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Abstract

Borrowing ideas from the relation between classical and quantum mechanics, we study a non-
commutative elevation of thd DE geometries involved in building Calabi—Yau manifolds. We derive
the corresponding geometric Hamiltonians and the holomorphic wave equations representing these non-
commutative geometries. The spectrum of the holomorphic waves is interpreted as the quantum moduli
space. Quanturd; geometry is analyzed in some details and is found to be linked to the Whittaker differ-
ential equation.
0 2005 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, there has been a great deal of interest in non-commutative (NC) spaces in
connection with string theory. Common to many of these studies is that the non commutativity
stems from the D-brane physics in the presence 8fféeld [1]. Similar NC structures have
been applied to Calabi—Yau compactifications. The underlying idea in this context is to express
the non-commutativity in terms of discrete isometries of orbifolds. This was successfully done
in [2] for the quintic, and it has been extended to K3 surfg@e4] and higher-dimensional
orbifolds [5]. The NC aspect of such hypersurfaces is also important for the stringy resolution
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of singularities as it offers an alternative to the standard resolutions obtained by deformations of
the complex or Kahler structures of the Calabi—Yau manifolds.

An objective of the present paper is to develop a new and essentially non-geometric approach
to NC Calabi—Yau manifolds, based on ideas from quantum mechanics. This also offers a new
take on the moduli space of resolved singularities. In this paper, a moduli space is meant to denote
a space spanned by the degrees of freedom in the system. Our focus\iB Bryeometries,
which we represent by certain holomorphic, partial differential operators. Such an operator acts
on the space of holomorphic functiowson C2, thereby defining a wave equation. The spectrum
of wave functions solving this equation is accordingly interpreted as the moduli space of the NC
elevation of the associatetlD E geometry. We consider in some details the caseand we find
that it is linked to the Whittaker differential equation.

Our wave-functional approach may be applied to more general geometries thamthie
spaces. It thus offers a whole new description of NC elevations of ordinary geometries. A more
general exposition may be found [iB] while a more conventional approach to NC Calabi-Yau
manifolds may be found ifv,8].

The present paper is organized as follows: in Secfiowe outline how our NC elevations
of ordinary geometries mimic the quantization of classical mechanics in the Hamiltonian for-
malism. Sectior8 concerns the quantization of theD E geometries, while the wave-equation
representations of the resulting NC geometries are discussed in Séctattion5 contains
some concluding remarks.

2. Basic correspondence

Our construction of NCADE geometries as elevations of ordinary, commutati/b E
geometries is based on an extension of the relation between classical and quantum mechanics.
We are thus exploring a similarity between commutati/@ E geometries and classical mechan-
ics on one hand, and N&D E geometries and quantum mechanics on the other hand. The basic
ideas are outlined in the following.

2.1. OrdinaryA D E geometries and classical mechanics

A hypersurface in the three-dimensional complex sp@éegenerated by(z%,z2,z%) =
(x,y,z) may be described by an algebraic equation of the form

V('x’ y’z):E' (2-1)

The explicit (polynomial) potentiald/ (x, y,z) of our interest will be specified below. The
parametek is independent of the complex coordinatesy, z), and may be seen as parame-
terizing the family or orbit of hypersurfaces characterized by a given potevitidt is ob-
served that a pointx, y, z) € C3 can lie on at most one hypersurface in a given orbit. Since
€ is constant, a poingxo, yo, zo) on the hypersurfac€.1) is a singular point if the gradient
VV =(9,V,d,V,d,V) vanishes at that point:

VV(x0, y0,20) = (0,0, 0). (2.2)

It should be evident that the above extends to hypersurfaces in the higher-dimensional complex
spacesC". The ADE geometries of our interest are all singular at exactly one point. The as-
sociated potentials will be chosen such that /"¢ E geometries correspond to= 0 in their
respective orbits, and such that the singularities appear at the 6rigim, zo) = (0, 0, 0).
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The Hamiltonian description of classical mechanics is quite analogous. One may be interested
in characterizing the configurations corresponding to a fixed enerdyhis amounts to solving
the equation

H(ql?"'vqn’pla-"7pn)=E7 (2-3)

whereH denotes the Hamiltonian. The solutions define a hypersurface inatitnZensional

phase space. Up to some well-known signs, Hamilton’s equations express the time derivatives
of the canonical coordinates, p;, j =1,...,n, in terms of the gradient of the Hamiltonian.

A singular point of the fixed-energy hypersurface thus corresponds to the simultaneous vanishing
of all these time derivatives.

With this analogy we are thus considering a similarity between the orbit of hypersurfaces
based or¥ and the physical system describedMyThe individual hypersurfaces characterized
by ¢ play the roles of specific energy levels givenBySingularities appear where the associated
gradients vanish.

There are of course important differences and further similarities between these two scenar-
ios. Here, though, we will not be concerned with them. Rather, our objective is to explore the
consequences of mimicking the quantization of classical mechanics in the realm of hypersurfaces
of the form(2.1).

2.2. NCADE geometries and quantum mechanics

We will consider a combination of the Heisenberg and Schrédinger pictures of quantization.
As part of our construction we thus replace the complex coordinateg holomorphic operators
ZJ in analogy with the promotion of the canonical variables to quantum operators. We also
borrow the idea of promoting the classical Hamiltonian to a differential operator acting on a
space of wave functions where the eigenfunctions correspond to the stationary states, whereas
the eigenvalues represent the allowed energy levels. In our case, the pdteistisplaced by
a differential operator whose eigenfunctions will be certain holomorphic functions, while the
eigenvalues will label the NC geometries we may represent in this picture.

The geometric analogue of the Schrédinger wave equation which we will discuss reads

V(X,Y,Z)W = eW. (2.4)

We naturally require that this reduces (@.1) in the classical (commutative) limit. We may
decompose the ‘quantum potenti&dl(X, Y, Z) as

VXY, Z)=H+V(x,y,2), (2.5)

where the holomorphic (partial) differential operatdrvanishes in the classical limit:

H— 0. (2.6)

The ‘geometric HamiltonianH is constructed by replacing the coordinatésy a differential-
operator realization of the NC coordinat&¢ subject to a normal-ordering procedure to be
discussed below. This also justifies the use of the same syblioldenote the quantum po-
tential as in the classical case. Keeping the decompogi#ici) and the classical limi2.6) in
mind, the partial differential operatos’ may be viewed as NC perturbations of the original
commutative coordinated where the perturbative terms vanish in the classical limit.
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We will derive and study differential equations of the form

H(x,y,2;0¢, 0y, 0)¥ (x,y,2) = (e = V(x,y,2)¥(x,,2), 2.7)

where thed D E geometries correspondéc= 0. Deriving these equations essentially amounts to
devising an appropriate normal ordering of the NC coordinates. This is discussed in the following
section. Working out the corresponding quantum moduli space amounts to finding the spectrum
of eigenfunctions? in (2.7). This is a highly non-trivial task as it requires solving compli-
cated partial differential equations. The general solution is beyond the scope of the present work,
though we will present the solution in the casedat

In brief, our construction offers a novel and essentially non-geometric representation of NC
ADE geometries as holomorphic wave equationstn The associated moduli spaces of the
NC ADE geometries are given in terms of the spectrum of holomorphic waves solving these
differential equations.

It is well known that a singulad DE geometry may be deformed by adding a polyno-
mial term f(x, y, z) to the defining potential/ (x, y, z), where eitherf (0, 0, 0) # (0, 0,0) or
V £(0,0,0) # 0. The corresponding NC elevation is represented by a wave equation of the form

H(.X, ya Z; 8)(9 8y7 az)lp(-xv ya Z) - _(V(-xv ya Z) + f(-x7 yv Z))lp(-xa ys Z)' (28)
NC elevations of such deformations will not be considered further here.

3. Quantization of ADE geometries

For the sake of simplicity we will limit our analysis to the complex K3 surfaces being an im-
portant example of compact Calabi—Yau manifolds. These surfaces play a crucial role in the study
of type Il superstrings and in the geometric engineering of quantum field theories embedded in
superstring theor{f—12]. A K3 surface can have singularities corresponding to contracting two-
spheres. The intersection matrix of these two-spheres is then given by the Cartan matrix of a
Lie algebra, and one may naturally distinguish between three types of singulgr@jesamely
(a) ordinary singularitiesclassified by the ordinarA DE Lie algebras, (baffine singularities
classified by the affind DE Kac—Moody algebras, and (@)definite singularitiexlassified by
the indefinite Lie algebras.

Here we focus on ordinara DE singularities, while a similar analysis is possible for the
affine extensions. Near such an ordinary singularity, a K3 surface may be viewed as an ALE
space defined by an orbifold structuf®/G, whereG is a discrete group depending on the
ADE singularity in question. These orbifolds can be expressed as hypersurfa€és(nl)
wheree =0,

V(xa y’Z)=0’ (31)
and with potentials given byl 4]*
Ap-1t Va, (63,2 i=x2 4y + 7",
Dy Vp,(x.y.2)i=x"+ Y2+,
1 We have chosen to represent theseries byx2 + y2 + " instead ofuv + z”*. The two representations are related

by the invertible transformatiotx, y) — (u,v) = (x + iy, x —iy). As will become clear, the choide, y) renders the
quantization straightforward.
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Eg: Vie(x, v, 2) i=x2 4+ y3 + 24,
E7: Vi, (x,y,2) =22+ y3 4+ y25,
Es: Veg(x,y,2) == X2+ y3 +2°. (3.2)

The indices indicate the ranks of the Lie algebras. As already mentioned, these hypersurfaces
have singularities at the origin d3. It is also well known that the singularity of any one of
these hypersurfaces may be resolved in two ways, either by deforming the complex structure of
the surface (changing the shape), or by varying its Kéhler structure (changing the size). Here we
are not interested in such deformations or resolutions, but rather in a NC elevationabtfie
spaces defined by the polynomial constraint equat{8riy), (3.2) Following the previous sec-
tion, we will introduce a quantization procedure in which theseANICE spaces are constructed
by imposing polynomial constraints similar ¢8.1), (3.2)on a NC generalization of®.

It is noted that one may also consider K3 surfaces with singularities described BEth&
Lie algebras. The potentials defining these complex surfaces are in general multiple-valued func-
tions[11,12] unlike theADE cases ir(3.2), and will not be discussed here.

We now turn to the construction of the NC embedding space. The ordirdimnensional
complex spac€” is parameterized by the complex variables/, j =1, ..., n. We will para-
meterize its NC counterpat}, by Z/, j =1, ..., n, satisfying

(27, 2¥] = 207*, 3.3)

where®/¥ is an anti-symmetric complex tensor. We wish to add some comments on this non
commutativity. The first comment concerns the fact that all anti-symmetric matrices of odd di-
mension are singular, i.e., not invertible. A real Hamiltonian system, on the other hand, is always
even-dimensional since each position variable is accompanied by a conjugate momentum vari-
able. The singular property @ thus restricts the way the operatdfé may be expressed in
terms of ‘phase-space’ variables, $8¢5).

The second comment concerns the complex nature of the structure comstan®&hey can
be viewed as a complexification of the real Seiberg—Witten parameters known to be related to
the NSNSB-field in the description of real Moyal spafH. In type 1IB superstring theory this
complexity may have its origin in terms of a complexified Kahler foffin= Jx + i Bys OF in
terms of a complex combination of the twsfields (RR and NSNS), i.eB = Bns + i Br.

The third comment is that the parametér§* play a role similar to (the normalized) Planck’s
constanti appearing in the Heisenberg commutation relations of non-relativistic quantum me-
chanics:

[P, X]=—ih. (3.4)

HereX andP are the usual position and momentum operators, respectively. As is well known,
they admit a representation in whigh= x andP = —i#d, . Motivated by this, we wish to realize

the NC coordinateg/ (satisfying(3.3)) in terms of a linear combination ofz2phase-space’
variables,Z/ andP;, as follows

n
zi=21+% 0/*p, (3.5)
k=1

whereP; and Z¥ are quantum operators satisfying

[P, 2*] =6}, (27, 2F]=1P;, Pl =0. (3.6)
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9
> dz/

Representing the variabl¢g/, P;) as (z/
first-order differential operators:

), we may represent the NC coordinat&d, as

n
J— i ik _ 0
Zi=7 43 0k, o= e (3.7)
k=1

In this representation, the NC coordinates are thus seen to act as non-trivial, holomorphic, partial
differential operators on the space of holomorphic functiénss, ..., z,) on C", and we are
one step closer to the geometric analogue of the Schrédinger equation discussed above.

For invertible®@/*, in which case the dimensienmust be even, one may introduce the ‘gauge
potential A; =Y} ;0 ijk . The realization(3.7) may then be re-expressed in terms of the
‘covariant’ derivativeD; = 9; + A; as

n
Dj=) 0z* (3.8)
k=1

This indicates that the NC elevation in these cases behaves as switching on an external constant
magnetic fieldB’ = ¢'/¥9; Ay = —'/*© ;.. Since our main interest is based or= 3, we will
not elaborate on this observation.

Referring to the notation i(3.2), we will parameteriz@?:) by the NC coordinategX, Y, Z)
satisfying

[X,Y] =20, Y, Z]=28, [Z, X]=2y (3.9)

whereq, 8, y are (commutative) structure constants. It is noted that this algebra is equivalent to
a central extension of the direct sum of thrgé)’s. That is, thex(1)'s are originally generated
by (the commuting variablesY, Y, Z while the central element is denotédTo complete the
interpretation of(3.9) as this central extension, the structure constants appearing on the right-
hand sides of the commutators should all be multiplied by

Following (3.5) and (3.7)the representations ¢X, Y, Z) of our interest now read

X=X+aPy—yP,=x+ad, —yo,,

Y=Y+ BP,—aP,=y+ p0; —ady,

Z=Z+yPx— BPy=2z+yd — Boy. (3.10)
It is emphasized that these operators act on the local coordinafe$, &= 0, [X, y] = «,

[X,z] = —y, etc. It is also noted that one may consider various degrees of hon-commutativity
corresponding to

a #0, B=v =0, oracyclic permutation,
aB #0, y =0, oracyclic permutation,
aBy #0. (3.11)

The remaining case whese= 8 = y = 0 merely corresponds to classical geometry. Obviously,
the possibilitya8y # 0 has the highest degree of non-commutativity.

Our next objective is to define the NC elevation of the potentials, y, z). As in other
‘quantization’ schemes, the naive substitution

(x,y,2) > (X,Y,2) (3.12)
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is ambiguous due to the simple fact that= yx while XY # Y X if « # 0, for example, and
one is faced with an ordering problem. Accordind3c2), we need to treat?z andyz3, as these
monomials appear in thB,, and E7 potentials, respectively. To this end, and to put itinto a more
general context, we introduce the homogeneous polynomials

m m
Mm(u,v):Zajujvumfj, Zajzl (3.13)
j=0 j=0
of degreen + 1 wherem is a non-negative integer. The argumentandv, may be NC variables,
andM,, (u, v) is seen to reduce to the monomidiv if [u, v] =0.
Now, in our case we are thus interested in

m
My (X,Y) = Zajxfyx’”—f
j=0

=Y a;(X +aPy—yP) (V+ P —aP)X +aPy —yP,)" 7, (3.14)
Jj=0
and we find that it may be written in the following form:

Lemma.

Mu(X,Y)=YX" + X" (BP. —aPy) +a Y _(2j —m)a; X",
j=0

My (X, X)= X"+, (3.15)

Up to commutative (hence trivial) rearrangements (witkit), the ordering of the right-hand
side has phase-space coordinates to the left of the phase-space momenta. We will refer to this
ordering asnormal ordering

Our proposal for a ‘natural’ quantization procedure that elevates an ordinary hypersurface
to a NC hypersurface now goes as follows. Let the classical hypersurface be defined by the
vanishing of a polynomial, as in the case of th® E manifolds(3.1), (3.2) Since our prime
goal is to construct NC elevations of the$® E spaces, we will restrict ourselves to the situation
where each monomial summand is of the fatffy or z*, or similar monomials inx, y, z}
obtained by replacing, y or z by one of the other coordinates. Each of these monomials is then
replaced by the most general homogeneous polynomial in the corresponding NC coordinates
{X,Y, Z} (as in the first line 0f3.14) for example) satisfying that the result of normal ordering
it must itself be a homogeneous polynomial in the phase-space variables of the NC coordinates.
It is of course also required that the NC polynomial is properly normalized so that it reduces
to the original polynomial in the classical limit whe(&, Y, Z) — (x, y, z). For the class of
polynomialsM,, (X, Y), this means that the right-hand side(8f15) must be homogeneous in
the phase-space variables, which is ensured provided

m
> (@j—myaj=0. (3.16)
j=0

The symmetrized polynomial, wheig = --- = a,, = mLH is seen to satisfy this condition,

showing that a solution exists for all. It may appear surprising, though, that the thus defined set
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of ‘quantizations’ of a given classical polynomial consist®népolynomial only. This follows
straightforwardly, though, from the lemma wiR.16)imposed, since the first part of the right-
hand side 0f(3.15) is independentf {ay, ..., a,}, and from the fact that the quantization of

z* is trivial. It also indicates that our quantization procedure for a complex hypersurface like the
ADE spaceg3.1), (3.2)esults in auniqueNC hypersurface. In brief, the quantization procedure
replaces uniquely the classical (commutative) monomials of the f6rgor z* by homogeneous
polynomials of degree: + 1 ors, respectively, in the phase-space variables associated to the NC
coordinateg X, Y, Z}.

Let us illustrate the uniqueness from the point of view of the relations following from the
commutative nature of the structure const48t9). Recall thatZ’j’?:O a; =1 ensures that the NC
polynomial reduces to its commutative origin in the classical lig5itY, Z) — (x, y, z), while
Z7=o(2j —m)a; =0 ensures homogeneity of the NC counterpart of a classical monomial. For
m = 1 there is only one solution to these two constraiags= a1 = 1/2. Form = 2 there is the
one-parameter family of solutions

apg=a, a1=1-2a, az=a, (3.17)
but
ZY2 —2YZY +Y?Z=[Z,Y]Y —Y[Z,Y]=0 (3.18)

according to the aforementioned commutative nature of the structure constants. Likewise for
m = 3, where

1 1
ag=>nb, a1=§—2b+c, a2=§+b—26, az=c (3.19)

is the general solution, we have
Y73 -22Y72%+72%vZ = (YZ?-22YZ + Z%Y)Z =0, (3.20)

for example. This demonstrates again that our quantization procedure results in a uniqgue NC
hypersurface which we may then choose to represent in its symmetrized form (corresponding to
a=1/3form=2,andb =c=1/4 form = 3):

Ap1i Va, (XY, Z):=X2+Y24+ 2",

Dy Vp, (X.Y,Z):=X?+ %(ZY2+YZY+YZZ) + 2z L

Eg: Vis(X, Y, Z) = X2+ Y34 7%

E7: Vi (X, Y, Z) :=X?+ Y3+ %(YZ3+ZYZZ+ZZYZ+ZSY),

Eg: Vig(X, Y, Z) := X2+ v3 4 75 (3.21)

Upon replacing the operatopg, Y and Z by their differential-operator representations given
in (3.10) it is straightforward to write down the corresponding holomorphic wave equations
(2.4). This is discussed below. It is also stressed that, by construction, the NC nature of the
quantizedA DE spaces is inherited from the ambient spé@. An immediate way of seeing
this is that the non-commutativity in either case is governed by the same set of structure constants

o, B, y.
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4. Wave-equation representation

Here we list the differential-operator representations of the NKE potentials outlined
above:

/ . ik . ik
Va, (X, Y, Z) = ZZ( >(£>(_l)k(aj k)/kxz 13§ 32‘_,_131 kakyz Jaz{ 3)1:)

j=0k=0

5> ( ) (i) O L T}

Jj=0k=0

Vo, (X, Y. 2) = ZZ( )(i)(—l)"(af—kykxz—fa;ka;

j=0k=0
+ Bk aky2 T (2 + y o, — Boy)al ok

y
n—=1\/(j ko j—k gk _n—1—jai—k ok
() i,

2 j -
VEG(X, Y,Z)= ZZ(?) i)( l)kOl/ k)/ x2—ja){*k8§

j=0k=0
o -
+ZZ<, (i)( g et y3 0l e
Jj=0k=0
4
4 j i i
+ZZ(, (i)(—l)"yf kprzTal T ok,
j=0k=0

2
Ve, (XY, 2) =)

3 , .
L)oo

j=0k=0
. -
y BT (v + B3, — @d)dl T oY),

Ves(X. Y. 2) = ZZ( )(i)(—l)kaf—kykxz-fa;'—kag

j=0k=0

+ ZZ( ) (i) (—D*pi k370l F ok
j=0k=0
+ZZ< ) <£> (—Dfy ik pk5=T ] ok, (4.1)

j=0k=0
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The associated wave equations are define(Pby) for ¢ = 0. Below follows an analysis of the
caseAs.

4.1. The casel;

We consider
Va (X, Y, )W = (X2 + Y2 + Z)¥ = e, (4.2)
wheree = 0 corresponds to the N@; geometry. In terms of differential operators we have
X2+ Y24 72 =x2 4 Y2+ 22+ 2(yz — ay)d, + 2(ax — B2)dy + 2(By — yx)d,
+ (e +y?)02 + (e® + B%)07 + (B% + y2) 02
— 2By dxdy — 20y 0,0, — 20405 0;. (4.3)
We also introduce the geometric angular momentum
L=(LX’Ly7LZ)=rXV7 r=(rX5ry7rZ)=(x7ysZ)’ V=(a)C’a)'5aZ) (44)
in terms of which the differential-operator representation may be written
Va (X, Y, Z) =Va, (x,y,2) +2(aL; + BLx +yLy)
+ (02 + B2+ y?) V2 — (@d + Box + v dy). (4.5)
The differential operators involved here are seen to satisfy the following commutator
[@L; 4+ BLx +yLy, (@®+ B2+ y?)V? — (@d, + Bd: +y3,)] =0. (4.6)

It is therefore natural to look for an orthonormal coordinate systena, w) in terms of which
Va,(X, Y, Z) is independent of.,,. The two remaining coordinates are chosen from a ‘symmet-
rical’ point of view, as follows

_y-a yy=Pta@=-p B

X = A u+ N2 U+Nw7

_a—=p  ala—y)+p(B—Y) Y

y= N, u—+ Na v—l-ﬁw,

By BB-@tyy-a) o

= N u -+ Na U+Nw, 4.7)
where

NZ =@y —)?+ @B+ (B-1>
Ni=(r(r =B +a@—pB)°+(a@—y)+BB—1)+ (BB -0 +yy —a),
N?=a? 4 B2+ 92 (4.8)
These normalization constants are seen to be related according to
NZ = NZN2. (4.9)
After some somewhat tedious computations one finds the following remarkable simplification

Va, (X, Y, Z) = u? + v? + w? + N?(32 + 82). (4.10)
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The simplicity of this expression is due to the change of coordin{dt&y exploiting the symme-
tries of the original differential operatd4.3). In either form, the differential operator represents
the NC elevation of the polynomidls, (x, y, z). It thus appears in the reduction 6?_) to the
NC hypersurface defined by, (X, ¥, Z) = 0. Here we are interested in solving the differential
equation(4.2) using(4.10)

The NC system may now be studied by representing the orthonormal coordinates) in
cylindrical coordinates

u = pcogob), v =psin@), w=w,
1 1
P+Z=02+= a + =05, (4.11)

in which case the dlfferentlal equati¢h.2) reads

1 1
<,02 +w? + N2<a§ + ;ap + ?33))4/(/), 0;w)=e¥(p,0; w). (4.12)

Since this equation does not involve derivatives with respeet,tave consider the following
simple separation of variables

Y (p,0; w) =Ry (p)T(0) (4.13)

with corresponding differential equations

d? d
<N2 PPyt N+t (P —€)p® —u) Ru.u(p) =0,
d6?

The angular equation is the well-known differential equation for the harmonic oscillator. It
has two linearly independent solutions:

2 2
<d i >T ©) =0. (4.14)

TF©O) =N, T, (0)=e N, (4.15)
After making the substitution
1
R(p) =~ 0(ip*/N) (4.16)
for the radial function, we find the differential equation
d? 1 ie—wd/@N) | 5—(F)? >

_Z ipc/N)=0. 4.17

<d(%)2 +< 2T TN Ty ))Q(’p /™) @47

This is recognized as the Whittaker differential equation whose two linearly independent solu-
tions may be represented by

My, , (ip?/N) and M, _,» , (ir?/N) (4.18)
2N N ’_W

1(641\1;) )’ZN
or in terms of Whittaker’s function by
Wiz, , (i0%/N) and W .2 , (=ip?/N). (4.19)

i(e—w*%)
N N 4N ’2N

N
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To see this, it is recallefl 5] that the Whittaker differential equation is given by

d?W(z) 1 & 3-—«2
— 4 (-4 W(z) =0, 4.20
dz? < itttz ) © (4.20)

and that it has the two linearly independent solutions
k+3 —z/2 1
M () =2"T2e7 Dk =1+ §,2K+1;z )

1
MA,*K(Z):Z_K-’—%e_Z/Z@ (—K — A+ > —2c+ 1, Z)- (4.21)
Here @ (v, 1; z) denotes the confluent hypergeometric function sometimes writtgtv; t; z).
Whittaker’s function provides solutions suitable far iteger, and are defined by

I'(—2) I"(2¢)
—d M @D+ g/
'(z—x—2) L(z+xc—2)

Two linearly independent solutions (4.20)of this kind are given by, . (z) andW_, ,(—z).

Since the spectrum of solutions to the differential equagib)is given in terms of the har-
monic oscillator and solutions to the Whittaker differential equation, the involved parameters are
not constrained by quantization conditions in the usual sense. Rather, the quantization conditions
manifest themselves in tierm of the spectrum which in this case is comprised of a combination
of (4.15) and (4.19)

Now that we have the solution {d.2) for all ¢, it is natural to study the limi¢ — 0. In the
notation of(4.20) the only dependence anis throughi. The Whittaker differential equation
and its solution are well defined for al] so we may conclude that the differential equa(ni 7)
is well defined for alle. The original, classicat; geometry, on the other hand, is singular and
corresponds to the aforementioned limit:

WA,K(Z) = MA,—K(Z)- (4-22)

Va,(x,y,2) =€ — 0. (4.23)

A merit of our quantization procedure is thus that the singularity of the classical geometry has
been resolved. This NC elevation therefore offers an alternative to the more conventional resolu-
tions.

Due to the interpretation that the differential opergthB) represents the NC elevation of the
singular K3 surface? + y? + z2 = 0, we find it natural to attribute all the solutions(tb2)to the
‘moduli space’ of the associated NC geometry. That is, the spectrum of wave functions solving
(4.2), or more generally2.4), for e = 0 is interpreted as the moduli space of the NC geometry.
Since the latter is represented by a partial differential equation, we see that its possible boundary
conditions correspond to constraints imposed on the moduli space. A detailed analysis of this
link between boundary conditions and constraint equations is beyond the scope of the present
work.

In the limit of zero non-commutativity, i.e; = 8 = y = 0, the change of coordinatét.7)is
singular. This is in accordance with the fact that the differential equéi@) merely reduces to
its classical counterpart

(P + )2+ 2w =ew. (4.24)

On the hypersurfacg.1) for V = V,,, every complex function solveg.24) This means that
the ‘classical moduli space’ may be identified with the set of holomorphic functions.
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5. Discussion

We have developed a new and essentially non-geometric approach to NC Calabi-Yau man-
ifolds, based on ideas from quantum mechanics. Our focus has been on the sifuar
geometries. The polynomial equations defining these clasditat geometries are replaced
by differential equations in which the original singularities are (presumably) absent. The moduli
space associated to such an NC geometry is then interpreted as the spectrum of solutions to the
corresponding wave equation. We have analyzed in detail the NC elevation 4f thpeometry
and found that it is described in part by the Whittaker differential equation. We intend to discuss
elsewhere the extension of this explicit study to the othBrE geometrie$6].

Our approach is adaptable to a broad variety of geometries whose NC elevations may then
be represented by differential wave equations. The extension from complex to real variables is
straightforward, as is the extension to other dimensions than two complex ones. We anticipate
that the NC elevations of singular geometries in general will be non-singular as in the case of
A1 discussed above. This will be addressed elsewj@reshere we also intend to discuss the
implementation of boundary conditions alluded to above.

In order to put the analogy between our construction and quantum mechanics to a ‘physical
test’, one could examine the ‘dual’ descriptions of the NC elevations. That is, on one hand we
have introduced the NC elevations as ‘hypersurfaces’ in an NC ambient space, while on the other
hand we are representing them as differential operators resulting in some wave equations. In
guantum mechanics, this corresponds to an operator description versus a description in terms of
wave functions. It would therefore be of interest to try to extract information on an NC elevation
based on both its dual descriptions. We believe that these complimentary approaches deserve tc
be studied further.
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