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Definitions and Notation

Notation
X is a topological space.
∆n is the standard n-simplex.
Cn(X ) is the group of all n-chains.
∼: homeomorphic
': homotopy equivalent

Definition (Support)

Let σ = n1σ1 + · · ·+ nkσk ∈ Cn(X ). The support of σ is

supp(σ) =
⋃

i | ni 6=0

σi(∆n).
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What’s Borel-Moore Homology all about?

Idea:
Singular homology→ (the support of) cycles are compact.
Borel-Moore homology→ want to allow non-compact
cycles.
To do this:

Replace Cn(X ) =
⊕

σ:∆n→X

Zσ with C′n(X ) =
∏

σ:∆n→X

Zσ.
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But be careful!

Example (1)

Let X = D2. Choose infinitely many rays σi : ∆1 → X from 0 to
∂X .

X :

∂X

σi

Let σ =
∑

i σi ∈ C′1(X ).

Then the coefficient of 0 in ∂1(σ) is
∑

i ∂1(σi) = −∞.

=⇒ the boundary map is not well-defined!
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Constructing Borel-Moore Homology

Definition (Locally finite)

Let σ =
∑

i niσi ∈ C′n(X ). Then σ is locally finite if ∀ x ∈ X , ∃ a
neighbourhood U ⊆ X of x such that

{σi | ni 6= 0 and σi(∆n) ∩ U 6= ∅}

is finite. From now on, C′n(X ) = locally finite n-chains.

Remark
We can naturally extend the boundary map to

∂n : C′n(X )→ C′n−1(X )

since every (n − 1)-simplex appears as the face of only finitely
many σi .
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Definition of Borel-Moore Homology

Definition (Borel-Moore homology)

Consider the chain complex

· · · → C′n+1(X )
∂n+1−−−→ C′n(X )

∂n−→ C′n−1(X )→ · · · → C′0(X )→ 0.

The n-th Borel-Moore homology group is

HBM
n (X ) = ker ∂n/ im ∂n+1.

Remark

HBM
n (X ) = Hn(X ) if X is compact.
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Alternative Definitions

Theorem
Let X be a "nice" topological space (e.g. real or complex
varieties). Then the following are equivalent definitions of
Borel-Moore homology:

Let X̂ = X ∪ {∞} be the one-point compactification of X .
Then

HBM
n (X ) ∼= Hn(X̂ ,∞).

Let X be any compactification of X such that (X ,X \ X ) is
a CW-pair (CW-complex and a subcomplex). Then

HBM
n (X ) ∼= Hn(X ,X \ X ).
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Some Examples

Example (2)

Let X = R. Recall ordinary homology: H0(X ) = Z and
Hn(X ) = 0 for all n ≥ 1.

Borel-Moore homology:

HBM
0 (X ) = ker ∂0/ im ∂1 = C′0(X )/ im ∂1. Let x ∈ X .

· · · · · ·
x x + 1 x + 2 x + 3 x + 4

σ1 σ2 σ3 σ4 σ5

Let σ =
∑

i∈N σi . Then

∂1(σ) = ∂1(σ1) + ∂1(σ2) + ∂1(σ3) + . . .
= x − (x + 1) + (x + 1)− (x + 2) + (x + 2)− (x + 3) + . . .

= x
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Some Examples

Example (2, continued)

=⇒ ∂1 is surjective, so HBM
0 (X ) = 0.

HBM
1 (X ) = ker ∂1/ im ∂2 = ker ∂1 (since ∂2 = 0).

· · · · · ·
−2 −1 0 1 2

σ−1 σ0 σ1 σ2 σ3σ−2

If σ =
∑

i∈Z niσi ∈ ker ∂1, then∑
i∈Z

ni∂1(σi) =
∑
i∈Z

ni((i − 1)− i) = 0

=⇒ ni = n for some fixed n ∈ Z for all i .
=⇒ HBM

1 (X ) ∼= Z.
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Some Examples

Example (2, concluded)

HBM
n (X ) = 0 for all n ≥ 2.

Example (3)

Let X = R (again). Compute HBM
n (X ) using other definitions.

One point compactification: X̂ = X ∪ {∞} ∼ S1.

HBM
n (X ) ∼= Hn(X̂ ,∞) = Hn(S1, {∗}) ∼= H̃n(S1) =

{
Z, if n = 1,
0, if n 6= 1.
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Some Examples

Example (3, continued)

"Arbitrary" compactification: Let X = X ∪ {±∞} ∼ [0,1].
HBM

n (X ) ∼= Hn(X ,X \ X ) = Hn ([0,1], {0,1})
We have the exact sequences:

H0({0,1})︸ ︷︷ ︸
Z⊕Z

i∗
� H0([0,1])︸ ︷︷ ︸

Z

j∗
� H0([0,1], {0,1})→ 0

=⇒ H0([0,1], {0,1}) ∼= Z / ker j∗ = Z / im i∗ = Z /Z ∼= 0.
And,

H1([0,1])︸ ︷︷ ︸
0

→ H1([0,1]), {0,1}) δ
↪→ H0({0,1})︸ ︷︷ ︸

Z⊕Z

i∗−→ H0([0,1])︸ ︷︷ ︸
Z

=⇒ H1([0,1], {0,1}) ∼= im δ = ker i∗ ∼= Z.
Finally, all higher homologies vanish.
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Quick Observation

Remark

Can generalize: HBM
n (Rm) =

{
Z, if n = m,
0, if n 6= m.

Borel-Moore homology is not invariant under homotopy,

since Rm ' {∗}, but HBM
n ({∗}) =

{
Z, if n = 0,
0 if n 6= 0.
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One more example

Example (4)

Let X = R∨R. Recall, H0(X ) = Z and Hn(X ) = 0 for all n ≥ 1.

X : =⇒ X̂ :

A B

∞

By Mayer–Vietoris sequence:

HBM
n (X ) = Hn(X̂ ,∞) = H̃n(X̂ ) =

{
Z⊕Z⊕Z, if n = 1,
0, if n 6= 1.
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Pushforwards

Recall
In ordinary homology, f : X → Y defines a pushforward
f∗ : Hn(X )→ Hn(Y ).
Not (necessarily) so in Borel-Moore homology.

Example (5)

Let X = R \{0}, Y = R and f : X ↪→ Y inclusion. Let
σi : ∆1 → X be a path from 1/2i to 1/2i+1 for i ∈ N. Let
σ =

∑
i∈N σi . Try to apply "f#":

f#(σ) =
∑
i∈N

f ◦ σi

Then f#(σ) /∈ C′1(Y ) since it is not locally finite at 0.
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To Fix This

Definition (Proper map)

A map f : X → Y is proper if f−1(K ) is compact for all compact
K ⊆ Y .

Proposition
A proper map f : X → Y (of spaces that admit closed
embeddings into Euclidean space) induces a pushforward
f∗ : HBM

n (X )→ HBM
n (Y ).
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Cohomology

Definition (Cohomology)

Define the group of n-cochains to be

Cn(X ) = Hom(Cn(X ),Z),

and n-th coboundary map to be

δn : Cn(X )→ Cn+1(X ), by (δnϕ)(σ) = ϕ(∂n+1σ).

We obtain a cochain complex:

· · · ← Cn+1(X )
δn
←− Cn(X )

δn−1
←−−− Cn−1(X )← · · · ← C0(X )← 0.

The n-th cohomology group of X is Hn(X ) = ker δn/ im δn−1.
Define Borel-Moore cohomology Hn

BM(X ) in the same way.
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What’s the point?

Why is cohomology useful?

Can be given a ring structure (via "cup product"
Hm × Hn → Hm+n).
The homology

⊕
n∈N Hn is a module over this ring (via "cap

product" Hm × Hn → Hn−m).
"Encodes" more information about X .
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Poincaré duality

Theorem (Poincaré duality)
Let X be a closed subset of a smooth, oriented manifold M
with dimR M = m. Suppose X has a closed neighbourhood
U ⊆ M such that X is a proper deformation retract of U.
Then

HBM
n (X ) ∼= Hm−n(M,M \ X )

Let M be an oriented manifold with dimR = m. Then

Hn
BM(M) ∼= Hm−n(M)
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Building Long Exact Sequences

Theorem
Let Z ⊆ Y ⊆ X. There is a long exact sequence of cohomology
groups

· · · → Hn(X ,Y )→ Hn(X ,Z )→ Hn(Y ,Z )→ Hn+1(X ,Y )→ · · · .

Theorem
Let X be "nice", U open in X and Y = X \ U. Then there is a
long exact sequence of Borel-Moore homology groups

· · · → HBM
n (Y )→ HBM

n (X )→ HBM
n (U)→ HBM

n−1(Y )→ · · · .

Proof: Embed X into a smooth, oriented manifold M, take the
long exact sequence of cohomology groups of
M \ X ⊆ M \ Y ⊂ M and apply Poincaré duality.
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That’s all!

Thank you :-)
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