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Abstract: In this paper a close connection is established between certain cohomology
spaces of representations of the quantum affine algebraUq(ŝl2), and a twistedq-de Rham
(Jackson–Aomoto) cohomology of configuration spaces using the quantum screening
operators.

1. Introduction

The representation theory of Virasoro algebras, established by Feigin and Fuchs [7], gives
a way to obtain intertwining operators between the Fock space representations, out of
the top homology classes of certain one dimensional local systems over configuration
spaces. A similar construction exists for affine Kac-Moody algebras. These intertwining
operators are built up from the so-calledscreening operators. In [10], Ginzburg and
Schechtman made the remark that in fact these screening operators contain more infor-
mation. Namely, they provide canonical cocycles of the Virasoro and affine Kac-Moody
Lie algebras, with coefficients in the de Rham complex of an operator-valued local sys-
tem on the configuration space. This makes it possible to obtain canonical morphisms
from higher homology groups of the above local system to appropriate Ext-groups be-
tween the Fock modules.

The purpose of this paper is to investigate this connection between the geometry of
configuration spaces and representation theory in the case of the quantum affine algebras
Uq(ŝl2). The quantized universal enveloping algebras of semisimple Lie algebras were
studied in this context in [17], and the representations in question were the Verma
modules. In this paper we consider theq-analog of the Wakimoto modules [19] via
bosonizationof the quantum affine algebras, using three scalar boson fields. From the
same boson fields, we construct the screening operatorS(z). We introduce a certain
bracket〈·, ·〉 which is a pairing between elements ofUq(ŝl2) and operators between
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the q-Wakimoto modules. This bracket is defined using the Hopf algebra structure of
Uq(ŝl2). Then we solve the difference equation

〈x, S(z)〉 = ∂qS(x, z) x ∈ Uq(ŝl2).

It turns out that the solutionS(z) andS(x, z) have very nice homological properties, in
particular,S(x, z) satisfies a cocycle condition of the form:

S(xy, z) = x · S(y, z) + ε(y)S(x, z),

where the dot means the action ofx on the Hom space between the modules, andε is
the counit map of the Hopf algebraUq(ŝl2). The above difference equation is built by
means ofq-difference operators of Jackson type, which generate a flat connection in a
one dimensional vector bundle over then-dimensional torus. We then consider a “q-de
Rham” complex of the space of formal algebraicq-differential forms over then-torus,
whose “differentials” are the aboveq-difference operators. The homology groups of
this complex can be regarded as the homology groups of then-torus with coefficients
in a local system with stalkC. From these data, we construct the canonical cocycles,
which in fact live in the total space of a double complex produced by mixing the above
q-de Rham complex and a Hochshild complex which will be introduced below. These
cocycles yield canonical maps between the homology groups of the local systems and
the Ext-spaces between the representations in question.

I should mention the emphasis made on the Hopf algebra structure ofUq(ŝl2), in fact,
we make sense of the above notions only by the use of this structure. Also, techniques
such as the vertex operators calculus and the normally ordered products were very
helpful.

2. Hopf Algebras and Their Actions

In this section we follow closely the treatment in [17] with less details. We present some
constructions on Hopf algebras and their representations, and establish some results
related to them. All the algebraic structures will be over the field of complex numbers.

2.1. Composition of maps.Let H be a Hopf algebra, and let1, A, and ε denote
respectively the comultiplication, the antipode and the counit maps.

If M andN are twoH-modules, one can define a structure of left module on both
M ⊗ N and Hom(M,N ) by:

x · (m⊗ n) =
∑
(x)

(x′m) ⊗ (x′′n) (m ∈ M, n ∈ N , x ∈ H),

(x · f )(m) =
∑
(x)

x′f (A(x′′)m) (m ∈ M, f ∈ Hom(M,N ), x ∈ H),

where we have used the Sweedler notation for the comultiplication:

1(x) =
∑
(x)

x′ ⊗ x′′ (x ∈ H).

(If more than one superscript′ or ′′ is involved, we will use numerical subscripts.)
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Each vector space carries a structure of anH-module through the mapε. Therefore,
the dual spaceM∗ = Hom(M,C) is anH-module with the action ofH given by:

(x · φ)(m) = φ(A(x)m) x ∈ H, φ ∈ M∗, m ∈ M.

Lemma 2.1. For everyx ∈ H, the following relation holds inH ⊗H ⊗H:∑
(x)

x1 ⊗ 1 ⊗ x2 =
∑
(x)

x1,1 ⊗A(x1,2)x2,1 ⊗ x2,2. (2.1)

Proof. We prove the identity by applying the coassociativity of the map1 several times.
Let x ∈ H, by coassociativity we have:

x1 ⊗ x2,1 ⊗ x2,2 = x1,1 ⊗ x1,2 ⊗ x2.

Now, applying 1⊗ 1 ⊗ 1 to the left side, and 1⊗ 1⊗ 1 to the right side, we obtain by
coassociativity:

x1 ⊗ x2,1,1 ⊗ x2,1,2 ⊗ x2,2 = x1,1 ⊗ x1,2 ⊗ x2,1 ⊗ x2,2.

Therefore,

x1,1 ⊗A(x1,2)x2,1 ⊗ x2,2 = x1 ⊗A(x2,1,1)x2,1,2 ⊗ x2,2

= x1 ⊗ ε(x2,1) ⊗ x2,2

= x1 ⊗ 1 ⊗ x2,

using the axioms of the counit. This proves the lemma. �

Proposition 2.2 (Composition lemma). If M, N andP are threeH-modules, then for
everyf ∈ Hom(N ,P) and for everyg ∈ Hom(M,N ) andx ∈ H, we have:

x · (f ◦ g) =
∑
(x)

(x′ · f ) ◦ (x′′ · g).

Proof. The relation can be written as:

x1f (g(A(x2)m)) = x1,1f (A(x1,2)x2,1g(A(x2,2)m))) (m ∈ M),

which follows from the above lemma after applying 1⊗ 1 ⊗A to its two sides. �

The composition lemma seems to be just a consequence of the axiomatic definition
of the Hopf algebra, especially from the coassociativity. Let us consider the composition
map (f, g)−→f ◦ g. It is a bilinear map and therefore induces a linear map

Hom(N ,P) ⊗ Hom(M,N )
◦−→Hom(M,P).

Using the action ofH on the tensor product and on the Hom space, we can restate the
composition lemma as the following result

Corollary 2.3. The composition map isH-linear.

Remark 2.1.The linearity of the composition map is known and proved in the literature
only whenN (or bothM andP) is finite dimensional, in which case Hom(M,N ) is
isomorphic toM∗ ⊗ N , see [13]. Here, we established it for the general case, for all
the representations we will be considering are infinite dimensional.
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2.2. A bracket and a cochain complex.LetH be a Hopf algebra overC with the associated
maps as above. We define a bilinear map〈·, ·〉 onH ⊗H by

〈x, y〉 =
∑
(x)

x′yA(x′′) − ε(x)y (x, y ∈ H). (2.2)

This bracket satisfies the following relations:

Proposition 2.4. For all x, y, z in H, we have :

(1) 〈xy, z〉 = 〈x, 〈y, z〉〉 + ε(x) 〈y, z〉 + ε(y) 〈x, z〉,
(2) ε(〈x, y〉) = 0,
(3) A2(〈x, y〉) =

〈
A2(x), A2(y)

〉
.

Proof. The first relation follows from that fact that1 is an algebra homomorphism and
thatA is an algebra anti-homomorphism. The second relation follows from the antipode
axiom: ∑

(x)

x′A(x′′) =
∑
(x)

A(x′)x′′ = ε(x) · 1,

and from the fact thatε is an algebra homomorphism. We will prove the third relation:
From the identity

1(A(x)) =
∑
(x)

A(x′′) ⊗A(x′)

we obtain
1(A2(x)) =

∑
A2(x′) ⊗A2(x′′).

Using this relation and the fact thatε(A(x)) = ε(x) we obtain:〈
A2(x), A2(y)

〉
= A2(〈x, y〉). �

Note that〈1, x〉 = 〈x, 1〉 = 0 for everyx ∈ H. And if H is commutative then
〈x, y〉 = 0 for everyx, y ∈ H, while if H is cocommutative, then

〈x,A(y)〉 = A 〈x, y〉 .
If M is a leftH-module, thenm ∈ M is called anH-invariant if xm = ε(x)m for

everyx ∈ H. If N is anotherH-module, we set

〈x, φ〉 = x · φ− ε(x)φ x ∈ H, φ ∈ Hom(M,N ). (2.3)

Notice the analogy with the definition of〈x, y〉. We say thatφ is aninvariantif 〈x, φ〉 = 0
for everyx ∈ H.

Proposition 2.5. For all x, y in H and for allφ, ψ in Hom(M,N ) we have:

〈xy, φ〉 = x · 〈y, φ〉 + ε(y) 〈x, φ〉 , (2.4)

〈x, φψ〉 =
∑
(x)

〈x′, φ〉 〈x′′, ψ〉 + 〈x, φ〉ψ + φ 〈x, ψ〉 . (2.5)

Proof. The first relation is the same as the relation (1) in Proposition 2.4 when we
substitutez by φ. The second relation is a consequence of the composition lemma and
the fact thatε(x) =

∑
(x) ε(x

′)ε(x′′). �
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The importance of the bracket〈·, ·〉 will appear throughout this work. The expression
for 〈x, φ〉 is simply the difference of two actions ofx onφ. In the case of the Universal
enveloping algebras of Lie algebras, this bracket coincides with the Lie bracket, and for
the quantized version of these algebras the appearance of the trivial action in this bracket
will emphasize the role of the group-like elements as will be seen in the next sections.
Another importance of this bracket will appear below in defining the differential for the
cochain complex.

Let M be anH-module, and let us consider the following sequence:

C• = C(H⊗•,M) : 0−→M−→Hom(H,M)−→ · · · −→Hom(H⊗n,M)−→ · · · ,
and the linear map

d : Hom(H⊗n−1,M)−→Hom(H⊗n,M)

defined as follows:
If φ ∈ Hom(H⊗n−1,M) andx1 ⊗ x2 ⊗ . . .⊗ xn ∈ H⊗n, then

dφ(x1, x2, . . . , xn) = x1 · φ(x2, . . . , xn)

+
n−1∑
i=1

(−1)iφ(x1, . . . , xi−1, xixi+1, xi+2, . . . , xn)

+ (−1)nφ(x1, x2, . . . , xn−1)ε(xn).

One can look at this sequence as a Hochshild complex of the associative algebraH
with a left and a right action which commute on the spaceM, the right action is given by
the trivial action, i.e. byε, [3]. It follows that (C•, d) is a cochain complex, i.e.d2 = 0.

One can choose the coefficients of the cochains in Hom(M,N ), whereM andN
are twoH-modules. Thus we obtain a complex

C•(H,M,N ) = Hom(H⊗•,Hom(M,N )).

If φ ∈ Hom(M,N ), thendφ(x) = 〈x, φ〉. Hence,dφ = 0 implies that〈x, φ〉 = 0 for all
x ∈ H. It follows that the 0th cohomology space is the space ofH-invariants. We will
see that in the case of quantum groups, the space of invariants coincides with the space of
intertwiners. More generally, the cohomology spaces are the Ext-spaces Ext•

H (M,N ).

3. The Quantum Affine Algebra Uq(ŝl2)

3.1. The affine algebrâsl2. We recall the definition of the affine algebrâsl2 and we
fix some notations. LetE, F , H be the standard generators of the Lie algebrasl2.
ForX, Y in sl2, we set (X,Y ) = tr(XY ), this defines an invariant bilinear form on
sl2. Thus (E,F ) = (F,E) = 1, (H,H) = 2. We fix a complex numberk and we set
B(X,Y ) = k(X,Y ). The corresponding affine algebrâsl2 is defined by the generators
Xn (X ∈ sl2, n ∈ Z) and1, and the relations

(a) [Xn, Ym] = [X,Y ]m+n + nB(X,Y )δm+n,0.1 (X,Y ∈ sl2, m, n ∈ Z).

This algebra is realized as a central extension of the loop algebrasl2 ⊗C[z, z−1] by C.1,
and we identifyXn withX⊗zn. The affine algebrâsl2 is isomorphic to the Kac-Moody
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algebrasl2
(1) corresponding to the Cartan matrix of affine typeA(1)

1 . To be more precise,

we have to add a derivation tôsl2, that is an elementD satisfying: [D,Xn] = nXn and
[D, 1] = 0. And we have the identification

sl2
(1) = sl2 ⊗ C[z, z−1] ⊕ C.1 ⊕ C.D.

Let P = Z30 ⊕ Z3 ⊕ Zδ be the weight lattice and letQ = Zα0 ⊕ Zα1 be the
root lattice endowed with a symmetric bilinear form (., .) defined by (30, λ0) = 0,
(30, α1) = 0, (30, δ) = 1, (α0, α1) = 2, (α1, δ) = 0, (δ, δ) = 0, where31 = 30 + α1

2 ,
δ = α0 + α1.

We defineP ∗ = ZH0 ⊕ ZH1 ⊕ ZD as the dual space ofP . The dual pairing is
defined by

〈Hi, λ〉 = (αi, λ) (i = 0, 1) for λ ∈ P.

If k is a nonnegative integer we denote byPk = {(k − i)30 + i31, i = 0, 1, . . . , k} the
set of dominant integral weights of levelk, and we setλi = (k − i)30 + i31.

3.2. Deformation of the affine algebra.The quantum affine algebraUq(sl2
(1)) is an

associative algebra overQ(q) with 1, whereq is a transcendental complex number,
generated byei, fi, i = 0, 1, andqh (h ∈ P ∗). The defining relations are as follows:

qhqh′
= qh+h′

, q0 = 1 ,

qheiq
−h = q〈h,αi〉ei , qhfiq

−h = q−〈h,αi〉fi ,

[ei, fj ] = δi,j
qhi − q−hi

q − q−1
,

e3
iej − [3]e2

iejei + [3]eieje
2
i − eje

3
i = 0 (i 6= j),

f3
i fj − [3]f2

i fjfi + [3]fifjf
2
i − fjf

3
i = 0 (i 6= j).

Here [n] = qn−q−n

q−q−1 .

We consider the algebraUq(ŝl2) to be the subalgebra ofUq(sl2
(1)) generated by

ei, fi, ti = qhi (i = 0, 1). The algebraUq(sl2
(1)) has a Hopf algebra structure. The

comultiplication is given by

1(ei) = ei ⊗ 1 + ti ⊗ ei ,

1(fi) = fi ⊗ t−1
i + 1⊗ fi (i = 0, 1) ,

1(qh) = qh ⊗ qh (h ∈ P ∗).

The antipodeA is given by

A(qh) = q−h , A(ei) = −t−1
i ei , A(fi) = −fiti (i = 0, 1) .

The counitε is given by

ε(ei) = ε(fi) = 0 (i = 0, 1) , ε(qh) = 1.

This definition of the quantum affine algebra by Chevalley generators is due to Drinfeld
and Jimbo [5, 11]. Later, Drinfeld gave another realization forUq(ŝl2) [6], which is the

loop algebra version of the above algebra. In this realizationUq(ŝl2) is an associative
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algebra generated by{En, n ∈ Z}, {Fn, n ∈ Z}, {Hn, n ∈ Z − {0}} and invertible
K andq

k
2 satisfying the following relations:

[Hn,K] = 0 , [Hn, Hm] = δn+m,0
1
n

[2n][k],

KEnK
−1 = q2En , KFnK

−1 = q−2Fn,

[Hn, Em] =
[2n]
n

q
−|n|k

2 En+m , [Hn, Fm] = − [2n]
n

q
|n|k

2 Fn+m ,

En+1Em − q2EmEn+1 = q2EnEm+1 − Em+1En ,

Fn+1Fm − q−2FmFn+1 = q−2FnFm+1 − Fm+1Fn ,

[En, Fm] =
1

q − q−1

(
q

k(n−m)
2 ψn+m − q

k(m−n)
2 φn+m

)
,

whereψn andφn are related toHl by

∑
n∈Z

ψnz
−n = K exp

(
(q − q−1)

∞∑
l=1

Hlz
−l

)
, (3.1)

∑
n∈Z

φnz
−n = K−1 exp

(
−(q − q−1)

∞∑
l=1

H−lz
l

)
. (3.2)

Here,φn = ψ−n = 0 forn ≥ 0. We defineH0 by the formula

K = exp

(
(q − q−1)

H0

2

)
.

The standard Chevalley generators{ei, fi, ti} are given by the identification

t0 = qkK−1 , t1 = K , e1 = E0 , f1 = F0 , e0t1 = F1 , t
−1
1 f0 = E−1. (3.3)

This identification leads to an algebra isomorphism between the above realizations.
Equivalently, the Drinfeld realization can be obtained using the generatorsEn, Fn

(n ∈ Z), φ−n, ψn (n ∈ N) andq±
k
2 . And if we consider the currents

E(z) =
∑
n∈Z

Enz
−n, F (z) =

∑
n∈Z

Fnz
−n, φ(z) =

∞∑
n=0

φ−nz
n, ψ(z) =

∞∑
n=0

ψnz
−n ,

then the defining relations can be written as

φ0ψ0 = ψ0φ0 = 1, (3.4)

φ(z)φ(w) = φ(w)φ(z) , ψ(z)ψ(w) = ψ(w)ψ(z), (3.5)

φ(z)ψ(w) =
(zqk−2 − w)(zq−k+2 − w)
(zqk+2 − w)(zq−k−2 − w)

ψ(w)φ(z), (3.6)
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φ(z)E(w) =
zq−

k
2 +2 − w

zq−
k
2 − wq2

E(w)φ(z), (3.7)

φ(z)F (w) =
zq

k
2−2 − w

zq
k
2 − wq−2

F (w)φ(z), (3.8)

ψ(z)E(w) =
wq−

k
2 − zq2

wq−
k
2 +2 − z

E(w)ψ(z), (3.9)

ψ(z)F (w) =
wq

k
2 − q−2z

wq
k
2−2 − z

F (w)ψ(z), (3.10)

[E(z), F (w)] =
1

q − q−1

(
δ(
w

z
qk)ψ(wq

k
2 ) − δ(

w

z
q−k)φ(wq

−k
2 )
)
, (3.11)

(z − q2w)E(z)E(w) = (q2z − w)E(w)E(z), (3.12)

(z − q−2w)F (z)F (w) = (q−2z − w)F (w)F (z), (3.13)

where
δ(z) =

∑
n∈Z

zn.

These relations are understood to be between formal power series.
Since the Drinfeld currents are suitable for bosonization, we will use this realization

for the rest of this chapter. Drinfeld also gave the Hopf algebra structure for this current
realization.

Proposition 3.1. [4] The algebraUq(ŝl2) has a Hopf algebra structure given by

• Comultiplication1

1(qk) = qk ⊗ qk,

1(E(z)) = E(z) ⊗ 1 +φ(zq
k
2⊗1) ⊗ E(zqk⊗1),

1(F (z)) = 1⊗ F (z) + F (zq1⊗k) ⊗ ψ(q1⊗ k
2 ),

1(φ(z)) = φ(zq−1⊗ k
2 ) ⊗ φ(zq

k
2⊗1),

1(ψ(z)) = ψ(zq1⊗ k
2 ) ⊗ ψ(zq−

k
2⊗1).

• Counitε
ε(qk) = ε(ψ(z)) = ε(φ(z)) = 1,

ε(E(z)) = ε(F (z)) = 0.
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• AntipodeA
A(qk) = q−k,

A(E(z)) = −φ(zq−
k
2 )−1E(zq−k),

A(F (z)) = −F (zq−k)ψ(zq−
k
2 )−1,

A(φ(z)) = φ(z)−1,

A(ψ(z)) = ψ(z)−1.

If φ(z) =
∑∞

n=0φ−nz
n then the formula for1(φ(z)) means that

1(φ(z)) =
∑
m,n

(q
mk

2 φ−nz
n) ⊗ (q−

nk
2 φ−mz

m).

4. Bosonization andq-Analog of Wakimoto Modules

4.1. Free boson realization ofUq(ŝl2). Here we follow [1, 9], with some modifications,
we introduce the Heisenberg algebra generated by three free boson fieldsa, b andc. We
construct a homomorphism from the quantum affine algebra to the Heisenberg algebra
which will enable us to express the Drinfeld generators in terms of the Heisenberg
generators.

The generators of the quantum Heisenberg algebraHq(sl2) arean, bn, cn, n ∈ Z,
pa, pb, andpc. The relations are

[an, am] =
1
n

[(k + 2)n][2n]δn+m,0 , [a0, pa] =
4h

q − q−1
(k + 2), (4.1)

[bn, bm] = − 1
n

[n]2δm+n,0 , [b0, pb] =
−2h

q − q−1
, (4.2)

[cn, cm] =
1
n

[n]2δm+n,0 , [c0, pc] =
2h

q − q−1
, (4.3)

whereq = eh. The remaining commutators vanish.
We define the completioñHq(sl2) of Hq(sl2) as follows:

H̃q(sl2) = lim←−Hq/In (n > 0),

whereIn is the left ideal ofHq(sl2) generated by all the polynomials inam, bm, cm,
m > 0, of degrees greater than or equal ton (we set degam = degbm = degcm = m).

We form the generating functions:

a±(z) = ±(q − q−1)

(
a0

2
+
∞∑
n=1

a±nz
∓n

)
,

b±(z) = ±(q − q−1)

(
b0

2
+
∞∑
n=1

b±nz
∓n

)
,
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b(z) = −
∑
n6=0

bn
[n]

z−n +
q − q−1

2h
b0 logz + pb,

c±(z) = ±(q − q−1)

(
c0

2
+
∞∑
n=1

c±nz
∓n

)
,

c(z) = −
∑
n6=0

cn
[n]

z−n +
q − q−1

2h
c0 logz + pc.

For a real numberα we define:

a(z;α) = −
∑
n6=0

an

[(k + 2)n]
q−α|n|z−n +

1
k + 2

(
q − q−1

2h
a0 logz + pa

)
.

Let : : denote the normal ordering of a product of operators defined by moving the
creation operators to the left and moving the annihilation operators to the right. In our
case the annihilation operators are{an, bn, cn n ≥ 0} and the creation operators are
{an, bn, cn, pa, pb, pc, n < 0}. For example

: exp(b(z)) := exp

(
−
∑
n<0

bn
[n]

z−n

)
exp

(
−
∑
n>0

bn
[n]

z−n

)
epbz

q−q−1

2h b0.

Proposition 4.1 ([1, 9]). There is a homomorphismω fromUq(ŝl2) to H̃q(sl2) which is
defined on generators as follows:

ω[E′(z)] = − : eb+(z)−(b+c)(zq) : + : eb−(z)−(b+c)(zq−1) :,

ω[F ′(z)] = ea+(zq
k
2 +1) : eb+(zqk+2)+(b+c)(zqk+1) :

− ea−(zq− k
2 −1) : eb−(zq−k−2)+(b+c)(zq−k−1) :,

ω[ψ(z)] = ea+(zq)eb+(zq
k
2 )+b+(zq

k
2 +2),

ω[φ(z)] = ea−(zq−1)eb−(zq− k
2 )+b−(zq− k

2 −2),

whereE′(z) = (q − q−1)E(z) andF ′(z) = (q − q−1)F (z).

In order to prove this proposition, we need the following two lemmas, which will be
used later on too.

Lemma 4.2 ([8]). LetX andY be two operators such that[X,Y ] commutes withX
and withY , then

[X, eY ] = [X,Y ]eY and eXeY = eY eXe[X,Y ] .

The following lemma can be proved by direct computation of the operator product
expansions. It will be used later on without any mention of a specific relation.
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Lemma 4.3. We have the following commutation relations:

ea+(z)ea−(w) =
(w − zqk+4)(w − zq−k−4)

(w − zqk)(w − zq−k)
ea−(w)ea+(z),

eb+(z)eb−(w) =
(z − w)2

(z − wq2)(z − wq−2)
eb−(w)eb+(z),

ec+(z)ec−(w) =
(z − wq2)(z − wq−2)

(z − w)2
ec−(w)ec+(z),

eb+(z) : eb(w) :=
z − wq

zq − w
: eb(w) : eb+(z), ec+(z) : ec(w) :=

zq − w

z − wq
: ec(w) : ec+(z),

eb−(z) : eb(w) :=
wq − z

w − zq
: eb(w) : eb−(z), ec−(z) : ec(w) :=

w − zq

wq − z
: ec(w) : ec−(z),

: e(b+c)(z) :: e(b+c)(w) :=: e(b+c)(w) :: e(b+c)(z) : .

For simplicity we will use the same notation for the elements ofUq(ŝl2) and their
images inH̃(sl2).

Using the above lemma and the fact that

φ0 = e−
q−q−1

2 (a0+b0+c0) and ψ0 = e
q−q−1

2 (a0+b0+c0),

one can easily prove thatE(z), F (z), φ(z) andψ(z) satisfy the defining relations of the
algebraUq(ŝl2), except for the relation involving [E(z), F (w)] which needs an expla-
nation. We look atz andw as complex variables and we setE′(z) = −E′+(z) + E′−(z)
andF ′(z) = F ′+(z) − F ′−(z) in the obvious way. Then we have

E′+(z)F ′+(w) =
zq−1 − wqk+1

z − wqk
: E′+(z)F ′+(w) : (|z| > |wqk|),

E′−(z)F ′−(w) =
zq − wk−k−1

z − wq−k
: E′−(z)F ′−(w) : (|z| > |wq−k|),

F ′+(w)E′+(z) =
wqk+1 − zq−1

wqk − z
: F ′+(w)E′+(z) : (|z| < |wqk|),

F ′−(w)E′−(z) =
wq−k−1 − zq

wq−k − z
: F ′−(w)E′−(z) : (|z| < |wq−k|).

The other products have no poles, more precisely:

E′+(z)F ′−(w) = F ′−(w)E′+(z) =: E′+(z)F ′−(w) : ,

E′−(z)F ′+(w) = F ′+(w)E′−(z) =: E′−(z)F ′+(w) : .

For |z| � |w|, it follows that:

E′(z)F ′(w) = −zq−1 − wqk+1

z − wqk
: E′+(z)F ′+(w) : − zq − wq−k−1

z − wq−k
: E′−(z)F ′−(w) :

+ : E′+(z)F ′−(w) : + : E′−(z)F ′+(w) :,
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and for|z| � |w| we have:

F ′(w)F ′(z) = −zq−1 − wqk+1

z − wqk
: F ′+(w)E′+(z) : − zq − wq−k−1

z − wq−k
: F ′−(w)E′−(z) :

+ : F ′+(w)E′−(z) : + : F ′−(w)E′+(z) : .

Since the normally ordered product does not depend on the order of the factors, we
conclude thatE′(z)F ′(w) andF ′(w)E′(z) have the same analytic continuation. The
coefficient ofz−n−1 in the Laurent expansion ofE′(z)F ′(w) − F ′(w)E′(z) is

1
2πi

∫
CR

E′(z)F ′(w)zndz − 1
2πi

∫
Cr

F ′(w)E′(z)zndz,

whereCR andCr are circles on thez-plane of radiiR � |w| andr � |w| respectively,
which is equal to the sum of the residues of the common analytic continuation. The latter
is equal to

(wqk)n+1(q − q−1) : E′+(wqk)F ′+(w) : −(wq−k)n+1(q − q−1) : E′−(wq−k)F ′−(w) : .

Moreover,
: E′+(wqk)F ′+(w) := ψ(wq

k
2 )

and
: E′−(wq−k)F ′−(w) := φ(wq−

k
2 ).

Hence

[E′(z), F ′(w)] = (q − q−1)
(
δ(
w

z
qk)ψ(wq

k
2 ) − δ(

w

z
q−k)φ(wq−

k
2 )
)
,

which provides the right formula for [E(z), F (w)].

4.2. Representations.The infinite dimensional representations ofUq(ŝl2) are created
from the Fock module of the Heisenberg algebra via the homomorphismω. We start by
considering the vacuum state� of the boson Fock space which satisfies

an.� = bn.� = cn.� = 0 (n ≥ 0).

We define the vector�r,s by:

�r,s = exp

(
r

pa

2(k + 2)
+ s(pb + pc)

)
� (r, s ∈ Z).

Let F be the freeQ(q)-algebra generated by{an, bn, cn, n < 0} and letFr,s be the
Fock module defined by

Fr,s := F .�r,s.

It is clear thatφ(z) andψ(z) mapFr,s to Fr,s ⊗ C((z)) and from the simple observation
that

e±(pb+pc)�r,s = er pa
2(k+2)+(s±1)(pa+pb)�,

we deduce thatE(z) mapsFr,s to Fr,s−1 ⊗ C((z−1)) andF (z) mapsFr,s to Fr,s+1 ⊗
C((z−1)).
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We denote byV (λ) the Verma module overUq(ŝl2) of highest weightλand generated
by the highest weight vectorvλ. Thus

e0vλ = e1vλ = 0 , t0vλ = qαvλ , t1vλ = qβvλ, (4.4)

whereα30 + β31 is the classical part ofλ; 30 and31 are the fundamental weights of
sl2. We refer to (4.4) as the highest weight condition.

Proposition 4.4. The vector�r,0 satisfies:

En�r,0 = Fn�r,0 = Hn�r,0 = 0 if n > 0,

E0�r,0 = 0,

K�r,0 = qr�r,0.

Proof. We have

E(z)�r,0 = exp

(∑
n<0

bn + cn
[n]

(zq)−n

)
�r,−1

+ exp

(
(q − q−1)

∑
n<0

bnz
−n +

∑
n<0

bn + cn
[n]

(zq−1)−n

)
�r,−1.

Hence, forn ≥ 0, En�r,0 = 0. We have a similar formula forF (z)�r,0 except that,
due to the presence ofa±(z), the first term comes with the factorqr and the second
term comes with the factorq−r, which implies thatFn�r,0 = 0 for n < 0 only. Since
ψ(z)�r,0 = qr�r,0 by (3.1), we deduce thatHn�r,0 = 0 forn ≥ 0 andK�r,0 = qr�r,0.
�

Corollary 4.5. The vector�r,0 satisfies the highest weight condition (4.4) and can be
identified with the highest vectorvλr

, where

λr = (k − r)30 + r31.

Proof. This follows from the proposition and the identification (3.3). �

The following proposition follows from the identification ofvλr
with �r,0 and the

action of the generators ofUq(ŝl2) on�r,0:

Proposition 4.6. There is an embedding of the highest weight module in a direct sum
of Fock modules:

V (λr)↪→
⊕
s∈Z

Fr,s. (4.5)

Remark 4.1.The moduleV (λr) is reducible as is known in Conformal Field Theory. To
obtain irreducible modules, one has to use theq-analog of the Felder resolution, see [14].

We set

Wr :=
⊕
s∈Z

Fr,s. (4.6)

This Fock space carries aUq(ŝl2)-module structure defined by the bosonization formulae
of Proposition 4.1. These are theq-analogs of theWakimotomodules [19].
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5. Screening Operators

5.1. The operatorS(z). The so-called screening operatorS(z) is used to investigate the ir-
reducible representations ofUq(ŝl2), and to compute correlation functions in Conformal
Field Theory. It is an element of̃H(sl2) which acts then on Fock space representations.

Definition 5.1 ([1]). The screening operator is given by

S(z) =
1

(q − q−1)z
: e−a(z, k+2

2 ) :
(

: e−b−(z)−(b+c)(qz) : − : e−b+(z)−(b+c)(q−1z) :
)
.

For simplicity we writez(q − q−1)S(z) = S1(z) − S2(z).

Proposition 5.1. The operatorS(z) sendsFr,s to Fr−1,s−1, and therefore sends the
moduleWr to the moduleWr−2 ⊗ z−

r
k+2 C((z−1)).

Proof. exp
(−pa

k+2

)
sends�r,s to �r−1,s, exp

(−pb+pc

2

)
sends�r,s to �r,s−1, and

e
−pa
k+2 e−

q−q−1

2h(k+2) a0 logz �r,s = e
−pa
k+2 e[− q−q−1

2h(k+2) a0 logz, rpa
2(k+2) ] �r,s

= z−
r

k+2 �r−2,s. �

Now we compute the pairing betweenE(z), F (z), φ(z), ψ(z) andS(w).

Proposition 5.2. The operatorS(w) satisfies:

〈E(z), S(w)〉 = E(z)S(w) − φ(zq
k
2 )S(w)φ(zq

k
2 )−1E(z), (5.1)

〈F (z), S(w)〉 = F (zq−k)S(w)ψ(zq−
k
2 )−1 − S(w)F (zq−k)ψ(zq−

k
2 )−1, (5.2)

〈φ(z), S(w)〉 = φ(zq
k
2 )S(w)φ(zq

k
2 )−1 − S(w), (5.3)

〈ψ(z), S(w)〉 = ψ(zq−
k
2 )S(w)ψ(zq−

k
2 )−1 − S(w), (5.4)

where these relations are understood to be between formal power series.

Proof. We have

1(E(z)) = E(z) ⊗ 1 +φ(zq
k
2⊗1) ⊗ E(zqk⊗1)

= E(z) ⊗ 1 +
∑

m≥0,n

φ−mq
k
2 m−kmzm ⊗ Enz

−n,

hence

(id ⊗A)1(E(z)) = E(z) ⊗ 1 +
∑
m,n

φ−mq
k
2 m−knzm ⊗A(En)z−n,

therefore
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〈E(z), S(w)〉 = E(z)S(w) +
∑
m,n

φ−mq
k
2 m−knzmS(w)A(En)z−n

= E(z)S(w) +
∑
m,n

φ−mq
k
2 zmS(w)A(En)(qkz)−n

= E(z)S(w) − φ(zq
k
2 )S(w)φ(zq

k
2 )−1E(z).

This proves (5.1). The proof of the other formulas is similar, i.e. by expanding the
currents and applyingA to the second component of the tensor product, and using the
fact thatq

k
2 is central. �

Proposition 5.3. We have the following relations between formal power series:

φ(z)S(w) = S(w)φ(z) =: φ(z)S(w) :, (5.5)

ψ(z)S(w) = S(w)ψ(z) =: ψ(z)S(w) :, (5.6)

E(z)S(w) = S(w)E(z) and the products have no poles. (5.7)

Proof. The relations (5.5) and (5.6) follow from direct computation. Equation (5.7)
needs some explanation. Set

E1(z) =: exp(b+(z) − (b + c)(zq)) : and E2(z) =: exp(b−(z) − (b + c)(zq−1)) : .

Then we have

E1(z)S1(w) = S1(w)E1(z) = q : E1(z)S1(w) :,

and

E2(z)S2(w) = S2(w)E2(z) = q−1 : E2(z)S2(w) : .

The other products have a pole atz = w:

E1(z)S2(w) = S2(w)E1(z) = q
z − wq−2

z − w
: E1(z)S2(w) :

= qw
1 − q−2

z − w
: E1(w)S2(w) : + regular part atz = w

and

E2(z)S1(w) = S1(w)E2(z) = q−1z − wq2

z − w
: E2(z)S1(w) :

= q−1w
1 − q2

z − w
: E2(w)S1(w) : + regular part atz = w.

It follows that

E1(z)S2(w) +E2(z)S1(w) = S2(w)E1(z) + S1(w)E2(z)

= w
q − q−1

z − w
(: E1(w)S2(w) : − : E2(w)S1(w) :) + · · · .

It is easy to see that :E1(w)S2(w) :=: E2(w)S1(w) : and (5.7) follows. �
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Before investigating how the Fourier coefficients behave withS(z), we introduce
the notion ofq-difference operator:

For a functionf (z) and forα ∈ C, we define

Dα

dqz
f (z) :=

f (zqα) − f (zq−α)
z(q − q−1)

.

We can also write

Dαf (z) =
f (zqα) − f (zq−α)

z(q − q−1)
dqz. (5.8)

In particular
Dαz

n = [αn]zn−1dqz.

If f andg are two functions, theq-difference of the products is given by:

Dα(f (z)g(z)) = f (zqα)Dα(g(z)) + Dα(g(z))f (zq−α)

= f (zq−α)Dα(g(z)) + Dα(f (z))g(zqα).

Forp, s ∈ C − {0} with |p| < 1 and for a functionf (u), we define∫ s∞

0
f (u)dpu = s(1 − p)

∞∑
n=−∞

f (spn)pn

whenever it is convergent. This is aq-difference analog of the ordinary integration, and it
is called the Jackson integral along aq-interval [0, s∞]. This integral has the following
property: ∫ s∞

0

Dα

dpu
f (u)dpu = 0.

All these notions extend to multi-variable functions.

Theorem 5.4. For every integern, we have:

〈En, S(w)〉 = 0, (5.9)

〈φ−n, S(w)〉 = 〈ψn, S(w)〉 = 0 (n ≥ 0), (5.10)

〈Fn, S(w)〉 =
Dk+2

dqw

(
(wq)n : e−a(w,− k+2

2 )ψ(wq
k
2 )−1 :

)
. (5.11)

Proof. The relations (5.9) and (5.10) follow immediately from Proposition 5.2 and
Proposition 5.3.

Set (q − q−1)F (zq−k) = F1(zq−k) − F2(z−k), where

F1(zq−k) = ea+(zq− k
2 +1) : exp(b+(zq2) + (b + c)(zq)) :

and

F2(zq−k) = ea−(zq− 3k
2 −1) : exp(b−(zq−2k−2) + (b + c)(zq−2k−1)) : .

We look atz andw as complex variables. To normally orderF1(zq−k)S1(w), we
need the following brackets:
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a+(zq−

k
2 +1),−a

(
w,

k + 2
2

)]
=

[
q − q−1

2
a0,

−1
k + 2

pa

]
−
∞∑
n=1

(q − q−1)
q−2n

[(k + 2)n]
[an, a−n]

(w
z

)n

= −2h +
∞∑
n=1

1
n

(q−4n − 1)
(w
z

)n

.

And [b+(zq2),−b−(w) − b(qw)] + [b(zq) − pb,−b−(w)] gives

h +
∞∑
n=1

1
n

(1 − q−4n)
(w
z

)n

.

Therefore

F1(zq−k)S1(w) = q−1 : F1(zq−k)S1(w) : . (5.12)

Meanwhile

S1(w)F1(zq−k) = e[ q−q−1

2 b0,pb] : S1(w)F1(zq−k) := q−1 : F1(zq−k)S1(w) : .
(5.13)

Similarly, we have:

F2(zq−k)S2(w) = S2(w)F2(zq−k) = q : F2(zq−k)S2(w) : . (5.14)

The other products have poles:

F1(zq−k)S2(w) = q−1 z − w

z − wq−2
: F1(zq−k)S2(w) : (|w| � |z|), (5.15)

S2(w)F1(zq−k) = q
w − z

z − wq2
: S2(w)F1(zq−k) : (|z| � |w|). (5.16)

Notice that the expressions at the right are the same. And

F2(zq−k)S1(w) = q
z − wq2k

z − wq2k+2
: F2(zq−k)S1(w) : (|w| � |z|), (5.17)

S1(w)F2(zq−k) = q−1 w − zq−2

w − zq−2k−2
: S1(w)F2(zq−k) : (|z| � |w|). (5.18)

Since the normally ordered products do not depend on the order of the factors, we deduce
from (5.12)−(5.18) thatF (zq−k)S(w)ψ(zq−

k
2 )−1 andS(w)F (zq−k)ψ(zq−

k
2 )−1 have

the same analytic continuation (ψ(zq−
k
2 )−1 contains only positive modes, so it stays to

the right when the products are normally ordered).
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Therefore, in view of Proposition 5.2, we obtain:

〈Fn, S(w)〉 =
1

2πi

∫
CR

F (zq−k)S(w)ψ(zq−
k
2 )−1zn−1dz

− 1
2πi

∫
Cr

S(w)F (zq−k)ψ(zq−
k
2 )−1zn−1dz,

whereCR andCr are circles of radiiR � |w| andr � |w| respectively. It follows that
〈Fn, S(w)〉 is equal the sum of the residues of

zn−1

(q − q−1)2w

(
q−1(z − w)
z − wq−2

: F1(zq−k)S2(w) :

+
q(z − wq2k)
z − wq2k+2

: F2(zq−k)S1(w) :

)
ψ(zq−

k
2 )−1,

therefore

〈Fn, S(w)〉 =
1

(q − q−1)w

(
−(wq−2)n : F1(wq−k−2)S2(w)ψ(wq−

k
2−2)−1 :

+ (wq2k+2)n : F2(wqk+2)S1(w)ψ(wq
3k
2 +2)−1 :

)
.

Meanwhile

: F1(wq−k−2)S2(w) : =: ea+(wq− k
2 −1)−a(w, k+2

2 ) :

=: e−a(wq−k−2,− k+2
2 ) : .

Notice the change of sign in the argument ofa. Similarly

: F2(wqk+2)S1(w) :=: e−a(wqk+2,− k+2
2 ) : .

It follows that

〈Fn, S(w)〉 =
Dk+2

dqw

(
(wqk)n : e−a(w,− k+2

2 )ψ(wq
k
2 )−1 :

)
,

which proves (5.11). �

As a consequence, the bracket of the Jackson integral ofS(w) for p = qk+2 with the
generators ofUq(ŝl2) vanishes. Using(5.11) we have

Corollary 5.5. The Jackson integral,
∫ s∞

0 S(w)dpw (p = qk+2), of the screening op-

erator is an invariant forUq(ŝl2).

5.2. Difference equations.We will state and prove two results concerning the screening
operators, which deal with the following difference equation:

〈x, S(w)〉 =
Dk+2

dqw
S(x,w), (5.19)

for everyx ∈ Uq(ŝl2).



Quantum Screening Operators and Canonicalq-de Rham Cocycles 301

Theorem 5.6. There exists a well defined operatorS(x,w), for eachx ∈ Uq(ŝl2) such
that:

(1) S(x,w) vanishes on the Fourier coefficients ofE(z), φ(z), ψ(z), and onq±
k
2 and

S(Fm, w) = (wq)m : e−a(w,− k+2
2 )ψ(wq

k
2 )−1 : (m ∈ Z).

(2) For everyx, y ∈ Uq(ŝl2) we have:

S(xy,w) = x · S(y, w) + ε(y)S(x,w). (5.20)

Proof. We considerS(x,w) to be linearly dependent onx and defined on the generators
as in (1), and we extend it to the free algebra generated byEm, Fm, φ−n, ψn (m ∈ Z,
n ∈ N) andq±

k
2 . In order to haveS(x,w) well defined for everyx ∈ Uq(ŝl2), we need

to show that the relation (5.20) is compatible with the defining relations ofUq(ŝl2). By
linearity ofS(x,w), we have:

S(E(z), w) = S(φ(z), w) = S(ψ(z), w) = 0, (5.21)

and

S(F (z), w) = δ

(
wqk

z

)
: e−a(w,− k+2

2 )ψ(zq
k
2 )−1 : . (5.22)

It is clear that the relation (5.20) is compatible with the relations (3.4)−(3.7), (3.9) and
(3.12) since (5.20) vanishes on both sides of these relations (they do not involveF (z)).
We will prove the compatibility with (3.8) and (3.11).

From (3.8) we have

φ(z1)F (z2) = gk(z)F (z2)φ(z1), with gk(z) =
z1q

k
2−2 − z2

z1q
k
2 − z2q−2

.

And

S(φ(z1)F (z2), w) = φ(z1) · S(F (z2), w) + ε(F2(z2))S(φ(z1), w)

= φ(z1q
k
2 )δ

(
wqk

z2

)
: e−a(w,− k+2

2 )ψ(wq
k
2 )−1 : φ(z1q

k
2 )−1.

Meanwhile,

ψ(wq
k
2 )−1φ(z1q

k
2 )−1 =

(zk+2
1 − w)(z1q

−k−2 − w)
(z1qk−2 − w)(z1q−k+2 − w)

φ(z1q
k
2 )−1ψ(wq

k
2 )−1.

(5.23)

And since[
−a
(
w,−k + 2

2

)
,−a(z1q

k
2−1)

]
= 2h +

∞∑
n=1

(
q(k+2)n − q(k−2)n

) (z1

w

)n

,

we obtain

e−a(w,− k+2
2 )φ(z1q

k
2 )−1 =

wq2 − z1q
k

w − z1qk+2
φ(zq

k
2 )−1e−a(w,− k+2

2 ). (5.24)
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From (5.23) and (5.24) we obtain:

S(φ(z1)F (z2), w) =
wq2 − z1q

−k

w − z1q−k+2
δ

(
wqk

z2

)
: e−a(w,− k+2

2 )ψ(wq
k
2 )−1 : . (5.25)

We need to compare this expression withS(gk(z)F (z2)φ(z1), w).
SinceS(gk(z)φ(z1), w) = 0, we have:

S(gk(z)F (z2)φ(z1), w) = ε(gk(z)φ(z1))S(F (z2), w)

= g0(z)S(F (z2), w).

Now we use techniques from Vertex Operator Calculus [8], and we have:

g0(z)δ

(
wqk

z2

)
=

z2 − q−2

q−2z2 − z1
δ

(
wqk

z2

)
=
wqk − z1q

−2

q−2z2 − z1
δ

(
wqk

z2

)
.

This follows from the identity:

z−nδ
(w
z

)
= w−nδ

(w
z

)
.

Therefore

S(gk(z)F (z2)φ(z1), w) =
q2w − q−kz1

w − q−k+2z1
S(F (z2), w),

which is equal to (5.25). The case of (3.10) is similar.
We will use a different approach to prove the compatibility with

[E(z), F (w)] =
1

q − q−1

(
δ(
w

z
qk)ψ(wq

k
2 ) − δ(

w

z
q−k)φ(wq

−k
2 )
)
.

SinceS(x,w) vanishes ifx is the right side, we need to show thatS(E(z)Fm, w) and
S(FmE(z)) (m ∈ Z), given by (5.20), are equal.

On one hand

S(FmE(z), w) = Fm · S(E(z), w) + ε(E(z))S(Fm, w)

= 0.
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On the other hand

S(E(z)Fm, w) = E(z) · S(Fm, w) + 0

= E(z)S(Fm, w) − (wqk)nφ(zq
k
2 ) : e−a(w,− k+2

2 )ψ(wq
k
2 )−1 : φ(zq

k
2 )−1E(z).

Using (3.9), we have

ψ(wq
k
2 )−1E(z) =

w − zq−k+2

wq2 − zq−k
E(z)ψ(wq

k
2 )−1.

Keeping in mind the relations (5.23) and(5.24), we see that the second term in the
expression ofS(E(z)Fm, w) isE(z)S(Fm, w) times

(w − qk+2z)(w − q−k−2)
(w − q−k+2)(w − qk−2z)

.
wq2 − zqk

w − qk+2
.
wq−2 − q−kz

w − q−k−2z
.

This product is easily seen to be equal to 1. ThereforeS(E(z)Fm, w) = 0. The case of
(3.13) is similar. �

Theorem 5.7. The screening operatorS(z) satisfies:

〈x, S(z)〉 =
Dk+2

dqz
S(x, z), (5.26)

for everyx ∈ Uq(ŝl2).

Proof. This is already satisfied by the generators ofUq(ŝl2) by Theorem 5.4. Since both

sides are well defined for everyx ∈ Uq(ŝl2), assume that the equality holds forx andy,
then, by Theorem 5.6, we have

〈xy, S(z)〉 = x · 〈y, S(z)〉 + ε(y) 〈x, S(z)〉
=

Dk+2

dqz
(x · S(y, z) + ε(y)S(x, z))

=
Dk+2

dqz
S(xy, z),

which proves the theorem. �

6. Canonicalq-de Rham Cocycles

6.1. The simple case.From now on, we setα = k + 2 and we supposeα 6= 0 (the
level is noncritical), and letr be a complex number. Recall that the operatorsz

r
αS(z)

andz
r
αS(x, z) (x ∈ Uq(ŝl2)) sendWr to Wr−2 ⊗ C((z−1)). We consider the following

complex

Hom
(
Uq(ŝl2)⊗•,Hom(Wr,Wr−2)

)
. (6.1)

The differentiald′ of this complex was introduced in Sect. 2 and is given by
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d′φ(x1, . . . , xn) = x1 · φ(x2, . . . , xn) +
n−1∑
i=1

(−1)iφ(x1, . . . , xi−1, xixi+1, xi+2 . . . , xn)

+ (−1)nε(xn)φ(x1, . . . , xn−1).

The cohomology groups are Ext•
Uq(ŝl2)

(Wr,Wr−2). And the 0-cohomolgy group is ex-

actly the space ofUq(ŝl2)-invariants.
Let �0 = C((z−1)) and �1 = C((z−1))dqz (the space of formal algebraicq-

differentials 1-forms). We consider the following complex:

�• : 0−→�0−→�1−→0. (6.2)

The differential of this complex is given by

d′′(f (z)) = D′α(f (z)) − [r]
qr−αf (z)dqz

z
,

whereD′α(f (z)) = Dαf (zqα) (the last derivative should be read asf ′(zqα) and not as
(f (zqα))′).

We consider the double complex

C•• = Hom
(
Uq(ŝl2)⊗•,Hom(Wr,Wr−2 ⊗ �•)

)
= Hom

(
Uq(ŝl2)⊗• ⊗ Wr,Wr−2 ⊗ �•

)
.

LetC• be the simple complex associated with this double complex. Set

S01 = q2rz
r
αS(zqα)dqz,

S10(x) = z
r
αS(x, z) (x ∈ Uq(ŝl2)).

Then (S01, S10) is a one-cochain inC1, and we have:

Theorem 6.1. The cochain(S01, S10) is a one-cocycle inC1.

Proof. We need to prove that

d′′S01 = 0, (6.3)

d′S10(z) = 0, (6.4)

d′S01 = d′′S10. (6.5)

Equation (6.3) derives from the fact that the complex�• has length 1, and (6.4) is a
consequence of Theorem 5.6. The relation (6.5) also follows from Theorem 5.6 in the
following way:

Dα(z
r
αS(x, z)) = Dα(z

r
α )S(x, zq−α) + (zqα)

r
α DαS(x, z)

= [r]z
r
α−1S(x, zq−α) + qrz

r
α DαS(x, z),

therefore



Quantum Screening Operators and Canonicalq-de Rham Cocycles 305

D′α(z
r
αS(x, z)) = [r]qr−αz

r
α−1S(x, z) + q2rz

r
α DαS(x.zqα)

= [r]qr−αz
r
α−1S(x, z) + q2rz

r
α 〈x, S(zqα)〉 ,

by Theorem 5.7. We deduce that

d′′(z
r
αS(x, z)) =

〈
x, q2rz

r
αS(zqα)

〉
= d′S01. �

6.2. Compositions.Let p be a positive integer, and let us consider the ring

Ap = C[[z1, . . . , zp]][
p∏

i=1

z−1
i ];

we look atAp as the ring of functions on thepth power of the formal punctured diskXp.
Let �a (1 ≤ a ≤ p) denote the space of algebraicq-differential a-forms on the

formal varietyXp. Thus,�0 is justAp, and elements of�a have the form∑
f (z1, . . . , zp)dqzi1 ∧ . . . ∧ dqzia

(f (z1, . . . , zp) ∈ Ap).

We consider the following complex

�• : 0−→�0−→ . . .−→�p−→0, (6.6)

its differential is given by

d′′ = D′α −
p∑

i=1

qr−α−2(i−1)[r − 2(i− 1)]
dqzi

zi
,

where, in several variables,D′α is defined by:

D′α(f ) =
p∑

i=1

D′α(f )
dqzi

∧ dqzi.

For i = 1, . . . , p, we set:

S′(zi) = q2(r−i) z
r−2(i−1)

α
i S(ziq

α),

S′(x, zi) = z
r−2(i−1)

α
i S(x, zi).

The operatorsS′(zi) andS′(x, zi) are elements of

Hom
(Wr−2(i−1),Wr−2i ⊗Ap

)
.

We consider the following double complex:

C•• = Hom
(
Uq(ŝl2)⊗•,Hom(Wr,Wr−2p ⊗ �•)

)
= Hom

(
Uq(ŝl2)⊗• ⊗ Wr,Wr−2p ⊗ �•

)
.

And for eachm = 0, . . . , p, we define the operators
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Sm,p−m ∈ Hom
(
Uq(ŝl2)⊗m,Hom(Wr,Wr−2p ⊗ �p−m)

)
as follows:

Sm,p−m(x1, . . . , xm)

= (−1)
m(m+1)

2

∑
1≤i1≤...≤im≤p

(−1)i1+···+imS(x1, . . . , xm; i1, . . . , im),

andS is given by∑
(x1,... ,xn)

S′(z1) · . . . · S′(x′1, zi1)x
′′
1

· (S′(zi1+1) · . . . · S′(x′m, zim
)x′′m · (S′(zim+1) · . . . · S′(zp))

)
dqz1 ∧ . . . ∧ d̂qzi1 ∧ . . . ∧ d̂qzim

∧ . . . ∧ dqzp.

In this expression, we consider initially the compositionS′(z1) · . . . · S′(zp), and we
substitute eachS′(zik

) by S′(x′k, zik
)x′′k · . . . andx′′k is acting on all the remaining

factors on the right if there are any; if not, it is justS′(xk, zik
) (which happens only

whenik = p) . And the sum is taken over all the terms involved in the Sweedler notation
for the comultiplication ofx1, . . . , xm.

The elementS = (S0,p, . . . ,Sp,0) is p-cochain in the simple complex associated
with the double complexC••.

Theorem 6.2. The cochainS is ap-cocycle.

We need to prove that
d′′S0,p = d′Sp,0 = 0,

and fork = 0, . . . , p− 1,

d′Sk,p−k = (−1)kd′′Sk+1,p−k−1.

These relations follow from Theorem 5.6 and Theorem 5.7 and some lemmas on Hopf
algebras. We give the proof in the casep = 2 in order to illustrate the techniques used,
the general case is proved exactly in the same way but with lengthy formulas.

Let us assumep = 2, we have:

S0,2 = S′(z1)S′(z2)dqz1 ∧ dqz2,

S1,1(x) =
∑
(x)

(S ′(x′, z1)x′′ · S′(z2)dqz2 − S′(z1)S′(x, z2)dqz1
)
,

S2,0(x, y) =
∑
(x)

S′(x′, z1)x′′ · S′(y, z2).

We will use the counit axiom and the composition lemmas several times without men-
tioning them. We also will drop theσ in the Sweedler notation to simplify the expressions.

Since�• is of length 1, it is clear thatd′′S0,2 = 0. Let us prove thatd′S2,0 = 0, we
have:

d′S2,0(x, y, z) = x · (S′(y′, z1)y′′ · S′(z, z2)
)− S′(x′y′, z1)(x′′y′′) · S′(z, z2)

+ S′(x′, z1)x′′ · S′(yz, z2) − ε(z)S′(x′, z1)x′′ · S′(y, z2),
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using Theorem 5.6, we get:

x · (S′(y′, z1)y′′ · S′(z, z2)
)

= x′ · S′(y′, z1)(x′′y′′) · S′(z, z2),

S′(x′y′, z1)(x′′y′′) · S′(z, z2) = x′ · S′(y′, z1)(x′′y′′) · S′(z, z2)

+ S′(x′, z1)(x′′y) · S′(z, z2),

S′(x′, z1)x′′ · S′(yz, z2) = S′(x′, z1)(x′′y) · S′(z, z2) + ε(z)S′(x′, z1)x′′ · S′(y, z2).

Adding up, we getd′S2,0 = 0.
Now we prove thatd′S1,1 = −d′′S2,0:

d′S1,1(x, y) =x · (S′(y′, z1)y′′ · S′(z2))dqz2 − x · (S′(z1)S′(y, z2))dqz1

− S′(x′y′, z1)(x′′y′′) · S′(z2)dqz2 + S′(z1)S′(xy, z2)dqz1

+ ε(y)S′(x′, z1)x′′ · S′(z2)dqz2 − ε(y)S′(z1)S′(x′z2)dqz1.

Using Theorem 5.6, we get:

d′S1,1(x, y) = − 〈x′, S(z1)〉x′′ · S′(y, z2)dqz1 − S′(x′, z1)x′′ · 〈y, S′(z2)〉 dqz2.

On the other hand:

D′αS2,0(x, y) =[r]qr−αz
r
α−1
1 z

r−2
α

2 S(x′, z1)x′′ · S(y, z2)dqz1

+ q2rz
r
α

1 z
r−2

α

2 〈x′, S(zqα)〉x′′ · S(y, z2)dqz1

+ [r − 2]qr−2−αz
r
α

1 z
r−2

α −1
2 S(x′, z1)x′′ · S(y, z2)dqz2

+ q2(r−2)z
r
α

1 z
r−2

α

2 S(x′, z1)x′′ · 〈x, S(z2q
α)〉 dqz2,

where we have used Theorem 5.7. Therefore

d′′S2,0(x, y) =q2rz
r
α

1 z
r−2

α

2 〈x′, S(zqα)〉x′′ · S(y, z2)dqz1

+ q2(r−2)z
r
α

1 z
r−2

α

2 S(x′, z1)x′′ · 〈x, S(z2q
α)〉 dqz2

= 〈x′, S(z1)〉x′′ · S′(y, z2)dqz1 + S′(x′, z1)x′′ · 〈y, S′(z2)〉 dqz2,

which show thatd′S1,1 = −d′′S2,0.
Finally, we need to prove thatd′S0,2 = d′′S1,1:

d′S0,2(x) =x · (S′(z1)S′(z2))dqz1 ∧ dqz2 − ε(x)S′(z1)S′(z2)dqz1 ∧ dqz2

=x′ · S′(z1)x′′ · S′(z2)dqz1 ∧ dqz2 − ε(x)S′(z1)S′(z2)dqz1 ∧ dqz2

= 〈x′, S′(z1)〉x′′ · S′(z2)dqz1 ∧ dqz2 + ε(x′)S′(z1)x′′ · S′(z2)dqz1 ∧ dqz2

− ε(x)S′(z1)S′(z2)dqz1 ∧ dqz2

= 〈x′, S′(z1)〉x′′ · S′(z2)dqz1 ∧ dqz2 + S′(z1) 〈x, S′(z2)〉 dqz1 ∧ dqz2.
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Meanwhile,

D′α(S1,1(x)) =qr−α[r]q2(r−2)z
r
α−1
1 z

r−2
α

2 S(x′, z1)x′′ · S(z2)dqz1 ∧ dqz2

+ q2rq2(r−2)z
r
α

1 z
r−2

α

2 〈x′, S(z1q
α)〉x′′ · S(z2)dqz1 ∧ dqz2

+ q2r[r − 2]qr−2−αz
r
α

1 z
r−2

α −1
2 S(z1)S(x, z2)dqz1 ∧ dqz2

+ q2rq2(r−2)z
r
α

1 z
r−2

α

2 S(z1) 〈x, S(z2q
α)〉 dqz1 ∧ dqz2.

Therefore

d′′S1,1(x) =q2rq2(r−2)z
r
α

1 z
r−2

α

2 〈x′, S(z1q
α)〉x′′ · S(z2)dqz1 ∧ dqz2

+ q2rq2(r−2)z
r
α

1 z
r−2

α

2 S(z1) 〈x, S(z2q
α)〉 dqz1 ∧ dqz2

= 〈x′, S′(z1)〉x′′ · S′(z2)dqz1 ∧ dqz2 + S′(z1) 〈x, S′(z2)〉 dqz1 ∧ dqz2,

which proves thatd′S0,2 = d′′S1,1. �
Finally, by homological considerations we deduce:

Corollary 6.3. The cocycleS induces canonical linear maps

sm : Hm(�•)∗−→Extp−m

Uq(ŝl2)

(Wr,Wr−2p

)
0 ≤ m ≤ p.
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