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We derive the shape equations in terms of Euler angles for a uniform elastic rod with
isotropic bending rigidity and spontaneous curvature, and study within this model the
elasticity and stability of a helical filament under uniaxial force and torque. We find that
due to the special requirements on the boundary conditions, a static slightly distorted
helix cannot exist in this system except in some special cases. We show analytically that
the extension of a helix may undergo a one-step sharp transition. This agrees quan-
titatively with experimental observations for a stretched helix in a chemically-defined
lipid concentrate (CDLC). We predict further that under twisting, the extension of a
helix in CDLC may also exhibit similar behavior. We find that a negative twist tends to
destabilize a helix.
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1. Introduction

The study of a long thin rod (i.e., a filament) has a long history in mechanics and
engineering dating back to Euler and Lagrange.? It has an increasing importance
due to recent experiments and theories which revealed its relevance to microscopic
objects such as carbon nanotubes®® and biomaterials.?*2 In a first approximation,
a rod can be viewed as an inextensible chain with a certain bending rigidity but with
negligible cross-section. This is called the worm-like chain (WLC) model.?* 27 The
WLC model has been used to predict a biopolymer’s elastic response successfully
in the low force regime. But the WLC model cannot account for the behavior of a
rod under twisting. The next approximation is to regard the rod as a chain with a
spontaneous twist and a circular cross-section which ensures an isotropic bending
rigidity. The corresponding model is often referred to as the worm-like rod chain
(WLRC) model.?*3! The WLRC model has been applied successfully to explain
the supercoiling properties of double stranded DNA (dsDNA). But the WLRC
model cannot yield a free standing helix, that is a helix free of force and torque. To
describe a rod which can form a free standing helix, it is necessary to consider a
model with spontaneous curvatures,’*344 and this is the model we will investigate
in this work.

Of all the possible conformations of a rod, the helix is in general the first one
to be studied due to its simplicity and it is one of the most common filamentary
structures found in nature. In this paper, we attempt to provide a full picture
of the elasticity of a helical rod within a model with spontaneous curvatures and
twist. We have presented a brief report on the elasticity of a helical rod under fixed
torque in a more general model, i.e. a rod with spontaneous curvatures, torsion
and non-circular cross-section.*® In Ref. 45, we find that a helical filament may
undergo a one-step shape transition in extension under-stretching force, and the
corresponding energy-force curve is self-crossed, indicating a metastable regime.
In this paper, we present a detailed study on a slightly simplified model, i.e. a
filament with a circular cross section. The appeal of the present model is that all
variables can be separated completely so the expressions can be simplified greatly,
and consequently, it is easy to get a full picture of the physical properties of the
filament. Our results agree well with a recent experiment for a helix in a chemically-
defined lipid concentrate (CDLC).3Y This experiment observed a one-step reversible
sharp transition of extension from an almost perfect helix, to an almost straight
line, and there is a metastable regime, in which upon nucleation, the helix separates
into two domains, one straight and the other helical.?® Moreover, the elasticity and
stability of a twisted helical filament with fixed force does not seem to be available
and so we present a detailed discussion of this important issue in this work.

There are in general two ways to study the behavior of a filament. The statis-
tical mechanical treatment is used to find many useful quantities such as the mean
chain extension and correlation functions. However, such an approach provides only
averaged quantities and some important information such as the shape of the
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filament is not available. On the other hand, the classical mechanical

d18:20,21,23 can provide some additional insights, and such a treatment is rea-

metho
sonable if thermal fluctuations are negligible, such as when the persistence length
of the helix is comparable to the length of the filament, which is the case for the
experiments we will discuss.?’

In this paper, we derive the shape equations for a uniform rod with a circular
cross-section in terms of Euler angles 6, ¢ and . We find that to form a helix,
the Euler angle ¢ must be a constant determined by the spontaneous curvatures.
From the boundary conditions, we find that in general, a static, slightly distorted
helix cannot exist in this model, though dynamically it is still possible. The elastic
response and stability of a helix under different constraints are also studied. We
find that negative twisting (unwinding) tends to destabilize a helix. We find that
the extension of a helix may be subject to a one-step sharp transition. Especially,
we predict that under twisting, the extension of the helix in CDLC can undergo a
sharp transition.

This paper is organized as follows. The following section introduces the model
and derives the shape equations of the helical filament. Section 3 presents our results

under external force and torque. A summary concludes the paper.

2. Shape Equations of the Model

Using arclength s as the variable, the configuration of a uniform rod can be de-
scribed by a triad of unit vectors {t;(s)}i=123, where t3 = dr/ds is the tan-
gent to the center line r of the rod, and t; and t; are oriented along the prin-
cipal axes of the cross-section. The orientation of the triad as one moves along
the filament is given by the solution of the generalized Frenet equations that de-
scribe the rotation of the triad vectors, dt;(s)/ds = —3; keijxw;(s)tr(s), where
€;jk is the anti-symmetric tensor, and {w;(s)} are the curvature and torsion pa-
rameters. Using Euler angles 0(s), ¢(s) and v(s)* to relate the fixed coordi-
nate system to the frame rigidly embedded in the rod in its relaxed configura-
tion, 19212334 we can write t3 = {sin@sinf, — cos ¢sinf,cosf}, and the normal
n = {cos¢pcost — cosBsin ¢sin, sin ¢ cos ) + cos b cos psin 1, sinfsinp}. It fol-
lows that

w1 = sin@sin e + cos v, (1)

wo = sinf cos P — sin Y, (2)

ws = cos 0 + 1), (3)
where the symbol “ 7 represents the derivative with respect to s.

The energy of a uniform rod with spontaneous curvatures wig, wgo and
spontaneous twist rate wgp, as well as the symmetric bending rigidities can be
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written as

L
E:/ Eds,
0

&= a2_1 [(w1 = w10)® + (wo — w20)?] + % (w3 —wo)® = feosf —T¢—Tydh, (4)

where a; is the bending rigidity and ag is the twisting rigidity, f is a uniaxial force
and is along the z-axis (f < 0 for compression), and I is the torque which produces
the rotation of the central axis around the z-axis, and I'y, is the torque which results
in the rotation of the cross-section around the central axis of the filament (T' < 0
for an unwinding torque). Note that if the force has all three components (such as
when fixing both ends of the rod), the term fcos# must be replaced by f-t. We
do not consider this much more complicated case because the force used in a force
experiment is always uniaxial. Moreover, the torque may also be more complex and
difficult to realize, so we stick to the simplest geometries. In a macroscopic exper-
iment, one has often I' = 0. In contrast, in a microscopic experiment, the torque
has often a component along the direction of the stretching force.' In experiments,
especially for biopolymers, one also often fixes the supercoiling degree!'? and in this
case, we have I' = I;,.21:22

In the absence of force and torque, it is obvious that the stable conformation of
the filament, with £ = 0, is given by

W1 = W10, Wy = W20, and w3 = Wwo - (5)

These equations determine the free standing helix with constant curvature
(= Vwi, +ws,) and constant torsion (= wg), but the axis of the helix can
point in any direction. For a free standing helix with its axis along the z-axis,
we must have § = 01 = const., ¢ = dps, s0 0 = Oy = tan"'(\/w?, + w3y /wo),
¥ = hy = tan"H(wio/wa0), Pn = dno = Vwiy +wdy + w3, £ = ko = /wiy +wdy,
T =T0 = Wo.

Extremizing E, we obtain the shape equations for a static filament,

az —a

alé + ! sin 20¢2 + CL1((.L)20 COSdJ “+ wio sin ¢)QZJ

+ play cos B(wag cos 1 + wigsin ) + azsin (Y — wy)] — fsinh =0, (6)
a1 sin O(—waqg cos Y — wip sin ) 4 sin 9¢) + ag cos 0(—wg + cos 0 + 1/)) -Tr=0C, (7
as(cos 0 + 1/)) + aq sin O(w1p cos P — wop sin 1/1)(;5

— (a1wap cos Y + ajwig siny + asz sin 9¢)9 =0. (8)

Suppose the filament is fixed at one end (s = 0), the boundary conditions (BCs) at
s = 0 are simply 6(0) = 0y, #(0) = ¢ and 1»(0) = ¢p. The extremum in the energy
requires the following additional BCs at the other end (s = L),

o€ o€ o€
<39 >S—L <5’¢ ¢> s=L <57/1 dj) s=L ®)
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or
01, + wag sin by, — wig cosr]ofr, = 0, (10)

1 . .
§(a1 + as + (ag — a1) cos201,)dr + as cos (Y, — wp)
falsinﬂL(wmcosdJL +W10Sin¢)L)7F §¢L =0, (11)

[az(cosOp¢r + Yr, — wo) — Ty]dtbr, =0, (12)

where ¢, = ¢(L), 0, = 0(L) and ¢, = ¢(L).

Equations (6)—(8) are nonlinear coupled differential equations which are very
difficult to solve either analytically or numerically. However, it is easy to find ana-
lytic expressions for a helical filament.

3. Elasticity of a Helical Filament
3.1. General expressions for a helix

A helix with its axis along the z-direction of the fixed coordinate system can be
expressed as
sin 04

r= {sin. 0" [1 — cos(¢ns)], — ——— sin(@ns), cos GHS} ’ (13)
on bn

where ¢, and 87 are constants. The handedness of the helix is determined by the
sign of gi)h. The radius of the helix is a = sin@H/Q.sh, the torsion is 7 = gi)h cos 0¥,
the curvature is k = gi)h sin @, and pitch is p = 27 cos GH/gi)h. The unit tangent
vector of such a helix is therefore

t1 = {sin(dps)sin 07, —cos(dps)sin, cosf}. (14)

From the requirements that a helix has constant curvature and torsion, McMillen
and Goriely showed that in general a helix must have a constant 1,** except for
the WLRC model with wig = wao = 0. As a consequence, 8(s) and ¢(s) must also
be constants, otherwise we have three differential equations but only two indepen-
dent unknown functions 6(s) and ¢(s), so the problem becomes over-determined.
Moreover, with 1 constant, we can show that under a non-uniaxial force, there
is no helical solution for the shape equations, because the independent unknown
functions in the shape equations will become 6(s) and ¢(s). This is in fact resulted
from the special BCs required by a helix which we will report in the following, i.e.
one cannot fix 6(0) for a helix. These conclusions are also valid for a filament with
non-circular cross-section.

Therefore, with 6(s) = 6 = constant, ¢(s) = ¢ps with ¢, also constant,
and ¢(s) = ¢ = constant, the shape equations for a helix in this model can be
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reduced to

. 1 .
[a1 cos B(wag cos ) + wig sin ) — azwo sin Oy, + 5((13 —ap)sin20¢; — fsinf =0,

a1 sin 9(gi>h sin @ — wop cos Y — wip siny) + as cos 9(gi>h cosf —wy) —I'=C, (16)

tan ) = 12 | (17)
w20

Note that in this case, ¥ is exactly the same as that of a free standing helix. For a
helix, z,.. = cosf is equal to the relative extension and this is also an advantage of
the use of Euler angles. Since excluded volume effects are not included, z,. < 0 is
allowed in this model. But z,. < 0 is unphysical so we will not consider this case.

The twisted vertical line with I' = I'y, = 0 is given by 0(s) = 0. It requires
tanty) = —wap/wip = wip/wao, and it follows that wig = wgg = 0. This brings us
back to the WLRC model.

In the general cases, for a helix, the BCs (10)—(12) become

[wao sin vy, — wigcos )60, =0, (18)

[T — @y sin 6(—wag cos 1h — wiosiny + ¢y, sin6) — as cos (g cos b — wo)|ddr, =0,
(19)
[ag(COS GLQZ.)L — wo) — F¢]5¢)L = O . (20)

BC (18) is automatically satisfied due to Eq. (17). But note that we have only one
undetermined constant (C') in the shape equations for a helix, so the parts in bracket
in Egs. (19) and (20) cannot vanish simultaneously except for the WLRC model [see
Eqgs. (33)-(35)] or we can always keep I'y, = az(cosfrér — wp) which is uneasy in
experiment, since otherwise it gives over-determined equations. Therefore, to have
a helix, we have three kinds of possible BCs. The first kind of allowed BCs is

I' —aysin G(q.bh sin @ — wog cos ) — wipsiny) — as cos 9((;5h cosf —wp) =0, (21)

S =0. (22)

01, = 0 means that the ¢, should be fixed. But since ¢ is a constant for a helix,
fixing 11, does not provide an additional constraint. To realize this condition, one
simply does not fix the cross-section at both ends tightly on a non-deformable
substrate but allows ¢ to relax to the required value. This is also the BC used in

some force experiments.3?
The second kind of allowed BCs is

a3(cos B¢y, —wp) — Ty =0, (23)
561 = 0. (24)

8¢, = 0 means that ¢ should be fixed and so ¢, = (¢ — ¢0)/L which would
determine C'. This condition is however difficult to realize since it requires fixing
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both ¢(0) and ¢(L) and may require additional and complicated applied forces and
torques at both ends. In turn, the energy functional [Eq. (4)] may not be valid in
this case. Therefore, we do not discuss the behavior of the helix given by BCs (23)
and (24) in detail in this work.

The third kind of allowed BCs is

5¢L =0 and 51/)L =0. (25)

But it is easy to verify that replacing I" by I' + C, BCs (25) give exactly the same
results as those given by BCs (21) and (22), so they are in fact equivalent. In the
same way, we can show that to fix 8 and ¢ at s = 0 is in fact unnecessary for a
helix.

From Egs. (15)—(17) and (21)—(22), we can obtain

= tan~! w1g ¢ T+ aszzrewo + a1/ 1 — 22.K0 (26)
- ) h — D) 2 )
w20 (11(1 - zre) + aszzy,

[a1as3kozre — \/1 — 22,((a1 — a3)T zre + a1aswy)]
X (T + aszrewo + a1/1 — 22,K0)

— , (27)
V1=22lai(l —23,) + a2l ]?
Ehelix = = ) (28)
2¢/1 = 22 kolar(1 — 22,) + azz2.]?
e1 = —2a1[(a; — 3(a; — ag)zfe +2(a; — ag)zfe)l"

—agzl (a1 (1 — 22.) + az (27, — 2))wolkj
— /1 — 22 kolaz 22 T(3T + 4azzrewo)
+ a%a‘?’(_(l - 212‘6)2"‘](2) + 272‘6(1 + 212‘6)’%(2))

- al((323€ - 1)F2 + 4&32?61—‘000 + agzge((ZQ - 3)”8 + Z?‘e’%g))] . (29)

Te

It is clear that z,. may be a multi-valued function of f and I', and so is the energy. It
means that the energy may be self-crossed, making abrupt changes in z,.. possible.
It is also interesting to note that I'y, plays no role in forming a helix. This is simply
because we cannot fix ¥y, so applying a torque directly to the cross-section will
result in a continuous rotation.

We should point out that there are many possible BCs for a filament, and
different BCs may lead to different solutions. These BCs correspond to different
constraints in experiment. Moreover, the results with different BCs are in fact not
comparable directly. These important points are however often ignored in the study
of the shape and stability of a filament. For instance, the simplest BCs are to fix
two points only, but to allow the relaxation of 6, ¢ and v at both ends. In this
case, the forces of both ends have in general all three components. One can further
fix some angles which requires the application of a torque (or stress). In a force
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experiment, one usually applies a uniaxial force at one end. But even in this case,
there are still different choices of BCs. For instance, if one fixes the initial tilting
angle 6(0) but allows the relaxation of ¢ and ¥ at both ends, then the rod can
form a helix only in some special cases with f, I' and I'y, given by Eq. (27). For
instance, if we fix #(0) and I" but vary f, then one can observe a helix only when
0(0), T and f satisfy Eq. (27). That often occurs in a macroscopic force experiment
since it is relatively easy to fix 6(0), such as to clamp one end of the rod or to graft
a small portion of rod at some fixed initial angle #(0) to a substrate. However, in
microscopic experiments, it is relatively easy to fix the initial position, but difficult
to fix 0(0). Therefore, with the adjustable 8(0), at the microscopic level it should
be easier to observe a helix under arbitrary force and torque.

With boundary conditions [Eqgs. (21) and (22)], in general a static and slightly
distorted helix cannot be formed in this model as an equilibrium configuration. This
is because ¥ will no longer be a constant, otherwise we will have three ordinary
differential equations [Egs. (6)-(8)], but only two variables [f(s) and ¢(s)]. Further-
more, if ¥ is s-dependent, the condition §) = 0 cannot be used since it means that
we need to fix both (0) and (L) and impose additional and complicated forces
and torques at both ends. In turn, the energy functional [Eq. (4)] is not valid in
this case. Therefore, for a non-helical shape, 1 should be s-dependent, and so from
Egs. (11) and (12), the BCs will become

1 . .
5 [a1 “+ a3 + (CL3 — al) COSQGL]QSL + as COSQL(QZJL — wo)
—ay 8in 0y (wag cos Yy, + wigsiny) —T' =0, (30)

ag(coseLq'ﬁL—HbL —wp)—Ty =0. (31)
However, in general, a helix cannot satisfy these two BCs simultaneously. For in-
stance, from Eqgs. (26)—(28),
D
ar1(1 —22) + asz. (32)

D = ajazlkozre/1 — 22, — wo(l — 22)] + azzpel — [a1(1 — 22,) + azz2 Ty .
For a given filament, D vanishes only for some special values of z,., with special f,
I' and I'y,. That means a slightly distorted helix can only be formed around these
special z,.. For instance, when I' = I'y, = 0, only the free-standing helix can satisfy
both BCs so we can observe a nearly helical shape around a free-standing helix.
But under arbitrary force and torque, in general, a static filament can be either a
perfect helix or something far from a helix, but cannot be a slightly distorted helix.
These conclusions are also correct for a filament with a non-circular cross-section.
We should point out that we do not exclude the possibility of forming a slightly
distorted helix dynamically, since dynamically, the energy of the system does not
need to be minimum.

The helical solution with s-independent v for the WLRC model can be obtained
from Eq. (26) by taking wip = wep = 0. ¢ can be arbitrary in this case because

az(Zredn + 1 — wo) — Iy =
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the energy is independent of . On the other hand, with w9 = wyy = 0, from
Egs. (6)—(12), we can find another helical solution for the WLRC model as

_TDy(1+22) = (2 4 T3)z

=22 ’ 39)
o(s) = as, o= % , (34)
Y(s) = (wo — Zre + E—Z)) S. (35)

This solution allows a s-dependent 1, but the force always decreases with increasing
extension, so it should be not a stable solution and therefore we will not discuss it
anymore.

3.2. Stability criterion

The helix obtained so far may be unstable since it may correspond to a maximum
or a saddle point in energy. The stability (or at least metastability) of a rod requires

L
°FE = / Z S,»jéménj ds >0, (36)
0

i,j=1,5

where S;; = 02E/0n;0n;, with m1 = 0, n2 =1, 93 = &, na = 6, m5 = 1. The positive
(negative) definiteness of matrix S (with elements S;; = 9*E/0n;0n;, i,7 = 1,5)
gives the sufficient condition for the stable (unstable) shape since it guarantees
the validation (violation) of Eq. (36). Such a criterion may be very useful in some
special case. However, it is not a necessary condition for the stability since 14 and 75
are not independent variables so .S cannot determine the stability completely. This
criterion is also too stringent for a helix because even under a very low force, the
determinant of S would be negative.*> It is also obvious that stability is boundary-
condition-dependent.

For a helix, n4 = 15 = 0 and so a necessary condition for stability is the positive
definiteness of matrix S” (with elements Sj; = 9°€/9n;dn;, i,j = 1,3). This can
be seen by noting that if we consider a simplified model with n4s = 15 = 0, we will
obtain exactly the same shape equations but the corresponding stability will be
completely determined by the positive definiteness of matrix S’. In other words, if
all three eigenvalues of S’ are positive, then the helix may be stable. Otherwise, if
the three eigenvalues are all negative or do not have the same sign, the shape must
be unstable. We cannot yet prove rigorously that it is also the sufficient condition
for a stable helix, but at least it is robust because from it we can find that if the
force increases with increasing extension, the helix will be stable, but if the force
increases with decreasing extension, the helix will be unstable, in accordance with
experimental observations. We should also be reminded that this criterion may be
valid only for a helix.
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Fig. 1. Extension-force (curve a) and energy-force (curve b) relations for a helix. The parameters
in figure are wp = 0.09818 x 10> m~!, kg = 0.50732 x 10> m~!, a1 = 1.7797 x 10~19 Nm?,
a3z = 18.686 x 10719 Nm?, and I" = 0. The units of f and £ are 1079 Newton. The elasticity of
this helix agrees well with that observed for a helix in the CDLC.

For a free-standing helix, it can be shown exactly that all three eigenvalues of
S’ are positive so that the free-standing helix should be stable. This is what should
be since the free-standing helix gives the minimum energy for the model.

Note that the positive definiteness of S’ may only give a metastable conforma-
tion since under the same f and I', there may be several different solutions. A stable
conformation requires a well-defined minimum in energy.

3.3. Discontinuous extension transition for a heliz under fixed
torque

This problem was tackled in a recent paper in a more general model of a rod with
a non-circular cross-section (see Ref. 45). The most significant finding is that with
proper parameters, a helical filament can be subject to a one-step first-order tran-
sition in z,. under a stretching force, and the corresponding energy-force curve
is self-crossed, as shown in Fig. 1. The two tips in both the extension-force and
energy-force curves define a metastable regime, in which the part on the right side
of the cross-over point in energy corresponds to the jump in z,. with increasing
force. In contrast, the part on the left side of the cross-over point of energy corre-
sponds to the possible collapse of z,. with decreasing force. We find that increased
twist rigidity, spontaneous curvature or decreased spontaneous torsion sharpens the
transition of a helix under stretching. In contrast, a large bending rigidity favors
a sharp transition under extension for a helix under compression. The role of the
applied torque is complex. When the spontaneous curvature is small, under a small
torque the sharpness of the transition is reduced but under a large torque the jump
is favored. However, with a large spontaneous curvature, even a small torque favors
a sharp transition. Hysteresis may be observed under decreasing force.
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In view of the large parameter space to explore and the fact that the essential
features are the same for a symmetric rod, it is advantageous to revisit the problem
with the present model where three variables (6 or z,, é and 1) can be separated
completely. In this model, one of the eigenvalues of S’ can be found to be

A = a1wz0/1 — 22,(T' + aswozre + a1wzoy/1 — 22,) (37)

a3Z7%e + al(l - Z%e)

It follows that a large negative I' tends to destabilize the helix. The other two
eigenvalues can also be written in closed form but the expressions are lengthy so
we do not present them here. A new finding with this model is that if a; > a3 and
under compressive force (i.e. f < 0), there may also be a one-step transition of z...
Our calculations show further that df /dz,. always shares the same zeroes with one
of the eigenvalues of S’, and the regime with df /dz,. < 0 always overlaps with the
regime having negative eigenvalues. It means that the regime with df /dz,. < 0 is
always unstable, as common sense would suggest. In contrast, in most cases, the
regime with df /dz,. > 0 is stable or at least metastable. Furthermore, we find that
in most cases, there is only one eigenvalue which can change sign as f is varied, so
the unstable points are saddle points. Besides the metastable regime mentioned in
the first paragraph of this section, df /dz,. < 0 in general occurs for large negative
torques or strong compressive forces.
Moreover, from Eq. (27), when z,. — 1,

asl'(T + aszwo) — a1 (T + azwo)? + alask? n a1(T + aswo)ko
a? ag\/1 — 22, .

It follows that except for (I' + aswg)ko = 0, to stretch a helix to its full length

requires infinite force. As a consequence, a helix with (" + aswg)ko = 0 may have

quite a different behavior. In the special case with wg = 0 and I' = 0, we can find
that

f— (38)

df  alaskilar + 3(a1 — as)z2,]
dz far(1—22) + asz2)?

>0. (39)

Therefore, in this case, the force increases monotonically with increasing z,., so that
there is no sharp jump in z,. of the helix. This gives another very important reason
why one cannot observe the sharp jump of extension for most macroscopic helical
springs since a macroscopic helical spring in general has very small or even vanishing
spontaneous torsion, and in general in experiment I' = 0. Such phenomena should
be observable in the material having screw axes since it corresponds to an intrinsic
torsion, but such materials are in general not appropriate for a macroscopic spring.
However, many microscopic objects have spontaneous twisting. Therefore, it should
be easier to observe a sharp jump in the extension in microscopic objects. But if
I' # 0, one may still observe the sharp change of z,.. even with wy = 0.

It has been reported that under a stretching force, a helix in a CDLC, which
is produced in the process of cholesterol crystallization in the native gallbladder
bile, can undergo a one-step reversible sharp transition in the relative extension z,.



1906 Z. Zhou et al.

from an almost perfect helix to an almost straight line (z.. = 1),3 and there is a
metastable regime, z,.. = 0.28 to z,.. = 0.41 (note that the pitch angle ¢ in Ref. 39
is the same as 7/2 — 6 in this work), in which upon nucleation, the helix separates
into two domains, one straight and the other helical (z,. = 0.28). Reference 39 also
constructed a free energy model to account for the phenomena. However, we find
that our model is enough to predict these experimental observations. We can first
note that in this model, z,. is essentially one, or the helix becomes a straight line
in the stretched regime. By expanding around z%, = cosfly = wo/|¢no| and up to
the first-order, we get f = k(zp — 20.), where k = a1as|¢no|®/(a15§ + azrdw?) is
the spring constant. We use the radius Ry = 19 ym, z,.. = 22, = 0.19 of the free-
standing helix, and the spring constant reported (= 4.8 x 10"Nm~!) to remove
three of the four parameters in our model, and use as/a; as the unique parameter
to fit to the right tip of the sharp edge (given by df /dz,. = 0 with z.. &~ 0.41) in
the extension-force curve, and find that a1 = 1.7797 x 10~ Nm?, a3 = 18.686 x
10719 Nm?, wy = 0.09818 x 10° m~!, kg = 0.50732 x 10° m~!, and also recover
the solution obtained in Ref. 45. This solution gives the cross-over point of energy
at zr = 0.278 and the right tip of the sharp edge of the extension-force curve
at z.. = 0.413. These two bounds provide a perfect agreement with the observed
metastable regime. Moreover, due to the self-crossing in the energy-force curve,
the two-domain (one straight and the other helical) coexistence is possible around
the cross-over point, especially if one considers thermal fluctuation, as observed in
experiment.3?

Another interesting case would be the behavior of the short dsDNA chain under
low torque since it can be described by the WLRC model, although to keep a non-
vanishing torque in experiment may be difficult due to the special requirement on
the boundary conditions. For the WLRC model, we do not find the sharp change
in the extension. Furthermore, if a; > as, we can show df /dz,. < 0 exactly so the
helix is unstable. For the dsDNA, we have a; = 53 nm kT, azg = 75 nm kT, wg =
27/(10.5x0.34) nm ™!, kp is the Boltzmann’s constant and 7 is the temperature. In
this case, we find that when I" = 0, df /dz,. > 0 requires z,. > 0.8961, which means
that the helix can be stable only at a large extension. Negative torque tends to
make the helix unstable, but the positive tends to stabilize the helix. We should be
reminded that the helix for the dsSDNA here represents the shape of the axial line of
the dsDNA, and is different from the shape of the backbones which is intrinsically
the double-stranded helix. We should also note that the long dsDNA chain is not
a proper object because it will be subjected to serious thermal fluctuation.

3.4. FElasticity of a helical filament under constant force

f =0 is special. In this case, from Eq. (27), we get

I' = —a3zrewo — a1/ 1 — 22.Ko , (40)
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CL1@3(I€()ZT€ — Woy/ 1- Z%e) (41)
(ay — a3)zrer/1 — 22,

But Eq. (40) leads to ¢;, = 0 so it is not a helical solution. From Eq. (41), in this

case, zre = 0 and z,, = 1 all require an infinite I' and energy. It can be shown that

or I'=

dl'/dz,. has the same sign as a; — as, S0 2. is a monotonous function of I' and
therefore there is no sharp jump of z,. in this case.
When f # 0, we can show that

Axar(1—22)+ agz?e]\/g

F=le= 2(a1 — az)zrer/1 — 22, (42)
A = afwozlo /1= 22, — afkozre(1 - 27,)

—arazfwoy/T = 22(1 + 27.) — Kozre(2 = 27,
B =a3wi(1—22) — 2a1a3wonozre@

+zre[d(ar — a3) f(z7. — 1) + alkgzre] (43)

where the 4+ in the numerator of Eq. (42) corresponds to I'y. Note that I’y = I'y
when B = 0. B may be always positive in the interval 1 > 2, > 0 and in this case,
the relationship between z,. and I' is separated into two disjointed segments given
by I'1 and I'y respectively. Moreover, when B has zeros in the interval 1 > z,.. > 0,
our calculations show that B has in general two zeros except in the case with wy = 0,
and it follows that the relationship between z,. and I' is also separated into two
disjointed segments. However, the stability analysis shows that the left segment (i.e.
with large negative torque) is always unstable, so we will not discuss it anymore.
This result agrees with those reported in the Sec. 3.3. When wy = 0, we can show
exactly that B has at most one zero in the interval 1 > z,.. > 0.
One of eigenvalues of S’ can be found to be
a1k0(a1Kozre — azwor/1 — 22, £+/B)

At = 2(a1 — as)zre ’ (44)

where the + corresponds to I';. From Eq. (44), we find that when z,.. — 0, A1+ —
—aikof/(aswo), \i— — araswoko/(azzre —a12re). When 2. = 1, A1 = afri/(a1—
as), M1— = 0. As a consequence, if az < a1, A— < 0 when z,. closes to zero, then
the helix given by I's is unstable in z.. ~ 0. If a3 > a1, A1+ < 0 when z, closes to
one, then the helix given by I'; is unstable in z,.. ~ 1. Moreover, if f > 0, A1 <0
when z,.. closes to zero, then the helix given by I'y is also unstable in z,.. ~ 0.
From Eq. (42), we find that if a3 > a; and f > 0, when f and a3 are both small,
the z,. is in general a two-valued function of I'; and the two branches are separated
by a minimum torque, Iy, (with z.. = 27), as shown in the curve (a) of Fig. 2
and the solid line of Fig. 3. However, we find that the upper part with z,. > 27
and dI'/dz > 0 has always a higher energy than the part with z,. < 2 under the
same I', so the upper part is unstable, and the stability analysis using S’ gets the
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Fig. 2. Typical extension-torque relation of a helix under constant force. The parameters are
(a) wo = 0.1, ko =1, a1 =1, az = 1.5 and f = 0.2. (b) The same as (a) except for f = 1.
(c) The same as (b) except for a3 = 10. The left segment of each curve is not plotted since the
corresponding shape is unstable. The dotted lines indicate the unstable regime. I" has the same
units as ajkg.
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Fig. 3. Energy versus torque I' for a helix corresponds to Fig. 2. The solid line corresponds to
curve (a) in Fig. 2, the dashed line corresponds to curve (b) in Fig. 2, the dotted line corresponds
to curve (c) in Fig. 2. The units of energy per unit length are those of a1 5(2], while for T" they are
those of aikg.

same conclusion. Therefore, in fact the z,. of right segment decrease monotonically
with increasing I', so that no jump in z,.. can occur. It also suggests that a helix
is prohibited in large z,.. Increasing f makes the z,. decrease monotonically with
increasing T, as shown in the curve (b) of Fig. 2 and dashed line of Fig. 3. Large ag
and f may lead to a jump or collapse in z,., as shown in the curve (¢) of Fig. 2 and
the dotted line of Fig. 3. In this case, z,. decreases with increasing I" until a local
maximum I', in which the z,. may collapse with further increase in I'. A hysteresis
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Fig. 4. Typical extension-torque relation of a helix under constant force. The parameters in the
curve (a) are wo = 0.2 and ko = 1, a1 = 1, a3 = 2 and f = —0.1. The parameters in the curve
(b) are the same as (a) except for az = 15. The left segment of each curve is not plotted since the
corresponding shape is unstable. The dotted lines indicate the unstable regime. I' has the same
units as aiko.

may also be observed if I' decreases from a large value. From stability analysis using
S’, we find again that the regime with dI"/dz > 0 is always unstable.

If a3 > a; and f < 0, we find that there is no sharp jump in z,.. When a3
and wp are both small, z,. is a single-valued (but not monotonic) function of T,
as shown in the curve (a) of Fig. 4. When a3 is large but wp is small, the z.. of
the right segment is a two-valued function of I" with a minimum torque, I'y,, (and
zZre = 27, as shown in the curve (b) of Fig. 4. However, the part with z,. > 27 has
always a lower energy so that the part with z,. < 27 is in fact inaccessible. The
stability analysis using S’ supports this conclusion again. Therefore, z.. is again a
single-valued (but not monotonic) function of T

If ay > a3z and f > 0, when f is small, the z,. of the right segment is again a
two-valued function of T', as shown in the curve (a) of Fig. 5. However, we find that
the part with z,. > 2% has always a higher energy than the part with z,. < 22
with the same value of I', and so is unstable. Therefore, in this case, the z,. value
of the right segment is in fact a single-valued (but not monotonic) function of T
Increasing f makes the z,. value of the right segment a monotonic function of I,
as shown in the curve (b) of Fig. 5.

If a1 > a3 and f < 0, and when wy is small or under large |f]|, the z,. value of
the right segment becomes a two-valued function of T', as shown in the curve (c) of
Fig. 5, but the part with z,. < 272 has in general a higher energy than the part with
Zre > 2,
monotonic function of I". A stability analysis using S’ supports this conclusion.

The relationship between z,. and I with fixing f can be summarized in Table 1.
We find that negative torque tends to make the helix unstable, and when as > aq,

and so is unstable. Hence, the z,.. value of the right segment is in fact a
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Fig. 5. Typical extension-torque relation of a helix under constant force. The parameters in (a)
are wo = 0.2, kg = 1, a1 = 5, a3 = 1 and f = 0.1. The parameters in (b) are: wo = 1.2, kg = 1,
a1 = 15, a3 = 1 and f = —0.5. The parameters in (c) are the same as (b) except for f = —2.
The left segment of each curve is not plotted since the corresponding shape is unstable. I" has the
same units as ajkg-.

Table 1. Trends in the variation of z,. as a function of I' with fixing f.

az > ay a3z < ai

f >0 Monotonically except for large If f is small, single valued but
a3, f and small wo. not monotonic. If f is large,
monotonic.

f <0 Single valued but not mono- Monotonic.
tonic.

and wy is small, and a3 and f are large, there may be a sharp change in z,.. because
the z,. value can be trivalued functions of I'. Otherwise the z,. values of the helix
are in fact single-valued functions of I'; and no sharp change in z,. can occur.

Whether the behaviors reported in this section are observable in experiments is
an intriguing question. We have to say that due to the special requirements of the
boundary conditions, the relevant experiments may be difficult. The short dsDNA
chain under low torque which can be represented by the WLRC model, and the helix
in a CDLC are likely candidates to observe these predictions. We expect that such
experiments would give some important insights on the elastic properties of these
biopolymers as well as on how appropriate the elastic model is for describing these
biopolymers. For the WLRC model, we do not find a sharp change in the extension.
Furthermore, we find that at the same z,., the helix given by I's has always a lower
energy than that with I'y, so only the helix given by I'; is observable. Moreover, if
a1 > ag or dI'/dz > 0, the helix is always unstable so that the extension of a helix
decreases monotonically with increasing torque.
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The more interesting case should be the elastic property of the helix in a CDLC
because we can predict a sharp transition of z,. under a moderate stretching force.
Using the parameters given in Sec. 3.3, we find that when f > 0.155x 1072 N, there
will be an abrupt change of extension for a helix under twisting. This follows from
the expression given by I's and it has a similar behavior as shown in curve (c¢) of
Fig. 2. Moreover, the two-domain (one straight and the other helical) coexistence
is also possible due to the self-crossing in the energy—torque curve. In contrast, in
this case, the helix given by I'y is always unstable.

4. Concluding Remarks

In summary, we derive the shape equations in terms of Euler angles for an elastic
rod with spontaneous twist and curvatures and with isotropic bending rigidity. We
find the boundary conditions required to form a helical filament in a force experi-
ment. Due to the stringent requirements of the boundary conditions, we show that
in static state, there is no nearly helical solution in the model in a force experi-
ment except for some special cases. Besides these special cases, the observed nearly
helical shapes should be due to the non-uniformity of the filament, or the effect
of thermal fluctuations which allow the exploration of non-equilibrium structures
near the minimum energy configuration dynamically. We present in detail the closed
form expressions for the helical solution and study the elasticity and stability of the
helical ribbon under different conditions of stretch and twisting. We find that the
extension of a helix may be subject to a one-step sharp transition when using
the torque as the independent variable. This agrees quantitatively with experimen-
tal observations for a stretched helix in a chemically-defined lipid concentrate.?
More specifically, the sharp transition in extension z,. in a helix may occur when
the twisting rigidity as is larger than the bending rigidity a; and the spontaneous
twist rate wg is small, or when a3 > a; with both a3 and the applied stretching
force f large, or a; > as but under a compressive force. We predict further that
the extension of the helix in a CDLC may have an abrupt transition if it is subject
to a variable torque and a fixed stretching force. As mentioned above, our results
also show that there is no multiple-step transition of the extension®? for a perfect
helix under stretching. We believe that a multiple-step transition can occur only
for a distorted helix. We also find that a strong negative torque always makes the
helix unstable.

Although the shape equations we derived are very general, we focus on the
simplest helical solutions in this work. In practice, a helical filament under force and
torque may be unstable and transform into other complicated shapes.? 104344 The
conditions of the transition and the relevant stability, both static and dynamical,
of the different shapes are in themselves intriguing issues. In this paper, we do
not consider thermal effects. Due to the self-crossing in the energy-force curve, the
direct effect of the temperature is to make the coexistence of the two domains
(one straight and the other helical) possible, as observed in experiment.3® Another
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important effect is a contraction of the rod due to configurational entropy, which
is analogous to a compressive force for a long rod, and it may make the transition
smoother. Therefore, it is reasonable to expect that the main characteristics of
our work, such as a first-order transition in the extension, should still be observed
even at finite temperature. Moreover, the conformational information so obtained
should be useful even in the case that entropic effects dominate, since energetics
are a crucial component in determining the most likely conformations.
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