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TORSION-FREE GENUS ZERO CONGRUENCE
SUBGROUPS OF PSL2(R)

ABDELLAH SEBBAR

Abstract
We study and classify all the conjugacy classes of the genus zero congruence sub-
groups ofPSL2(R) with no elliptic elements. We show that it suffices to classify those
inside the modular group and determine them completely. We also discuss an appli-
cation to modular curves.
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1. Introduction
Since the appearance of Moonshine more than two decades ago, much interest has
been drawn to genus zero congruence groups. In [13], J. Thompson showed that there
are only finitely many conjugacy classes of particular genus zero congruence sub-
groups of PSL2(R) using group-theoretic methods. Using Thompson’s results and
spectral properties of automorphic functions, P. Zograf [14] showed that there are only
finitely many genus zero congruence subgroups of the modular group. However, be-
sides finiteness results and examples, nothing has been explicitly said about the num-
ber of these groups (in PSL2(R)), and no description of their nature has been given.
In this paper, we deal with an aspect of this subject; namely, we describe completely
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the genus zero congruence subgroups of PSL2(R) that contain no elliptic elements.
This work was motivated by previous papers in collaboration with John McKay

[6], [7] in which we studied the action of the Schwarzian derivative on automor-
phic functions that generate the function field of a genus zero discrete subgroup of
PSL2(R). It turns out that the Schwarzian derivative of such an automorphic func-
tion is a weight 4 automorphic form for the normalizer of the discrete subgroup in
PSL2(R). Moreover, these automorphic forms are holomorphic if and only if the
group has no elliptic elements. If we specialize to genus zero congruence subgroups of
PSL2(R) which do not have elliptic elements, in other words, which are torsion-free,
then the automorphic forms obtained coincide with theta-functions of some famil-
iar rank 8 lattices. This phenomenon motivated the present classification to enable a
better understanding of the situation.

One of the main results of this paper is the following.

THEOREM 1
There are exactly15 conjugacy classes of torsion-free genus zero congruence sub-
groups ofPSL2(R).

These 15 conjugacy classes are explicitly determined in terms of classical congruence
groups. This theorem is a consequence of the following.

THEOREM 2
Every torsion-free genus zero discrete subgroup ofPSL2(R) commensurable with the
modular group is conjugate to a subgroup ofPSL2(Z).

We then show that if a subgroup of PSL2(R) is a congruence group, then any of its
conjugates inside PSL2(Z) (if it has any) is also a congruence group.

Having transferred the problem inside the modular group, we need to classify
torsion-free genus zero congruence subgroups of PSL2(Z). We have the following.

THEOREM 3
Up to a modular conjugacy, there are33 torsion-free genus zero congruence sub-
groups ofPSL2(Z).

Again, these groups are described explicitly in terms of classical congruence groups.
The proof of Theorem3 is carried out by studying the cusp widths of the groups.
Using work of H. Larcher [4], [5], each congruence group has a conjugate by an
element of the modular group which contains a simply described group with which it
shares the same cusp shape (i.e., set of cusp widths). Furthermore, if the conjugate is
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torsion-free and of genus zero, then it coincides with a Larcher group with which it
shares the same cusp shape. This makes it easy to classify all the PSL2(Z)-conjugacy
classes of torsion-free and genus zero congruence subgroups of the modular group.
We show that the 33 modular conjugacy classes of Theorem3 are partitioned into the
15 PSL2(R) conjugacy classes of Theorem1.

We also deal with the subgroups that contain a conjugate of00(n) for somen,
which occur in Moonshine. Section9 deals with a special case that leads to a geomet-
ric application concerning the modularity ofP1

\ {0, 1, ∞, z}.

2. Discrete subgroups ofPSL2(R)

The content of this section is common knowledge and is based generally on [9] or
[12].

Let PSL2(R) be the group of M̈obius transformations

τ →
aτ + b

cτ + d
, a, b, c, d ∈ R, ad − bc > 0.

The group PSL2(R) acts onH by linear fractional transformations, whereH is the
upper half of the complex plane, as well as on the extended real lineR ∪ {∞}. We
represent an element of PSL2(R) by a matrix

A =

(
a b
c d

)
, ad − bc = 1,

with the understanding thatA and−A are identified. IfA is not the identity element,
then it has a single fixed point onR ∪ {∞} if and only if Tr(A) = 2, in which caseA
is called parabolic. Also,A has a fixed point inH if and only if Tr(A) < 2, in which
caseA is called an elliptic element. The case Tr(A) > 2 is equivalent toA having two
fixed points on the real line, andA is called hyperbolic.

Let us now restrict ourselves to a discrete subgroup0 of PSL2(R). A point τ of
H is called an elliptic point of0 if it is fixed by an elliptic element of0. Similarly,
a point of R ∪ {∞} is called a cusp of0 if it is fixed by a parabolic element of
0. Every point in the orbit of an elliptic (resp., parabolic) point is elliptic (resp.,
parabolic). Moreover, the stabilizer in0 of an elliptic point is a finite cyclic group,
and the elements of finite order in0 consist of the elliptic elements together with
the identity elementI . Similarly, the stabilizer in0 of a parabolic point is an infinite
cyclic group, and it consists of parabolic elements together withI . If 0′ is a subgroup
of PSL2(R) commensurable with0, then0′ is discrete and its set of cusps is the same
as the set of cusps of0.

We denote byH∗ the union ofH and the cusps of0. The action of0 onH extends
to H∗, and the quotient spaceH∗/0 is a Riemann surface. The group0 is called a
Fuchsian group of the first kind ifH∗/0 is compact. All the discrete subgroups of
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PSL2(R) in this paper are assumed to be Fuchsian of the first kind. The genus of such
a group0 is by definition the genus of the compact Riemann surfaceH∗/0. It may
occur thatH/0 is compact; in this case0 has no parabolic elements. An important
property whenH∗/0 is compact is that the numbers of0-inequivalent cusps and
elliptic points are finite.

Let g be the genus of0, let h be the number of inequivalent cusps, and letr
be the number of inequivalent elliptic points. Letm1, . . . , mr be the orders of the
stabilizers of all conjugacy classes of elliptic points. Then we say that0 has signature
(g; m1, . . . , mr ; h). The algebraic structure of the group can be determined by its
signature. In fact, the group0 has a presentation:

generators:

A1, B1, . . . , Ag, Bg; E1, . . . , Er ; P1, . . . , Ph; (2.1)

relations:

Em1
1 = · · · = Emr

r =

h∏
i ∈1

Pi

r∏
i =1

Ei

g∏
i =1

Ai Bi A−1
i B−1

i = I . (2.2)

The generatorsPi are parabolic, theEi are elliptic, andAi andBi are hyperbolic.

3. The torsion-free and genus zero conditions
Let 0 be a Fuchsian group of the first kind. In most cases that occur in practice,0

is a group commensurable with the modular group PSL2(Z). The hyperbolic area
of a fundamental domain for0 acting onH is 2πχ(0), whereχ(0) is the Euler
characteristic of the fundamental domain given by

χ(0) = 2(g − 1) + h +

r∑
i =1

(
1 −

1

mi

)
, (3.1)

where, as in Section2, g is the genus,h is the number of inequivalent cusps (or
the number of cusps in a fundamental domain),r is the number of inequivalent el-
liptic points, andm1, . . . , mr are their orders. This formula is a consequence of the
Riemann-Hurwitz formula.

If 0 is torsion-free (i.e., it has no elliptic elements) and has genus zero, then (3.1)
becomes

χ(0) = h − 2. (3.2)

Moreover, from the presentation of0 by generators and relations, we deduce that0

can be generated by parabolic elements only, namely,P1, . . . , Ph with the relation
P1 · · · Ph = 1. Omitting one of the generators makes0 a free group of rankh − 1.
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PROPOSITION3.1
If 0 is a torsion-free genus zero group commensurable with the modular group, then
0 is a subgroup ofPSL2(Q).

Proof
The set of cusps for the modular group consists ofQ∪{∞}, and the same is true for0
since it is commensurable with PSL2(Z). Assume that0 is torsion-free and of genus
zero so that it can be generated by a set of parabolic elements. LetP be any of these
generators, and assume thatP is represented by a matrix

(
a b
c d

)
with ad − bc = 1.

The image byP of any cusp is also a cusp. In particular,P · 0, P · 1, andP · ∞ are in
Q ∪ {∞}; that is,b/d, a/c, and(a + b)/(c + d) are inQ ∪ {∞}. It is not difficult to
see thata, b, c, andd are rational multiples of a real numberα. Since Tr(P) = ±2,
we deduce also thatα is rational, so thatP is in PSL2(Q).

Examples of Fuchsian groups of the first kind commensurable with the modular group
are the so-called congruence groups that contain, as a subgroup of finite index, a
principal congruence group0(m) which is defined for a positive integerm by

0(m) = {A ∈ PSL2(Z), A ≡ ±I modm} /{±I },

and the smallest suchm is called the level of the group.
Let us now focus on groups of this sort which are subgroups of the modular

group. Examples of such groups are

01(m) =

{
A ∈ PSL2(Z), A ≡ ±

(
1 ∗

0 1

)
modm

}
/{±I },

00(m) =

{(
a b
c d

)
∈ PSL2(Z), c ≡ 0 modm

}
/{±I }.

The indices of these groups in the modular group are given by[
PSL2(Z) : 0(2)

]
= 2 ×

[
PSL2(Z) : 01(2)

]
= 6
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and

λ(m) :=
[
PSL2(Z) : 0(m)

]
=

m3

2

∏
p|m

p prime

(
1 −

1

p2

)
, m > 2,

λ1(m) :=
[
PSL2(Z) : 01(m)

]
=

m2

2

∏
p|m

p prime

(
1 −

1

p2

)
, m > 2,

λ0(m) :=
[
PSL2(Z) : 00(m)

]
= m

∏
p|m

p prime

(
1 +

1

p

)
, m ≥ 1.

If 0 is subgroup of finite index of PSL2(Z), then the hyperbolic area, 2πχ(0), of a
fundamental domain for0 satisfies

2πχ(0) = λ · 2πχ
(
PSL2(Z)

)
,

whereλ = [PSL2(Z) : 0]. Since the hyperbolic area of PSL2(Z) is π/3, we deduce
from the above formula thatχ(0) = λ/6. Also, inside the modular group, elliptic
elements have order 2 or 3, and we deduce from (3.1) that

λ

6
= 2(g − 1) + h +

ν2

2
+

2ν3

3
, (3.3)

whereνk (k = 2, 3) is the number of inequivalent elliptic elements of orderk. It
follows that if0 is torsion-free and of genus zero, then

λ = 6(h − 2). (3.4)

The group0(m) is of genus zero if and only if 1≤ m ≤ 5, 00(m) is of genus zero
if and only if m ∈ {1, . . . , 10, 12, 13, 16, 18, 25}, and01(m) is of genus zero if and
only if m ∈ {1, . . . , 10, 12}. Meanwhile,0(m) is torsion-free form ≥ 2, 01(m) is
torsion-free form ≥ 4, and a trace argument shows that00(m) is torsion-free if and
only if −1 and−3 are not squares modulom. We also mention that00(m) = 01(m)

for m ∈ {1, 2, 3, 4, 6}.

4. A transfer theorem
The goal of this section is to show that every torsion-free genus zero subgroup of
PSL2(R) commensurable with PSL2(Z) is conjugate to a subgroup of PSL2(Z) of
finite index.

We begin by giving a description of the full normalizer of00(N) inside PSL2(R).
This description was given originally in [1] and clarified in [2].
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Let N be a positive integer, leth be the largest divisor of 24 for whichh2
| N,

and setN = nh. The normalizer of00(N) consists of the transformations

A =

(
ae b/h
cn de

)
, det(A) = e > 0 ande || n/h, (4.1)

wherer || s meansr | s and gcd(r, s/r ) = 1 (r is called an exact divisor ofs), and
a, b, c, d are integers.

The normalizer can also be described in terms of the Atkin-Lehner involutions
that are defined as follows. Lete be an exact positive divisor ofN; then the setWe of
matrices

B =

(
ae b
cN de

)
, det(B) = e,

is a single coset of00(N). This coset, considered as an element of the normalizer
quotient of00(N), is called an Atkin-Lehner involution for00(N). The union of
all Atkin-Lehner involutions is a subgroup of the normalizer described by (4.1). The
Fricke involution

(
0 −1
N 0

)
occurs whene = N.

Let h be as above, and let00(n|h) be the group of matrices
( a b/h

cn d

)
of deter-

minant 1. This group is a conjugate of00(n/h) by
(

h 0
0 1

)
. The Atkin-Lehner invo-

lutions for 00(n|h) are the conjugates by
(

h 0
0 1

)
of the Atkin-Lehner involutions of

00(n/h). The full normalizer of00(N) in PSL2(R) is obtained by adjoining to the
group00(N|h) its Atkin-Lehner involutions. With this in mind we denote the normal-
izer of 00(N) by 00(n|h)+; the+ sign means that all the Atkin-Lehner involutions
are present. IfN is square-free, then the normalizer is00(N)+.

THEOREM 4.1
Every torsion-free genus zero discrete subgroup ofPSL2(R) commensurable with the
modular group is conjugate to a subgroup ofPSL2(Z).

Proof
Let 0 be such a subgroup; then since the group0 is commensurable with the modular
group, using H. Helling’s theorem in [3], it is conjugate to a subgroup of00(m)+ for a
square-freem. Since0 is torsion-free and of genus zero, its conjugate inside00(m)+

is also torsion-free and of genus zero. We may therefore assume without loss of gener-
ality that0 is inside00(m)+. Furthermore,0 can be generated by parabolic elements
only. Let P be such a generator. Being an element of00(m)+, P has the form (4.1)
whereh = 1 sincem is square-free. If we standardizeP to have determinant 1, it
must have trace equal to±2 since it is parabolic. This yields(a + d)

√
e = ±2. It

follows thate = 1 or e = 4. The latter is not possible sincee | m andm is square-
free. ThereforeP is in 00(m). This being true for every parabolic generator of0, we
deduce that0 is a subgroup of00(m).
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Theorem4.1can be seen as finding a common denominator for elements of the groups
in Proposition3.1. Also, note that the torsion-free and genus zero conditions are es-
sential to the theorem.

5. Larcher congruence groups
In [4], [5], Larcher introduced a large class of congruence subgroups of modular
groups of any given level. These groups generalize classical congruence groups like
0(n), 00(n), and01(n). To describe them, we follow the treatment of [5]. We first
introduce the notion of a cusp width. Let0 be a subgroup of finite index of PSL2(Z);
then the stabilizer of a cusp in0 is a subgroup of finite index in the stabilizer of the
same cusp in PSL2(Z). This index is called the width of the cusp.

Let m be a positive integer, and letd be a positive divisor ofm. Write m/d =

h2n, with n square-free. Letε andχ be positive integers such thatε | h andχ |

gcd(dε, m/dε2), and letτ ∈ {1, 2, . . . , χ}. Define the following:

0τ (m; m/d, ε, χ) =

{
±

(
1 +

m
εχ

α dβ
m
χ

γ 1 +
m
εχ

δ

)
, γ ≡ τα modχ

}
, (5.1)

where α, β, γ , and δ are integers. Then, with exceptions01(4; 2, 1, 2) and
01(8; 8, 2, 2) which have levels 2 and 4, respectively, the groups0τ (m; m/d, ε, χ),
which we call Larcher congruence groups, are congruence groups of levelm. More-
over, d is the least cusp width and corresponds to the cusp at∞, while m is the
width of the cusp at zero. In particular, ifm is square-free, thenε = χ = 1 and
0τ (m; m/d, ε, χ) = 01(m) ∩ 0(d). The cusp widths can be determined in terms of
the rational presentation of the cusps and the various data attached to these groups.
More interestingly, the Larcher groups describe the cusp widths of any congruence
group in the following way. Let0 be a congruence group of levelm, and letd be the
least cusp width in0. It is possible to conjugate0 by a matrix in the modular group
such that the width of∞ becomesd and the width of zero becomesm. Note that a
modular conjugacy only permutes the cusp widths; however, a nonmodular conjugacy
often changes the set of cusp widths. According to [5, Sec. 3], for suitableε, χ , and
τ , the Larcher group0τ (m; m/d, ε, χ) is a congruence group having the following
properties:
(1) 0τ (m; m/d, ε, χ) is a subgroup of0;
(2) the cusp widths of0 and0τ (m; m/d, ε, χ) coincide.

This means that up to finding the right parametersd, ε, χ , andτ , one is able to
describe all the cusp widths in0. We refer to0τ (m; m/d, ε, χ) as the Larcher group
corresponding to0.
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6. Classification inside the modular group
In this section, we classify all the PSL2(Z)-conjugacy classes of congruence sub-
groups of PSL2(Z) following [10].

PROPOSITION6.1
Every torsion-free genus zero congruence subgroup of the modular group is conjugate
to a Larcher congruence group.

Proof
Let 0 be a torsion-free genus zero congruence subgroup of levelm. Then0 has a set
of parabolic generators. Up to a modular conjugacy, we can assume that the least cusp
width d corresponds to∞, and that the cusp zero has widthm. Let 0τ (m; m/d, ε, χ)

be the corresponding Larcher group. According to Section5, the stabilizers of each
cusp with respect to both groups are the same. It follows that every parabolic gener-
ator of0, which is a generator of the stabilizer of the corresponding cusp, is also in
0τ (m; m/d, ε, χ). Therefore0 = 0τ (m; m/d, ε, χ).

PROPOSITION6.2
If 0τ (m; m/d, ε, χ) is of genus zero, then

dε ≤ 5,
md

χ
≤ 25,

m

εχ
≤ 12. (6.1)

Proof
It is clear that0τ (m; m/d, ε, χ) ⊆ 00(m/χ) ∩ 01(m/εχ) ∩ 0(d) sinced divides
m/εχ . Also, 00(m/χ) ∩ 0(d) is conjugate to00(md/χ) ∩ 01(d), and00(m/χ) ∩

01(m/εχ)∩0(d) is conjugate to01(m/εχ)∩0(dε) sincedε dividesm/εχ . A neces-
sary condition to have0τ (m; m/d, ε, χ) of genus zero is that the groups00(md/χ),
01(m/εχ), and0(dε) are all of genus zero. This yields (6.1).

From Proposition6.2, we see that 1≤ d ≤ 5, and for eachd there are few values
of ε such thatdε ≤ 5; namely,ε = 1 if d = 3, 4, or 5,ε = 1 or 2 if d = 2, and
1 ≤ ε ≤ 5 if d = 1. This provides us with a (short) list of possible values ofχ and
τ in each case, and therefore with a (short) list of Larcher groups which contains the
genus zero Larcher groups. All the genus zero groups that appear are conjugate to a
0(m), 00(m), or 01(m), except01(8) ∩ 0(2) which can be checked to be of genus
zero by finding its signature. The groups obtained which are not of genus zero are
easily seen to be so because some conjugate of them is contained in a group of the
form 0(m), 00(m), or 01(m) which is clearly not of genus zero (see [10] for more
details). We have the following.
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THEOREM 6.3
Up to modular conjugacy, there are exactly33congruence subgroups of the modular
group which are torsion-free and of genus zero, all of which are given in Table 1.

Table 1

Index Level Group

6 2 0(2)

4 00(4)

12 3 0(3)

4 00(4) ∩ 0(2)

5 01(5)

6 00(6)

8 00(8)

9 00(9)

24 4 0(4)

6 00(3) ∩ 0(2)

7 01(7)

8 01(8), 00(8) ∩ 0(2),
{
±
( 1+4a 2b

4c 1+4d

)
, a ≡ c mod 2

}
12 00(12)
16 00(16),

{
±
( 1+4a b

8c 1+4d

)
, a ≡ c mod 2

}
36 6 00(2) ∩ 0(3)

9 01(9),
{
±
( 1+3a 3b

3c 1+3d

)
, a ≡ c mod 3

}
10 01(10)
18 00(18)
27

{
±
( 1+3a b

9c 1+3d

)
, a ≡ c mod 3

}
48 8 01(8) ∩ 0(2),

{
±
( 1+4a 4b

4c 1+4d

)
, a ≡ c mod 2

}
12 01(12),

{
±
( 1+6a 2b

6c 1+6d

)
, a ≡ c mod 2

}
16 00(16) ∩ 01(8),

{
±
( 1+4a 2b

8c 1+4d

)
, a ≡ c mod 2

}
24

{
±
( 1+6a b

12c 1+6d

)
, a ≡ c mod 2

}
32

{
±
( 1+4a b

16c 1+4d

)
, a ≡ c mod 2

}
60 5 0(5)

25 00(25) ∩ 01(5)

7. Classification insidePSL2(R)

In this section, we list all the PSL2(R)-conjugacy classes of torsion-free genus zero
congruence subgroups of PSL2(R). According to Theorem4.1, each such group is
conjugate to a subgroup of the modular group. If we establish that this conjugate
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is also a congruence group, then it is a modular conjugate of one in the list from
Theorem6.3.

PROPOSITION7.1
If 0 is a congruence subgroup ofPSL2(R) which has conjugates insidePSL2(Z), then
any of these conjugates is a congruence group.

Proof
Let 0 be a congruence subgroup of PSL2(R) of leveln. Let C =

(
a b
c d

)
, ad− bc = 1,

such thatC−10C ⊆ PSL2(Z). Since0(n) ⊆ 0, the two matrices

C−1
(

1 0
n 1

)
C =

(
1 − abn −b2n

a2n 1 + abn

)
and

C−1
(

1 n
0 1

)
C =

(
1 + cdn d2n
−c2n 1 − cdn

)
have integer entries. We deduce thata2n, b2n, c2n, d2n, abn, andcdnare inZ. Using
this fact and multiplyingad − bc = 1 by adn2, we obtainadn2

∈ Z. Similarly, we
haveacn2, bcn2, bdn2

∈ Z. We are going to show that0(n3) ⊆ C−10C. Let

A =

(
1 + n3x n3y

n3z 1 + n3t

)
∈ 0(n3);

thenC AC−1
=
(X Y

Z T

)
, where

X = 1 + n3(adx+ bdz− acy− bct),

Y = n3(a2y + abt − abx− b2z),

Z = n3(cdx+ d2z − c2y − cdt),

T = 1 + n3(acy+ adt − bcx− bdz).

It is clear thatC AC−1
∈ 0(n) ⊆ 0. This is also true ifA ≡ −I modn3.

Remark 7.1
The same calculations show that if0 contains01(n) (rather than0(n)), then any
of its conjugates inside PSL2(Z) contains0(n2), and if 0 contains00(n), then its
conjugates in PSL2(Z) contain0(n).

In view of Proposition7.1, any torsion-free genus zero congruence subgroup of
PSL2(R) is conjugate to a group from the list of Theorem6.3. Thus, we need only
find the PSL2(R)-conjugacy classes among the groups of Theorem6.3. Also, we need
only look at each index since subgroups of different indices cannot be conjugate.



388 ABDELLAH SEBBAR

Index 6.The groups0(2) and00(4) are conjugate by
(

2 0
0 1

)
.

Index 12.The groups0(3) and00(9) are conjugate by
(

3 0
0 1

)
, and the groups00(4) ∩

0(2) and00(8) are conjugate by
(

2 0
0 1

)
.

Index 24.The groups00(3) ∩ 0(2) and00(12) are conjugate by
(

2 0
0 1

)
since00(3) ∩

0(2) = 00(6) ∩ 0(2). The group0(4) is conjugate by
(

4 0
0 1

)
to 00(16), and it is

conjugate by
(

2 0
0 1

)
to 00(8) ∩ 0(2). The group01(8) is conjugate by

( 1 1/2
0 1

)
to the

group {
±

(
1 + 4a b

8c 1 + 4d

)
, a ≡ c mod 2

}
which is conjugate by

(
1 0
0 2

)
to{

±

(
1 + 4a 2b

4c 1 + 4d

)
, a ≡ c mod 2

}
.

Index 36.The group00(2)∩0(3) is conjugate to00(18). The group01(9) is conjugate
by
(

1 1
0 1

)(
3 0
0 1

)
=
(

3 1
0 1

)
to{
±

(
1 + 3a 3b

3c 1 + 3d

)
, a ≡ c mod 3

}
,

and it is conjugate by
( 1 τ/3

0 1

)
, τ = ±1, to{

±

(
1 + 3a b

9c 1 + 3d

)
, a ≡ τc mod 3

}
.

Index 48.The group01(8) ∩ 0(2) is conjugate by
(

2 0
0 1

)
,
(

2 1
0 1

)
,
( 1 1/2

0 1

)
, and

( 1 1/4
0 1

)
,

respectively, to
00(16) ∩ 01(8),{

±

(
1 + 4a 4b

4c 1 + 4d

)
, a ≡ c mod 2

}
,{

±

(
1 + 4a 2b

8c 1 + 4d

)
, a ≡ c mod 2

}
,

and {
±

(
1 + 4a b

16c 1 + 4d

)
, a ≡ c mod 2

}
.

The group01(12) is conjugate by
(

2 1
0 1

)
to{

±

(
1 + 6a 2b

6c 1 + 6d

)
, a ≡ c mod 2

}
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and by
( 1 1/2

0 1

)
to {

±

(
1 + 6a b

12c 1 + 6d

)
, a ≡ c mod 2

}
.

Index 60.The group0(5) is conjugate by
(

5 0
0 1

)
to 00(25) ∩ 01(5).

THEOREM 7.2
There are15 PSL2(R)-conjugacy classes of torsion-free genus zero congruence sub-
groups ofPSL2(R). Representatives for these classes are0(5), 01(8) ∩ 0(2), 00(n)

for n = 4, 6, 8, 9, 12, 16, 18, and01(n) for n = 5, 7, 8, 9, 10, 12.

Proof
In view of the above discussion, the congruence groups listed in this theorem form
a set of representatives for the PSL2(R)-conjugacy classes of torsion-free genus zero
congruence subgroups. We need only check that no two of them are conjugate. Since
all these groups are in PSL2(Z), the proof of Proposition7.1provides us with a neces-
sary condition for two such groups to be PSL2(R)-conjugate; namely, if one contains
0(n) for somen, then the other one must contain0(n3). For the groups listed in the
theorem, this would imply that if two of them are conjugate, then their levels have the
same set of prime divisors. This allows us to see that each two groups of the same
index in the list are not conjugate.

8. Subgroups containing00(n)

In this section, as an application of the above, we investigate the groups given in
Theorem7.2 that have a conjugate containing00(n). These groups are of interest
in Moonshine and the theory of replicable functions, and they were studied in [6],
[7]. Ignoring the groups00(n), we have to deal with the groups01(n), in addition to
01(8) ∩ 0(2) and0(5).

Let N be a positive integer such that01(N) contains a conjugate of00(n) for
somen. According to Remark7.1, we must have0(n) ⊆ 01(N). It follows that
N | n. LetC =

(
a b
c d

)
, ad−bc = 1 (a, b, c, d real numbers), such thatC00(n)C−1

⊆

01(N). We have

C

(
1 1
0 1

)
C−1

=

(
1 − ac a2

−c2 1 + ac

)
∈ 01(N)

and

C

(
1 0
n 1

)
C−1

=

(
1 + bdn −b2n

d2n 1 − bdn

)
∈ 01(N).



390 ABDELLAH SEBBAR

It follows that

ac ≡ c2
≡ bdn ≡ d2n ≡ 0 modN and a2, b2n ∈ Z. (8.1)

Let α ∈ Z such that gcd(α, n) = 1. There existβ andγ such thatαγ − βn = 1, so
that A =

(
α β
n γ

)
∈ 00(n). The productC AC−1

=
(

X Y
Z T

)
, where

X = adα + bdn− acβ − bcγ,

Y = a2β + abγ − abα − b2n,

Z = cdα + d2n − c2β − cdγ,

T = acβ + adγ − bcα − bdn

must be in01(N), so thatX ≡ T ≡ ±1 modN, Z ≡ 0 modN, andY ∈ Z. Using
(8.1) we deduce from the expressions ofX andT that

adα − bcγ ≡ adγ − bcα ≡ ±1 modN. (8.2)

Sincead − bc = 1, these equations sum to

α + γ ≡ ±2 modN.

Since det(A) = 1, we haveαγ ≡ 1 mod n and hence modN since N | n. We
deduce thatα2

+ 1 ≡ ±2α mod N. Meanwhile, becauseα is an arbitrary element
of (Z/nZ)× and N | n, α can be any element of(Z/NZ)× since the projection
(Z/nZ)× → (Z/NZ)× is surjective. We have shown the following.

PROPOSITION8.1
If 01(N) contains a conjugate of00(n) for some n, then

∀a ∈ (Z/NZ)×, (a ± 1)2
≡ 0 modN. (8.3)

PROPOSITION8.2
The only positive integers N for which (8.3) holds are the divisors of16and36.

Proof
Let N be such an integer, and writeN = 2kN′ with gcd(2, N′) = 1; then the integer
a = 2 + N′ is relatively prime toN, so that(a ± 1)2

≡ 0 modN and hence modN′.
This impliesN′

| 9. Hence, only 2 and 3 may divideN. It follows that 5 is relatively
prime toN, so that(5± 1)2

≡ 0 modN, yielding N | 16 orN | 36. Conversely, each
positive divisor of 16 or 36 satisfies (8.3).
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Remark 8.1
If we require that01(N) contain some00(n), then a necessary condition is

∀a ∈ (Z/NZ)×, a ± 1 ≡ 0 modN,

which holds if and only ifN is a divisor of 4 or 6. Conversely, for each positive
divisor N of 4 or 6, we have01(N) = 00(N), a fact that was mentioned at the end of
Section 3.

Remark 8.2
For the remainder of this section, we implicitly use the following fact: the positive
divisors of 24 are the only positive integersr for which

∀x, y, xy ≡ 1 modr =⇒ x ≡ y modr.

This property is also essential in describing the normalizer of00(n) as in Section 4.

Using Proposition8.2, the groups01(N) for N = 5, 7, 10 do not contain any con-
jugate of a00(n). This is also true for0(5) ⊂ 01(5). If P =

( 9 −2
27 −3

)
, then

P00(81)P−1
⊂ 01(9); this uses the simple fact that ifad ≡ 1 mod 9, then

2a − d ≡ 2d − a ≡ ±1 mod 9. For the group01(8) ∩ 0(2), we proceed in the
following way: the invariance group of the Hauptmodulη(τ)/η(4τ), whereη is the
Dedekind eta-function, is a modular subgroup with index 48 and level 32. (It can
be easily checked that it contains0(32), which is enough for our purposes.) It must
be a conjugate of one of the two representatives of the index 48 subgroups, namely,
01(8)∩0(2) and01(12). The latter is excluded since its level is divisible by 3. More-
over, the invariance group ofη(8τ)/η(32τ) (the conjugate byτ 7→ 8τ of η(τ)/η(4τ))
contains00(28). Therefore01(8) ∩ 0(2) contains a conjugate of00(28), and so does
01(8). A conjugating matrix is

(
16 −1
32 2

)
.

Remark 8.3
The same argument works for01(9) since it is conjugate to the invariance group of
η(τ)/η(9τ), andη(3τ)/η(27τ) is invariant under00(81).

It was conjectured in [7] that no other genus zero torsion-free group besides those
conjugated to the above ones contains a conjugate of some00(n). To prove this con-
jecture, we need to eliminate the case of01(12).

PROPOSITION8.3
Let n be a positive integer divisible by12, and let k be an integer. If the equation

x(x + k) ≡ 1 modn (8.4)
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has a solution, then there are four solutions that are distinct modulo12.

Proof
Assume that the equation (8.4) has a solutionx0; then−x0 − k is also a solution.
Also, x0 + k is an inverse ofx modulon and hence modulo 12, and thereforek is a
multiple of 12 by Remark8.2. Write n = 2α3βn′ with gcd(6, n′) = 1, and consider
the following four systems:

x ≡ x0 modn′,

x ≡ x1 mod 2α,

x ≡ x2 mod 3β ,

wherex1 and x2 take values in{x0, −x0 − k}. By the Chinese remainder theorem,
each system provides a solution to equation (8.4). Meanwhile,x0 and−x0 − k are
distinct modulo 4 and modulo 3 sincek ≡ 0 mod 12. It follows that the four systems
yield four solutions to (8.4) that are distinct modulo 12.

COROLLARY 8.4
There is no positive integer n for which00(n) has a conjugate inside01(12).

Proof
Assume there exists a positive integern and a real matrixC =

(
a b
c d

)
with ad − bc =

1 such thatC00(n)C−1
⊆ 01(12). By Remark7.1, 12 | n. Since the projection

(Z/nZ)× → (Z/12Z)× is surjective, we can choosex0 ∈ Z with gcd(x0, n) = 1
andx0 ≡ 1 mod 12. Lety0 andz0 be such thatx0z0 − ny0 = 1. Setk = z0 − x0

so thatx0 is a solution to the equationx(x + k) ≡ 1 modn. Using Proposition8.3,
there existsx1 such thatx1(x1 + k) ≡ 1 modn andx1 ≡ 7 mod 12. Hence, if we
setz1 = x1 + k, there existsy1 such thatx1z1 − ny1 = 1. The matrices

( x0 y0
n z0

)
and( x1 y1

n z1

)
are in00(n) and hence are conjugated byC into 01(12). Using the relations

(8.2) with (α, γ ) = (xi , zi ), i = 0, 1, and taking into account that both matrices have
traces congruent to 2 modulo 12 because of the choices ofx0 andx1, we have

adx0 − bcz0 ≡ 1 mod 12, adx1 − bcz1 ≡ 1 mod 12.

Sincead − bc = 1 andz0 − x0 = z1 − x1 = k, taking the difference of these two
congruences yieldsx0 − x1 ≡ 0 mod 12, which is a contradiction sincex0 andx1

were chosen such thatx0 − x1 ≡ ±6 mod 12. The corollary follows.

THEOREM 8.5
Any torsion-free genus zero group containing some00(n) with finite index is conju-
gate to one of the following groups:

01(8), 01(9), 01(8) ∩ 0(2), 00(n) for n = 4, 6, 8, 9, 12, 16, 18.
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9. A special case
In this section, we study some properties of the index 12 groups that were found in
the previous sections. More interesting properties (geometric and analytic) and details
can be found in [11].

The groups described in this paper are all congruence groups. If we drop the con-
gruence condition, then there are infinitely many torsion-free genus zero subgroups
of the modular group. In fact, for eachλ and h satisfyingλ = 6(h − 2), there is
a torsion-free genus zero subgroup of the modular group with indexλ andh cusps
(see [8]). However, if the number of cusps is arbitrary, this is not true of the cusp
widths. The situation is as follows: letX be a set ofλ letters, and consider pairings
(x, y) of permutationsx and y acting onX satisfyingx2

= y3
= 1 and such that

the group generated byx andy is transitive onX. We define the equivalence classes
(x, y) modulo a conjugation ofx andy by a permutation inSλ. Then there is a one-
to-one correspondence between conjugacy classes of subgroups of finite indexλ in
the modular group and equivalence classes of pairings(x, y) (see [8]). The subgroup
is torsion-free if and only ifx and y are fixed point free, and it is of genus zero if
and only if the total number of disjoint cycles ofx, y, andxy is λ + 2. Moreover, the
subgroup has cusp widthsn1, n2, . . . , nh, whereh is the number of cusps, if and only
if the permutationxy consists ofh disjoint cycles of lengthsn1, n2, . . . , nh.

If we look at the caseλ = 12, we wantx andy acting fixed point freely on a set of
12 elements such that〈x, y〉 is transitive on these points and such thatxy decomposes
into 4 cycles of lengthsn1, n2, n3, n4 with

∑
ni = 12. It is not difficult to check (by

computer or simply using graph theory; see [11]) that the only partitions of 12 into 4
positive integers which are realized are those listed in Table 2 with the corresponding
groups. These also account for all the equivalence classes of pairings(x, y).

Notice that the cusp widths of Table 2 give all the possible quadruples of positive
integers whose sum is 12 and whose product is a square. This fact has an explanation
related to the theory of modular elliptic surfaces (see [11]). We deduce the following
from Table 2.

PROPOSITION9.1
The six congruence subgroups of index12given in Table 1 account for all the torsion-
free genus zero subgroups of index12 in PSL2(Z).

If a subgroup of PSL2(R) is conjugate to a torsion-free genus zero subgroup of in-
dex 12 in PSL2(Z), then this group has only four cusps or, equivalently, a fundamental
domain for this group has hyperbolic area 4π . Proposition9.1, together with Theo-
rem4.1, shows that there are only four conjugacy classes of torsion-free genus zero
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Table 2

0(3) 3 − 3 − 3 − 3

00(4) ∩ 0(2) 4 − 4 − 2 − 2

01(5) 5 − 5 − 1 − 1

00(6) 6 − 3 − 2 − 1

00(8) 8 − 2 − 1 − 1

00(9) 9 − 1 − 1 − 1

subgroups of PSL2(R) having hyperbolic area 4π which can be represented by only
four congruence subgroups of the modular group. Because these groups are torsion-
free and of genus zero, the quotient of the upper half-planeH by one of these groups
is just the projective lineP1 minus four points. To determine these four points, we
need to find a Hauptmodul for each group as well as its values at the cusps. For the
four PSL2(R)-conjugacy classes representing the six modular subgroups of index 12,
we have Table 3.

Table 3

Group Hauptmodul Values at the cusps

0(3)
(

η(τ/3)
η(3τ)

)3
3, z2

+ 3z + 9, ∞

00(4) ∩ 0(2)
η(2τ)12

η(τ)4η(4τ)8 4, −4, 0, ∞

01(5) 1
q

∏
∞

n=1(1 − qn)−5( n
5) z2

− 11z − 1, 0, ∞

00(6)
η(τ)5η(3τ)

η(2τ)η(6τ)5 5, −4, −3, ∞

In the expression of the Hauptmodul for01(5),
(n

5

)
denotes the Legendre symbol
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andq = exp(2π i τ). The quadratic polynomials indicate that their roots are values for
the Hauptmoduls, and the order in which these values are listed follows the ordering
of the cusp widths given in Table 2. The Hauptmoduls are chosen so that their Fourier
expansion inq has the formq−1/m

+O(q1/m), wherem is the cusp width at∞, except
for 01(5) which has the form 1/q + 5 + O(q). The expressions for the Hauptmoduls
and their values are found in the Moonshine tables of [2], except for01(5) whose
Hauptmodul f is deduced from0(5) and whose values are deduced from00(5),
namely, that the Hauptmodul for01(5) is simply the fifth power of the one for0(5).
If g is a Hauptmodul for00(5) of the form 1/q + O(q), theng takes the values 6 and
∞ at the two cusps of00(5). By desymmetrizing (01(5) has index 2 in00(5)), we
have

g = f − 5 +
1

f

which leads to the values off given in Table 3.
Theorem9.2determines up to isomorphism all the modular curves, that is, quo-

tients of the upper half-planeH by a modular subgroup, which are given byP1 minus
four points. Applying a linear fractional transformation to the four values for each
group in Table 3 so that each triple is sent to 0, 1, ∞, we obtain 17 different values
for the fourth cusp. Denoting exp(2π i /3) by ω and the roots ofz2

− 125z + 125 by
α andβ, we have the following.

THEOREM 9.2
The curveP1

\ {0, 1, ∞, z} is a modular curve if and only if z or1/z is a member of{
−8, −1,

9

8
, 2, 9, −ω, α, β, −

α

β

}
.

Using Theorem4.1and Proposition9.1, we deduce the following.

COROLLARY 9.3
The only values of z for whichP1

\ {0, 1, ∞, z} is a quotient of the upper half-plane
by a Fuchsian group commensurable with the modular group are those given by The-
orem9.2.
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