of 2 x 2 matrices. Which

: 00
(1) U contains [O 0].
(2) U is closed under vector addition

(3) U is closed under scalar multiplication

A. (1) and (2) only C. (2) and (3) only E. (1), (2) and (3)
B. (1) and (3) only correct  D. (1) only F. none of them

U contains the zero matrix because zeros satisfy the condition; scaling all the entries by ¢
will scale the product by #* on both sides, so the equality will still hold; but for example

1 0f [0 7 . . .
[6 0] , {O _1} are both in U but their sum is not.

4. For which value(s) of ¢ is (8,4, 5,¢) in the span of (2,2,1,3) and (—1,1,—1,4)?

A, t=0andt=1 only C. t>0only E. all¢
B. t=2only D. t =1 only correct F. t=1andt="7only

We solve a(2,2,1,3) +b(—1,1,—1,4) = (8,4,5,%). You can use row reduction, or just proceed
by hand: 2a —b =8 and 2a + b =4 so 2b = —4 or b = —2 whence a = 3; we check

3(2,2,1,3) — 2(—1,1,—1,4) = (8,4,5,1)

so t = 1 is the only solution.
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5. (3 = 2 x 1.5 points) State whether each of the following statements is (always) true, or
is (possibly) false, in the box after the statement. Then justify your answer:
e If you say the statement may be false, you must give an explicit counterexample (with

numbers or functions!).
e If you say the statement is always true, you CANNOT use an example to justify your
response —you must give a clear explanation that works in all cases.

(a) If U is a subspace of R3, and u,v € R? are two vectors such that

u+velU and 2u+2veU,

then u and v are also in U.

True or false:

Justification:

FALSE: for example, we could let U be the z-axis, v = (1,1,0) and v = (1,—1,0). Then
u+veUand2u+2veUbutu¢ U and v ¢ U.

(b) The set W = {b+ (b — ¢)x + 2cz* | b,c € R} is a subspace of F(R).

True or false:

Justification:

True: W = span{l + x, —z + 22%} so it is a subspace.
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6. (6 = 24242 points) Consider the following network of storm-water pipes in a city, which
meet at intersections A, B, C, D and E below. Civil engineers designed valves at each of the
intersections to allow operators to regulate the flow of water. The arrows indicate the direction
of the flow along each pipe (corresponding to downhill).

The numbers refer to the constant flow rate, measured in thousands of litres per hour, along
the given sections of pipe, at a given time. Each x; in the diagram denotes the unknown flow
rate along that section of pipe during the same time period.

O O

N S

A s s B
%T ]
o2, F 24 ’
Y
D i s C
100
40
[e) O

(a) Write down the linear system which describes the water flow, together with the con-
straints on the variables z;, for i € {1,2,3,4,5,6}. Do not solve this linear system; this
is done for you in part (b). Note: no credit is given for copying the equations implicit in

(b).

By comparing flow in to flow out (Kirchoff’s laws) we have

30+ x6 = 24

21+ 50 = 29 + 24

9 + x5 = 100

Ty + x5 = 13 + 40
60 = x5 + x4

Moreover, all of the variables must satisfy x; > 0, since water should flow in the given direction.
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(b) The reduced row-echelon form of the augmented matrix from part (a) is

100 0 0 —1 | 30
010 1 0 —1 ] 80
001 -10 1 | 20
000 0 1 1 | 60
000 0 0 0 | 0

Find the general solution. (Ignore the constraints at this point.)

Reading the augmented matrix gives

T —x = 30
To + x4 — 16 = 80
T3 — T4 + 16 = 20
5 + xg = 60

We see that z, and x4 are non-leading variables, so we replace them by parameters s and ¢
respectively. This gives

(2] [ 30+t
i) 80 —s+t
3|  |20+s—1
T4l s
I5 60 — ¢

_x6_ - t -

(c) Now incorporating the constraints, suppose EA were closed due to blockage. Find the
minimum flow along DC, using your results from (b).

If EA is closed then x4 =t = 0. Therefore the flow along DC is x3 = 20 + s — 0 > 20 since
s > 0.
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7. (6 points). Let My, denote the vector space of 2 by 2 matrices with real entries, and
define
a b
(e

(a) Either check that U is closed under addition, or express U in another form so you can
simply state a theorem that guarantees that U is a subspace of My s.
(For parts (b) and (c) you may assume that U is a subspace of My .)

b+ 2c+ 3d =0, anda:O}.

(b) Find a spanning set for U.
(¢) Give a matrix A € My, such that A ¢ U.

We note that b = —2¢ — 3d and ¢ = 0 so

o {2 ¥ ever)
el ey e
{02 7

and thus U is the span of two vectors, whence it is a subspace.
Alternatively, to show that U is closed under addition, we begin with two elements of U:

a b a v

g Yo
which means that b+2c+3d =0and a =0 and ¥ + 2¢' +3d’ = 0 and &' = 0. Now consider
their sum:

a+ad b+V
c+cd d+d|°

Is this in U? We compute
b+b0)+2(c+)+3d+d)=(b+2c+3d)+ 1V +2d +3d)=0+0=0

and
a+d =0+0=0.

Therefore the sum satisfies the two conditions, therefore lies in U.
(b) We found a spanning set above.
(¢) We just need to choose a matrix which does not satisfy the given conditions. So for example,

=B e

since b+ 2c+3d =2 # 0.
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8. (bonus, max 3 points) Do not attempt this question until you have completed
the rest of the exam to the best of your ability.

Consider the set
V ={(z*,2) e R* | 2 > 0}

equipped with the following non-standard operations: vector addition is given by the formula
(z1,91) @ (22, 2) = (1172, Y192)

and scalar multiplication is given by the formula, for each ¢ € R,
cx (z,y) = (%)

(a) Show that V' is closed under under this scalar multiplication *. typo in question, marked
accordingly

(b) Identify the “zero vector” of V| and show that it satisfies the axiom of being a zero vector.

For 6, see other versions.

Let (z%,7) € V and let ¢ € R. Then z > 0. We calculate ¢ x (22, ) = ((2?)%, 2°) = ((2°)?, x°)
and since z¢ > 0, this is an element of V. So V' is closed under x.

Consider 0% (4,2) = (4°,2%) = (1,1); so our candidate for the “zero vector” is (1,1). We verify
axiom 3. Let (22, x) € V. Calculate

(L) & (2, 2) = (1(2*), 1(2)) = (2", 2)

which is what we needed to show.




