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ABSTRACT. If FF — E — B is a fibration, a classical result of Varadarajan asserts
that cat E < cat F'+cat B(cat F'+1), where cat S denotes the Lusternik-Schnirelmann
category of S. We give improved upper bounds in the rational case of the form

cat oF < catoF + catoB(catoF + 2 — roF),
where roF is a new invariant, namely the rational retraction index of F satisfying
depth FF < roF < catoF,

so that we recover the classical formula when roF' = 1. However, the retraction index
is often larger than 1, and in particular, we prove that if H*(F;Q) is a Poincaré
duality algebra with at least 2 generators, then roF > 2, giving the bound of [11]
without their dimension hypothesis. Moreover, if F' is coformal, then roF' = cat o F,
which yields the much lower estimate

catoFE < catoF + 2cat o B.

INTRODUCTION

Let S be a simply connected CW complex of finite type. The Lusternik -
Schnirelmann category of S, cat .S, is the least integer n such that S can be covered
by n+ 1 open sets, each contractible in S [12]. In general, the computation of the
category is very difficult, even for compact Lie groups, where some recent progress
has been made by James and Singhoff [11]. We present here a new upper bound
for the category of the total space of a fibration that considerably improves the
classical one in many cases.

The main ingredient is a new homotopy invariant related to the category, the
rational retraction index, roS. This integer lies between the rational category (i.e.
the category of the rationalization Sp) and the depth of the rational loop space
homology

depth H,(QS5;Q) < rgS < catS.

For example, if S is an H-space of finite dimension, so that meyen(S) @ Q = 0
and dimmeqq(S) ® Q < oo, then ryS = cat ¢S.
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The integer r¢S and the rational category cat ¢S can be obtained from the Sul-
livan minimal model of the space [13], as follows. Denote by (AV,d) a minimal
model of S, and consider the commutative diagram

(AV,d) —— (AV/A>™V, d)

P (AV @ (Q® My,),6)

in which (AV,d) — (AV ® (Q & M,,),0) is a a semi-free extension of (AV,d)-
differential modules which is a model of the quotient map ¢, meaning that poi =g
and that p is a quasi-isomorphism. The rational category of S, cat (.S, is the smallest
m such that 7 admits a retraction, that is, a map p as above of (AV, d)-differential
modules with pi =id Ay [2, 7, 9].

Since p is surjective, by changing the basis of the free AV-module AV® (Q®M,,),
if necessary, we may suppose that p(M,,) = 0.

Definition. The rational retraction index roS, is the largest integer r, not ex-
ceeding cat oS, such that in any semi-free model with p(Meat,s) = 0, we have
p(McatoS) C AZTV_

We show why 705 is a homotopy invariant in section 2. Some other important
properties of rg are given by Propositions 1-4 below:

Proposition 1. IfS = S x---xSy, is a product, thenroS > roS1+- - -+7r9Sm > m.
Proposition 2. If S™ denotes the n-sphere, ro(S x S™) = roS + 1.
Proposition 3. If S is coformal, then roS = cat(S.

Proposition 4. If S is a Poincaré duality compler whose rational cohomology
algebra requires at least two generators, then rqS > 2.

The retraction index turns out to be an important tool for estimating the rational
category of the total space of a fibration F — E — B. The classical formula for an
upper bound for the category, due to Varadarajan [15], is

cat E < cat F' + cat B (cat F' + 1).

Our principal result is to use the invariant r¢S in order to improve this formula. In
the following, we suppose that B is simply connected and that all spaces have the
homotopy type of a CW complex of finite type. We obtain

Theorem 1. If FF — E — B is a fibration, then
cat oF < cat oF + cat gB(cat o F + 2 — roF).

In particular, for fibrations with a Poincaré duality complex as fibre, we obtain
a rational version of the James-Singhoff theorem [11] that avoids their dimension
hypothesis:
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Corollary 1. Let F — E — B be a fibration. Suppose that F is a Poincaré duality
complex whose cohomology algebra requires at least two generators. Then

cat g < catoF + catgBcatgF.

From the relation between retraction index and depth, we deduce from the the-
orem the following weak version of our upperbound theorem:

Corollary 2. If F — E — B is a fibration, then
cat gFf < cat oF + cat OB(cat oF + 2 — depth H*(QF, @))

When the inclusion of the fibre F' — FE induces an injection in rational homotopy,
the upper bound for cat gE can be reduced by cat ¢ B:

Theorem 2. If F S E—-Bisa fibration, and w,i ® Q is injective, then
cat oF < catoF + cat gB(catoF + 1 — roF)

The hypothesis on F' — F is satisfied for instance when the fibration admits
a section, or if the centre of the rational homotopy Lie algebra of F is trivial.
Together, Theorem 2 and Proposition 3 yield

Corollary 3. IfF “ E— Bis a fibration, m,i®Q is injective, and F' is coformal,
then
cat o < catoF + catoB

We note that the conclusion of Theorem 1 is also valid when cat oB is replaced
by cat o(E — B).

This paper is organized as follows. In the next section, we prove Propositions 1
to 4, using Sullivan minimal models. The relationship between the depth and the
retraction index is proved in section 3, and the main theorems are established in
section 4. In section 5, we give examples to show that the predicted bound of the
theorem is sharp, and then conclude with some open questions.

In what follows, all spaces will have the homotopy type of simply connected CW
complexes of finite type. We refer the reader to [4] for the necessary background in
rational homotopy theory.

2. PROPERTIES OF roF

In this section we establish some properties of the retraction index.

We begin by recalling some rather technical but ultimately very useful facts about
the models we will work with. Suppose (AY,d) is a connected minimal model and
d = ds is the quadratic part of the differential. Recall [3] that for a positive integer
g we have a commutative diagram of bigraded (AY, ds)-differential modules

(AY, ds) (AY/A=7Y, dy)

(AY @ (Q & My), 02)
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where (AY, d2) — (AY ® (Q& M,), d2) is a semi-free extension in which Y (in topo-
logical degree i) has bigradation (1,7), Q = Q%°, and M, = Mg*. As mentioned
above, we may suppose that p,(M,) = 0, and in this case, all maps in the dia-
gram are bigraded maps of bidgree (0,0) (Indeed, it for this we add the mysterious
condition p(Mcat,5) = 0 in the definition of 7(.S.)

The differential do may then be perturbed by a standard technique (relying on
the fact that H>%*(AY/A>9Y,dy) = 0) to a differential § such that we have a
commutative diagram of filtered (AY, d)-differential modules

(AY, d) —— (AY/A>7Y, d)

(AY ® (Q@ M,),9)

in which the filtration in any module A is F"A = AZ"Y.A. Note that p, is un-
changed, and § — 62: (AY ® (Q @ M,))"* — (AY ® (Q @ M,))Z"+2*. In particular,
§: My, — A”Y @ ATY ® M,.

We will have occasion to lift filtered maps over filtered maps, and the lift will
always be able to be constructed, as above, as a perturbation of a bigraded map,
say of bidegree (r,d), and then the lift will be a filtered map of filtration degree r.
Taking account of the preceeding comments, one may now establish the homotopy
invariance of 79SS by applying the standard lifting lemma in its filtration preserving
version.

Before beginning the proofs, we need a lemma that shows that the retraction
index does not ‘decay’ in higher Ganea fibrations. We refer the reader to the
diagram above for notation.

Lemma 1. Suppose cat o(AY,d) = n and ro(AY,d) = r. Then, for any q > n,
there is a retraction p, of iq such that p,(M,) C AZa—ntry

Proof. The natural inclusion A”971Y — A>%Y of differential ideals induces a com-
mutative diagram of bigraded (AY, ds)-differential modules

(AY/A> 1Y, dy) ——= (AY/A>Y, dy)

Pq+1T~ PqTN

(AY ® (Q & My11),82) —2> (AY @ (Q@ M,), 62)
in which po(My41) C AYTYY & (Y ® M,). By a perturbation argument similar
to that used above, we can perturb J; to 6 and simultaneously po to Ag41 =
po + g1+ o, with pr My — ALY & (MY ® M,), in such a way as to

obtain a commutative diagram of filtered (AY, d)-differential modules

(AY/A>41Y, d) —— (AY/A>7Y,d)

Pq+1T: PqT:

(AY ® Q& Myi1),0) ~25 (AY ® (Q & M,), 0)

in which Ag1(Mge1) C AZTTYY @ A2'Y ® M,.
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Now supppose that (AY @ (Q& M,,),8) 2 (AY,d) is a retraction guaranteed by
cat o(AY,d) = n and ro(AY,d) = r, and define p, to be the composition

Pg=pPOAt10 -0 Xg_10Ag.
The properties of the \;’s assure us that

pa(My) C p(AZTY @ AZI7"Y © M,,)
C AZ9Y + A2 Y. AZ"Y
C AZ9TETY,

since —n + 7 < 0. This completes the proof the lemma. [

We now proceed with the proofs of the Propositions.
Proposition 1. If S = S1x---xSy, is a product, thenryS > roS1+- - -+7r9Sm > m.

Proof. For 1 < k < m, let (AXk, d) be aminimal model of Si, and denote cat ¢Sy by
Nk, TSk by 7k, 21@ ng by N and Zk r, by R. By hypothesis, there are commutative
diagrams

(AXk,d) —_— (AX]C/A>“""X]€, d)

\ QTN

(AXk ® (Q@ M,,),0)

with retractions py of iy satisfying pg(M,, ) C AZ"* X

The tensor product map @, (AXy,d) — Qe (AXk/A>" X}, d) factors
through @), (AXy)/A>N (X1 & - @ X,,); Since ¢ is surjective, the homotopy
lifting property yields a map 7 making the following diagram commutative

®AXk—>®(AXk)/A>N(X1@--~EBXm) QAX, /N> X,

\ TN TN

QRQAX, ® (Qea M) = QAX, ® (QQ& My,).

Moreover, 7i = @), ix, and since 7 is the lift of a filtration preserving map over
another, we may assume that 7 is as well. Therefore, a retraction of i is given by
p = (@ pr) o 7. Moreover, this will satisfy

p(M) C (® Pk)(® AXy ® (®@ ® My))=N,
!

and a short computation using the fact that px(AXy @ (Q @& My))Z"* C AZ"x X,
shows that (Q), pr)(Q AX,R(Q QBM;))=N* € AZE(X 1@ - -8X,,), as required.]

The proof of Proposition 2 follows that of the Ganea conjecture for Mcaty of
[10].
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Proposition 2. If S™ denotes the n-sphere, ro(S x S™) =roS + 1.

Proof. We give the proof for an even sphere, that of the odd sphere being even
easier. Suppose (AX,d) is a minimal model for S and (A(y,u),d) with dy = 0
and du = y? a minimal model for the sphere S!¥|. Let m denote cat S, and r + 1
denote 7o (S x S|y|). In view of Proposition 1, all we need to show is that roS > r.
Consider the (AX)-module maps

w:(AX,d) — (AX ® A(y,u),d) defined by a+— a-y, and

0 : (AX @ A(y,u),d) — (AX,d) defined by ag + yoy + 9?8 +uy — oy
for a, a9, 1 € AX and 3,7 € AX®A(y,u). A quick check shows that both are also
maps of differential modules, and that @ o u = id 5 x. Note that with the canonical

filtration F"A = AZ"X.A, both u and ¢ are filtration preserving.
Let A(X,y,u) denote AX ® A(y,u).

Choose a semi-free model A(X,y,u) ERN AX,y,u) @ (Q@ N™TL*) of the projec-
tion A(X,y,u) — A(X,y,u)/A>" (X, y,u) and a retraction

pi AX y,u) © (Q & N™H) — A(X, y,u)

with p(N™+1*) ¢ A2"+1(X 9, u). The map p induces a map fi and the homotopy
lifting property yields a commutative diagram of (AX, d)-modules

(AXa d)-% (AX/A>"LX7 d) L (AXa Y, u)/A>m+1(Xa Y, u) =~ AX7ya U)

I T &

AX @ (Q& M™*) 5 A(X,y,u) ® (Q@ N™+1¥)

in which we may choose i to be filtration preserving, since it is the lift of such a
map over another. Because ¢ also preserves the filtration, the (AX, d)-module map
@ o po i shows that roS > r.OJ

An almost identical argument establishes

Proposition 5. If CP" denotes complex projective n-space,
ro(S x CP") < rgS + n.

We note however than this is probably not a sharp bound, since in the last section,
we present the example 79(CP? x CP?) = 2 = ro(CP?) + ro(CP?) < ro(CP?) +2.

Proposition 3 follows directly from the more general result Proposition 6 be-
low. Recall [2] that the Milnor-Moore spectral sequence Ext r_(05:0)(Q,Q) =
H*(S;Q) coincides from the Eo-term on with the spectral sequence obtained by
filtering a Sullivan minimal model (AX,d) of S by the word length.

The Ginsburg invariant lo(.S) is the least n such that E"*! = E°°, and we always
have lp(S) < cat ¢S [6]. For example, when S is a coformal space, I(S) = 1, though
the following example shows that the converse is not true: If S is the homotopy
fibre of the map

K(Q%,4) x K(Q,6) — K(Q,8) x K(Q,12)
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represented by the elements x%, 23, 2%, 77 — (z1 + 22 + 23)% in H*(K(Q3,4) x
K(Q,6)) = Q[z1,x2,x3, 4] , where |z1] = |z2] = |z3] = 4 and |z4] = 6, then
lo(S) =1 but S is not coformal.

An easy consequence of the definition is that if in a Sullivan minimal model
(AX,d) of S we have daw € A=W (S)+™ X then there is o/ € AZ™X with da = da/’.

Proposition 6. If [5(S) =1, then roS = catoS.

Proof. Denote by (AX,d) a minimal model of S, and suppose cat ¢S = n.We then
have a commutative diagram

(AX, d) (AX/A>" X, d)

\ pT:

(AX ® Q& M™),0)

where 6(M™*) C A”"X & (AT X @ M™*) increases (length) filtration degree by at
least one.

We will prove by induction on the topological degree that we can choose a re-
traction p: (AX ® (Q ® M™*),0) — (AX,d) with p(M™*) C AZ"X.

Suppose m € M is an element of least topological degree. Then dm = dm = (8
is a cocyle in A" X. Because cat ¢S = n, H*i is injective, so 8 = da, and, as
mentioned above, we may choose p(m) = a € A="X because lp(S) = 1. Now
assume p has been defined on M™<* with p(M™<F) c A="X, and let m € M™F.
Then, since p is filtation preserving on M™<* and ém € A>"X & (AT X @ M™<F),
p(dm) is a cocyle in A" X, which we can again choose to be the coboundary of an
element p(m) = a € AZ"X. O

Remark. Note that this actually proves that lp(S) =1 = r9S = epS = cat oS,
where ¢S is the Toomer-Moore invariant which always satisfies epS < cat ¢S [14]

We prove now a slightly more general result that will have Proposition 4 as a
corollary [8, 1].

Proposition 7. If S and T are complexes with dimT < p such that
1. S=TuUeP,
2. T — S induces an injection H*(S;Q) — H*(S;Q),
3. catogS =catogT + 1, and
4. m(T) @ Q — m.(5) ® Q is surjective,
then ro(S) > 2.

Proof. Suppose cat ¢S = n and that (AX,d) is a Sullivan minimal model for S. If
P & (kerd)? = (AX)P, we see that

(AX,d) = (AX/(A>PX & P),d) = (A, d)

Now AP =0, AP = (ker d)? > w with [w] # 0, and A<P = (AX)<P, so (A/{w),d)
is quasi-isomorphic to a model for T
This can be seen as follows: Let Mg 2, M represent T — S and as we

did above for S, choose a surjective quasi-isomorphism My Y, O with P! =
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0. Since Yp(A"PX & P & (w)) = 0, it factors through A and A/(w) to yield a
commutative diagram
@

A

C

\ f
A/{w)

Since H™ is an isomorphism for m < p, so is H™@. Moreover, H=P A = (w) and
HZPC =0, so f is a quasi-isomorphism.

Thus, A — A/(w) is a model for T' — S. However, we may replace A/{w) by
a quasi-isomorphic model (A & Qu, d) where A is a differential subalgebra, dv = w
and v- AT = 0. Now choose an extension AX ® AY = A@® Qu. Since this is also a
model of T, we have a model AX @ AY @ (Q& F) 5 AX@Y)/A>"(X ®@Y) with
q(F) = 0. Because cat ¢T'=n — 1 and r¢T > 1, by Lemma 1, there is a retraction
p:AX @AY @ (Q@ F) —» AX @ AY with p(F) C AZ2(X @Y).

Now suppose : AX ® (Q & G) — AX/A>"X with §(G) = 0, let W denote
X @Y and consider the commutative diagram

AX @ Q@ G) -~ AX/AZ"X
P
AW @ (Q @ F) —— AW/AZ"W

Note that since 0 = G(G), q¥(G) = 0, ¥(G) C kerqg = AZ"W @ (AW ® F), and
so in particular, pi(G) C AZ2W.
We also have the following commutative diagram

A<—"— AX AX ® Q& Q)

A®Qu<Z— AW <~"— AW & (Q& F)
where
opp(G) C op(AZ"W @ (AW @ F)) C (AT @ Qu) - (AT @ Qu),

from which we may conclude that opy(G) C A. Thus, opyp factors through A to
yield 5 : AX ® (Q® G) — A which we can lift over the surjective quasi-isomorphism
AX =S Atoamap p: AX ® (Q® G) — AX of (AX,d)-modules, which is thus a
retraction. We now complete the proof of the proposition with

Lemma 2. 5(G) C AZ2X.

Proof of Lemma 2. From our lift of opt), we obtain the diagram

QO X EAX/A” X~ AX <2 AX®(QaG)

v

J ’d}
QX BY XAW/A>IW <Z— AW <2— AW @ (Q@& F)
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where the left-hand square commutes and the right hand square commutes up to
homotopy (because optp = ojp and o is a quasi-isomorphism.) Moreover, since
pp(G) C AZ2W, pip(G) = 0.

Since T < S is surjective in rational homotopy, and (AX ® AY,d) is a minimal
extension (dY C ATX ® (ATX @ AY) @ (AX ® A~'Y)), we can conclude that the
differential in Q ® X @Y is zero.

The homotopy T7pp ~ 7jp means that we have a AX-module map

h:AX®@(QaeG) —QaXaY,
with (1) =0, h(G) C X ® Y (for degree reasons) and
Tip — Tptp = dh + hd = hd.
Applying this to G, we find
7jp(G) = hd(G) C h(A”"X & (AT X © G)) = 0,
since A>"X - h(1) = 0 and ATX - (X @Y) = 0. Hence, 5(G) C AZ2X. This
concludes the proof of the lemma and the Proposition.[]

3. THE RETRACTION INDEX AND THE DEPTH

We prove here the promised relation between the retraction index and the ho-
motopy Lie algebra.

Theorem 3. If S is a space,
depth H,(Q2S;Q) < roS.

Proof. The proof will imitate that of Lemma 2.9 of [3].

Recall that the depth of a graded augmented Q-algebra A is the least n such
that Ext’ (Q,A) # 0. Denote by (AV,d) the Sullivan minimal model of S, and
let (AV ® (Q @ M,,),d) = (AV/A>™V,d) be a semi-free model of the quotient
(AV,d) & (AV/A>™V,d) of (AV,d)-differential modules as in the introduction.
Since, depth H,(Q2S;Q) < cat ¢S = n [3], we know that a retraction

p1: (AV @ (Q& My),d) — (AV,d)

of (AV,d)-differential modules exists. Suppose that depth H.(QS;Q) = r. We
contruct a retraction p, with p.(M,) C AZ"V by induction as follows.

For degree reasons, we can always assume that p;(M,) C AZ'V. Now assume
that for 1 <¢— 1 <r we have a map of (AV,d)-differential modules

pi-1: (AV ®(Q® M,),d) — (AV,d)
such that p;_1(v® 1) = v for all v € V, and p;_1(M,,) C AZ*V. Write p;_1 |ar, =
a+ B with Ima € A1V and Im 3 C AZ*V. Then, if ds is the quadratic part of
the differential d, we have doa = ady where 61: M,, -V ® M,,.

Thus the map «a is a cocycle in Hom\ ! (AV @ (Q @ M,,),61), (AV,d2)). By
[3,1.16], [a] € Ext EIQS;Q(Q,Hom (M,,Q)), and from [3, 2.5], we know that
Hom (M,,,Q) is an n'* syzygy of Q. Just as in the proof of [3, 2.9] we find
that Ext E%QS;Q)(@,Hom(Mn,Q)) = 0. Hence, there is a (AV,d)-linear map
o: AV ®M, — AV of total degree —1 such that o(M,,) C A"2 and a = dyo + 6.
Now extend o to AV ® (Q & M,) by setting c(AV ® Q) = 0, and define p; =
pi—1 —do+od. O
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4. PROOF OF THEOREMS 1 AND 2

Let F — E — B be a fibration, and (AX,d) — (AX ® AY, D) — (AY, D) its
relative Sullivan model. We denote cat B = n, cat oF = m and roF = rg, and for
convenience of notation, set € = m — rg + 2, which we note is always at least 2.

Our goal is to show that (AX ® AY, D) is a homotopy retract of

(AX ® AY)/A"" (X @), D),

as (AX ® AY, D)-modules. To accomplish this, it suffices to find a (AX ® AY, D)-
module I'y, and a surjection (AX ® AY, D) — TI'g such that

1. A>™+n5(X @ Y).Ty = 0, and

2. (AX ® AY, D) is a homotopy retract of I'.

To begin, we define (AX ® AY, D)-modules T'y, by

Ty = (AX®@AY)/(A"X ® AY), and
Ty =Dt/ (AP X @ A>mH=Rey) - for 0 <k <n.

We thus have a sequence of surjective maps
(A X®AY,D) - T, — T, =T, — - — 1T,

all of which, as we shall show, admit homotopy retractions.
Before building the retractions, we show that I'y satisfies (1) above. Note that
To=AX@AY/(I@Tly®d L - &1I,) where

I=A""X @AY, and
I = A" FX @ A>T Rey,

An element «y of I'{” therefore has a representative of the form v = S i, With
vi € N'X ® AZ171Y. Hence, an element of A>™+"¢(X @ Y).Iy is represented by
a sum of terms of the form 'ygoﬂl oy with 307 ji = m + ne + 1, which we
denote here by s. Each term ~4°yJ" ... ~vir belongs to AJit2i2t+nin X @ AZi0Y,
Now S0 ijs > S0 ji = 8 — jo, 50 4] ...ydn € AZ5 X @ AZJoY. But
either jo < m or m + ke < jo < m + (k + 1)e, for some k with 0 < k < n.
If jo <m, s —jo>ne+1>n+1so that {°4I'...4J» € I. In the other case,
s—jo > (n—k—1)e+1 > (n—k—1)+1 = n—k, and SO’V%O’}/{I coyin e Lo eIl
Hence, in either case, A>T (X @ Y).I'g = 0.

We begin the retractions with the first map. Since cat ¢B = n, the inclusion i,
in the following commutative diagram admits a retraction p

(AX,d) ——— (AX/A>"X, d)
\\ in p”TN
5 (AX ® (Q @ N,), 6)

In particular, (AX ® AY, D) is a retract of the (AX ® AY, D)-differential graded
module

(AX ® (Q® N,) ® AY, D) := (AX ® (Q & Ny),8) ®ax.a) (AX ® AY, D),



RATIONAL L-S CATEGORY OF FIBRATIONS 11

which is quasi-isomorphic to (AX/A>"X ® AY,D) =T, 1. This gives us the first
homotopy retraction.

We continue with the contruction of the retractions I'y, — T'y4q, for 0 < k < n,
and we will facilitate this by replacing I'y by another module I'},, which is quasi-
isomorphic to I'y, and which contains I'y4; as a submodule.

First, we recall that by Lemma 1, for each ¢ > m,the map 7, in the diagram

(AY, D) ————— (AY/A>7Y,d)

V_' iq
DPq | >~

Py (AY®(Q@Mq)qu)

of (AY, D)-modules admits a retraction p, satisfying p,(M,) C A=9-m*TY.
Now note that 'y, is isomorphic as a graded vector space to

@fz_ol (AiX @AY) @, (AiX ® AY/A>m+("_i)5Y)_
We define (AX ® AY, D)-module I'}, by
I}, = (Th1 ® (AP X @ AY ® M),d), where M = My, 4 (n—p)e -

The summand T'g is included as a (AX ® AY, D)-differential submodule, and the
(AX ® AY)-module structure and the differential on A*X ® AY ® M are defined
by
z- (a®@pem)=0,
y-(a@pem)=(-1)"Maw @y 6)@m, and
dla® f@m) = (-1)"la® Dy(5 ®m),

wherez € X,y € Y, a®p@m € A*X @AY ® M, and we have denoted m + (n—k)e
by q. We extend d as a derivation of the module, but we need to check that d?>=0
on A*X @ AY ® M.

Note that we can write D, = D; + ng where D;IY = Dy = D, Dq‘M =

D} + D}/, and where D;M C A>9Y and DJM C ATY ® M. Hence,

P(a® Bem)=d(-1)a o Dy(8 o m))
=d((-)a® (DB®m+ (-1)713- Djm+ (—1)1%1- DY)
= a® Dy(DB@m) +d((-1)*a® (-1)?|3- Dym)+
+a® Dy((-1)113- Dllm)
=a® Dy(DB@m) + (-1)*HPIDa ® 8- Dim
+a®D((-1)18- Dim)) + a ® Dy((—1)1°18- Dlim).

But, (-1)**¥Da® 3- Djm e AZFHLX @ A>9Y =0 in 41, so
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dP(a®B@m)=a® D,(DB®m)
+a® D((-1)?I3- Dim)) + o ® Dy((—1)13 - D))
— a®Dy(DB@m) +a® D,(~1)18- Dym))
=a®D(B®m)
=0.

We next show that (I'y, D) and (I',, d) are quasi-isomorphic. Recall the surjec-

tion

7:Dpp1 — D = Digr /(AR X @ A>9Y),
and the surjective quasi-isomorphism p,: (AY ® (Q ® M,), D,) — (AY/A>9Y, D),
and define 7: ') — Iy, by mapping 7, ., =7 and 7(a® S ® m) = 0.

To see that 7 is a map of (AX ® AY, D)-modules, it suffices to check that
md(a ® f®@m) = 0. But nd(a® f®@m) = n(a® Dy(8®@m)) = a.fDym €
AFX @ A>?Y and so is zero in T'.

Since 7 is surjective, to show that it is a quasi-isomorphism, it suffices to show
that H*(ker ) = 0. But kerm = (A X®A>Y) @ (A*X @AY @ M) = A*X @ker p,,
and the differential in ker 7 is zero on A¥X, and D, on ker p,. Thus, H*(ker ) =
AFX @ H* (ker pg) = 0, because p, is a surjective quasi-isomorphism.

Finally, we complete the proof of the theorem by proving that I'y4; is a retract
of I'..

Define oy, : I'), — I'41 as the identity on I'yy: and, using the retraction p,, by

or(a®@BOM) =a® p(8®m)
on AKX @ AY ® M.

To see that o is a map of AX ® AY-modules, it suffices to check that
on(z.a®@Be@m) = z.o(a®@pBem) for z.a®@Bem e A*X @ AY ® M. The
left hand side is zero because z.a ® f ® m = 0 in I'}, while z.0x(a ® f ® m) €
AFIX @ AZ9~mFy . However, ¢ = m + (n — k)e and ¢ = m — g + 2, so
g—m-+rg=Mm—-kle+ro=m—-—k—1Le+m+2, s0 z.o5(a® P M) €
AFFLX @ A>mH(n=h=Dey = [ 1), which is zero in Tj4.

To conclude, we show thaticrkd = Dj410k, and remark that this only needs to
be checked on A¥X @ AY @ M:

ard(a® f@m) = (1)1 ® p,Dy(5 @ m)
= (—1)!*la @ Dpy(8 @ m)

— (-1)lla ® D(py(m)).
On the other hand,
Dk+10'k(04 & ﬁ & m) = Dk+1(a ® ﬁpq(m))
— Dyra® Bpg () + (~1)*la - Dy (Bpg ()

= (-1 Dyya(Bpg(m)).

But, Djy1 = D + D#, where D#(AY) C AYX ® AY, so ord = Dy 410%.

The proof of Theorem 2 follows exactly the same lines. In that case, we are
able to decrease € by one to cat gF — roF + 1 because when F' — FE is injective in
rational homotopy, the differential in the model of the fibration (AX ® AY, D) can
be chosen to satisfy DY C AX @ ATY & (ATX ® AY). O
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5. EXAMPLES AND OPEN PROBLEMS

We present here some examples to show that the estimates of the theorems and
the corollaries, are sharp, and end by posing some open questions.

Ezample 1. Consider the fibration whose minimal model is

A(h,w;d) — A(h,w,a,b,z,y;d) — Aa, b, z,y;d)

where |a| = |b| = 2, |z| = |y| =3, |h| = 4,|w| =7, da = db = dh = 0, dx = a® + h,
dy = b? + h, and dw = h?.

Here, the base space is Sg with catoSy = 1, and the fibre is S x S3, with
cato(Sé X S?@) = 2, 80 the estimate of Theorem 1, using Proposition 2 (or 3 or 4) is

catoF < catoF + catgB(catoF +2 —roF) =2+ 1(2+2—-2) =4.

Moreover, A(a, b, x, w; d) is a pure tower, its formal dimension is 8, and |a| = |b] = 2,
so the top class is a homogeneous polynomial of degree 4 in a and b. Using ey = cat g,
we see that cat gA(a, b, z,w;d) = 4.

This example shows that the estimates of Theorem 1, Corollaries 1 and 2, and
Propositions 1 and 4 are sharp, and that some extra hypothesis on F' — E — B is
necessary for the estimate of Theorem 2 to hold.

Ezxample 2. Here we present examples with g = 1 where the bound of Theorem 1 is
attained. Let n > 1 and k > 2 and consider the space with model Ax(n) = A(a, z;d)
with da = 0 and dz = a™*!, and |a| = 2k. We then have a fibration

A1) () — Ak((n + 1[G +1) = 1) < Ap(n)

with model

Aa,z;d) — Aa,z,b,y;d) — A(b,y;d)

where da = 0 = db, dv = a’T1, dy = b"*! + a, and |a| = 2k(n + 1), which is the
model of a fibration. The base space B satisfies cat g Ay(n41)(j) = j, the fibre F
has cat gAg(n) = n, while the total space E has

cat o Ap((n+1)(j+1) —1)=(n+1)(j +1) — 1 =catoF + cat ¢ B(cat o '+ 1).

By Theorem 1, we see that rgF = 1 and so the upper bound is attained.

Ezample 3. If we take the product of the total space and the fibre of example 2
with (83)? = TI}_, S5 we then have a fibration

Ay (7) = Ar((n+1)(j + 1) = 1) x (SR « Ax(n) x (S)"

where cat B = j, catoF =n+p,catoF=(n+1)(j+1)+p—1,and roF =p+1,
showing that the bound of Theorem 1 can be attained for any value of roF.

Ezxample 4. Consider the rational fibration F' — E — B with model

Aa,b,z,y;d) — Aa,b,z,y, z;d) — A(2;0)
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where da = db = 0, dy = a?, de = b® and dz = a®b. Using the lower bounds of
[5,Cor. 2], we find that catoE > 5. Since the fibre is an odd sphere, which is
coformal, and F' — F is injective in rational homotopy, Corollary 3 guarantees

cat oF < catoF +cat¢B =1+ cat O(CP?@ X CP%) =35,

which is sharp as well.

Ezample 5. Consider the rational fibration FF — E — B with model

Aa,z;d) — A(a,b,c,z,y, z,w;d) — A(b,c,y, z,w; d)

where |b] = |c| =2, da = db = dc =0, dx = a?, dy = b* dz = be, and dw = ¢ + a.
Since the fibre is coformal and the base is Sa, Theorem 1 and Proposition 3 together
show that

cat o < catogF 4+ 2cat¢B =3+ 2 =05.

A minimal model of E is A(b, ¢, x,y,z;d) with |b| = |¢| = 2, db = de = 0, do =
c, dij = b?, and dz = be. Hence, the Mapping Theorem applied to

A(b;0) = A(b,c,m,y,z;d) — Alc,x,y, z;d')

yields cat oE > cato(CP® x S* x 83) = 5, showing again that the estimate of
Theorem 1 is sharp, even when the fibre is not formal.

Ezample 6. Here we will show that 7o(CP? x CP?) = ro(CP?) 4 ro(CP?). We
first compute ro(CP?). Let A(a, x;d) be a model for CP?, so that |a| = 2, da = 0
and dx = a®. Since cat o(CP?) = 2, we first consider the usual diagram

A(a, z;d) — (A(a,x)/A>2%(a, x),d)

\ p]:

(Ala,z;d) @ (Q@® M),6)

where p(M) = 0. Note that M = M? 2% and that (A(a,z))Z% C AZ2(a,z), so in
order to see that ro(CP?) = 1, it suffices show that no retraction p of i can satisfy
p(M®) C AZ2(a,x).

Because H*(A(a,x)/A>2(a,x)) = ([1], [a], [2], [a?], [az]), H*i is an isomorphsim
in cohomology in degrees less than 5, and there must be an element m € M?® to
make H°p an isomorphism. In order that p(m) = 0 , we must have dm = a®, so
that H*p(x — m) = [y]. Then, any differential retraction p must send m to z, so
To (CPZ) =1.

Now consider the analagous diagram for CP? x CP?:

A(a’v b,l’, Y; d) —q> A(aa b,x,y)/A>4(a,b,x, y)

\ 42

(A(a’ b, z, y,d) & (Q ©® T), (5)

where [b| = 2, db =0 and dy = b°.
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It is straightforward that H*q is an isomorphsim in cohomology in degrees less
than 9, so T = T*2% (From now on, a single superscript on 7 will indicate
topological degree.) Moreover,

(Aa, b, 2,9))” ® (A(a,b,z,9)=" € A=3(a, b, ,y),

so it suffices to study retractions on T<10.

We compute what we need of <0 as follows: Let (AX,d) be the minimal model
above for CP? x CP?, and suppose (AX,d) — Q has minimal model (AX @ AX,d).
Then X = (a,b,Z,9) where da = a, db = b, dT = = — a®a, and dj = y — b?b. The
short exact sequence

0= A*X@AX - AX @AX — AX/A*X @ AX — 0

and the isomorphism (Q & T)* = H*(AX/A>*X ® AX) together yield the isomor-
phism

QaoT)" = H""(A™X @ AX,d)

which we will also use to determine the differential on M?. Note that
H'(A>*X @ AX,d) = span {a’b° 7 | 0 < j < 5}.

Thus, we have 79 = span{m; | 0 < j < 5} with §t; = a?b°~7. Note that since
Z(AX)? = 0, the restriction of any retraction to 79 is uniquely determined. In
particular, for any retraction p, we must have p(t;) = a’b*>~Jy for 0 < j < 2, and
p(t;) = a? 365 g for 3 < j < 5.

Now, the cycle aty — btz € (A(a,b,z,y) ® T)>'! must be a boundary because
H>**(A>*X®,d) = 0. Hence there is t € T'0 with 0t = aty — bt3. Then, p(6t) =
a’y — bz, and the only solution to dp(t) = a3y — b3z is p(t) = zy € A%(a,b,z,y).
Hence, ro(CP? x CP?) = 2.

Open Problems.

1. If we denote by G,,(S5) P, S the mth Ganea fibration of S and suppose that
cat S = n, then p,, admits a section o. If we define r(S) to be the largest m < n
such that oop,,_; is homotopic to the injection G,,—1(S) — G, (5), then clearly
roS > r(S). Does equality hold when S is a rational space?

2. Are Theorems 1 and 2 true with cat .S and r(S) replacing cat ¢S and ryS respec-
tively?

3. We know from Propositions 1 and 2 that ro(S x T') > roS + roT and that rg
satisfies its own ‘Ganea’-type conjecture: r¢(SxS™) = r9.S+7(S™), and example
6 above shows that ro(CP? x CP?) = ro(CP?) + ro(CP?). Is ro(S x T) =
roS + roT, for all spaces S and 17

4. Does [pS >1 = rgS < catoS?

5. If S is formal, what invariant of the algebra H*(S, Q) is r¢S?

REFERENCES

[1] Octavian Cornea,Yves Félix and J.-M. Lemaire, Rational category and cone length of
Poincaré duality complezes, Topology 37 (1998), no. 4, 743-748.



CUVILLIEZ ET AL.

Y. Félix and S. Halperin, Rational L.-S. category and its applications, Trans. Amer. Math.
Soc. 237 (1982), 1-37.

Yves Félix, Stephen Halperin, Carl Jacobsson, Clas Lofwall and Jean-Claude Thomas, The
Radical of the Homotopy Lie algebra, Amer. J. of Math. 110 (1988), 301-322.

Yves Félix, Stephen Halperin and Jean-Claude Thomas, Rational Homotopy Theory, To
appear, Springer-Verlag, GTM..

Sonia Ghorbal and Barry Jessup, Estimating the rational LS-category of elliptic spaces, to
appear, Proc. A.M.S..

M. Ginsburg, On the L.S. category, Ann. of Math. 77 (1963), 538-551.

S. Halperin and J.-M. Lemaire, Notions of Category in Differential Algebra, LNM 1318
(1988), Springer,Berlin.

S. Halperin and J.-M. Lemaire, Suites inerte dans les algébres de Lie, Math. Scand. 61
(1987), 39-67.

Kathryn P. Hess, A Proof of Ganea’s Conjecture for Rational Spaces, Topology 30 (1991),
no. 2, 205-214.

[10] Barry Jessup, Rational L.-S. category and a conjecture of Ganea, Journal of Pure and Applied

Algebra 65 (1990), 57-67.

[11] I.M. James and W. Singhoff, On the category of fibre bundles, Lie groups and Froebenius

map, Contemp. Math; 227 (1996), Paughkeepsie, New York, 177-189.

[12] L. Lusternik and L.Schnirelmann, Méthodes : Topologiques dans les Problemes Variationnels

(1934), Hermann, Paris.

[13] D. Sullivan, Infinitesimal computations in topology, Inst. Hautes Etudes Sci. Publ. Math 47

(1978), 269-331.

[14] G.H. Toomer, Lusternik-Schnirelmann category and the Moore spectral sequence, Math. Z.

138 (1974), 175-180.

[15] K. Varadarajan, On fibration and category, Math. Z. 88 (1965), 267—273.

DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE CATHOLIQUE DE LOUVAIN
E-mail address: cuvilliez@agel.ucl.ac.be

DEPARTEMENT DE M ATHEMATIQUES, UNIVERSITE CATHOLIQUE DE LOUVAIN
E-mail address: felix@agel.ucl.ac.be

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF OTTAWA
E-mail address: bjessup@uottawa.ca

DEPARTEMENT DE M ATHEMATIQUES, UNIVERSITE CATHOLIQUE DE LOUVAIN
E-mail address: parent@agel.ucl.ac.be



