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Abstract: In this paper a close connection is established between certain cohomology

spaces of representations of the quantum affine algé;ﬁs/a;), and atwisted-de Rham
(Jackson—Aomoto) cohomology of configuration spaces using the quantum screening
operators.

1. Introduction

The representation theory of Virasoro algebras, established by Feigin and Fuchs [7], gives
a way to obtain intertwining operators between the Fock space representations, out of
the top homology classes of certain one dimensional local systems over configuration
spaces. A similar construction exists for affine Kac-Moody algebras. These intertwining
operators are built up from the so-calledreening operatordn [10], Ginzburg and
Schechtman made the remark that in fact these screening operators contain more infor-
mation. Namely, they provide canonical cocycles of the Virasoro and affine Kac-Moody
Lie algebras, with coefficients in the de Rham complex of an operator-valued local sys-
tem on the configuration space. This makes it possible to obtain canonical morphisms
from higher homology groups of the above local system to appropriate Ext-groups be-
tween the Fock modules.

The purpose of this paper is to investigate this connection between the geometry of
conﬁguration spaces and representation theory in the case of the quantum affine algebras
U,(sl,). The quantized universal enveloping algebras of semisimple Lie algebras were
studied in this context in [17], and the representations in question were the Verma
modules. In this paper we consider the@nalog of the Wakimoto modules [19] via
bosonizatiorof the quantum affine algebras, using three scalar boson fields. From the
same boson fields, we construct the screening opeftr We introduce a certain

bracket(-, -) which is a pairing between elements ldg(ﬁf[;) and operators between
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the g-Wakimoto modules. This bracket is defined using the Hopf algebra structure of
Uyq(sl,). Then we solve the difference equation

(x,5(2)) = ,9(x,2) € Uy(sly).

It turns out that the solutiof(z) and.S(x, z) have very nice homological properties, in
particular,S(x, z) satisfies a cocycle condition of the form:

S(.’L’y, Z) =T- S(y7 Z) + E(y)5($7 2)7

where the dot means the action.obn the Hom space between the modules, arsd

the counit map of the Hopf algebtg(g[\z). The above difference equation is built by
means of;-difference operators of Jackson type, which generate a flat connection in a
one dimensional vector bundle over thalimensional torus. We then consider@ade
Rham” complex of the space of formal algebraidifferential forms over the:-torus,
whose “differentials” are the abowgdifference operators. The homology groups of
this complex can be regarded as the homology groups afimeus with coefficients
in a local system with stallC. From these data, we construct the canonical cocycles,
which in fact live in the total space of a double complex produced by mixing the above
g-de Rham complex and a Hochshild complex which will be introduced below. These
cocycles yield canonical maps between the homology groups of the local systems and
the Ext-spaces between the representations in question. .

I should mention the emphasis made on the Hopf algebra structUtgf), in fact,
we make sense of the above notions only by the use of this structure. Also, techniques
such as the vertex operators calculus and the normally ordered products were very
helpful.

2. Hopf Algebras and Their Actions

In this section we follow closely the treatment in [17] with less details. We present some
constructions on Hopf algebras and their representations, and establish some results
related to them. All the algebraic structures will be over the field of complex numbers.

2.1. Composition of mapsLet H be a Hopf algebra, and lex, A, ande denote
respectively the comultiplication, the antipode and the counit maps.

If M and\ are twoH-modules, one can define a structure of left module on both
M@ N and HomM, N) by:

x-(m@n)=2(x’m)®(x”n) (meM,neN, xe€ H),
(z)

(@- fm) =2/ f(A@")m) (m e M, feHom(M,N), z € H),
()

where we have used the Sweedler notation for the comultiplication:
A(zx) = Z.’L‘/ ® " (x € H).
()

(If more than one superscriptor” is involved, we will use numerical subscripts.)
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Each vector space carries a structure oflamodule through the map Therefore,
the dual spacé1* = Hom(M, C) is an H-module with the action off given by:

(z-p)(m) = p(A(x)m) xz € H, p € M*, me M.
Lemma 2.1. For everyx € H, the following relation holds itH ® H @ H:
Z r1®1Qay= Z 211 ® A(T1,2)221 @ 22. (2.1)
(x) ()

Proof. We prove the identity by applying the coassociativity of the mageveral times.
Letx € H, by coassociativity we have:

T1 R T21®X22 =211 K8 X12 R T2.

Now, applying 12 A ® 1 to the left side, and ® 1 ® A to the right side, we obtain by
coassociativity:

T1 QX211 QR T212 R X2 =211 R T12Q X271 K T22.
Therefore,
211 ® A(r12)T21 @ 222 = 1 ® A(T211)T2,12 ® 2,2

=21 ®e(x21) @ T2
=11 ® 1® z2,

using the axioms of the counit. This proves the lemma. [

Proposition 2.2 Composition lemma If M, N andP are threeH-modules, then for
everyf € Hom(V, P) and for everyy € Hom(M, N) andz € H, we have:

z-(fog)=> (2" fo@” g).
(x)
Proof. The relation can be written as:
21f(9(A(r2)m)) = 11,1 f(A(21,2)22,19(A(22,2)M))) (M € M),
which follows from the above lemma after applyingpll ® A to its two sides. [

The composition lemma seems to be just a consequence of the axiomatic definition
of the Hopf algebra, especially from the coassociativity. Let us consider the composition
map (f, g)— f o g. Itis a bilinear map and therefore induces a linear map

Hom(\, P) ® Hom(M, N)——Hom(M, P).

Using the action off on the tensor product and on the Hom space, we can restate the
composition lemma as the following result

Corollary 2.3. The composition map iH-linear.

Remark 2.1.The linearity of the composition map is known and proved in the literature
only whenN (or both. M andP) is finite dimensional, in which case Hom(, V) is
isomorphic toM* @ N, see [13]. Here, we established it for the general case, for all
the representations we will be considering are infinite dimensional.
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2.2. Abracketand a cochain compléxet H be a Hopfalgebra ovét with the associated
maps as above. We define a bilinear nfap) on H ® H by

(@,y) =Y a'yA@") —e@)y (z,y € H). 2.2)
()
This bracket satisfies the following relations:

Proposition 2.4. For all z, y, z in H, we have :

(1) (zy, 2) = (x, (y, 2)) + (@) (y, 2) + @) (2, 2),
(2) e({z,y)) =0,
(3) A%({z,y)) = (A%(x), A%())-

Proof. The first relation follows from that fact that is an algebra homomorphism and
thatA is an algebra anti-homomorphism. The second relation follows from the antipode

axiom:
S AAE") =Y A@)a =e(2) - 1,
() (z)

and from the fact that is an algebra homomorphism. We will prove the third relation:
From the identity

A(A@E) =Y AE") @ A@)
(z)
we obtain

A(A%(z)) = ) A%(a)) @ A%(2").
Using this relation and the fact thatA(z)) = (x) we obtain:
(A2%(2), A%(y)) = A((z,y)). O

Note that(1,z) = (x,1) = O for everyz € H. And if H is commutative then
(x,y) = 0 foreveryx,y € H, while if H is cocommutative, then

(z, A(y)) = A(z,y) .

If M is a left H-module, thenn € M is called anH -invariantif zm = e(x)m for
everyx € H. If N is another/-module, we set

(z,p)=x-¢p—ce(x)p z€ H, » € HOmM,N). (2.3)

Notice the analogy with the definition ¢f, y). We say thap is aninvariantif (x, ¢) = 0
for everyx € H.

Proposition 2.5. For all z, y in H and for all ¢, v in Hom(M, N) we have:

(zy, ¢) =2 (y,¢) +e(y) (x,9), (2.4)
(@, ¢) =Y (2, 0) (2", ) + (2, 0) Y + 6 (2, 0)) . (2.5)
(z)

Proof. The first relation is the same as the relation (1) in Proposition 2.4 when we
substitutez by ¢. The second relation is a consequence of the composition lemma and
the fact thak(z) = 3, (z")e(z"). O
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The importance of the brackét -) will appear throughout this work. The expression
for (x, ¢) is simply the difference of two actions afon ¢. In the case of the Universal
enveloping algebras of Lie algebras, this bracket coincides with the Lie bracket, and for
the quantized version of these algebras the appearance of the trivial action in this bracket
will emphasize the role of the group-like elements as will be seen in the next sections.
Another importance of this bracket will appear below in defining the differential for the
cochain complex.

Let M be anH-module, and let us consider the following sequence:

Cc*=CH®*, M) : 0—M—HomH, M)— - - —HomH®", M)— - - - |,
and the linear map
d : HomH®"~1 M)—Hom#E®", M)

defined as follows:
If € HomEH®" !, M)andz1 @ 2, ® ... ® x,, € H®", then

dp(xy, 22, ... ,Tn) = x1 - O(X2,... ,Ts)

n—1

+ Z(—l)i(ﬁ(xl, e 3 L1, T4, Tj42,y « - - ,J,‘n)
=1

+ (_l)n¢(xl7 L2y vy an_l)E(.I‘n).

One can look at this sequence as a Hochshild complex of the associative digebra
with a left and a right action which commute on the spaAdethe right action is given by
the trivial action, i.e. by, [3]. It follows that (C*, d) is a cochain complex, i.@/? = 0.

One can choose the coefficients of the cochains in Hem{/), where M and N
are twoH-modules. Thus we obtain a complex

C*(H, M,N) = HomH®*, Hom(M, \)).

If € Hom(M, N), thendp(x) = (z, ). Hence d¢ = 0 implies thatx, ¢) = 0 for all
x € H. It follows that the 8 cohomology space is the spaceffinvariants. We will
see that in the case of quantum groups, the space of invariants coincides with the space of
intertwiners. More generally, the cohomology spaces are the Ext-spade&¥&xtV).

3. The Quantum Affine Algebra Uq(s/[:)

3.1. The affine algebra/[;. We recall the definition of the affine algebs'/fa: and we
fix some notations. LeF, F, H be the standard generators of the Lie algelira
For X, Y in sl,, we set (X,Y) = tr(XY), this defines an invariant bilinear form on
sl,. Thus E, F) = (F,E) = 1, (H, H) = 2. We fix a complex humbet and we set

B(X,Y) = k(X,Y). The corresponding affine algehf/é is defined by the generators
X, (X € sl,, n € Z)andl, and the relations

(a) [Xnaym] = [Xa Y]m+n + ’I’LB(X7 Y)5m+n,0~1 (X7 Y S 5[27 m,n S Z)

This algebra is realized as a central extension of the loop alggheC[z, 2] by C.1,
and we identifyX,, with X ® 2”. The affine algebral, is isomorphic to the Kac-Moody



288 A. Sebbar

algebras(, Y corresponding to the Cartan matrix of affine tyﬁ)@. To be more precise,

we have to add a derivation @ that is an elemenb satisfying: [D, X,,] = nX,, and
[D, 1] = 0. And we have the identification

s, =51, ©Clz, 2| & C.L& C.D.

Let P = ZAo ® ZA & Z6 be the weight lattice and &) = Zag ® Zay be the
root lattice endowed with a symmetric bilinear form.) defined by fo, A\o) = O,
(Ao,a]_) = 01 (A075) = 11 (QOaal) = 21 (al7§) = O! (57 5) = 01 WhereAl = AO + %1
6 =g+ as.

We defineP* = ZHy & ZHy, & ZD as the dual space @?. The dual pairing is
defined by

(Hi, \) = (o, N) (:=0,1) forhe P.

If k& is a nonnegative integer we denoteBy= {(k —i)Ao+iA1, i=0,1,... k} the
set of dominant integral weights of leviel and we seh; = (k — i)Ag +iA1.

3.2. Deformation of the affine algebraThe quantum affine algebid,(sl,") is an
associative algebra ovép(q) with 1, whereq is a transcendental complex number,
generated by;, f;,i = 0,1, andg" (h € P*). The defining relations are as follows:

"¢ =", =1,
"eig =g e, g =gy
h; —h;
q [ q 1
[ew 1= 0,0
U =gt
ele; — [Bleteje; + [Bleiejel —ejel =0 (i 7 5),

FF =B fi+ Bt fF— =0 (7))

n___—n

q
)

Here ] = qqﬁq,
We consider the aIgeerq(s/[\z) to be the subalgebra dfq(s[z(l)) generated by

ei, fi, ti = ¢" (i = 0,1). The algebra/,(s,") has a Hopf algebra structure. The
comultiplication is given by

Ale))=e; @1+t Qe ,
A(f)=fiot; +1e fi (i=0,1),
Al =q"oq¢"  (heP).
The antipodeA is given by
A =a", Al =—t7ter, A(f)=—fiti ((=0,1).
The counite is given by
ele)=e(f)=0 (=01), e(¢") =1

This definition of the quantum affine algebra by Chevalley generators is due to Drinfeld
and Jimbo [5, 11]. Later, Drinfeld gave another realizationfggs!,) [6], which is the
loop algebra version of the above algebra. In this realizaligf!,) is an associative
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algebra generated byF,,, n € Z}, {F,,, n € Z}, {H,, n € Z — {0}} and invertible
K andﬁ satisfying the following relations:

[(Hy K1=0, [Hoy Hl = o (201K,

KE,K'=¢’E,, KF,K'=q?F,

2n] —inlk 2n] Inlx
[Hn7Em] = %q 2 En+m ) [Hn7Fm] = 7%(17 ntm

BB, — qumEn+1 = qunEmﬁL — Byl ,
Fn+lFm - q_2Fan+1 = q_anFm+l - Fm+1Fn )
1 o(n—m) (m—n)
[EnaFm]: 7_1(qk 2 wn+m_qk 2 ¢n+m)7
q—4q
wherey,, andg¢,, are related tdi; by

D bz = Kexp <(q —¢ M) sz_l> : 3.1)
nez

=1

> dnz" =K texp (—(q -q i H-zzl> : 3.2
nez =1

Here,¢,, = ¢_,, = 0forn > 0. We definef, by the formula

_1, Ho
K= eXD((q —q 1)2> :
The standard Chevalley generatées, f;,t;} are given by the identification
to=q"K ', t1=K,e1=FEo, fi=Fp, est1=F1, t; " fo=E_1. (3.3
This identification leads to an algebra isomorphism between the above realizations

Equivalently, the Drinfeld realization can be obtained using the generators,,
(n€2Z),d_n,Yn (n € N) andqi%. And if we consider the currents

E()=) Euz " FR)=) Fuz ™ $(2)=) ¢-n" $(2)=) tnz ",
nez nez =0 n=0

n=

then the defining relations can be written as

$ovo = oo = 1, (3.4)

p(2)p(w) = p(w)d(2) ,  Y(2)p(w) = P(w)ip(2), (3.5)

k-2 k2
S0 = oy b)), (356)
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_%4.2 o
H(2)E(w) = “—— Ew)o(2), (3.7)
z2q~ 2 —wq
%72 —w
() F(w) = ——— F(w)(2), (3.8)
z2q2 —wq
,% _ 2
W(2)Ew) = =L Bw)p(2). (3.9)
wqT2— 2
E_ 2
P F(w) = == Fwyi(e), (3.10)
wqz"c—z

EG). F)l = —— (52 Wwe?) — (Zaotwa ™)), 31D)
q—q z z

(z — Pw)E(2) E(w) = (¢°z — w) E(w)E(2), (3.12)
(z — ¢ Pw)F(2)F(w) = (¢ 2z — w)F(w)F(2), (3.13)
where
5(z)=>_ 2"
nez

These relations are understood to be between formal power series.

Since the Drinfeld currents are suitable for bosonization, we will use this realization
for the rest of this chapter. Drinfeld also gave the Hopf algebra structure for this current
realization.

Proposition 3.1. [4] The aIgebraUq(s/[;) has a Hopf algebra structure given by

e ComultiplicationA
A" =q" © ¢,

A(E(2)) = E(z) © 1 +¢(2¢%%Y) @ E(2¢"®Y),
A(F(2)) = 1@ F(2) + F(2¢**%) @ (¢*®%),
AB(2)) = D2 12%) @ p(2q2%Y),

A@(2)) = P(2¢*2 %) @ Y(zq F8Y).

e Counite

e(d") = e(W(2) = e(9(2)) = 1,
e(E(2)) =e(F(2)) = 0.
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e AntipodeA
Ad")=q7",
A(B(2)) = —¢(zq 2) " B(2q "),
AP () = —F(zq *y(zq~ %),
A($(2)) = ¢(2) 71
A(p(2)) = ¥(2) .
If ¢(z) = 2o d—n2" then the formula for(¢(z)) means that

AGE) =D (@ -z @ (¢ F ™).

m,n

4. Bosonization andg-Analog of Wakimoto Modules

4.1. Free boson realization rbfq(gl\z). Here we follow [1, 9], with some modifications,
we introduce the Heisenberg algebra generated by three free bosomn fiektsdc. We
construct a homomorphism from the quantum affine algebra to the Heisenberg algebra
which will enable us to express the Drinfeld generators in terms of the Heisenberg
generators.

The generators of the quantum Heisenberg algély@l,) area,, by, c,, n € Z,
Pa, Db, aNdp... The relations are

(s ) = S0+ D02, Loopa] = 2 (h42), (@)

1 —2h
[bnabm] = _7[n]25m+n,0 P [bOapb] = T (42)
n q—q
1 2h
[Cn; Cm] = *[n]25m+n,0 y [COapc] = 1 (43)
n qa—q

whereq = ¢". The remaining commutators vanish.
We define the completiok,(s(,) of H,(sl,) as follows:

Hy(sl,) =lim H, /I, (n > 0),
wherel, is the left ideal ofH,(s(,) generated by all the polynomials i,, b,,, ¢,

m > 0, of degrees greater than or equahtfwe set deg,, = degh,,, = deg:,,, = m).
We form the generating functions:

n=1

bo | ,
n=1
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b(z) = bn *”+q_q71bl +
(Z)_Z?O[n]z oh 0109z + py,

C:I:(Z) = i(q - q_l) <CZO + ZC:I:HZ:FTL> y

n=1

_ -1
c(z) = — Z n o —n oy uco logz + pe.
= [n] 2h

For a real numbes we define:

a(z'a):_27an g enly=n +—1 q_q_la logz +p
’ ~— [(k+2)n] k+2\ 2n ° o)

Let : : denote the normal ordering of a product of operators defined by moving the
creation operators to the left and moving the annihilation operators to the right. In our
case the annihilation operators gkg,, b,, ¢, n > 0} and the creation operators are
{an, bn, ¢n, Da, Db, e, n < 0}. FOr example

ot =30 1 ferp 30 et
n>0

n<0

Proposition 4.1 (1, 9]). There is a homomorphismfrom Uq(st) to ﬁq(ﬁlz) which is
defined on generators as follows:

WE' ()] = — 1 P0G 4 b=
w[F'(2)] = ea*(zq%ﬂ) - pbe(za b))
_ eaf(zq’%*l) : eb,(zq—k—2)+(b+c)(zq—k—1) 5

k kap
W[w(z)] = €a+(zq)eb+(2q 2 )+bs(2q2 )7

— a_(zq7Y b,(zq7%)+b,(zq*%*2)
wle(2)] = e e

whereE’(z) = (g — ¢ V) E(2) and F'(2) = (¢ — ¢ ) F(2).

In order to prove this proposition, we need the following two lemmas, which will be
used later on too.

Lemma 4.2 (8]). Let X andY be two operators such tha, Y] commutes with¥
and withY’, then

[X,e¥]=[X,Y]eY and eXe¥ =eVeXelXY]

The following lemma can be proved by direct computation of the operator product
expansions. It will be used later on without any mention of a specific relation.
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Lemma 4.3. We have the following commutation relations:

ea+(z)ea_(w) - (U) — qu+4)(w — Zq_k_4) ea_(w)ea+(z)’

(w = 2¢")(w — zq7F)

2
ob+(2) b (W) = (z —w) - b (),
(z — wg?)(z — wq™?)

ea(z)ec,(w) — (Z — qu)(z — wq—Z) ec,(w)ea(z)
(z — w)? ’
0@ ;) = T b  hile) - en@) ;gelw) 1= KL W ) gen(a),
2q—w Z —wq
eb_(z) : eb(w) = wq —z : eb(w) : eb_(z)’ ec_(z) : ec(w) = w— zq : ec(w) : e(:_(z)7
w — 2q wqg — 2z

: e(b+c)(z) 6(b+c)(w) = e(b+5)(w) e(b+5)(z) -

For simplicity we will use the same notation for the elementﬁf&(fg/[;) and their

images inH(s(,).
Using the above lemma and the fact that

= qig_l(ao+bo+Co) d = qig_l(ao’fbo*'Co)
po=e and o =e ;

one can easily prove th#t(z), F(z), ¢(z) andv(z) satisfy the defining relations of the

algebraU,(sl,), except for the relation involvingH(z), £'(w)] which needs an expla-
nation. We look at andw as complex variables and we get(z) = —E’(z) + E'_ (2)
andF’(z) = F[(z) — F’ (z) in the obvious way. Then we have

-1 k+1

2q —wq
EL(2)Fi(w) = ——

— CEEFW) (2] > |wdt),
q

2q —wk= k1

E' (2)F (w) = CEL()F () (2] > Jwg ),

_ wq—k
k+1 -1
wq —z2q )
Flw)E(x) = L2 FER): (2 < lwd)),
wqt — z
1 / wqikil —2q | / . —k
F_L(w)E_(2) = wg—F = CFLW)EL(z) 1 (J2] < Jwg™")).

The other products have no poles, more precisely:
EL()F.(w) = FL(w)EL(2) = EL(z)FL(w) 1,

EL (2)Fi(w) = Fy(w)E’ (2) = E_(2) Fy(w) : .
For|z| > |w|, it follows that:

gt — wg"t

, , oz k—1
EEF @)=~

B () Fl(w) : — % LB (2)F (w)

+IEL(2)F (w):+: B (2)Fl(w) :,
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and for|z| < |w| we have:

g1 — wgkt

, , oz k-1
Fl)F ()=~

FlW)EL(z) : — % CF L (w)E(2) ;

+:  Fl(w)E (2):+: F (W)E.(2) : .

Since the normally ordered product does not depend on the order of the factors, we
conclude thatF’(2)F'(w) and F'(w)E’(z) have the same analytic continuation. The
coefficient ofz~"~1 in the Laurent expansion @&’ (z)F’(w) — F'(w)E'(2) is

1

1
— E'(2)F'(w)z"dz — —/ F'(w)E'(2)2"dz,
271 Cr 211 C,

whereCr andC.. are circles on the-plane of radiiR >> |w| andr < |w| respectively,
which is equal to the sum of the residues of the common analytic continuation. The latter
is equal to

(wg*)" Mg — ¢~ 1) : EL(wg®)Fl(w) : —(wqg™ ") Mg — ¢ 1) : B/ (wg ") F(w) : .
Moreover,
L B (wg)Fi(w) = d(wq?)
and i
DB (wg ) F (w) = ¢p(wg™?).

Hence
('), /()] = (0 — 07 (85 ¢ Wtwe?) — 0 Mo(wa™ ) |
which provides the right formula foH(z), F'(w)].

4.2. RepresentationsThe infinite dimensional representationslﬁj(sf[;) are created
from the Fock module of the Heisenberg algebra via the homomorpbisife start by
considering the vacuum stafeof the boson Fock space which satisfies

. 2=0,.Q2=¢,.2=0 (n>0).

We define the vecta®, ; by:

— Pa
Q5= exp(rz(k +2) + s(pp +pc)> Q (r,s€Z).
Let F be the freeQ(q)-algebra generated by, b, ¢, n < 0} and letF, ; be the
Fock module defined by

Frs =F.Qps.

Itis clear thakp(z) andy(z) mapF,  to F, s ® C((z)) and from the simple observation
that

ezl:(pb+pc) Qr,s = BT 2(}];‘12)"'(82‘:1)(1),14'175) Q7

we deduce thak(z) mapsF,. s to F, .1 @ C((z71)) and F(z) mapsF, s to F, s41 @
C((="1).
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We denote by () the Verma module OV@(I(ﬁ/E) of highestweighh and generated

by the highest weight vectar,. Thus
eovn = €10y =0, tovy =g%vy, ton = ¢ vy, (4.4)

whereaAg + BA; is the classical part of; Ag and A, are the fundamental weights of
sl,. We refer to (4.4) as the highest weight condition.

Proposition 4.4. The vectorR, o satisfies:

EnQr,O = FnQr}O = HnQr}O =0 ifn> O,
Eer’o = 07
KQT,O = qTQr,o.

Proof. We have

bn+ n —-n
E(z)szr,o:exp<z —(2q) )9“

n<0 [ ]

+ exp ((q —g DY b Y b"[;f” (qu)”> Q1.

n<0 n<0

Hence, forn > 0, E,Q,0 = 0. We have a similar formula faF'(z)<2, ¢ except that,
due to the presence afy.(z), the first term comes with the factqf and the second
term comes with the factay~", which implies thatF,, 2, o = 0 for n < 0 only. Since
¥(2)Qr0 = ¢" Q0 by (3.1), we deduce thd,, 2, o = 0 forn > 0 andK' Q2,0 = ¢" 2, 0.
O

Corollary 4.5. The vectorQ, o satisfies the highest weight condition (4.4) and can be
identified with the highest vectox, where

Ap = (k — T‘)Ao +rAq.
Proof. This follows from the proposition and the identification (3.3). O

The following proposition follows from the identification of. with €, o and the
action of the generators of,(s(,) on 2, o:

Proposition 4.6. There is an embedding of the highest weight module in a direct sum
of Fock modules:

V)= P Fre. (4.5)
SEZL

Remark 4.1.The moduld/(),.) is reducible as is known in Conformal Field Theory. To
obtain irreducible modules, one has to usegamalog of the Felder resolution, see [14].

We set
W, =P Frs. (4.6)

SEZ

This Fock space carriesLQ(s/[\z)—module structure defined by the bosonization formulae
of Proposition 4.1. These are thenalogs of th&Vakimotomodules [19].
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5. Screening Operators

5.1. The operatof(z). The so-called screening operafife) is used to investigate the ir-
reducible representations G (s!,), and to compute correlation functions in Conformal
Field Theory. Itis an element Gi(s!,) which acts then on Fock space representations.

Definition 5.1 ([1]). The screening operator is given by

S(z2) = 1 L omals,52) . (; o—b(D)=(bre)(@z) « _ - p=bi(e)—(bre)la ) ;) ,

(¢—qg Mz’
For simplicity we writez(q — ¢~ 1)S(2) = S1(2) — Sa(2).

Proposition 5.1. The operatorS(z) sends?, s to F,_1 s_1, and therefore sends the
moduleWV, to the moduléV, _» ® 2~ #=2C((z1)).

Proof. exp(723) sends, , to Q,_1 ,, exp(—23Ee) sendsQ, , to 2, ,_1, and

_ _q—1 _, _g—1 rpa
e% e %h,(?ﬁz) aolog z QT s = eﬁ 6[_ gh,(?ﬁz) aglog z, 2()€+2)] QT s
= w2 Q2. O
Now we compute the pairing betweéi(z), F'(z), ¢(z), ¥(z) andS(w).

Proposition 5.2. The operatorS(w) satisfies:

(E(2), S(w)) = E(z)S(w) — d(2q7)S(w)d(zq) 1 E(2), (5.1)
(F(2), S(w)) = F(zqg *)S(w)p(zq~ )™ — S)Flzq Fyp(zq~ 2L, (5.2)
(6(2), SW)) = (24 %)S(w)p(2q )"t — S(w), (5.3)

((2), S(w)) = (=g~ 2)Sw)i(zq )™ = S(w), (5.4)
where these relations are understood to be between formal power series.
Proof. We have
A(E(2) = B(2) @ 1 +(2q°Y) @ B(z¢"Y)
SBE) 1+ Y gt @ B,

m>0,n
hence

(id ® AAE() = B(2) @ 1+ Y ¢_mg?™ " "2™ @ A(E,)2 ",

m,n

therefore
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(E(2), Sw)) = B()S@W) + Y ¢-mg?™ " 2" S(w) A(E,)z "

m,n

= B(:)Sw) + Y ¢—mq? 2" S)A(E) (g 2) ™"

= B(2)S(w) — d(2q%)S(w)(zq?) L E(2).

This proves (5.1). The proof of the other formulas is similar, i.e. by expanding the
currents and applyingl to the second component of the tensor product, and using the
fact thatg® is central. O

Proposition 5.3. We have the following relations between formal power series:

P(2)S(w) = S(w)e(z) = ¢(2)S(w) (5.5)
¥(2)S(w) = S(w)y(2) = P(2)S(w) :, (5.6)
E(2)S(w) = S(w)E(z) and the products have no poles (5.7)

Proof. The relations (5.5) and (5.6) follow from direct computation. Equation (5.7)
needs some explanation. Set

Ey(2) = expls(2) — (b +)(zq)) 1 and  Bp(z) = exph—(2) — (b+)(zq 1) : -
Then we have
Er(2)S1(w) = S1(w)Ea(2) = q 1 Ea(2)S1(w) -,
and
Ep(2)S2(w) = Sp(w)Ea(2) = g~ Ea(2)Sa(w) - .

The other products have a polezat w:

Ex(2)Sa(w) = $:(0)Ex(2) = ¢°— 0 Ey()Sa(u) :

1— -2
= quw g . E1(w)S2(w) : + regular part at = w
zZ—w

and

2 — wq?

Ex(2)S1(w) = S1(w)Fa(2) = ¢ * o D Eo(2)S1(w)

2
_ZIU : Eo(w)S1(w) : + regular part at = w.

It follows that
E1(2)S2(w) + E2(2)S1(w) = Sa(w) E1(2) + S1(w) Ea(2)

_q-q*t, . .
=w " ( E1(w)Sa(w) : — 1 Ep(w)S1(w) :) +--- .

Itis easy to see thatE;(w)S2(w) =: Ex(w)S1(w) : and (5.7) follows. ]
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Before investigating how the Fourier coefficients behave With), we introduce
the notion ofg-difference operator:
For a functionf(z) and fora € C, we define

D, _ J(zq%) = f(zq™)
A )
We can also write
Duf(z) = LEL)—ICY , (5.8)

z(g—q71)
In particular
Dyz" = [om]z”fldqz.

If fandg are two functions, the-difference of the products is given by:

Da(f(2)9(2)) = f(24")Dal9(2)) + Dal9(2)) f (24~ )
= f(247*)Dal9(2)) + Dalf(2))g(2¢")-

Forp, s € C — {0} with |p| < 1 and for a functiory (u), we define

/O Cwdu=s@-p) S fspp"

n=—

whenever it is convergent. This igalifference analog of the ordinary integration, and it
is called the Jackson integral along-interval [0, soo]. This integral has the following
property:

le e Da

— f(u)d,u = 0.
0 dpu P

All these notions extend to multi-variable functions.

Theorem 5.4. For every integemn, we have:

(Ep, S(w)) =0, (5.9)
(6 () = (1, 5(u)) =0 (02 0), 510)
(Sl = 52 (o s Pueh) ). 611)

Proof. The relations (5.9) and (5.10) follow immediately from Proposition 5.2 and
Proposition 5.3.
Set ¢ — ¢ Y)F(zq~*) = Fi(2q™%) — F»(=7*), where

Filzg ™) = e ) L expu(2q?) + 0+ 0)(20))

and
_ 3k _
Fo(zq ) = ¢G0T ) expl_ (20722 + (b+ ) (2q %) -

We look atz andw as complex variables. To normally ordEr(zq—*)S1(w), we
need the following brackets:
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|:Cl+(2q_];+1), —a <w7 i ; 2)
_fa—qa? -1 = _ q w\ "
= [ 2 ao, k+2pa] - ;(q—q l)m[an,a,n] (;)
a2 n(2)
n=1

And [b:(24°), —b—(w) — b(qw)] + [b(2q) — py, —b—(w)] gives

ey e (2)

Therefore
Fi(zq F)S1(w) = 71 1 Fi(zq ) S1(w) : . (5.12)

Meanwhile

a—qt

S1(w)Fy(zq %) = el 2 bom] Gy (w)Fi(2q %) = g7 1 Fa(zq ¥)S1(w) @ .
(5.13)

Similarly, we have:
Fo(2q*)Sa(w) = Sa(w)Fa(zq %) = g Fa(2q*)Sa(w) : . (5.14)
The other products have poles:

z

Fileg™)S,(w) = g7 2 Feg Sw) (] < [e). (515)

sz(wm(zq*’“):q""*’;:sz(w)Fﬂzq*’“): (2] < [wl).  (5.16)

Z—w

Notice that the expressions at the right are the same. And

» 2 — wg?k »
Fy(2q")S1(w) = QW P (g7 ")S1(w) 1 (jwl < J2]),  (B.17)
—k 4 w—zq? —k
S1(w)Fa(2q" ") = ¢q T PS1(w)Fa(zq7 ") 1 (2] < Jw]). (5.18)

Since the normally ordered products do not depend on the order of the factors, we deduce
from (5.12)(5.18) thatF'(zq—*)S(w)y(zq~ %)~ and S(w)F(zq~*)(zq— %)~ ! have

the same analytic continuatiomz((zq—%)—1 contains only positive modes, so it stays to

the right when the products are normally ordered).
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Therefore, in view of Proposition 5.2, we obtain:
1 : k
<Fna S(w)> = — / F(Zq_k)S(w),(/}(zq—5)—1Z7L—1dz
271 Jop
1 k
~ 5 / S)F(zq~F)p(zq~ #) 1" 1z,
27 Jo,

whereCr andC, are circles of radiR > |w| andr < |w| respectively. It follows that
(Fy, S(w)) is equal the sum of the residues of

21 (q_l(z —w)

D Fi(zq %) Sa(w) :

(=g 2w\ z—wqg?
S Bl 5w):) e D)
therefore
(P S) = g (~wa 2" Fitug ™ 2)Sa(w)iug ¢
+ (g™ 1 Pa(wg ) Sa(w)p(wa ¥ ).
Meanwhile

_k_ N
L Fi(wg ™) Sp(w) : =: e wa 2T )malw )

= e_a(wqikiza_%) :
Notice the change of sign in the argumentoSimilarly
: Fa(wg**?)Sy(w) :=: e—alwa"?—55%)

It follows that

(Fy, S(w)) = :';’jj (g : e~ gty 1)

which proves (5.11). O

As a consequence, the bracket of the Jackson integigof for p = ¢**2 with the
generators ot/,(s!,) vanishes. Using(5.11) we have

Corollary 5.5. The Jackson integrayosoO S(w)d,w (p = ¢**?), of the screening op-
erator is an invariant foan(s/[\z).

5.2. Difference equations/Ve will state and prove two results concerning the screening
operators, which deal with the following difference equation:

(2, S(w)) = 7;5;2 S, w), (5.19)

for everyz € Uq(EIZ).
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Theorem 5.6. There exists a well defined operattfz, w), for eachx € Uq(;[:) such
that:

(1) S(x,w) vanishes on the Fourier coefficientsifz), ¢(z), ¥ (z), and ong* 2 and
S(Fpn,w) = (wa)™ 1 e D(wg?) ™ (m € D).
(2) Foreveryz,y € Uq(s/[\z) we have:
S(xy,w) =z - Sy, w) +e(y)S(x, w). (5.20)

Proof. We considelS(z, w) to be linearly dependent anand defined on the generators
as in (1), and we extend it to the free algebra generatel, hyF,,., ¢_, wn (m e Z,

n € N) andg*%. In order to haves(z, w) well defined for every: € U, (512) we need

to show that the relation (5.20) is compatible with the defining relatlori[s](ﬁ .)- By
linearity of S(x, w), we have:

S(E(2), w) = S(9(2), w) = S(¥(2), w) =0, (5.21)
and
S(F(z),w) =6 (wjk> R Gt 22V C7E 5 B (5.22)

It is clear that the relation (5.20) is compatible with the relations (3(3)7), (3.9) and
(3.12) since (5.20) vanishes on both sides of these relations (they do not ifal)e
We will prove the compatibility with (3.8) and (3.11).

From (3.8) we have

$(21)F(22) = gr(2)F(22)¢(z1),  With gi(2) = 1:_2;2
And
S(6(21)F(22), w) = ¢(21) - S(F(22), w) + £(Fa(22))S(¢(21), w)
= $(:14°)0 (wqj) Lem By (wg?) T glaagP)
Meanwhile,
gty oty = L O eyt P
And since
o (052 et 5] =210 5 e ) (2
we obtain

2
—a(w.— k22 kv_1_ W Z ~1,—a(w,—k2)
e =) (21 %) 1—72‘@( F)~leal (5.24)
w
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From (5.23) and (5.24) we obtain:

2 —k k
wq- — 2149 wq —alw.— k2 Ey 1.,
SF G 0) = 2y (ML) e Py L (629

We need to compare this expression Witty (2) F'(z2) p(21), w).
SinceS(gx(2)@(21), w) = 0, we have:

S(gr(2)F(22)p(21), w) = (gx(2)9(21)) S (F(22), w)
= go(2)S(F(22), w).

Now we use techniques from Vertex Operator Calculus [8], and we have:

k =2 k kE_ -2 k
90(2)8 (“’q ) =219 (wq ) P kLI <wq > :
Z2 g 22— 2 %2 g 22— 22
This follows from the identity:

a(2) o (2).

Therefore

2,k
S(gr(2)F(22)(z0), w) = 2T _ZLG(F(29), w),
w—q z

1
which is equal to (5.25). The case of (3.10) is similar.

We will use a different approach to prove the compatibility with

1
q—q7t

[B(=). F(w)] = (52 aMytwa®) - 6(2a Hotwa ™))

SinceS(z, w) vanishes ifr is the right side, we need to show thet~ (z) F,,,, w) and
S(FnE(2)) (m € Z), given by (5.20), are equal.
On one hand

S(FmE(2), w) = Fy - S(E(2), w) + e(E(2))S(Fi, w)
=0.
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On the other hand
S(E(z)Fm,w) = E(2) - S(Fyn,w)+0
= B(2)S(Fm, w) = (wg")"¢(zq7) e Fp(wg2) ™ ¢lzq ) HE(R).
Using (3.9), we have

quk

k - *2 k
Ylwa®)BG) = o et

Keeping in mind the relations (5.23) and(5.24), we see that the second term in the
expression o6 (E(2) F,y,, w) is E(z)S(F,,, w) times

2__q—kz

(=g F)w —¢"22) w— ¢ w2

(w — ¢"*22)(w — ¢ 72) we? — 2¢" wq~

This product is easily seen to be equal to 1. TherefdE(z) F;,,, w) = 0. The case of
(3.13) is similar. d

Theorem 5.7. The screening operatd¥(z) satisfies:

D2
dgz

(z,5(2)) = S(x, 2), (5.26)

for everyzx € Uq(sft\z).

Proof. This is already satisfied by the generatoré/p(fst) by Theorem 5.4. Since both

sides are well defined for everyc Uq(st), assume that the equality holds foandy,
then, by Theorem 5.6, we have

(e, S() = (y, S} +<(0) (&, S))
= D205y, ) + ()5, 2)

which proves the theorem. 0O

6. Canonicalg-de Rham Cocycles

6.1. The simple caseFrom now on, we setv = k + 2 and we supposa ¥ 0 (the
level is noncritical), and let be a complex number. Recall that the operators(z)

andz= S(x, 2) (z € Uq(;[Z)) sendW, to W, _» ® C((z~1)). We consider the following
complex
Hom (Uq(st)®°, Hom(WV,., W,,,z)) . (6.1)

The differentiald’ of this complex was introduced in Sect. 2 and is given by
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n—1
d(xe, ..., xp) =21 d(T2,... ,2,) + Z(—l)%(xl, e T, BT, Tik2 - - - 5 Tpy)
i=1

+(=1)"e(zn)d(z1, - .., Tn—1).
The cohomology groups are EUxt(;I\)(WT, W, _>). And the 0-cohomolgy group is ex-

actly the space dffq(s/ﬂ)-invariants.
Let Q° = C((z7Y) and @' = C((z~Y)d,z (the space of formal algebraig
differentials 1-forms). We consider the following complex:

Q° : 0——qQl—o. (6.2)
The differential of this complex is given by

Mwm:%mm—mii§%g

whereD! (f(2)) = D, f(2q%) (the last derivative should be read #$2¢*) and not as
(f(zq*))).

We consider the double complex
C** = Hom (Uq(s/[\z)®', HomW,, W,_> ® Q'))
= Hom (Uq(s/r\z)@" Wy, Wy_p @ Q) .
Let C* be the simple complex associated with this double complex. Set
S0t = q2Tz§S(zqo‘)dqz,

§0) = 25 S(z,2) (v € Uy(sh)).
Then (5%, 5%9) is a one-cochain ik, and we have:
Theorem 6.1. The cochair(S°, 19 is a one-cocycle 0.

Proof. We need to prove that

d’s% =0, (6.3)
d'S1%(z) = 0, (6.4)
d's% =q"s%. (6.5)

Equation (6.3) derives from the fact that the compfgk has length 1, and (6.4) is a
consequence of Theorem 5.6. The relation (6.5) also follows from Theorem 5.6 in the
following way:

Da(2 S(x, 2)) = Dal2%)S(x, 24~ ) + (2¢%) = DaS(a, )
= [r]z=~1S(z, 24 ) + ¢" 25 Do S, 2),

therefore
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Dy (2 5(x,2)) = [rlg" 25 1S(x, 2) + ¢* 25 Do S(2.2¢%)
=[rlg" = "za 1Sz, 2) + ¢*" 2% (x, 5(2¢"))
by Theorem 5.7. We deduce that

d" (2% S(z, 2)) = (x,¢" 2= S(2¢"))
=d'S%, O

6.2. CompositionsLet p be a positive integer, and let us consider the ring

Ay =Cllzr, ., 5 ] ] 271
i=1

305

we look atA,, as the ring of functions on thé" power of the formal punctured disk,,.
Let Q% (1 < a < p) denote the space of algebrajdifferential a-forms on the

formal varietyX,,. Thus,Q° is justA,,, and elements a2 have the form

S fa o zp)dezi A Ndgzi,  (f(en . 2p) € Ay).
We consider the following complex
Q* : 0—Q%'— ... —QP—0,
its differential is given by
d'=D! — Zp: q" 200 — 2 — 1)]%
= zi

where, in several variable®),, is defined by:

D;(f) = i /a(f) A dgz;.
=1

dq Zi

For:=1,...,p, we set:

r—2(i—1)

S'(z;) = 20 z; * S(ziq”),

r—2(i—1)

S/(xvzi) = Z; « S(.’I},Zl)
The operators$’(z;) andS’(z, z;) are elements of

Hom (W, _ai—1), Wr—2i ® 4,) .
We consider the following double complex:
C** = Hom (Uq(st)®°, HOmMOW,, W2, ® sz'))
= Hom (Uq(st)®° R Wy, Wr_2p @ sz) .

And for eachm = 0,. .. , p, we define the operators

(6.6)
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S™P=m & Hom (Uq(ﬁTz)@", HomWV,, W, _2, @ szpfm))

as follows:
Sm7p_”L(x17 e 7'7;771)

=(-1)"¢? S YIS, i i),

1<i< . <im <p

andS is given by
Z S'(z1) - .. S (2, )Y
(1, Tn)

. (S/(Zil-{-]_) c S’(x;n, z,;m)z;;,, . (S’(z,;m+1) e S'(zp)))

dgz2a Ao Ndgzig Ao Ndgzi,, A ... A dgzy.

In this expression, we consider initially the compositisfz1) - ... - S’(z,), and we
substitute eact$’(z;,) by S'(z},, z:, )y - ... andz} is acting on all the remaining
factors on the right if there are any; if not, it is juSt(xy, z;,,) (which happens only
wheni; = p) . And the sum is taken over all the terms involved in the Sweedler notation
for the comultiplication ofcy, . .. , x,,.

The elementS = (S%?,... ,SP9) is p-cochain in the simple complex associated
with the double compleg’*®.

Theorem 6.2. The cochairs is ap-cocycle.

We need to prove that
d'8% =d'sP° =0,
andfork=0,...,p—1,
d/sk,pfk - (_1)kd//8k+17p7k71'

These relations follow from Theorem 5.6 and Theorem 5.7 and some lemmas on Hopf
algebras. We give the proof in the cgse 2 in order to illustrate the techniques used,
the general case is proved exactly in the same way but with lengthy formulas.

Let us assume = 2, we have:

S0 = S/(Z]_)S/(Zg)dqzl A dgzo,
Shl(z) = Z (S8'(@', 20)2" - §'(22)dgz2 — S'(21)S" (@, 22)dg21)
()
8%, y) = 3 S, s - 'y, ).
()

We will use the counit axiom and the composition lemmas several times without men-
tioning them. We also will drop thein the Sweedler notation to simplify the expressions.

SinceQ* is of length 1, it is clear thaf”’ 5% = 0. Let us prove thad’ 5%° = 0, we
have:

d'S*%z,y,2) =z (S'W, 20y S'(z,22)) — S' (@'Y, 21)(@"y") - §' (2, 22)
+ Sl(xlﬂ Z]_)$H . S,(yz7 22) - E(Z)S/(l‘/7 Z]_)IL'H : Sl(yv ZZ);
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using Theorem 5.6, we get:

z- (8", 2y - S (2, 22)) =2 - S'(Y, 21)(@"y") - S (2, 22),
S'(@"y', 2)(@"y") - Sz, 22) = 2" Sy, 20)(@"y") - S (=, 22)
+ 5@, 21)(@"y) - §'(2, 22),
Sz, z1)x" - 8" (yz, 22) = S'(&, 21)(x""y) - S'(2, 22) + e(2)S' (2, z1)z” - S (y, 22).

Adding up, we getl’ $%° = 0.
Now we prove that’ S*! = —d" 2.

d'SPHa,y) =z (S'(W, 20)y" - S (22))dgz2 — x - (S'(21)S' (. 22))dg 21
=Sy, 2)(@"y") - S’ (22)dgz2 + S'(21) S (zy, 22)dg21
+e(y)S' (', z0)x” - §'(22)dgz2 — (y)S' (1) S (2" 22)dg 21

Using Theorem 5.6, we get:

d'SY Y, y) = — (o', S(z1)) " §'(y. z2)dgz1 — S'(a', z)a” - (y, §'(22)) dyz2.
On the other hand:

_ r_q r=2
D.,S5*%x,y) =[rlq" 27 2" S, 20)a” - S(y, 22)dgz
r r=2
+q% 27 2,0 (2, S(2q%)) 2" - S(y, z2)dg 21
ror—2_
+[r— 2]qr_2_o‘zla 2% 1S(x’, 21)x" - S(y, z2)dyz2

roor-2
+ 20D 2 S, z)a’ - (2, S(224%)) dy e,
where we have used Theorem 5.7. Therefore

r o2
d//SZ’O(gjv y) :quZla Zz(l <1‘/, S(an» IN : S(y7 Zz)dqzl

+ 2 D20 2, S, z)a” - (x, S(220%)) dy22
= (2',5(z1)) 2" - S'(y, 22)dg21 + S' (2, 21)2" - (y, S'(22)) dy22,

which show that’ S3t = —d"" 2.,
Finally, we need to prove thats%? = 4" s

d'S%%(x) =2 - (S"(21)S"(22))dg21 A dyz2 — £(2)S"(21) S (22)dy 21 A dy22
=z’ - S'(z1)2" - S'(22)dgz1 A dgzo — €(x)S'(21) S (22)dg21 A dy22
= (2, 5'(z1)) 2" - §'(22)dgz1 A dgzp +£(2')S (21)2” - S'(22)dg21 A dyz2
— &(x)S'(21) S (22)dg21 A dy22
= (', 5'(z1)) 2" - §'(22)dgz1 A dgza + S'(21) (, S'(22)) dy21 A dy 22
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Meanwhile,

DL (Y (x)) =q’”7°‘[7"]q2(r72)21§712';%2 S, z1)z" - S(z2)dgz1 A dyz2
+ qzrqz(r_z)zlﬁ 22%2 (2, 5(214%)) 2" - S(22)dgz1 A dy22
+¢%[r — 2](1"‘_2_"‘;21§ zzr%_ls’(zl)S(x, 22)dgz1 N dgzp
+ qzrqz(T_Z)zlg 22%2 S(z1) (z, S(22¢%)) dqz1 A dg2o.

Therefore

2

d"SY(x) =q2"q2(7'_2)zl§ zzrT (2',5(21¢")) 2" - S(22)dgz1 N dy22
_2

+q? Dz 7 S(a) (@, S(220”)) dyza N dy 22
= (2, 5'(z1)) 2" - §'(22)dgz1 A dgza + S'(21) (, S'(22)) dy21 A dy 2o,

which proves that’ S92 = ¢”S%1. O
Finally, by homological considerations we deduce:

Corollary 6.3. The cocycleS induces canonical linear maps

Sm Hm(Q.)*%EXtZ;gC) (Wr, Wr—2p) 0<m <p.
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