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Geometric methods have been utilized to explore many problems in representation
theory. In particular, Lusztig and Nakajima have used the geometry of quiver varieties
to examine Kac-Moody Lie algebras and their representations. However, few concrete
examples exist of the applications of these methods. In this dissertation, some such
examples are examined and the geometric interpretation of some classical and recent
algebraic constructions are given.

Using the tensor product variety introduced by Malkin and Nakajima, the com-
plete structure of the tensor product of a finite number of integrable highest weight
modules of U, (sl) is recovered. In particular, the elementary basis, Lusztig’s canoni-
cal basis, and the basis adapted to the decomposition of the tensor product into simple
modules are all exhibited as distinguished elements of certain spaces of constructible
functions on the tensor product variety. For the latter two bases, these distinguished
elements are closely related to the irreducible components of this variety, which turns
out to be closely related to Grassmannians and flag varieties. The space of inter-
twining operators is also interpreted geometrically. A similar construction is used to
produce the fusion tensor products, certain truncations of the usual tensor products,

which are not covered by the theory of Lusztig and Nakajima.



In addition, two apparently different bases in the representations of affine Lie
algebras of type A, one arising from statistical mechanics, the other from quiver theory
with origins in gauge theory, are compared. It is shown that the two are governed
by the same combinatorics that also respects the weight space decomposition of the
representations. In particular, an alternative and much simpler geometric proof of a
result of Date, Jimbo, Kuniba, Miwa and Okado on the construction of bases of affine
Lie algebra representations is given. At the same time, a simple parametrization of
the irreducible components of Nakajima quiver varieties associated to infinite and
cyclic quivers is presented. Finally, new varieties whose irreducible components are

in one to one correspondence with highest weight representations of g/(\[n 41 are defined.
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Introduction

This dissertation examines some applications of geometric methods to algebraic con-
structions in representation theory. These techniques have produced many results
such as the proof of the Kazhdan-Lusztig conjecture and irreducible representations
of Weyl groups which mathematicians have been unable to obtain by direct algebraic
methods. Geometric representation theory is also particularly well suited to proving
positivity and integrality results as these are often easy consequences of the geomet-
ric nature of the objects involved. Such facts can be hard to verify from a purely
algebraic viewpoint.

The basic idea underlying many constructions in geometric representation theory
is the following. For an irreducible representation of an associative algebra A, one
defines an algebraic variety M and a subvariety Z of M x M called a correspondence.
Under convolution, the homology of Z has the structure of an algebra and we have a
surjective homomorphism from A to the homology of Z. The convolution also yields
an action of the homology of Z on the homology of M and via the above homo-
morphism, this endows the homology of M with the structure of an A module. The
top dimensional homology is then shown to have the structure of the representation
in question. This method is thoroughly reviewed in [2], which includes a geometric
construction of the Weyl group and the universal enveloping algebra of sl,,. Here the
varieties involved are Grassmannians and flag varieties. Instead of homology one can
use an equivalent language of constructible functions, which is the primary tool in

this dissertation.



One area of current interest is to obtain results in the representation theory of Lie
algebras in the above way via varieties attached to quivers. These techniques allow
one to prove old results in different ways as well as discover new results. Quivers
and varieties associated with them have a long history. The study of the Jordan
quiver consisting of one vertex connected by an edge with itself is simply the study
of Jordan normal forms. The study of quiver varieties is also related to such fields as
moduli spaces of instantons and geometric Langlands correspondence. The field has
recently flourished with the work of Lusztig and Nakajima who defined a new class of
quiver varieties which yield a geometric construction of universal enveloping algebras
of Kac-Moody algebras and their representations. Among other things, their results
defined a canonical basis in these spaces with some remarkable properties. These
bases were discovered algebraically in a completely different manner by Kashiwara
via the theory of crystal bases. However, certain results such as positivity can only be
proved by geometric methods. While the geometric theory of Lusztig and Nakajima
is very beautiful, few concrete examples of applications of the theory exist. One of
the central goals of this dissertation is to provide some such examples and to give an
explicit realization of the geometric constructions for certain cases where additional
algebraic structures have been developed.

In a remarkable series of papers originally motivated by gauge theory, Nakajima
has given a geometric realization of integrable highest weight representations V) of
a Kac-Moody algebra g in the homology of a certain Lagrangian subvariety £(\) of
a symplectic variety M(A) constructed from the Dynkin diagram of g (the quiver
variety). More recently, he (and independently Malkin) realized the tensor product
VA®V, as the homology of a tensor product variety £(\, 1) C M(A+p) and endowed
the irreducible components of this variety with the structure of a crystal isomorphic
to that of the g-analogue of the tensor product.

In the first chapter of this dissertation the specific case of U,(sly) is considered.



Here the quiver varieties involved turn out to be closely related to Grassmannians
and flag varieties. The complete structure of the tensor product of a finite number
of integrable highest weight modules of U,(sly) is realized geometrically. In partic-
ular, the elementary basis, Lusztig’s canonical basis, and the basis adapted to the
decomposition of the tensor product into simple modules are all exhibited as distin-
guished elements of certain spaces of constructible functions on the tensor product
variety. For the latter two bases, these distinguished elements are closely related to
the irreducible components of the tensor product variety. The space of intertwin-
ing operators Homg, (V) ® V,, V) is also interpreted geometrically. This yields much
more structure than that obtained in the general case by Nakajima and Malkin where
only the crystal structure (¢ = 0 case) is recovered. It was known that the algebraic
structure of tensor products of sl,-modules can be described by the graphical calculus
developed by Rumer, Teller and Weyl and later rediscovered and further developed
by Penrose and others. Chapter 1 gives a natural geometric interpretation of this
graphical calculus and its g-deformation. The results of this chapter also appear in
26].

Another important product in representation theory is the fusion product. Fusion
products appear both in conformal field theory and quantum group theory. The
natural ring associated to these products, which are certain truncations of tensor
products, is the Grothendieck ring of both the modular category of integrable 5A[2—
modules of level [ and of a suitable quotient of the category of tilting modules over
Ue(sly) when € is an (I + 2)th root of unity.

Chapter 2 consists of realizing the fusion products V) ®; V), as both the homology of
the most natural subvarieties £;(\, i) C L(, p) and a space of constructible functions
on these subvarieties. The case of the product of an arbitrary (finite) number of slo-
modules is also considered. A graphical calculus for the fusion product is developed

by modifying that of U,(sl;) and is used to give a combinatorial description of the



irreducible components of the fusion product varieties. This chapter is a first step
in an attempt to define a general fusion tensor product variety for more general Lie
algebras, which is an important open problem. The results of this chapter also appear
in [27].

We see that the explicit realization of Nakajima’s theory in the case of sly leads
to further developments such as a geometric description of the fusion product. This
realization also leads to conjectures concerning the extension of some results to more
general types of Lie algebras. Omne conjecture of this type is made in Chapter 1.
Also, equipped with the geometrization of the tensor product V) ® V), using homol-
ogy, K-theory or constructible functions on quiver varieties, we can then pass to the
category of sheaves on these varieties. Then intertwining operators V\ ® V,, — V,
yield functors. We can obtain a categorical version of the representation theory of sl;
whose Grothendieck ring yields the tensor product structure. This is related to a pro-
gram of Khovanov to obtain structures such as the Temperley-Lieb algebra, the Jones
polynomial and representations of Lie algebras from categories and to develop com-
binatorial constructions of invariants of two knots in four dimensional space (see [12]
and [13]). One should also mention that the correspondence between geometry and
algebra can be utilized in reverse. With the above mentioned results, methods in the
representation theory of sl can be used as a useful tool in the study of the geometry
of Grassmannians and flag varieties that appear in our geometric realization.

Thus for sly, the geometric structure of the tensor product is quite rich and leads
to many interesting results. However, for sl,, and its associated affine Lie algebra sA[n,
the representation theory alone is much more involved than for sly. This is the focus
of the second part of this dissertation.

A remarkable relation between the representation theory of affine Lie algebras
and models of statistical mechanics based on the Yang-Baxter equation has been

discovered and intensively studied by E. Date, M. Jimbo, A. Kuniba, T. Miwa and



M. Okado. Their results yield certain explicit bases in the representations that admit
pure combinatorial descriptions and imply various identities for the characters.

Chapter 3 relates the bases of representations of Lie algebras of type A obtained
from statistical mechanics with those obtained geometrically via Nakajima quiver
varieties. It is shown that the two are governed by the same combinatorics that also
respects the weight space decomposition of the representations. An alternative and
much simpler geometric proof of the statistical mechanics results is presented while
at the same time giving simple parametrizations of the irreducible components of
Nakajima quiver varieties associated to infinite and cyclic quivers. In particular, one
sees Young diagrams arising as commutative diagrams related to the quiver varieties.
We believe that this work reflects a more general principle that the combinatorial
structures of integrable models in statistical mechanics have a profound geometric or
gauge theoretic origin. This chapter is an important step toward this vast program.
The results of this chapter also appear in [6].

Thus, as for the graphical calculus for sly, we have obtained a geometric realization
of Young diagrams. The graphical calculus and the theory of Young diagrams have
both been studied intensively and are considered basic notions of representation the-
ory. The current work provides, among other results, a new geometric interpretation

of these classical subjects.
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Chapter 1

Tensor Products

Introduction

The purpose of this chapter is to obtain a geometric description of the tensor product
of a finite number of integrable highest weight representations of U,(sly) using quiver
varieties. The definition of a tensor product variety corresponding to the tensor prod-
uct of a finite number of integrable highest weight representations of a Lie algebra g
of ADE type was introduced in [19] and [25] (see also [28] for a geometric description
of the tensor product). There it is demonstrated that the set of irreducible compo-
nents of the tensor product variety can be equipped with the structure of a g-crystal
isomorphic to the crystal of the canonical basis in the tensor product representation.

In this chapter, we consider the specific case g = sl and recover the entire struc-
ture (as opposed to the crystal structure alone) of U,(sly) via the tensor product
variety. Our definition of the tensor product variety differs slightly from that of
[19] and [25] in that we consider our varieties over the finite field F» with ¢* el-
ements (or its algebraic closure F2) rather than over C. The reader who is only
interested in representations of sly, rather than its associated quantum group, may
replace Fp2 by C and set ¢ = 1 everywhere. With a few obvious modifications, the
arguments still hold. Let d € (Zsg)*. We find three distinct spaces, Zy(d), Z.(d),
and 7Z4(d), of constructible (with respect to a natural stratification) functions on the

tensor product variety ¥(d), each isomorphic to Vg, ® -+ ® Vg,. In each space we
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define a natural basis. These three bases, B., B., and B, correspond respectively
to the elementary basis, Lusztig’s canonical basis [17], and a basis compatible with
the decomposition of Vg, ® --- ® Vg, into a direct sum of irreducible modules. The
two bases B, and B, are characterized by their relation to the irreducible components
of ¥(d). We define the irreducible components of T(d) (defined over F,2) to be the
[F2 points of the irreducible components of T(d)" (the corresponding variety defined
over F2). We then define the dense points of an irreducible component of T(d) to
be the Fp points of a certain dense subset of the corresponding irreducible compo-
nent of ¥(d)’. Distinct elements of the basis B, and By are supported on distinct
irreducible components of T(d) and equal to a non-zero constant on the set of dense
points of that irreducible component (see Theorems 1.2.1 and 1.3.F). However, the
supports of the elements of B, are disjoint whereas the supports of the elements of B,
are not. We also find a geometric description of the space of intertwining operators
HY, 4, = Homy, () (Va, ® -+ ® Va,, V,,). A natural basis By of this space is again
characterized by its relation to the irreducible components of ¥(d).

An important tool used in the development and proof of the results of this chapter
is the graphical calculus of intertwining operators of U,(sly) introduced by Penrose,
Kauffman and others. This graphical calculus is expanded in [5] and used to prove
various results concerning Lusztig’s canonical basis. The present chapter can be
considered a “geometrization” of these results.

In Section 1.2.7 we conjecture a characterization of the basis B. as the image
of certain intersection cohomology sheaves of T(d) under a particular functor from
the space of constructible semisimple perverse sheaves on €(d) to the space of con-
structible functions on ¥(d). Since the definition of 7.(d) relies on the graphical
calculus of intertwining operators of Uy,(sly) (and no such graphical calculus exists
for more general Lie algebras), this conjecture should play a key role in the possi-

ble extension of the results of this chapter to a more general set of Lie algebras (for
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instance, those of type ADE).

This chapter is organized as follows. Section 1.1 contains a review of U,(sly)
and its representations, Nakajima’s quiver varieties, and the graphical calculus of
intertwining operators of Uy (slz). The tensor product variety is defined in Section 1.2
where the spaces 7p(d) and 7.(d) are introduced, an isomorphism between the two
is given, and various results concerning these spaces and their distinguished bases B,
and B, are proved. Section 1.3 is concerned with a geometric realization of the space
of intertwining operators and the decomposition of the tensor product representation
into a direct sum of irreducible modules (via the space 75(d) and the distinguished
basis B;). It is concluded with the discussion of an isomorphism between the spaces
7.(d) and T3(d).

The notation used in the description of quiver varieties is not standardized. Lusztig
denotes the fixed vector space by D and the subpace by V while Nakajima denotes
these objects by W and V' respectively. Since we wish to use the notation V,, for
certain Uy (sly) modules (to agree with the notation of [5]), we denote the fixed vector
space by D and the subspace by W. We hope that this will not cause confusion
among those readers familiar with the work of Lusztig and Nakajima.

Throughout this chapter the topology is the Zariski topology and the ground field
is I_qu unless otherwise specified. However, we will usually deal with varieties defined
over [F 2 and consider the corresponding set of I 2-rational points. Thus, for instance,
P" = P"F, and a vector space is an F,2 vector space. A function on an algebraic
variety is a function into C(q), the field of rational functions in an indeterminate g.
The span of a set of such functions is their C(g)-span. The support of a function f is

defined to be the set {x | f(z) # 0} and not the closure of this set.
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1.1 The Quantum Group U,(sl;) and its Represen-
tations

1.1.1 The Hopf Algebra Structure of U,(sls)

Let C(q) be the field of rational functions in an indeterminate ¢ and define ~: C(q) —
C(q) to be the C-algebra involution such that ¢® = ¢~ for all n. The quantum
group U,(slz) (which we will denote by Uy,) is the associative algebra over C(g) with

generators E, F, K, K~! and relations

KK'=K'K
KE = ¢*EK
KF =q¢q*FK
EF — FFE = LK:
q—4q

The comultiplication and counit of the Hopf algebra structure of U, are given by
AKil — Kil ® Kil
AEF=EQl+K®FE

AF=FQK'4+1QF

and

respectively. Although an explicit expression for the antipode exists, we will not need
it.
Let us introduce two involutions of U,. The first one is the Cartan involution,

denoted by w, which acts as follows:

wE)=F, w/F)=E, wK*)=K* o= !



wlzy) = w(y)w(z), z,y €U,
The second, denoted by o, is called the “bar” involution and is defined by

o(B)=E, oF)=F, oK) =K o) =q¢"

o(zy) =o(z)o(y), w,y€ U,
Using o we can define a second comultiplication A by
Az) = (e ®@0)A(o(z)), =€,
which implies

AK:EI — K:tl ® K:tl
AE=E®1+K'®QF

AF=FK+1®F.

1.1.2 Irreducible Representations of U,(sl,)

Any finite dimensional irreducible U,-module V' is generated by a highest weight
vector, v, of weight eq? where e = +1 and d = dim(V) — 1 [11]. We consider those

representations with ¢ = +1. Let vg_ox = F*v/[k]! where

K=" —a"/lg—a")=¢ " +¢ "3+ .+,

[k = [1][2] - - [K].

Then vg_or = 0 for k > d and {v = v4,v4_9,...,v_4} is a basis of V. We denote this
representation by V;. The action of U, on V; is given by

+1 +m
K Unm =4 Unm

d+m

b [£52 ]

d —
Fu, = [Tm + 1] Upn—2.

15



Define a bilinear symmetric pairing on V; by requiring
(xu,v) = (u,w(z)v), (va,vq) =1, w,veVyand xz € U,

It follows that

d
<Ud72ka Ud72l> = 5k,z {k}

)= e

Let {v?2*}¢_ be the basis dual to {v4_ox}9_, with respect to the form (, ).

where

Then

1.1.3 Geometric Realization of Irreducible Representations
of U,(sly)
We recall here Nakajima’s quiver variety construction of finite dimensional irreducible
representations of Kac-Moody algebras associated to symmetric Cartan matrices [21,
23] in the specific case of U,(sly). In order to introduce the quantum parameter
q, some of our definitions differ slightly from those in [21, 23]. Since the Dynkin
diagram of sly consists of a single vertex and no edges, the definition of the quiver
variety simplifies considerably. Fix vector spaces W and D of dimensions w and d

respectively and consider the variety

M(w,d) = Hom(D, W) @ Hom(W, D).

16



The two components of an element of M(w, d) will be denoted by f; and f> respec-
tively. GL(W) acts on M(w, d) by

(fr. f2) = g(f1, f2) = (ghi. fog ™), g € GL(W).
Define the map p : M(w,d) — End W by

p(f, f2) = fife

Let 171(0) be the algebraic variety defined as the zero set of . We say a point (f1, f2)

of u=1(0) is stable if f, is injective. The quiver variety is then given by

{(f1.f2) € w2 (0)| (f1, f2) is stable}/GL(W).

Via the map (f1, fa) — (im fo, fof1), this variety is seen to be isomorphic to the

variety

M(w,d) ={(W,t)|W C D, dimW =w, t € End D, imt C W C kert}.
Note that the condition imt C W C kert implies t? = 0. Let

M(d) = | JM(w,d) = {(W,t)|W C D, t € End D, imt C W C kert}.

and

M(w,w+1,d) = {(U,W,t)|t € End D, imt C U C W C kert,

dimU = w, dimW =w + 1}.
We then have the projections

M(d) < | JM(w, w + 1,d) = M(d)

given by m (U, W,t) = (U,t) and mo(U, W, t) = (W,1).
For a subset Y of a variety A, let 1y denote the function on A which takes the

value 1 on Y and O elsewhere. Note that since our varieties are defined over I,
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they consist of a finite number of (IF2- rational) points. Let x,(Y) denote the Euler
characteristic of the algebraic variety Y, which is merely the number of points in Y.
For a map 7 between algebraic varieties A and B, let m [18] denote the map between

the abelian groups of functions on A and B given by

m(f)@) = > f)
yer—1(z)

= m(ly)(z) = x,(r () NY), Y C A

and let 7* be the pullback map from functions on B to functions on A acting as

T f(z) = f(x(2)).
We then define the action of £, F and K*! on the set of functions on 9i(d) by

Ef = q ™0 (m)ms f
Ff= qfdim(ﬂ'gl('))(ﬂ-Z)!TrTf (1.2)
K*1f = gd-2dim0) ¢
where the notation means that for a function f on 9M(d) and (W, t) € M(d),
Ef(W,1) = g~ ™ W ) f (W, 1)
Ff(W,t) = ¢~ im0 V0) () 7t (W, 1) (1.3)
K= f(Wot) = =2 f (W 4).

Let

M (d) = {(W,t) € M(d) | rankt = r}
M (w, d) = {(W,t) € M(w, d)| rankt = r}
M (w, d) = C(q)Low (w,a)
M'(d) = P M (w,d)

M(w, d) :w@ M (w, d)

M(d) = P M(w,d).

18



Also, let us introduce the following notation for Grassmannians:
Gre ={W C (Fp)*| dim W = w}.

Proposition 1.1.A. The action of U, defined by (1.2) endows M"(d) (and hence
M(d)) with the structure of a Ugz-module and the map Lopr(w.q) — Va—2w (extended by

linearity) is an isomorphism M"(d) = Vy_o, of Ug-modules.

To prove this proposition, we will need the following lemmas.

Lemma 1.1.B. For vector spaces W C D, {U|W C U C D,dimU = u} =
Grimp
Proof. This follows immediately from the fact that
{UIW cUcD,dmU =u}={U" U Cc D/W,dimU" =u— dim W}
via the map U — U’ = U/W. O

Lemma 1.1.C. x,(P") =>"" ¢*

Proof. This follows from simply counting the number of possible one dimensional

subspaces of P". O
Proof of Proposition 1.1.A. It (W,t) € M"(w,d) then

Bl 1.0 (W, 1) = g~ 50 VO (70 5 Lo 1.0y (W, 1)
—q dim({U | W CU Cker ¢, dim U:w+1})(7T1)!19:rzf(w,w+1,d)(Wa t)
= ¢~ O (Y (W) NI (w, w + 1, d))
_ q—dim(ﬂj’d_w“‘_l)xq({U |W C U Ckert,dimU =w + 1})
_ (G

— qf(dfwfrfl)xq (P d—w—r—l)

d—w—r—1

_ qf(dfwfrfl) Z q2'i
1=0

19



_ q—(d—w—r—l) + q—(d—w—r—l)+2 4ot qd—w—r—l
=[d—w-—r]

and Elgyrwi1,0) (W, t) = 0 otherwise. So Eloyr(wi1,d) = [d —w — ] Loy (w,q)- Similarly,
if (Wt) € M (w + 1,d),

. 1
Flop way (W, t) = g~ 5 V0 (70} 2 Lo .y (W 2)

—dim({U | imtCUCW, dim U=w}) (71_2)! 197F(w,w+l,d) (VV, t)

=dq
= ¢ mCE Ty (m (W) N (w0, w + 1, d))
_ q—dim(Pw”")Xq({U| imt CU CW,dimU = w})
_ q—(w—T’)Xq(]}D v
= q—(w—r) Z q27'

i=0
_ q—(w—r) + q—(W—T)+2 + .+ qw—'r

=[w+1-—r]

and Flop(,a) (W, t) = 0 otherwise. So Flopr(wa) = [w+1—7]Loprwi1,9). It is obvious
that
K 9w gy = 05 Lopr (.- (1.4)
Now, 9" (w,d) = () unless r < w < d—r due to the requirement im¢ C W C kert
in the definition of 9" (w, d). Thus M"(d) = @“=*" M"(w, d).

Comparing the above calculations to (1.1), the result follows. O]

So M(d) is isomorphic to the direct sum of the irreducible representations of
highest weight d — 2r where 0 < r < d/2 since these are the possible ranks of ¢ (recall
that t* = 0).

Let £(d) = M°(d). Then £(d) is isomorphic to the algebraic variety of all sub-

spaces W C D, which is a union of Grassmannians. Let
L(w,d) = M(w,d) = {W Cc D| dimW = w} = Gr.
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and
d

Lw,d) = M*(w,d) = C(@)Lewa, L(d) = M°(d) = P L(w,d).

w=1

We see from Proposition 1.1.A that the action of U, defined by (1.2) endows L(d)
with the structure of the irreducible module V; via the isomorphism 1 ¢, q4) = Vi—2u
(extended by linearity). Note that for (W,t) € M(d), we can think of ¢ as belonging

to Hom(D/W, W) and thus 9t(d) is the cotangent bundle of £(d).

1.1.4 Tensor Products and the Graphical Calculus of Inter-
twining Operators

We define the bilinear pairing of V4, ® --- ® Vg, with Vg, ® --- ® Vg, by
(05 @+ @i, v @ @) =6l gl
Then
(A" N2, @ @ v, 0 @ @)
= (i, @+ @ v, AV N w(@)* @ @)

Lusztig’s canonical basis of the tensor product is described in [17]. We refer the
reader to this article or the overview in [5], Section 1.5, for the definition of this basis.
As in [5] and [17], we denote the elements of Lusztig’s canonical basis by v;, -+ - Qg

and their dual by v;, Q.- Qu; . The dual is defined with respect to the form (, ):
(0,0 vy, 0O - Qult)y = g7 Sk

When we wish to make explicit to which representation a vector belongs, we use the
notation %v, W* € Vj

To simplify notation, we make the following definitions

d d d
XV = 1Ud1—2w1 DRy kvdk—2wk

d d d;
<> Vw = 1Ud1—2w1<> cee <> kvdk—ka
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®dUW — dlvd1—2W1 ® . ® dkvdk—ka

@de — d1Ud1—2W1® o @dkvdk_zwk

where d, w € (Zxo)".
We can extend the bar involution o to tensor products of irreducible representa-

tions as follows. Define

o (1) (&%) = F(a™) (&%0w)

and extend by C-linearity. Then o is an isomorphism from Vg, ® --- ® V4, to itself

and
(A" V(@) () = (0 ® -+ © 0) (A" D)) (ov) (1.5)

forc e Ujandv e Vg, @ --- @ Vyq,.

We now recall some results on the graphical calculus of tensor products and inter-
twining operators. For a more complete treatment, see [5]. In the graphical calculus,
Vi is depicted by a box marked d with d vertices. To depict CMg!"g', we place
the boxes representing the Vg, on a horizontal line and the boxes representing the
Va, on another horizontal line lying above the first one. C'Mg!g is then the set of
non-intersecting curves (up to isotopy) connecting the vertices of the boxes such that

the following conditions are satisfied:
1. Each curve connects exactly two vertices.
2. Each vertex is the endpoint of exactly one curve.
3. No curve joins a box to itself.

4. The curves lie inside the box bounded by the two horizontal lines and the vertical

lines through the extreme right and left points.

An example is given in Figure 1.1. We call the curves joining two lower boxes

lower curves, those joining two upper boxes upper curves and those joining a lower
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Figure 1.1: A crossingless match

Figure 1.2: An oriented crossingless match

and an upper box middle curves. We define the set of oriented crossingless matches
OCMg "3 to be the set of elements of C Mg 3! along with an orientation of the
curves such that all upper and lower curves are oriented to the left and all middle
curves are oriented so that those oriented down are to the right of those oriented up.
See Figure 1.2.

As shown in [5], the set of crossingless matches C' Mg} g! is in one to one corre-

spondence with a basis of the set of intertwining operators
Hg, g, = Homy, (Va, @ -+ @ Va,, Vo, @+ @ Va,).

The matrix coefficients of the intertwining operator associated to a particular cross-
ingless match are given by Theorem 2.1 of [5]. Note that these are intertwining
operators in the dual basis and thus commute with the action of U, on the tensor

product given by A*~Y_ Let 4 be such an intertwining operator and define v = o70.
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Figure 1.3: An oriented lower crossingless match

Then for x € Ujand v € Vg, ® -+ ® Vg,,

YA V(@) (v) = 070 AV () (v)
= (e ® - ®a)A* D (2))(ov)
= 07A*D (52 (ov)
= o AW (02)3(ov)
=o((c®@- ®a)A*D(z))ovy(v)

= AFV(z)y(v).

Thus v is an intertwining operator in the usual basis commuting with the action of
U, given by A*=1,

We will also need to define the set of lower crossingless matches LCMy, . 4,
and oriented lower crossingless matches OLC My, .. g, Elements of LC Mgy, . 4, and

OLCMa,,..a, are obtained from elements of C My, 4 and LCMa, . q, (vespectively)

by removing the upper boxes (thus converting lower endpoints of upper curves to
unmatched vertices). For the case of OLC My, . q,, unmatched vertices will still have
an orientation (indicated by an arrow attached to the vertex). As for middle curves
must be arranged to that those oriented down are to the right of those oriented up.
See Figure 1.3.

Let a € (Z>o)* be such that a; < d; for i = 1,2,..., k. We associate an ori-

ented lower crossingless match to a as follows. For each i, place down arrows on the

rightmost a; vertices of the box representing Vg,. Place up arrows on the remaining
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Figure 1.4: d = (4,3,3,4), a= (3,1,1,2)

Figure 1.5: Oriented lower crossingless match associated to d = (4,3,3,4), a =
(3,1,1,2)

vertices. See Figure 1.4. There is a unique way to form an oriented lower crossingless
match such that the orientation of any curve agrees with the direction of the arrows
at its endpoints. Namely, starting from the right connect each down arrow to the
first unmatched up arrow to its right (if there is any). Note that this produces an
oriented lower crossingless match where the unmatched vertices are arranged so that
all those with down arrows are to the right of those with up arrows (otherwise, we
could have matched more vertices). See Figure 1.5. So to each a there is an associ-
ated element of OLC My, . q,. Conversely, given an element of OLC'My, 4, , there is
exactly one a which produces it. So we have a one to one correspondence between the
set of elements a € (Zzo)k such that a; < d; and oriented lower crossingless matches
OLCMa,....a,- We will denote the oriented lower crossingless match associated to a
by M(d,a).

We can put a partial ordering on the sets CMg "3, OCMy "3, LCMa,, _a,

and OLC'My, . a, as follows. For any two elements S; and S, of one of these sets,

k
S1 < Sy if the set of lower curves of Sy is a subset of the set of lower curves of Ss.
Given the geometrization of irreducible representations of U, (Section 1.1.3), it is

natural to seek a geometrization of the tensor product and the space of intertwining

operators. This geometric realization is the focus of Sections 1.2 and 1.3.
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1.2 Geometric Realization of The Tensor Product

1.2.1 Definition of the Tensor Product Variety ¥(d)

We now describe a variety (introduced in [19] and [25]) corresponding to the tensor
product of the irreducible representations Vg,, Va,,...,Va,. This construction will
yield three distinct bases of the tensor product in a natural way.

Fix a d-dimensional vector space D and let d € (Z>0)" be such that Zle d, =d.

Define

To(d)={(D={D} ,, W)|0=DyCc D, C---CD;=D,

To(d) admits a natural GL(D) action. Namely

g ({Di}izg. W) = ({gDi}ig. gW)
for g € GL(D) and (D, W) € Ty(d). Now let

T(d) € {(D = {D;}} ,, W,t) | 0=DyC D, C---CDy=D, W C D,

t € End D, t(Dz) C Di—17 dlIIlDZ/DZ_l = di, imtCW C kert}. (17)

We call T(d) the tensor product variety. We say a flag D = (0 =Dy C D; C --- C
Dy = D) is t-stable if t(D;) C D;_; fori=1,... k.

If we consider the corresponding varieties To(d)’ and T(d)" defined over F,e, a
straightforward computation shows that T(d)’ is the union of the conormal bundles
of the orbits of the action of GL(D) on Ty(d)'.

We define the action of E, F and K*! on the set of functions on Z(d) just as for

the other spaces considered so far. Namely, let

T(w;d) = {(D, W, 1) € T(d) | dim W = w}
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T(w,w+13d) = {(D, U, W.1) |(D,U, 1), (D, W, ) € T(d), U C W,

dimU = w, dimW =w + 1}.
We then have the projections

T(d) < T(w, w + 1;d) = T(d). (1.8)

where m (D, U, W,t) = (D, U,t) and m(D,U, W,t) = (D,W,t). The action of E, F
and K*! is defined by (1.2) as usual. Of course, the notation for the action of K=*!
now means that

(K* f)(D,W,t) = g7 W f(D, W 1), (1.9)
1.2.2 A Set of Basic Functions on the Tensor Product Variety

We now describe a set of basic functions on ¥(d) which will be used to form spaces
of functions isomorphic to Vg4, ® --- ® Vq,. As usual, fix a d-dimensional vector
space D. For a flag D = (0 =Dy C --- C Dy, = D) and a subspace W C D, define
a(W, D) € (Zso)* by

For w,r,n € (Z>¢)¥, define

Awrn = {(D,W,t) € T(d) |a(W,D) = w, (1.10)

a(imt,D) =r, a(kert,D) = n}.
Note that the sets Ay, n are invariant under the action of GL(D) given by

g-({D}g, Wot) = ({gDi}ig, gW. gtg™"), g € GL(D).

Let 7(d) denote the space of functions on ¥(d) constructible with respect to the

stratification given by the Ay ,n (that is, the space of functions constant on these
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sets). From now on the term constructible will always mean constructible with respect

to this stratification. We will also use the notation

l k
alh =>"a;,  Jal=>) a
i—=j i=1

for a € (Z>o)™ and we will let 8’ denote the element of (Zs()" such that 5; =1 and

67 = 0 for all i # j.

Let
fow o = q2i<i (T EWn W) (1.11)
and define
fw,r,n = k/’w,r,n]—Aw,r,n- (112)
Then

T(d) = Span{fw,r,n}w,r,n-

We will call the fw rn basic functions. Note that fw,n = 14 if g =1. As will be

seen below, the factor of ky rn is necessary in order for the fy ,n to correspond to
certain vectors in the tensor product. Note that fy ,n = 0 unless r < w < n where

we define the partial ordering such that for a,b € (Zxo)",
J J
agb@ZaiSZbiforlgjgk.

i=1 i=1
a<b<«<=a<b,a#b

(1.13)

Also, fwrn =0 unless |r| + |n| = |d| =d.

Theorem 1.2.A. The action of U, described in Section 1.2.1 endows T (d) with the

structure of a Uz-module and the map
Nen - SpAn{ fwrntw = Vayor, @ -+ @ Vi1,

given by
Men(fwirn) = @ Vg (1.14)

(and extended by linearity) is a Ug-module isomorphism.
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Proof. Fix a (D, W,t) € %(d) such that «(W,D) = w — ¢’ for some j (it is easy to
see that E fy rn(D, W,t) = 0 unless W satisfies this property). Then
E furn(D, W, t) = g~ O ) 75 £ (D, W, 1)
= kwueng” M Wy (7 (D, W 1) Ny (Awen))-
Now,
' (D,W,t) 2 {U|W C U C kert, dimU = dim W + 1}
~ ]Pdim(kert)—dim w—-1
_ plol-(wl-1)-1

_ phul-wl,
So dim(7; 1(D, W,t)) = |n| — |w| and

(D, W) Ny (Agrn)
= {U|W CU Ckert, a«(U,D) = w}
={U|(WnNDy;)cU C (kertNDj),
dim(U ND;_;) = w7 dimU = w1
={U|U C (kertND;)/(W ND;),

U ¢ (kertﬂ D]_l)/(Wm Dj—l)7 dimU = 1}

~ ]P)dim(kertﬁDj)/(WﬂDj)—l . Pdim(kertﬂD]-_l)/(WﬂkerDj_l)—1

_ pt—(w=5/) -1 _ pahimD—(w—57) i1

_ ]P,nu,j)_wu,j) _ Pn(l,j—n_w(l,j—l)_l
Thus
n(Ld) —w(L.5) n(Li—1) _w@i-1)_1
o 5 5
Eforn(D,W,t) = kypng P > - > q*
=0 =0

(1) _yw(1.3)

= kw,r,nqlw‘i|n| Z q2i

n(1i—1) —w(1,5-1)
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n; —wj;

_ (1,5=1) _yw(1,5—1) ;
_ kw,r,nq|w‘ |n|+2(n w ) § ’ q21
=0

w1 f W GHLR) fp(1i=1) _pGH1,k)
= kw,r,nq w w [Ilj —W; + 1]
Now,
L 5 — I q_r(l,j—l)_n(j+1,k)+w1,j71+wj+1,k
W— .77r’n - w,r,n
So
I —wI D TR (=) 4R r(1LJ=1) L p(Li—1) _gw(1,j—1)
w,r,n — hw—§7rn
and thus
p(Li=1) 4 n(1i=1) gy (1i=1)
Efw,r,n(Da W7 t) = k:wf&?',r,nq [nj - Wj + 1]
Therefore,
k
B P11 4 n(Li=1) _gy(1i-1)
Efwen=Y 4 mj —w; + Ukw_sirnla, . .
Jj=1
k
B p(1i=1) pn(Li—1) _gy(1i-1)
=> q ;= w; + 1] fw—sien
7j=1
k
I~ n;—r;—2(wi—r;
= § qzzfl( ( ))[nj — Wy + 1]fw—6j,r,n~ (115)
7j=1
Similarly
k
k
_ i .9 .
Ffwrn =Y q == gy, — v b 1] fo s . (1.16)
j=1

It follows immediately from (1.9) that
K:I:lfw = q:t(d—2|w|)fw n

k (1.17)
_ qi Zi:1(ni*Pi*Q(Wrri))fwmn
since |r| + |n| = |d].
Now recall that € U, acts on Vg, ® - -- ® Vg, as A=Y (z). In particular
k
ACVE=Y"K® - ®@KRE®1l® - ®1
i=1
(1.18)

k
A“H)F:Zl@---@l@F@K—1®---®K—1
=1

A(k—l)Kﬂ:l :_K:I:I R ® K:I:l
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where in the first two equations, the E or F' appears in the i’* position. Comparing

(1.18) and (1.1) to (1.15), (1.16) and (1.17) the result follows. O

1.2.3 The Space 7)(d) and the Elementary Basis 5,

Note that if £ = 0, then r = 0 and n = d. Let B, = {fw.0.d}w- Then Span B, is the
space of constructible functions on ¥y(d) which we shall denote by 7y(d). We see

from Theorem 1.2.A that the map
Nod : fwod 2
(extended by linearity) is an isomorphism
To(d) = Vg, ® - @ Vg,.
We have therefore exhibited the elementary basis as a set of functions on the variety
To(d) € Z(d).

1.2.4 The Space 7.(d)

The goal of this section is to develop a natural way to extend constructible functions
on Fy(d) to constructible functions on F(d) with larger supports. Recall that Z5(d)
and 7 (d) are the spaces of constructible functions on Tp(d) and F(d) respectively.
The action of E, F' and K*! defined by (1.2) gives both 7y(d) and 7 (d) the structure
of a U;module as can be seen from Theorem 1.2.A. We will call a Uj,module
map € : f — f¢ from 7y(d) to 7(d) an extension. Assuming an extension € exists,
77r,n060(770,d)71 is an intertwining operator from Vg, ®---®Vy, to Vi, ¢y, ®- - @ Vy, —r, -
Conversely, each such set of intertwining operators determines an extension. Namely,

given a set of intertwining operators
{'Yr,n : Vd1 & de - an—l‘l & Vl‘lk—l‘k }I‘,n

we extend a function f € Zy(d) to a function f¢ € 7 (d) by defining

fe - Z(T]r,n)_l © Yr,n © 7o,d (f) (119)

r,n

31



Figure 1.7: Completion of Figure 1.6 to an oriented crossingless match to Vis_ps ®
O Vs s = VIRV O ® Vs

From Section 1.1.4 we know that a basis for the space of intertwining operators
between two tensor product representations of U, is given by the corresponding cross-
ingless matches. Now, a lower curve represents a particular action of t € End W. A
lower curve connecting Vg, and Vg, with ¢ < j represents the fact that ¢ sends a
vector in D; — D,_; to a vector in D; — D;_;. So for any lower crossingless match
S, fix a basis of D compatible with the flag D and let ¢ be the map whose matrix
in this basis has (7, j) component equal to 1 if i < j and S has an curve connecting
the " and j* vertices and is equal to zero otherwise. Then let r° and n® be defined
as a(imt,D) and a(kert, D). Thus, r? is the number of left endpoints of the lower
curves contained in Vg, and n} is d; minus the number of right endpoints of the lower
curves contained in Vq,. See Figure 1.6. Then complete S to a crossingless match to
Vas_ps @+~ @ Viys_ps as in Figure 1.7 (there is a unique way to do this). Let Jps 55 be
the corresponding intertwining operator in the dual basis (that is, commuting with
the action of U, given by A=) Note that Yrs ns i well-defined since the map

S — (r% n®) described above is injective. Now let yyps us = 0ps pso. As noted in
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Section 1.1.4, yps s 1 Vg, ®---®@ Vg, — Vas_ps®---® an—rf Is an intertwining oper-
ator in the usual basis (that is, it commutes with the action of U, given by A*=1).
For all (r,n) not of the form (r®, n®) for some lower crossingless match S, let v, = 0.

Then let € : f — f¢ be the map defined by (1.19).

Proposition 1.2.B. The extension € is an isomorphism onto its image and

flo@ = f-
Proof. This follows immediately from Theorem 1.2.A. O

Let
7.(d) = e(To(d)) C 7(d).

It follows from Proposition 1.2.B and Theorem 1.2.A that 7.(d) = Vg, ® --- ® Vqg,.
And it follows from Proposition 1.2.B that € : 7y(d) — 7.(d) is an isomorphism of
U,-modules with inverse given by restriction to %o(d). We will find a distinguished
basis of 7.(d) related to the irreducible components of T(d)’. Before we do this, we

must first examine these irreducible components.

1.2.5 The Irreducible Components of the Tensor Product Va-
riety

For the remainder of this section we consider varieties defined over I_qu. To avoid
confusion, we denote the corresponding varieties by To(d) and T(d)’. For w € (Zx)"

such that w; < d;, let
Zl, = {(D,W,t) € T(d)' | a(W, D) = w}.
We then have the following.

Theorem 1.2.C. {Z! },, are the irreducible components of T(d)'.

33



Proof. 1t is obvious that Uy Z., = T(d)’ (where L denotes disjoint union). Also, the
connected components of T(d)" are given by fixing the dimension of W. Thus, since
|w| = dim W, it suffices to prove that the Z are irreducible and locally closed and

that dim Z, is independent of w for fixed |w|. Consider the maps
Z/ E} 12/ pj 2Z/
W w w
where

17 = {(D,W)|(D,W,t) € Z., for some t}
27! ={D|(D,W) € 'Z, for some W}
pl(D7 I/I/? t) = (D7 W)
pe(D, W) =D.
Then p; and py are locally trivial fibrations. Now

27l ={D={D;}}.,|/0=DycD, C---CDy =D, dimD;/D, , = d;}

is simply a flag manifold. It is a homogeneous space as follows. GL(D) acts transi-

tively on 27/ with stabilizer isomorphic to the set of matrices

M, * - %

Go={ |0 M M; € GL(d)
: .. . *
0 -~ 0 M,

Thus,
dim?Z!, = dim GL(D) — dim G,
Y ad, (1.20)

i<j

Now, the fiber of py over a point D € 27/, is

F,={W c D|a(W,D) = w}.
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The group Gy acts transitively on this space and the stabilizer is isomorphic to the

set of matrices

(

My *x % % % *
0 Nl 0 * 0 *
0 0 M, =« * *
o 0O 0 0 Ny O * M; € GL(w)),
o o o o . . 0
: : : o T My %
(\o 0o 0o 0 -~ - 0 N

So

=Y wi(d; —w;)

J<i

The fiber of p; over a point (D, W) € 1Z/ is
F1 = {t € EHdD|t(D2) C Di—17 imtCW C kert}.

Pick a basis {u;}¢_, of D such that {ui}?:lferdj is a basis for D; and

J
d(17l71>+wl
U{ui}i:d(l,l—1)+1
=0

(1.21)

(1.22)

(where d?) = 0) is a basis for W N D;. Then by considering the matrices of ¢ in this

basis it is easy to see that F}j is an affine space of dimension

dlmF1 = sz(d] — Wj).

1<j

So from Equations (1.20), (1.21) and (1.23) we see that

k
dim Zy, = did; + Y wi(d; — w;)

i<j ij=1
= did; + |w|(d — [w])
i<j

and thus dim Z7, is independent of w (for a fixed value of |w]).
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Now, 2Z! , Fy and F; are all smooth and connected, hence irreducible. Also, 27/,
and Fi are closed while Fj is locally closed. The latter statement follows from the fact
that F» is equal to the closed set {W C D |a(W,D) > w} minus the finite collection
of closed sets {W C D|a(W,D) > a}a~w. Thus each Z is irreducible and locally
closed. O

Let

A, ={(D,W,t) € T(d) | (W, D) = w, (1.25)

w,r,n

a(imt,D) =r, a(kert, D) = n}.
We will need the following two propositions in the sequel.

Proposition 1.2.D. Let w € (Z>o)* with w; < d; for all i and let M = M(d, w).

Then Al i oa 15 an open dense subset of Z,,. In particular, A! . . = Z],.

Proof. 1t is enough to show that A’W . o 18 dense in Z!, (it is obvious from the

definitions that A’

e M C Z',). Since r < w < nM by construction of M, we

have that the projection of Al . . onto 17! is all of 'Z! . Thus it suffices to

show that A;V . o 18 dense in each fiber. Fix (D,W) € 'Z/ . The fiber, F}, of the

projection p; is given by (1.22). The intersection of F with (p1]as )"H(D, W) is

w,rM oM

isomorphic to

B={te€ EndD |t(D;) C D;_q,imt C W C kert,

a(kert, D) = n", a(imt¢,D) = r}.

Choose a basis § of D compatible with the flag D and subspace W (that is, there
exist bases for W and each D; which are subsets of (). Now, since imt C W C kert,
t can be factored through D/W and considered as a map into W. Each ¢ is uniquely

determined by the corresponding t € End(D/W, W). Consider the matrix of ¢ in the

36



basis of D/W given by the projection of the basis 3 under the natural map D — D /W

and the basis of W which is a subset of 3. It must be of the following form:

0 A Az -+ Ay
0 Ayg -+ Ay
cG=1: : - (1.26)
0 Ap_1k

0 0 0 0 0

where A, is a (w;) x (d; — w;) matrix. Then ¢t € B if and only if each submatrix

Ai,’i—f—l Ai,i+2 T Ai,j—‘rl
o= e L l<i<j<k-1, (1.27)
0 . 0 Ajjn

has maximal rank. To see this, consider the diagram M’ of non-crossing oriented
curves connecting the Vg, associated to a ¢t € Fj. That is, the number of down-
oriented vertices among those associated to Vy, is given by w; and the number of left
and right endpoints of curves of M’ in Vg, are given by a(im ¢, D); and d; —a(ker ¢, D),
respectively. A priori, this is not an oriented lower crossingless match (for instance,
the unmatched vertices of M’ might not be arranged so that those oriented down are
to the right of those oriented up). The requirement that CZ’j has maximal rank is
equivalent to the requirement that M’ has the maximum possible number of curves

connecting Vg,, Va ., and Vg,,,. Thus, referring to the definition of M(d,w)

-
given in Section 1.1.4, we see that the condition that all the C}’ have maximal rank
is equivalent to the condition that M’ = M (so M’ is indeed an oriented crossingless
match) and thus equivalent to a(im¢, D) = r™" = r™ and a(kert,D) = n™" = nV
or t € B. Note that this argument also allows us to see that B is not empty since
it contains the element t given by the matrix whose (i,7) entry is 1 if i« < 7 and M
contains a curve connecting the ¥ and j** vertices and zero otherwise. In fact, this

is a canonical form of any ¢ € B. That is, by a change of basis (preserving the flag

D), we can transform the matrix of any ¢ € B to this form.
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Assume we know that the subset N, ,, of the set M, ,, of m X n matrices given by
Npn = {A € M,,,, | A has maximal rank}

is an open subset of the set M,, ,,. Then N,,,, is given by the non-vanishing of a finite
collection of polynomials in the matrix elements of M,y,,, (recall we are working in
the Zariski topology). Thus, the requirement that the submatrices C’f’j have maximal
rank is equivalent to the non-vanishing of a finite number of polynomials in the matrix
elements of the C} (and hence of C}). Therefore, we will have shown that B is the
intersection of a finite number of open subsets of F; and hence is open (and thus
dense since it is not empty) in Fj.

So it remains to show that N,,,, is dense in M,,,. But if we let r = min(m,n),

then
Npn = {A € My, | At least one r x r submatrix of A has rank r}.

which is a union of open subsets of M,, , (since an r X r matrix has rank r if and only

if its determinant is non-zero) and hence open (and dense) in M,, . O

Proposition 1.2.E. With the notation of Proposition 1.2.D, A, s s C 7! for all

S<M,a>w, |a| = |w|.

Proof. It suffices to show that A’ is contained in Z’,. The image of A’

a,rS nS a,rS nS
under the projection p; is {(D, W) |a(W,D) = a} which is contained in 'Z! since
a > w and [a| = [w|. The fiber of the projection p; (restricted to Aj s s) over a

point (D, W) is
{t|(D,W,t) € T(d), a(kert,D) =n®, a(imt,D) =r°}
and this is in the closure of the set
{t| (D, W,t) € T(d), alkert,D) =n™ a(imt, D) = rM}
since S < M. So A;7rs,ns cZ,. O
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We now define the irreducible components of T(d) to be the F, points of the
irreducible components of T(d)’. Let Zy, denote the set of F,2 points of the irreducible
component Z! of T(d)’. We also define the dense points of an irreducible component
Zy of T(d) to be the F2 points of the dense subset A e g (where M = M(d, w))
of the corresponding irreducible component Z’, of T(d)’. However, the [F,» points of
Al rn are exactly the elements of Ay, .. Thus, the dense points of the irreducible

component Zy, of T(d) are just the points of Ay par pur.

1.2.6 Geometric Realization of the Canonical Basis

We are now ready to describe the set of functions mentioned at the end of Sec-
tion 1.2.4. Define
hy = 1oa (0%0w)
gw = (h3)" (1.28)
B. = {g%}w-

For a vector wy @ -+ Q@ wy, € Va, @ ... Vo, let (w1 @ Quwg) =wp @+ Quwy €
Va, ® ... Va,. For an intertwining operator v : Vo, @ - @ V,, — Vp, @ - @ W,
corresponding to a crossingless match S, let v/ : Vi, @ - @ W, — Vo, @ -+ @ Vy
denote the intertwining operator corresponding to the crossingless match S rotated

180°. It follows easily from the graphical calculus described in [5] that

(1(v), w) = (v, (7o) (w))

foranyv e Vy @ @V, and w € Vp, @ - @ Vp,.

We will need the following results.

Lemma 1.2.F.

nS—I‘S . <
N e

0 otherwise.
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Proof. Tt is apparent from the graphical calculus of [5] that if S < M(d,w), then
(%S,nS)T ((@“S’rsvw’rsy) = (@de)r and that (%s’ns)T sends other dual canoni-
cal basis elements (Q?“S_rsva>r, a#w —r’, to elements of the form (@dva')r with

a’ # w. Therefore

<'7r5,nS (dew) 7 (Qns_rsvw_rs>7"> _ <<>de7 (’NVrS,nS)T <<©ns_rsvw_rs>r>>
= <<>de, (@de)r>

=1

and

<’yrs7ns (dew) , <@ns_rsva> > =0
for all a # w —r%. Thus 7,s s (O%w) = On° %y s, A similar argument demon-
strates that 7,s us (¢9vw) = 0 if S £ M(d, w) since then the image of (:yl.svns)T is

spanned by Q9? with a # w. O

Proposition 1.2.G.

gw= D, (ons)” <<>“S’rsvw,rs) .

S<M(d,w)

Proof. This follows immediately from Lemma 1.2.F. O]

Proposition 1.2.H. {dvy, is equal to @%vy, plus a linear combination of elements

®%0,, a > w, |a| = |w|, with coefficients in ¢~ *N[g~1].
Proof. This follows from Sections 1.5 and 1.6 of [5]. O
We can now prove one of our main results.

Theorem 1.2.1. g9 is the unique element of T.(d), up to a multiplicative constant,

satisfying the following conditions.
1. g9 is equal to a non-zero constant on the set of dense points Ay st gt of the

irreducible component Zy, (where M = M(d,w)).
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2. The support of g3 lies in Z,.

Furthermore, the set {g3 }w is a basis of T.(d) and the map

Odvw = g4,
(extended by linearity) is a U,-module isomorphism Vg, @ - - - @ Vg, = 7.(d).
Proof. In this proof, to simplify notation in calculations, we will suppress the iso-
morphism 7, , defined by (1.14) and identify the vector ®™ "vy_, with the function
fwrn. Assume that ¢’¢ satisfies the above conditions and let ¢'S = <h’§1v> . The

d . . . .
value of ¢y, on Ay, ,m pur is given by Ky pm pu times the coefficient of fy, . ,u when

g'd is written as a sum of the basic functions. This coefficient is equal to

<7rM,nM (h/;iv)a (®nM7rM/UW7rM> >

Therefore, since ky, ya ymr # 0, condition 1 is equivalent to

<’er,nM(h/3V)7 <®nM—I‘MUW—rM>T> 7& 0
o <h/sv7 (:YrM,nM)T <(®nM,erw—rM>r>> L0,

Now, since M = M (d,w) is the oriented lower crossingless match associated to
w, M(n* —rM w — r™) has no lower curves and all down arrows are to the right
of all up arrows. So after being rotated by 180° (but keeping the original orientation
of unmatched vertices — for example, those oriented up remain oriented up), this
diagram has all down arrows to the left of all up arrows. Thus, by Section 2.3 of [5],

<®nM*erW*rM> = (@“M*rMUW*rM> . It also follows from the graphical calculus

Gearor) (@) = (@30%)"

Therefore condition 1 is equivalent to
<h"jv, (Q?%W)’"> £0. (1.29)
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Next we consider condition 2. In order for this condition to be satisfied, g’gv

must be equal to zero on A, . yar for all w' # w (where M’ = M(d, w')). By an

argument analogous to that given above, this is equivalent to the condition
<h’5‘v, (@duw/>r> —0 (1.30)
for all w’ # w. Therefore, by (1.29) and (1.30), we must have
e =cd . odp, =cd . pd

for some non-zero constant c¢ which proves uniqueness up to a multiplicative con-
stant. It still remains to show that gd satisfies the given conditions.
Now, by Proposition 1.2.G, the value of g& on Ay, om g, where M = M(d, w), is

. . M _ M . .
equal to kwryn times the coefficient of ®" " vy _,u in the expression of

O“M_rM'UW,rM as a linear combination of elementary basis elements. By Proposi-
tion 1.2.H, this coefficient is equal to 1. So g9 is equal to a non-zero constant on
Ay v pu. Also, by Propositions 1.2.G and 1.2.H, g4 is equal to a linear combi-
nation of functions of the form (nrs’ns)*1 (@“S_rsva> = fatrspsps With S < M,
la| = |w—1%| (= |a+1°| = |w|), and a > w—1° (= a+r® > w). Thus, by Proposi-
tion 1.2.E, the support of ¢g& lies in Z,. So we have demonstrated that the functions
g4 are the unique functions, up to a multiplicative constant, satisfying conditions 1
and 2.

The last two statements of the theorem follow from the fact that the map 794 :

Odvy — hd (extended by linearity) is a U,-module isomorphism Vg, ® -+ @ Vg, =

7o(d) and the fact that e is an isomorphism onto its image. O

1.2.7 A Conjectured Characterization of 7.(d) and B,

We present here a conjecture concerning an alternative characterization of the basis
B.. Let P be the category of semisimple perverse sheaves on T(d)’ constructible with

respect to the stratification given by the A’ and let D : P — P be the operation

w,r,n
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of Verdier Duality. For B®* € P and x € ¥(d)’, B} denotes the stalk complex at the

point . We define the action of the involution ¥*) on 7'(d) by

‘I;(k) (fw,r,n) = (nr,n)ilm(k)nr,n (fw,r,n) 5

where on the right hand side ¥ is the involution used to characterize the canonical
basis (see [5], Section 1.6). In particular, the canonical basis is invariant under the
action of ¥*). Now let § : P — 7(d) be the map such that
(0(B*)(z) = Y _(~1)'¢' dim(BY) for = € T(d) and B* € P.
For each irreducible component Z/ of T(d) there is an intersection sheaf complex
ICy, associated to the local system which is the constant sheaf C (in degree zero) on

the dense subset Al . where M = M(d,w) (see [14] for details).
Conjecture 1.2.J. 0 (ICy) = k' g2,

The factor of k:v_vlr m ou arises from the fact that 0 (ICYy,) is equal to one on the set
Ai}v . g~ The proof of Conjecture 1.2.J would most likely center around the idea
that the action of Verdier Duality in P should correspond to the action of W®*) in

7T (d). The precise statement is the following:

Conjecture 1.2.K. 6D = U(*g.

1.3 Geometric Realization of The Intertwining Op-
erators

1.3.1 Defining the Intertwining Operators

The goal of this section is to decompose T(d) into subsets corresponding to a basis

for the space of intertwining operators

Hg1 = HOqu(le DRy de7 V,u) (131)

7777 k
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.....

Thus, the intertwining operators will be maps from 7' (d) to M(d) since these V,, are
precisely the representations appearing in M(d) (see Section 1.1.3).

Let Y C ¥(d). Define Ry : T(d) — %(d) to be the map which restricts functions
to their values on Y. That is, for f € 7(d), Ry f = 1y f (where the multiplication of
functions is pointwise).

Consider the map p : T(d) — M(d) such that p(D, W,t) = (W, t). Let Ty = piRy.
Then Ty is a map from 7 (d) to M(d).

Proposition 1.3.A. If Y C %(d) satisfies mmy (V) C Y and mr; ' (Y) C Y where

m1 and 7y are the maps from (1.8) then Ty is an intertwining operator.

Proof. It suffices to show that 7y commutes with the action of E, F' and K*! since
these elements generate U,. Note that the condition m 7, ' (Y) C Y implies w1 (Y) C
7 1(Y) and the condition w7 *(Y) C Y implies 7,1 (Y) C w5 (V). Thus 7 (V) =
7, 1 (Y). We first show that Ty E = ETy. Now Ty E = pRyE and ETy = EpRy.
Thus it suffices to show that Ry E = FRy and p)E = Ep,. Since 7 (d) is spanned by
functions of the form 14 where A is a subvariety of T(d), we need only check that

actions agree on such functions. For x = (D, W,t) € (d)

Ry FEla(z) = 1y (2)(E14)(x)
= 1y (2)q~ ™ ) ()31 ()
= ¢~ N1y (@) (1)1, ) ()
= ¢~ Iy (2)x (777 () N 5 (A))
= ¢ Wy (T (@ N Y) N (A))
= ¢~ Wy (7 (@) N (YY) Ny (A))
= ¢~ Wy (a7 (@) Ny (YY) Ny (A))

— Wy (77 ) N g (Y 0 A))
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— dim(r ' (W) (1)1 1@—1 (YNA) ()

=q
. 1

— dim(r; (W))(Wl)!ﬂ';‘lymA(I)
. —1

= ¢ I ) () )y (1y14) (2)

== ERy].A(ZE),

where the fifth equality holds from consideration of the two cases z € Y and z € Y.
It remains to show that p)E = Ep,. For the purposes of this demonstration, we

introduce the map

p':UT(w,w—Fl;d) —>U§m(w,w+1,d)

w

which acts as p/(D, U, W, t) = (U, W, t). We have the following commutative diagram.

T(d) N M(d)

T 2 2

U, T(w,w+ 1;d) —2— U, M(w,w + 1,d)

lﬂ'l ™

T(d) SN M(d)
As before we use the notation m; and 7y to denote several different, but analogous

maps.
Note that p~'my = mo(p/) ™! (both are the map (U, W, t) — {(D, W', ¢') € T(d) | W' =

W,t' = t}). Using this fact we show that (p') 75 = mipr. Let x € T(d). Then

(mop1a)(z) = (pla)(m2(x))
= Xq(p™" (ma2(2)) N A)
= Xq(m((p) " (2)) N A)
= Xq(m2((p) " (z) Ny ' (A)))
= Xo((p) ' (z) Ny ' (A))
= ()1 (@)

= (P )him31a(x)
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where in the fourth equality we used the general fact that mo(B)NA = 7o(BN7, ' (A))

and in the fifth equality we used the fact that if x = (U’, W’,¢') then

(p) () Ny (A) = {(D,U,W,1) |p/(D,U,W,t) = (U, W', 1),

WQ(D,U,Wf) S A}

(D,UW )| U=U,W=W t=t (D,W¢t) e A}
g{(D,I/V,t)|W:W/, t:tlv (D,I/V,t) GA}

m((p) " (z) Ny (A)).

We also have that mp’ = pm; (both are the map (D, U, W, t) — (U, t)). Thus

Epy = q~ 0O ()i
. -1
= ¢~ I O) () ()i
. -1
_ q_dlm(frl ('))(Wlp/)ﬂT;

*dim(ﬂ_l(-))(

=q P

_ dim(wfl(-))p! (7'(1)!77';

=dq
. -1
:p!qfdlm(ﬂl ('))(m)m;

=pk

where we have used the fact that the map f — fi is functorial [18].
Thus, we have shown that Ty E = ETy. The proof that Ty F' = F'Ty is analogous.
Also,

KilTyf(D, VV, t) — q:I:(d—Q dim W)Tyf(D, W, t)
_ qui(dedim W)f(D, W, t)

= Ty K+ f(D, W, ).
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1.3.2 A Basis B; for the Space of Intertwining Operators

We see from Section 1.1.4 that a basis for the space of intertwining operators Hj, d,
is in one to one correspondence with the set of crossingless matches C' My a,- Note
that crossingless matches of the form C’]W(’i‘1 d, (i.e. with only one box on the top

vertical line) are in one to one correspondence with elements of LC'My,  q,. For

-
a given element S of LC My, q, simply set 1 equal to the number of unmatched
vertices of S and join the unmatched vertices to the upper box. Recall that elements
a € (Zso)" such that a; < d; are in one to one correspondence with the elements

of OLCMdl,...,d

.- Given such an a, consider its associated oriented lower crossin-
gless match M(d,a). Note that |a| is the number of vertices (both matched and
unmatched) in M (d,a) which are oriented down.

For any flag D and t € End D let a(t,D) = a(kert, D). Then let
Ya={(D,W,t) € T(d) | a(t,D) = oM@ dim W = |a|}

= U UAdwennao. (1.32)

wilw|=la] r
Now, note that n*(@2) depends only on the lower curves of a and not on the
orientation of the unmatched vertices. Thus, if a denotes the (unoriented) lower
crossingless match associated to a, we can unambiguously define n® = n™(42)_ Then
if b is an unoriented crossingless match, we define
Y, = {(D,W,t) € (d) | a(t,D) = n"}
_ U Y.. (1.33)

a:a=b

The last equality arises from the fact that if (D, W,t) € T(d) then im¢ C W C kert,
sor < dimW < d—r (where r = rankt). Thus, since (D, W,t) € Y, implies that
r = rank ¢ is the number of lower curves in b, the values r,r+1,...,d—r are precisely
the number of down arrows (that is, the |a|) in the various a such that a = b. We

also have the following:

Proposition 1.3.B. U,Y, = U,Y, = ¥(d) .
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Proof. 1t is obvious that the Y, are disjoint. Thus, from equation (1.33) we see
that it suffices to prove that for every (D, W,t) € Z(d), a(t,D) = nM@2 for some
crossingless match a. Fix an (D,W,t) € ¥(d) and let a = a(¢,D). Now, down
arrows of a represent dimensions of the kernel of ¢t while up arrows of a represent
dimensions of D/kert. Let ¢ denote the i up arrow from the left. Since im¢ C kert
and t(D;) C (Dj;_1), there must be at least i down arrows to the left of c¢. Since
this holds for all i, it follows that each up arrow of M(d,a) is matched. Thus, since

M

n*(d:2) js obtained from a by forcing all unmatched vertices to be oriented down, we

have that n™(@2) = a = o(t, D). O

B[ - {Tyb

Proposition 1.3.C. Fach element of By is an intertwining operator and

Define

bel JOMY 4 } : (1.34)

m

Iy(T(d)) c M™(d) =V,

.....

7777 k'

If we denote by t* and D* the map t and flag D of the point x € ¥(d) (so x =
(D*, W, %) for some W), then t = t* and DY = D for all y € mom; *(). Thus
a(t®, D*) = atV, DY) for all y € mym, ' (z) which implies that mom; ' (Y,) C Y, for all
b. Similarly 77, (Y;) C Y, for all b. Now, the image of Ty, consists of functions on
M (d) where r is the number of lower curves in b. In fact, it is easy to see that for
feT(d),Ty,(f)(W,t) depends only on the dimension of W and the rank of ¢. So the
image of Ty, is contained in M"(d). Recall from Section 1.1.3 that M"(d) = V,_o,.
Since r is equal to the number of lower curves in b, d — 2r is equal to the number
of middle curves and hence d — 2r = p. So Ty, is an intertwining operator into the

representation V), as it should be. O
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1.3.3 The space 7,(d) and the Basis B,

---------- k

as in Section 1.3.2. Also, to simplify notation, we shall identify elements a € (Zx)"
such that a; < d; with their associated oriented lower crossingless matches M (d, a).

Let 75(d) be the space of all functions f € 7(d) such that
dimW =dim W', a(t,D) = o(t',D") = f(D,W,t) = f(D', W' t).
It is obvious that if we define

B.={ly,lac|JOCM] 41, (1.35)

.....

m

then

75(d) = Span B;.

Theorem 1.3.D. 7,(d) is isomorphic as a U,-module to Vg, @ --- ® Vg, and B

is a basis for T,(d) adapted to its decomposition into a direct sum of irreducible

77777

isomorphic to the irreducible representation V), via the map

]-Ya = Mvuf2(# of unmatched down arrows in a)
(extended by linearity).

Proof. For a € LC'Mjy, _q, such that a has at least one unmatched up arrow, let a*

be the element of LC'My, g, obtained from a by switching the orientation of the

77777

rightmost unmatched up arrow. Thus a*+ = a and a* has one more unmatched down

arrow than a. Similarly, if a € LC'Mjy, . q, has at least one unmatched down arrow,

-----

let a= be the element of LO'My, .. q, obtained from a by switching the orientation of

the leftmost unmatched down arrow. Recall from the proofs of Propositions 1.3.A and
1.3.C that 7, '(V;) = 73 '(Y,). It follows from this and the fact that Y, = |J Y.

a:a=b " a
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that mom, '(Ya) = Ya+ if a has at least one unmatched up arrow and mom; *(Ya) = 0
otherwise. Similarly, 77, (Ya) = Ya- if a has at least one unmatched down arrow
and m 7, ' (Ya) = 0 otherwise.
Now, for z € T(d),
Fly,(x) = ¢~ ™0 ) (my)mi 1y, (1)
—dim(x; (=
—q dim(my " ( ))(W2)!1w;1(Ya)<x>
= g Oy (@) N (V2)
Now, we already know from the above discussion that 7, ' (z)Na; ! (Ya) = 0 if 2 & Yar.
So assuming z = (D, W,t) € Y+, let r = rankt. Then
. —1
Fly, (D, W,t) = ¢ 9mm2 OW (1D, W, 1) Ny L (Ya))
et
= q—dlm]P" ! IXq <]P>\a+\*rfl>
lat|—r—1
_ q—(\aﬂ—r—l) Z q2i
=0
= [la* =]
= [(# down arrows in a™) — (# lower curves in a™)]
= [# unmatched down arrows in a*].
Thus,

F1y, = [# unmatched down arrows in a*]1y, . (1.36)

Now,

. -1
Ely,(z) = ¢~ ™0 @) (m)im31y, (2)
. -1
—q dim(m] (x))(ﬁl)!lw;l(ya)(m)
—dim 71'71 z T >
= ¢ (@) Ny (Ya)).

We know that 7' (z) N7y ' (Ya) = 0 if # € Ya-. So assuming x = (D, W, t) € Y-, let
r = rankt. Then

. -1
Ely,(D,W,t) = ¢~ OW0)y (z74(D, W, t) Ny (Ya))

20



—dimIPd_’“_‘aj_qu(P d—T’—|a7|—1>

—(d—r—|a]
= [d — (# lower curves in a~) — (# down arrows in a~)]
= [(# up arrows in a~) — (# lower curves in a~)]

= [# unmatched up arrows in a™|.

Thus,

Ely, = [# unmatched up arrows in a”|1y _. (1.37)

Finally, it is easy to see that

K1y, = qi(d—Qlal)ly

a

| (1.38)
_ q:t(u—Q(# unmatched down arrows in a))1Ya

where g is the total number of unmatched arrows in a. Using the fact that p is the
total number of middle curves of b (and hence the total number of unmatched vertices
in any a such that a = b), the second statement of the theorem now follows easily
from a comparison with (1.1).

Since we know from Section 1.1.4 that the set CMi,...,dk is in one to one corre-

spondence with the set of intertwining operators H, ghm’ a,» we have that
,];(d) g @Hgl,...,dk ® VN g le ® T ® de
1%

which proves the first statement of the theorem. O

Now, like the canonical basis, the basis B, we have constructed here is closely
related to the irreducible components of T(d). To see this, we first need a proposition.
Consider the varieties Y, and Y}, defined over qu. To avoid confusion, denote these

by Y, and Y,. Then

Proposition 1.3.E. Y/ = Z!.
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Proof. Since the Y, are smooth and connected, they are irreducible. Also, from an
argument analogous to the one given in the proof of Proposition 1.3.B, we know
that U,Y, = T(d)’. Thus, since the cardinality of the sets {Y/} and {Z.} are the

same, {Y/} must be the set of irreducible components of T(d)’. Now, Y/ N Z! =

/ i4l / _ 7
U, Aa,r,nM(d,a% But, by Proposition 1.2.D, Aa,rM(d*a),nM(dva) = Z!. Therefore we must

have Y] = Z/. O

Since Y, is precisely the set of F2 points of Y, we have the following characteri-

zation of the basis B;.

Theorem 1.3.F. The elements 1y, of the basis By are the unique elements of T,(d)
equal to one on the dense points of the irreducible component Z, of T(d) with support

contained in this irreducible component.

So, like the elements of B,.., the elements of B, are equal to a non-zero constant on
the set of dense points of an irreducible component of T(d) with supports contained in
distinct irreducible components. However, unlike B,, the elements of B, have disjoint

supports.

1.3.4 The Multiplicity Variety S(d)

We briefly describe here the relation between B; and B, and the multiplicity variety
[19]. Let d € (Z>o)"* and let D be a |d|-dimensional F 2 vector space. The multiplicity

variety is the variety (defined over F )
S(d) ={(D,t)| (D,W,t) € T(d)' for some W C D}.

Define the projection 7 : T(d) — &(d)’ by #(D, W, t) = (D, t). It follows easily from
the above results that the irreducible components of &(d)" are given by the closures

of the sets

7777 k)
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and that these irreducible components are in one to one correspondence with the
irreducible modules in the direct sum decomposition of Vg, ® --- ® Vg4,. Then Y, =
m_1()) and {Ya|a = b} yields a decomposition of the Fp points of the fiber of
7y, isomorphic to the decomposition of MM"(d) into the subsets IM"(w, d) where 7 is
the number of lower curves in b. Thus the bases B; and B, have natural geometric

interpretations in terms of the multiplicity variety and the projection 7.

1.3.5 The Action of the Intertwining Operators on 7,(d)

We will now determine how our intertwining operators act on the space 7Z4(d). For

a € (Zs0)*, let a7 = al’?). We will need the following two technical lemmas.

Lemma 1.3.G. IfD = (0 =Dy € D; € Dy, C --- C Dy = D) is a flag with
d = a(D,D) and a € (Z>y)* with a; < d;, then

Xd{W |W C D, a(W,D) = a}) = cqa def Z g Li<i<izaPill=by)
beCa

where

Ca = {b € (Zs0)!| b; € {0,1} Vi, bdi—171di) — 5.1
and we set dg = 0.

Proof. Complete D toaflag F=(0CF; CFy C--- C Fy=W) such that dimF; =
i and Fqi = D; where d = |d|. This gives a decomposition of Grl‘i‘ into cells, each
isomorphic to (F,2)’ for some j. The cells are given by {W |W C D, a(W,F) = b}

for a fixed b. The number of points in such a cell is equal to

q2215j<z‘§d b;(1-b;)

Our variety is the union of those cells such that b(di-1+1.d;) — a;. The result follows.

[l

Specializing to ¢ = 1 yields
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Lemma 1.3.H.
k
d;
Cd,a’q:l = H (a) .
i=1 v

Proof. This follows immediately from Lemma 1.3.G since b; € {0, 1} for each cell. O

Theorem 1.3.1. The set By acting on T,(d) spans the space of intertwining operators

a,- In particular, for b € CMj, . 4 v

b

acts on the basis Bs of T5(d) as

.....

1o — Colonr(ja),a) € M (d) = Vyo, =V, ifa=b,
BT ifa#b

where 1 is the number of lower curves in b, d = |d| and ¢, is non-zero constant.

Proof. Recall that Ty = p/Ry. It is obvious from the fact that ¥, = |J, 5, Ya that
1 ifa=">b
by, = Iy, = { oya ifatb

So we need only determine p 1y, for a =b. Now, for x = (W* t*) € M(d),
Py, () = Xq(p™' (2) N Ya).
Recall that p is the map (D, W,t) — (W,t) and

Ya={(D,W,t) € T(d) |a(t,D) =n’, dim W = |al|}.

Thus,
p_l(ZL‘) N Ya = {D | dlm(Dz/Dz_l) = di, tx(Dz) C Di—la O[(tx, D) = nb} (139)

if dimW* = |a] and p~!(x) N Y, = 0 otherwise. Note that this variety depends only
on the dimension of the kernel of ¢* (or equivalently, the rank of t*) and the dimension
of W?. The variety is empty unless r = rank t* is equal to the number of lower curves
in a. Thus, Ty,1y, is a constant function on 9" (|al, d). Moreover, this constant ¢,

equal to the number of points in the variety in (1.39), depends only on a = b and
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not on the orientation of a. As long as ¢, is non-zero, we know that 7y, is a non-zero
intertwining operator. Moreover, it is obvious that if all the Y, are non-zero then the
intertwining operators Ty, are linearly independent.

To show that ¢, # 0 it suffices to show that its evaluation at ¢ = 1 is non-zero.
The variety (1.39) consists of all ¢,-stable flags D = (0 C D; C --- C Dy = D)
such that dim D; = d’ and the intersection of D; with kert* is a space of dimension

(n®)7 = >77_ nb. There is only one choice for Dy, namely D. Assume we have picked

D;1. D; can be any subspace of dimension d* such that

t*(Dj11) €D C Djyy

and dim(D; Nkert”) = (n")’.
Note that since dim(Dj 1 Nkert”) = (n®)/*! and dimD;; = d’*!, we have that
dim¢*(D;11) = &7t — (n®)7T. Also, since (¢7)* = 0, t*(D,41) C kert*. Passing to
the quotient by ¢*(D;1;) and denoting this by a bar, we see that picking a subspace

D; subject to the above conditions is equivalent to picking a subspace ﬁ] of Dy of

dimension d/ — (d/+! — (n®)’*!) such that
dim(D; N Fer ) = (% — () — (7).

Since dim D1 = &/ —(d/*!'—(n®)7*!) = (n®)/ ™ and dim D Nker ¢* = dim D; 4 Nkert* =
(nb)7+ — (@7 — (nb)i ) = 2(nb)I ! — d7*! we see by Lemma 1.3.H that the value

of x, of the variety of such spaces evaluated at ¢ =1 is

(2 ) ( ()i = (2l — @) )
()5 4 () — )\ — e () (@ (00— )

2(nb)j+1 —ditt ditl — (nb)jﬂ
:(mWH+mw—wﬂ)( di — () )
This is thus strictly positive provided that
2(n®)itt — @7t >0 (1.40)

(n®) 1 4+ (n®)? — &7 >0 (1.41)
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d — (n?) T >0 (1.42)

d/ — (n*) >0 (1.43)
2 — 7 = @Y 4 () - @ (1.44)
! — (n®)t > 47 — (nb) (1.45)

Now, recall that n® is obtained from a by forcing all unmatched arrows to be oriented
down. Also, d’ is the number of vertices associated to Vg, through Vg, while (n°)7 is
number of these vertices with down arrows. Thus d/ — (n®)? is the number of these
vertices with up arrows. So (1.42), (1.43) and (1.45) are obvious. (1.44) follows from
the simple fact that (n®)7*! > (n®)/. (1.40) and (1.41) follow from the fact that each
up arrow is matched to a down arrow to its left since all unmatched arrows point
down and matchings are oriented to the left.

Thus, x, of the variety of choices of D, given D, is independent of D, (up to
isomorphism) and is non-zero. Using the fact that the Euler characteristic of a locally
trivial fibered space is equal to the product of the Euler characteristics of the base
and the fiber, we see that the evaluation of ¢, at 1 is a product of positive numbers

and is thus positive. So ¢, # 0. O

1.3.6 The Action of the Intertwining Operators on 7.(d)

We now compute the action of our intertwining operators on the space 7.(d).

Define the coefficients &% by
Odvy = Z KOW (®dva) .

For b e OMY, 4, . define 1’ m® € (Z>()* such that 17 is equal to the number of left
endpoints of lower curves of b in the box corresponding to Vg, and m? is equal to the

number of endpoints of middle curves of b in the box corresponding to Vy;.

Theorem 1.3.J. The set By acting on 1.(d) spans the space of intertwining operators
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@D, Hi, _a,- In particular, if b€ CM§, 4, is such that b < M(d,w), then

...........

d
Ty, (d9w) = @Lyput )y |.a)
where

aj = (1), at® (m® — ”“) (d — m® — 21")h) |
(

b b_ b
a;, m; —a;,d, —m, _17;)

Proof. For a crossingless match b € CM} 4, Ty, (9%) = p1Ry,(¢5) and

Ru(g8) = > Ry (esns) (07 vumrs)

This is equal to zero unless S = b for some S < M(d,w) (that is, the set of lower

curves of b is a subset of the set of lower curves of M(d, w)). If this is the case, then

Ry, (9%) = (mS,nS)_1 <<>nsfrsvw,rs)

for the particular S < M(d,w) such that S = b. Then n® =1° + m® and r® =1°. So

d -1 m?
Ry, (9%) = (nlb,lb—i—mb) <<> Uw—lb)
mP SW— 1
771b 1b+mb ( E ( ))
_ mb w—l1
= E Ka fa+lb,lb,lb+mb
a
_ mb,wflb
= E , Ka Katb 11t mb 1Aa+lb,lb,lb+mb'

a

Let (W,t) € 9M(d). Then if the set of lower curves of b is a subset of the set of

lower curves of M(d,w),

Ty, (g‘?V)(VV, t) = Z Ka ' : ka—l—lb,lb,lb—l—mbp!1A3+1b,1b,1b+mb <W7 t)
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= R kg e Xg({D | (D, D) = d, #(Dy) € Dy,
a (1.46)

alimt, D) =1°, a(W,D) =1" + a, a(kert,D) = 1"+ m°}).
We see from Proposition 1.2.H that k™ ™" = 0 unless |a| = |[w —1°| = |w| — |I].
Therefore, since |a(W,D)| = dim W, (1.46) is zero unless dim W = |w|. Similarly,
it is zero unless rankt = dim(imt) = [1°|. If these conditions are satisfied, (1.46)
is independent of W and t. We can then evaluate w, the value of the expression
in (1.46), using Lemma 1.3.G and the fact that the Euler characteristic of a locally
trivial fibered space is the product of the Euler characteristics of the base and the
fiber. There is only one possible choice for Dy, namely 0. Assume we have picked

D;_ 1. Then D; must satisfy the following conditions:

1. t(D;) C D,_; or, equivalently, D; C t~}(D;_)

2. D, DD, 4, dimD, =d®

3. dim(D; Nim¢) = (1°)49)

4. dim(D; N W) = (1* + a)®9)

5. dim(D; Nkert) = (1> + m?)1)
Pass to the quotient by D;_; and denote this by a bar. Let F be the flag

F=(Fy=0CF,=imtCF,=W C Fy =imt,F, =t 1(D;_;)).

Then the above conditions are equivalent to picking D; C t=1(D,_1) such that

a(D;, F) = (I}, a;, m} — a;,d; — I — my).

(] 1

Since

dimim# = (1°)F),

dim W = (1° + a)®»)|
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dimkert = (1° + m®)®),
and dimt=-1(D;_;) = dim¢t~*(D;_;) — dimD;_,
= dim(im¢ N D;_1) + dim(kert) — dim D;_,
= ()05 4 (d = ) — D
~ (@1,
the form of the action of the elements of B; follows.
It remains to show that the set B; spans the space of intertwining operators

.....

.....

set B;. Assume that, acting on the space 74(d),
D aily, =0, a;#0Vi. (1.47)

Since the image of Ty, is contained in Ml (d) by the above results, we may assume
that |l,| = |ly,| for all i and j. Fix an 7 and consider a w such that M(d,w) = b;.
All Ty, , j # i, act by zero on g3 by the above (since |l,| = |ly,|, we cannot have b; <
bi = M(d,w)). Also, Ty, # 0 by the above. Thus a; = 0 which is a contradiction.

Thus the theorem is proved. 0
1.3.7 An Isomorphism of 7.(d) with 7,(d)
For (D, W,t) € T(d), let

Bow: = {(D/, W) |[W' =W, ¢ = t, a(t, D) = a(t,D)}.

For f € T(d) let
xo(f) = D fla)

ze%(d)

Let £ : 7.(d) — 75(d) be the map given by

g(f) (Da VV7 t) = XQ(RBD,W,zf)'
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The fact that the image of £ is contained in 7;(d) follows from the fact that, up to

isomorphism, Bp w,; depends only on a(t,D) and dim W.
Proposition 1.3.K. £ is an Ug-module isomorphism.

Proof. This follows easily from Theorems 1.3.1 and 1.3.J since

1 _
§:ZC_b<TYb’Yb) 1OTYb‘
b
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Chapter 2

Fusion Products

Introduction

In the previous chapter we discussed a geometric realization of integrable highest
weight representations V) of sly (or the associated quantum group). One might ask
if a similar construction can produce the fusion tensor products V) ®; V,,, certain
truncations of V) ® V,,. In this chapter, we answer this question affirmatively. We
realize V) ®; V,, as the homology of the most natural subvarieties of the tensor prod-
uct varieties (see Section 3). We also consider the case of a fusion tensor product of
arbitrarily many sl,-modules Vy,, -+, V). Finally, we give a combinatorial descrip-
tion of the irreducible components of the fusion tensor product varieties using the
notions of graphical calculus and crossingless matches for sly. We do not expect these

constructions to generalize to Lie algebras of higher rank.

2.1 Fusion products for U(sly).

Let R denote the category of finite-dimensional sl,-modules, and for ¢ > 0 let Vj
denote the simple module of highest weight i. Let C[R] be the Grothendieck ring of
R and let [V] denote the class of a module V. We have

i+j i+
VieVi= @ Vi, Ml-Vil= ) Wil fori<j

k=j—i k=j—i

where in the sums k increases by twos.
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Now let us fix some positive integer [ € N. Consider the quotient

C [R] = C[R]/[VHI]C[R]'

Denoting by [V]; the image of [V] in C;[R], we have C;[R] = C[V;]; @ - - - @ C[V}];, and

min(i+7,2l—i—j)

VieVik= > [l fori<j<l
k=j—i
We also set
min(i+j,2l—i—j)
VieyV; = @ Vi, fori <j<lI.
k=j—i

Again, in the above sums, k increases by twos. The ring C;[R] appears in conformal
field theory (as the Grothendieck ring of the modular category of integrable 5A[2—
modules of level [) and in quantum group theory (as the Grothendieck ring of a
suitable quotient of the category of tilting modules over U(slz) when € is an (I 4 2)th

root of unity).

2.2 Lagrangian construction of U(sl).

We briefly recall Ginzburg’s construction of irreducible representations of sly in the
homology of certain varieties associated to partial flag varieties (cf. [7]). We use the
(in this case equivalent) language of quiver varieties (cf. [23]).

Let v,w € N and let V and W be C-vector spaces of dimensions v and w respec-

tively. Consider the space
M(v,w) = {(i,j) | ij = 0; ker j = {0}} € Hom (W, V) & Hom (V, W),

We let GL(V) act on M(v,w) via g - (i,j) = (gi,79~"). This action is free and
we set M(v,w) = M(v,w)/GL(V). The assignment (i,j) — (ji,Im j) defines an

isomorphism between M (v, w) and the variety

Fouw ={(t,V0) [Vo € W,dim Vg =v,Im t C V, C kert} C Ny x Gr(v, w),
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where Ny is the nullcone of gl(W) and Gr(v, w) is the Grassmannian of v-dimensional
subspaces in W. We will denote by 7 : M(v,w) — Ny, the projection (i, j) — ji.
For any ¢ € Ny such that t* = 0 we set M (v, w); = 7 (t) and M(w); = U, M (v, w);.
In particular, we set £(v,w) = 7~*(0). Observe that £(v,w) is just Gr(v, w) and that
M (v, w) is isomorphic to the cotangent bundle of L(v,w). We have dim M(v,w) =

2dim L(v,w) = 2v(w — v). For vy, ve,w € N we also consider the variety of triples
Z(v1,v2,w) = {((41, 1), (i2, J2)) | Jriz = Jada} C M(v1,w) X M(vz, w).

Then dim Z(vy,ve, w) = v1(w — v1) + va(w — v3).

The form w((4, j), (¢, 7)) = Try (ij’—i'j) defines a symplectic structure on M (v, w),
for which the variety L£(v,w) is Lagrangian. Equip M (vy,w) x M(vq, w) with the
symplectic form w x (—w). Then Z(vy,vy,w) is also Lagrangian. Let Z(w) =
Uy, pZ (V1, V2, ).

For any complex algebraic variety X we let H,(X) be the Borel-Moore homology
with coefficients in C, and set Hyy,(X) = Hog(X) where d = dim X.

Let pi; - M(v1,w) X M(ve,w) x M(vs, w) — M (v;, w) X M(v;,w) be the obvious

projections. The map
P1s = Pra (Z(v1,v9,w)) N pag (Z(v2, v3,w)) — Z(v1,v3, w)
is proper and we can define the convolution product

Hi(Z(v1,v2,w)) @ Hj(Z(v2, 03, w)) — Hipj_a,(Z (01, 03,w))

c® ¢ = pi3(pia(c) Npsg(c))

where dy = 4vy(w — vy). In particular, this gives rise to an algebra structure on

Hiop(Z(w)) = By, 0y Hiop(Z (v1, 02, 0)).

Now let ¢t € Ny such that t* = 0. The projection
p1: Z(vy,ve,w) N py H(M(vg, w)) — M(vy,w),
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(where p; and ps are the obvious projections) is proper and the convolution action
Ht0p<Z(Ula V2, 'LU)) ® Htop(M<v2a w)t) - Htop(M (Ub w)t)
c®c — prcnps(d))
makes Hyop(M(w);) = @, Hiop(M (v, w),) into a Hy,p(Z(w))-module.

Theorem 2.2.A ([7]). There is a natural surjective homomorphism ® : Ul(sly) —
Hiop(Z(w)). Under @, the module Hyyp(M(w)) is isomorphic to Vi_o, where u =

rankt.

We now give the realization of tensor products of U(sly)-modules. Let w = w; +
oo+ w, and ix W =W, ® --- & W, with dim W; = w;. Let Wy = 0. The group
GL(W) acts on M(v,w) by g- (i,7) = (ig~*, gj). Consider the embedding

o: (C) ' = [[GLW:) € GL(W)
i=1

(ta,tz, ... tp) = (Id,ty ettt h)

T

Then, for each v, we have (see e.g [25, Lemma 3.2])

M(v,w)? = |_| M(vy,wy) X - X M(vp,w,).

V1+tUr=v

Consider the subvarieties
M, wy, ... ,w,.) ={x € M(v,w) | tl_in%a(tg, ..., ty) - exists}

Nw (wy,...,w,) ={t € Nw | tlir%a(tg, .., 1) - t exists}.

For x € M(v,wy,...,w,), let us set 7(z) = limo(ts,...,t,) - x. We define 7(¢)

t;—

similarly for ¢t € My (w1, ..., w,). Now consider

L(v,wy,...,w,)={x € M@,w,...,w)|7(x) € Hﬁ(vi,wi) for some (v;)}.

Set L(wy,...,w,) = U,L(v,wy,...,w,). Note that L(wi,...,w,) = 7 (771(0)) so

that we have an action of Hy,,(Z(w)) on Hyyp(L(wy, ..., w,)). Moreover, it is easy to
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check that L(wy, ..., w,) is Lagrangian. Note that £(w,...,w,) is isomorphic to the

variety
{(t, Vo) | Vo c W, imt C Vg Ckert, t(W;) CWo @ ---@W,_1, 1 <5 <7}

Theorem 2.2.B ([8], [25], [20]). Hiop(L(w1, ..., w,)) is isomorphic to Vi, ®- - -@V,,,

as a U(sly)-module.

2.3 Lagrangian construction of the fusion product

Let us fix some positive integer . We will now describe an open subvariety of

L(wy, ..., w,) whose homology realizes the fusion product V,,, ®; - ®; V.

We keep the notation of the previous section For all £ € Nand t € Ny, ..ew, (w1, - . .

we set 7 (t) = limy, o0 (1,...,1,#)(t). Let us consider the open subvariety N (wy, w)

{t € Nw,aw, |dimkert <1} of My, aw, and define inductively

N wy, ... wy) = {t € Nw,oew, |dimkert <+ rank 74(t),
(2.1)

thwiaew,_, € N'(wi, ..., wp_1)}

for k > 3. Finally, set £;(w1,...,w,) = L(wy,...,w,)N7 (N (wy,...,w,)). By defi-

nition £;(wy, . .., w,) is an open subvariety of L(wy, . .., w,) and therefore Hy,, (L) (w1, . ..

is a Hyop(Z(w))-module.
Theorem 2.3.A. Hy,,(Li(wy, ..., w,)) is isomorphic to Vi, &;--- & Vi, as a U(sly)-

module.

Proof. We proceed by induction. Suppose r = 2. It is enough to describe the ir-
reducible components of £;(wq,ws) corresponding to highest weight vectors in the
U (sly)-module Hy,p,(Li(w1, ws)). The irreducible components of £(w;, ws) correspond-

ing to highest-weight vectors are the

[v = {(Z,j) ‘ ](V) C Wl, Z(Wg) = V, Z(Wl) = 0}, fOI' 0 S v S Wi, W2
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and the associated highest weight is w; +wy—2v. Note that the condition dim ker ji <
[ is equivalent to the condition w; + wy — 2v < 2l — wy — we. Now suppose that
the theorem is proved for tensor products of » — 1 modules, and let us set W' =
W1 @---@®W,_;. For each u € N let us set Ny (u) = {t € Ny |rankt = u}. Recall
that £;(wq,...,w,_1) is Lagrangian and that 7 is semi-small with all strata being
relevant (c.f [23, §10]). Thus 7(Li(wy,...,w,_1)) NNy (u) is a subvariety of Ny (u)
of dimension zdim Ny~ (u). Let CY, ... ,C() be its irreducible components. By the

induction hypothesis,
s(u) = dim Homgy, (Vi —ou, Ve, @1+ @1 Vi, )- (2.2)

The irreducible components of £;(v,w, ..., w,) corresponding to highest weight vec-

tors of Hy,p(Li(wy, ..., w,)) are of the form I, with
L =A{(i,) [i(W) =V, j(V) C W', (iw,j) € x}

where  is an irreducible component of £;(v,wy, ..., w,_1), and the associated highest

weight is w — 2v (note that I, may be empty). Let us fix u € N and C} for some

k < s(u). Let x C 7=1(C) N Ly(v,wy, ..., w,—1) be an irreducible component. Then

I, C Li(wy,...,w,)iffor all (4, j) in (an open dense subset of) I, we have dim Im ji <
[ +wu. This is equivalent to the condition that the corresponding highest weight w — 2v
satisfies

w—2v <2l —w, — (v — 2u). (2.3)
Equations (2.2) and (2.3) together imply that
Hiop(Li(wy, - we)) = (Vi @1 -+ @1 Vi, ) @1 Vi,
as a U(sly)-module, as desired. O

Remark 2.3.B. i) The above construction is not canonical in the sense that it was

made using a choice of a bracketing of the tensor product, namely

(' o ((Vw1 %Y sz) X Vw:s) Y] Vwr)-
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Different bracketings give rise to different (possibly non-isomorphic) open subvarieties
of L;(wy,...,w,) realizing the same fusion tensor product.

ii) One might be tempted to define in an analogous fashion a truncated tensor product
for finite-dimensional representations of Uq<f/)\[2) by considering equivariant K-theory
of L£;(wy,ws) rather than Borel-Moore homology. However, it is easy to check that

(because of Remark 1)) the resulting product is not associative.

2.4 A graphical calculus for the fusion product

We first recall some results from the previous chapter on the graphical calculus of
tensor products and intertwining operators. In the graphical calculus, V; is depicted

by a box marked d with d vertices. To depict the set CM}, of crossingless

----- Wy
matches, we place the boxes representing the V,,, on a horizontal line and the box
representing V,, on another horizontal line lying above the first one. CM} ~ is

then the set of non-intersecting curves (up to isotopy) connecting the vertices of the

boxes such that the following conditions are satisfied:

1. Each curve connects exactly two vertices.
2. Each vertex is the end point of exactly one curve.
3. No curve joins a box to itself.

4. The curves lie inside the box bounded by the two horizontal lines and the vertical

lines through the extreme right and left points.

We call the curves joining two lower boxes lower curves and those joining a lower
and an upper box middle curves. We define the set of oriented crossingless matches

OCMY}, ., to be the set of elements of CMf  —along with an orientation of the

yeeey W LW

curves such that all lower curves are oriented to the left and all middle curves are

oriented so that those oriented down are to the right of those oriented up.

67



As shown in [5], the set of crossingless matches C'M}; , is in one to one corre-

spondence with a basis of the set of intertwining operators

def

H* = Hom(V,, ® --- @V, , V,,).

Wiseo Wy

The matrix coefficients of the intertwining operator associated to a particular cross-
ingless match are given by Theorem 2.1 of [5].

We will also need to define the set of lower crossingless matches LC M}

1y Wr

and oriented lower crossingless matches OLCMY, Elements of LCME,

SHWr " yeenyWr

and OLCM}, ~ , are obtained from elements of CMf  —and OCME = (re-

spectively) by removing the upper box (thus converting lower end points of middle
curves to unmatched vertices). For the case of OLCMY, , , unmatched vertices
will still have an orientation (indicated by an arrow attached to the vertex). As for
middle curves in the case of OCMY  , the unmatched vertices in an element of

OLCM}, ., must be arranged so that those oriented down are to the right of those

w
oriented up.
Note that the set of lower crossingless matches LCM = LCM,, ... ., is in one to
one correspondence with the set | J LOME, - From now on, we will identify these
two sets.
Let s be a bracketing of the tensor product V,,, ®---®V,,, . Pick an ordering of the
tensor operations compatible with this bracketing. For each n such that 1 < n <r—1,

let S, be the set of the V,,, separated from the n'" tensor product operation only

by operations ranked lower than or equal to n. Then let éC’Mﬁlww

§ be the set of

elements of CM} satisfying the following condition: for each n, the number

yeeeyWr
of curves connecting V,,.’s in S,, to either V,,.’s in S, on the other side of the nth
tensor product symbol or V,,’s not in S, is less than or equal to [. Note that this

condition does not depend on the particular ordering so long as it is compatible with

the bracketing s.
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Let LLCM ='LCM,,

», be the set of lower crossingless matches satisfying the

1111

same condition (where unmatched vertices are always counted as curves with the other
Wiy, Wr

end point outside of any S,,) and identify this set with the set |J, LCM " . We

define LOCMY, ., and LOLCM = iOLC’Mwl" _similarly (and the corresponding

LW W

identification is made).

Note that in the case r = 2 the condition in the definition simplifies to the re-
quirement that the total number of curves (including middle curves) is less than or
equal to [. In fact, the given definition simply arises from applying this condition to
each tensor product operation (in the given ordering), neglecting curves with both

end points in V,,,’s which have already been tensored together.

Proposition 2.4.A. The set \.C M} is 1n one to one correspondence with a basts

yeees Wy

. .. def
of the space of intertwining operators ngzl,...,wT = Hom(Vy, ®; -+ & Vi, , V).

Proof. We first consider the case r = 2. For any b € CM, ., the total number of
curves is equal to (wy + wy + p)/2 (since each vertex is an end point of exactly one
curve). Thus the condition that the total number of curves is less than or equal to [
reduces to wy + we + pu < 20 or p < 21 — wy; — wy as desired.

Now assume the result holds for the product of less than r irreducible modules
and that for the product of V,,, through V,, , the 7" tensor product operation is the

one occurring between V,, and V,, _, (k < r). Note that

k+1

lrv Lt ~ L
@ lev---vwk ® Hvak-Q—la---vwr - le,---,wr
14

via the map f ® g — g(f ® idekﬂ@...@vw). Now, if s; is the bracketing of the first &

modules and sy is the bracketing of the last » — & modules, it is easy to see that

v

l ! i ~ 1 i
SICMwL...,’wk X SZCMV,wk+1,...,wT = SCM'UJl,n-vwr (aS Sets).
v
The result now follows by induction. O
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From the associativity of the fusion tensor product it follows immediately that

the order of the set L.CM Zl _is independent of the bracketing s. However, we will

Jeeey W

present here a direct proof.

Proposition 2.4.B. The order of the set éC’MZh“ is independent of the bracket-

Wi

mg s.

Proof. 1t suffices to prove the statement for three factors. Let s; be the bracketing
(Vip, ® Vi, )@ Vi, and so be the bracketing Vi, @ (Vi,, ® V4, ). We will set up a one to one

correspondence between ! C'M Zl . and LCM Z i We will first establish a one

s Wr o Wr

to one correspondence between the subsets consisting of those crossingless matches
with no curves connecting V,,, and V,,, and a fixed number n of lower curves. Let
a (resp. b) denote the number of curves connecting V,,, (resp. V) to V,,. Thus
a + b = n. Now, the number of curves with at least one end point in V,,, or V,, is
w1 + we — a and the total number of curves minus the curves connecting V,,, to V,,

is wy + wo + w3 —n — a. Thus a crossingless match lies in ZSIC'MZ)1 " if and only if

ey Wy

w +ws —a<l, wi+w+ws—n—a<l.

Similarly, a crossingless match lies in 152 CM Z .. if and only if

yeeey W

wy +wsg —b<Il, wi+wy+wg—n—>b<I.

Now, the largest possible value of a is min(wy,n) and the largest possible value of b is
min(ws,n). Therefore, by counting the possible values of a, the number of crossingless
matches in i CM Z) - with no curves connecting V,,, and V,,, and with n total curves

is equal to
r, = min(wy,n) — max(w; + wy — Lwy +wy +wz —n—1)+1

if this number is positive and zero otherwise. Similarly, the number of crossingless

matches in { CM Z o, With no curves connecting Vi, and Vi, and with n total

yWr
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curves is equal to
rp = min(ws, n) — max(ws + ws — l,w; +wy +wg —n—1)+1

if this number is positive and zero otherwise. Considering the four cases n < wy, ws;
n > wp,ws; wy <n < wsgand wg < n < w; we easily see that r, = r, in all cases.
It remains to establish a one to one correspondence between the elements of

élCMi:l and Z.SQCMZ)1 with ¢ > 1 curves joining V,,, and V,,,. Fix the number

veey ey Wop

of lower curves with one end point in V,,, to be n. Since V,,, and V,,, are connected,
there can be no middles curves with end points in V,,,. Thus s = wy. Define a and
b as above. By an argument analogous to that given in the earlier case, the number

of crossingless matches in { C'M Z with ¢ > 1 curves connecting V,,, to V,,, and

1yeessWr

with n lower curves with one end point in V,,, is equal to
re = min(w; — ¢, wy) — max(wy + wy — l,w; +wsg — 1 —c¢) + 1

if this number is positive and zero otherwise. Similarly, the number of crossingless
matches in L, C'M :: ) with ¢ > 1 curves connecting V,,, to V,,, and with n lower

conyWo

curves with one end point in V,,, is equal to
rp = min(ws — ¢, wy) — max(wy + w3 — L, w; +ws —l—c¢) +1

if this number is positive and zero otherwise. Considering the four cases ws < wy —
C,W3 —C, Wy > W, —C, W3 —C;, Wy —c < wy <wg—cand wg —c < wy < wy —c we

easily see that r, = 7, in all cases. This concludes the proof. O

From now on, we will use the bracketing (- ((Viy, ® Vi,) ® Viyy) - - - Vi, ) unless
explicitly stated otherwise. Thus, if we omit a subscript s, we take s to be this

bracketing.
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2.5 The fusion product via constructible functions

Fix a w = w; + - - - + w, dimensional C-vector space W and recall
T(wi, ..., w,) ={(D ={Di}i_, Vo, 1) | 0=Dy C Dy C---C D, =W, Vg CW,
t € EndW, t(D;) € D;_,dim(D;/D;_1) = w;,imt C V C kert}.
Consider the projection
L(wy,...,w,) = {D={D;}_,|0=DyC Dy C---CD. =W,
dim(D;/D;—1) = w;}
given by (D, Vy,t) — D. It is easy to see that the fibers of this map are all iso-
morphic and that one could replace the tensor product variety T (wy,...,w,) by this

fiber, restrict the constructible functions to this fiber and the theory would remain

unchanged. Let Tp(wy,...,w,) denote the fiber over a flag D. If we define
Di=Wy®---aW,;, 0<i<,

then obviously

Tp(wy, ..., w.) = L(w,...,w,)

and in the sequel we will identify these two varieties.

If b e CME, is an unoriented crossingless match, let

Y;) = {(D, ‘/E),t) S ‘I(wl, e ,wr) | dlm(kert N Dl)/(kert N Di—l) = bz}

where b; is the number of left end points (of lower curves) and lower end points
(of middle curves) contained in the box representing V,,,. We know from Proposi-
tion 1.3.B that LY, = T(wy,...,w,) and that the closures of the Y, are precisely
the irreducible components of T(wy,...,w,). Let X, = Y, N L(wy,...,w,). Then

ObViOUSly E(wl, . ,wr) = I_IbeLCMXb.

Proposition 2.5.A. L;(wy,...,w,) = UpetronrXo-
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Proof. We see from equation (2.1) that Lj(wy,...,w,) is the set of all (¢,Vh) €

L(wy, ..., w,) such that
dim kert'wleg.u@wi S ) —+ rankt|W1@...€BWi71 V1 S 7 S T.

Now, by the definition of the X, if (¢, Vj) € X, for some b € LC'M then dim ker t|w, o...qw,
is equal to 2;:1 w; minus the number of lower curves with both end points among
the lower i boxes. Also, rank t|y,a...aw,_, is equal to the number of lower curves with
both end points among the lower ¢ — 1 boxes. Let ¢; denote the number of curves

with both end points among the lower ¢ boxes. Then

dim ker t|W1€B~~-@W¢ < [+ rankt|wl@...@wi_1

%
@ij—cigl—l—ci_l
j=1

i
& ij — 2¢;_, — #{curves with right end point in i box} <[
j=1

Z w; — #{end points in first ¢ — 1 boxes of lower curves with both
i=1
end points in first ¢ boxes} <1

and this is easily seen to be equivalent to the condition that b € {LCM (with the

default bracketing). O

We will now define a U(sly)-module structure on a certain space of constructible
functions on £;(wy,...,w,). For a € OLCM,, . .., let a be the associated element

of LCM,y, ..., obtained by forgetting the orientation. Define

Yo ={(D,Vo,t) € Yz | dim W = #{up-oriented vertices of a}}

where the right end points of lower curves are oriented up (as well as the up-oriented

unmatched vertices). Let X, = Ya N L(wy,...,w,). Then it follows from (1.33) that

X, = U X,.

a:a=b

73



Now let

Bl = {1y, |ac'OLCM}

where 14 is the function that is equal to one on the set A and zero elsewhere. Let
T' =T w,...,w,) = Span B..
We endow 7! with the structure of a U(sl,)-module in the usual manner.

Theorem 2.5.B. T!(wy,...,w,) is isomorphic as a U(sly)-module to Vi, ®; - @
Vi, and B is a basis for T!(wy, ..., w,) adapted to its decomposition into a direct
sum of irreducible representations. That is, for a given b € 'CMY, ., . the space

Span{1ly, | a = b} is isomorphic to the irreducible representation V,, via the map

1Ya = M'U,u72#{unmatched down-oriented vertices of a}-

Proof. The second part of the theorem follows from Theorem 1.3.D. Then

T'=p € Span{ly, |a=1b}

wobelCMY,

~d @ v

wobelC MY,

W yeees Wy

= @ lHil,...,wT ® vﬂ
I

ngl ®l"'®lvwr

where ' H"! 1w, 18 given the trivial module structure. ]

Remark 2.5.C. We have used here the standard bracketing (- (Vy, ®; Vi) &
Vis) = -+ @1 V). However, one could easily modify the definitions to use any other
bracketing. The proofs would need only slight changes. Of course, as noted above,
while we would still recover the structure of the fusion product, the varieties involved

would be non-isomorphic in general.
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Chapter 3

Bases of Type A Affine Lie
Algebras

Introduction

A remarkable relation between representation theory of affine Lie algebras and models
of statistical mechanics based on the Yang-Baxter equation has been discovered and
intensively studied by E. Date, M. Jimbo, A. Kuniba, T. Miwa and M. Okado (see
[3, 4] and references therein). One of the important findings of the above authors is
that the one-dimensional configuration sums for these models give rise to characters
of integrable highest weight representations of affine Lie algebras. This relation yields
certain explicit bases in the representations that admit pure combinatorial descrip-
tions and imply various identities for the characters.

Another astonishing relation between representation theory of affine Lie algebras
and moduli spaces of solutions of self-dual Yang-Mills equations has been accom-
plished by H. Nakajima [21, 23], who observed a profound link between his earlier
work with P. Kronheimer and the results of G. Lusztig [15, 16]. At the heart of
both works that preceded the Nakajima discovery are quiver varieties associated with
extended Dynkin diagrams. Nakajima introduced a special class of quiver varieties
associated with integrable highest weight representations of affine Lie algebras and

obtained a geometric description of the action. He also defined certain Lagrangian
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subvarieties whose irreducible components yield a geometric basis of the affine Lie
algebra representations.

The central goal of the present chapter is to relate the two apparently different
bases in the representations of affine Lie algebras of type A: one arising from statistical
mechanics, the other from gauge theory. We show that the two are governed by
the same combinatorics which also respects the weight space decomposition of the
representations. This identification allows one to give a natural conceptual framework
to the intricate structure of statistical mechanical models and also to make explicit
calculations in a seemingly intractable geometric setting. In particular, we are able
to give an alternative and much simpler geometric proof of the main result of [4] on
the construction of a basis of affine Lie algebra representations. At the same time,
we give a simple parametrization of the irreducible components of Nakajima quiver
varieties associated to infinite and cyclic quivers.

The comparison of the two very different theories brings some surprises and sug-
gests interesting new directions. In particular, the Young diagrams that are routinely
used in representation theory of type A Lie algebras acquire an explicit geometric
meaning: They picture precisely representations of the corresponding quivers satisfy-
ing a stability condition for level 1 (see Figure 3.2 in the text). On the other hand, the
algebraic constructions of [4] involve substantially the highest weight representations
of gA[n +1, which are not directly covered by Nakajima’s theory. We define new varieties
by relaxing the nilpotency condition in the definition of Nakajima’s quiver varieties
and show that the irreducible components of these new varieties are in one to one
correspondence with bases of highest weight representations of gA[n +1- We also men-
tion some interesting problems that arise as a result of the comparison of geometric
and algebraic constructions.

We strongly believe that the main results of the current chapter reflect a very gen-

eral principle that asserts the profound geometric or gauge theoretic origin of various
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algebraic and combinatorial structures of integrable models in statistical mechanics.
The relation of both subjects to the representation theory of affine Lie algebras is a
necessary prerequisite of this principle. However we expect much more; namely that
various specific constructions appearing in integrable models of statistical mechanics
that include tensor products, fusion products, branching rules, Bethe’s ansatz and
the Yang-Baxter equation itself reflect certain geometric facts about Nakajima vari-
eties, Malkin-Nakajima tensor product varieties, various Lagrangian subvarieties and
corresponding gauge theories on commutative and, possibly, noncommutative spaces.
The present chapter is a small but indicative step toward this vast program.

The chapter is organized as follows. In Section 3.1 we recall the definition of
Lusztig’s quiver varieties and characterizations of the irreducible components in types
Ay and A, We also introduce a version of Lusztig’s quiver varieties for the Lie
algebra é\[n +1- Section 3.2 contains the definition of Nakajima’s quiver varieties and
the Lie algebra action on a suitable space of constructible functions on these varieties
is given in Section 3.3. In Section 3.4 we give an enumeration of the irreducible
components of the quiver varieties for level 1 in terms of Young diagrams. We also
identify the geometric action of the type A, Lie algebra in the basis enumerated
by Young diagrams. In Section 3.5 we extend the enumeration of the irreducible
components of the quiver varieties to arbitrary level and we establish a match with
the indexing of bases of the corresponding representations coming from statistical
mechanics. Finally, in Section 3.6, we compare the weight structure of the bases
resulting from quiver varieties and the path realizations of statistical mechanics and

make certain their complete coincidence.

3.1 Lusztig’s Quiver Varieties

In this section, we will recount the explicit description given in [15] of the irreducible

components of Lusztig’s quiver variety in the case of types A, and AP, See this
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reference for details, including proofs.

Let I be a set of vertices of the Dynkin graph of a Kac-Moody Lie algebra g and
let H be the set of pairs consisting of an edge together with an orientation of it. For
h € H, let in(h) (resp. out(h)) be the incoming (resp. outgoing) vertex of h. We
define the involution = : H — H to be the function which takes h € H to the element
of H consisting of the the same edge with opposite orientation. An orientation of our
graph is a choice of a subset 2 C H such that QUQ = H and QN Q = 0.

Let V be the category of finite-dimensional I-graded vector spaces V = ®;c/V;
over C with morphisms being linear maps respecting the grading. V € V shall
denote that V is an object of V. The dimension of V € V is given by v =dimV =
(dim Vy,...,dim V,,). We identify this dimension with the element (dim Vo)ag+-- -+
(dim V,,)a,, of the root lattice of g. Here the a; are the simple roots corresponding
to the vertices of our quiver (graph with orientation), whose underlying graph is the
Dynkin graph of g.

Given V € V, let

Ev = @ Hom(vout(h)J Vin(h))‘

heH

For any subset H' of H, let Ey g be the subspace of Ey consisting of all vectors
x = (w3) such that x, = 0 whenever h ¢ H'. The algebraic group Gv = [, Aut(V;)

acts on Ey and Ev g by

(g,2) = ((9:): (x1)) = g2 = (1) = (i) ThTon())-

Define the function € : H — {—1,1} by ¢(h) =1 for all h € Q and e(h) = —1 for
all h € Q. Let V € V. The Lie algebra of Gy is gl, = [], End(V;) and it acts on Ey
by

(a,7) = ((ai), (z1)) = [a, 2] = (2},) = (Gin@)Th — Thbour(n))-

Let ( , ) be the nondegenerate, Gy-invariant, symplectic form on Ey with values in
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C defined by
(o, y) = 3 e(h) tr(any).

heH

Note that Evy can be considered as the cotangent space of Ey o under this form.

The moment map associated to the G-action on the symplectic vector space Ev
is the map ¢ : Ey — gl, with 7-component v; : Eyy — End V; given by

Yiz) = Y e(h)zpan.
heH, in(h)=i

Definition 3.1.A ([15]). An element v € Evy is said to be nilpotent if there ex-
ists an N > 1 such that for any sequence h'y, hb, ... hYy in H satisfying out(h)) =
in(hy), out(hy) = in(hy), ..., out(hly_;) = in(hl), the composition Ty xp, ... Ty,

Vout(h’N) — Vin(h’l) 1S zero.

Definition 3.1.B ([15]). Ay is the set of all nilpotent elements v € Evy such that

Yi(x) =0 for allie I.
3.1.1 Type A,

Let g be the simple Lie algebra of type A,. Let I = Z be the set of vertices of a

graph with the set of oriented edges given by
H={i—jlijel,i—j=1}U{i—j|ijeli—j=1}

We define the involution ~: H — H as the function that interchanges + — j and
i« j. For h = (i — j), we set out(h) = ¢ and in(h) = j and for h = (i < j), we set

out(h) = j and in(h) = i. Let € be the subset of H consisting of the arrows i — j.

Proposition 3.1.C ([15]). The irreducible components of Ay are the closures of the

conormal bundles of the various Gv-orbits in Ev q.

Proof. The case where g is of type A, is proven in [15]. The A, case follows by

passing to the direct limit. O]
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For two integers k' < k, define V. (k',k) € V to be the vector space with basis
{e; | K <r < k}. We require that e, has degree r € I. Let x(K, k) € Ev_ 10
be defined by = (k', k) : e, — e,q for k¥ < r < k, where ey_; = 0. It is clear
that (Voo (K, k), 2o (K, k)) is an indecomposable representation of our quiver. Con-
versely, any indecomposable finite-dimensional representation (V,x) of our quiver is
isomorphic to some (V. (K, k), zoo (K, k)).

Let Z* be the set of all pairs (k' < k) of integers and let Z* be the set of all
functions Z°° — N with finite support.

It is easy to see that for V € V), the set of Gy-orbits in Ey g is naturally indexed
by the subset Z{’,O of Z* consisting of those f € Z° such that

> (K k) =dimV;

K <i<k
for all i € I. Here the sum is over all &' < k such that &’ < i < k. Corresponding
to a given f is the orbit consisting of all representations isomorphic to a sum of the
indecomposable representations z.(k’, k), each occuring with multiplicity f(k', k).
Denote by O the Gy-orbit corresponding to f € Z%O. Let Cy be the conormal

bundle to O and let C; be its closure. We then have the following

Proposition 3.1.D. f — C; is a 1-1 correspondence between the set Z\O,O and the set

of irreducible components of Av .

Proof. This follows immediately from Proposition 3.1.C. O

3.1.2 Type Aﬁ})

Let g be the affine Lie algebra of type AV That is, it is the Lie algebra generated
by the set of elements Ejy, Fy, Hy (k = 0,1,...,n) and d satisfying the following

relations:

[Ek, Fl| = 0 Hy, [Hy, B = an E), [Hy, F] = —ap Fl,
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[d, E}]) = 0ko B, d, F},] = —6koFr,

(ad Ep)' "™ E; = 0, (ad Fp)' " Fy =0  for k # 1.

Here

ag = 20(k, 1) — (k1 + 1) — 8(k, 1 — 1),

where §(k,1) =1 if k =1 mod (n + 1) and is equal to zero otherwise.
Let I =7Z/(n + 1) be the set of vertices of a graph with the set of oriented edges

given by
H={i—jlijel i-j=1yu{i—jlijeli-j=1}.

For two integers k' < k, define V(K. k) € V to be the vector space with basis
{e;, | ¥ < r < k}. We require that e, has degree i € I where r =i (mod n + 1).
Let z(k',k) € Evu ) be defined by z(k, k) : e, — e,y for &' < r < k, where
ew—1 = 0. It is clear that (V(K',k),z(k,k)) is an indecomposable representation
of our quiver and that z(k’, k) is nilpotent. Also, the isomorphism class of this
representation does not change when k' and k are simultaneously translated by a
multiple of n + 1. Conversely, any indecomposable finite-dimensional representation
(V, z) of our quiver, with x nilpotent, is isomorphic to some (V (K, k), z(k', k)) where
k" and k are uniquely defined up to a simultaneous translation by a multiple of n + 1.

Let Z be the set of all pairs (k' < k) of integers defined up to simultaneous
translation by a multiple of n + 1 and let Z be the set of all functions Z — N with
finite support.

It is easy to see that for V € V. the set of Gy-orbits on the set of nilpotent
elements in Ey o is naturally indexed by the subset Zv of Z consisting of those

f € Z such that

STFE E)#r | K <r <k r=i(modn+1)}=dimV,

k'<k
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for all 7 € I. Here the sum is taken over all £/ < k up to simultaneous translation

by a multiple of n + 1. Corresponding to a given f is the orbit consisting of all

representations isomorphic to a sum of the indecomposable representations x(k', k),

each occuring with multiplicity f(k’, k). Denote by Oy the G'y-orbit corresponding
to f € Zy.

We say that f € Zv is aperiodic if for any k' < k, not all f(k', k), f(k'+1,k+1),

., f(K' 4+ n,k +n) are > 0. For any f € Zy, let C; be the conormal bundle of O

and let C + be its closure.

Proposition 3.1.E ([15, Prop 15.5]). Let f € Zv. The following two conditions

are equivalent.

1. Cy consists entirely of nilpotent elements.
2. f s aperiodic.

Proposition 3.1.F ([15, 15.6]). f — C; is a 1-1 correspondence between the set of

aperiodic elements in Zv and the set of irreducible components of Av .

Proposition 3.1.G ([15, 12.8]). Let 2’ € Ey g and 2" € Ev g. Then ¢;(2'+2") =0
for all i € I if and only if 2" is orthogonal with respect to { , ) to the tangent space

to the Gy -orbit of o', regarded as a vector subspace of Ev q.

3.1.3 Qtnﬂ Case

Since é\[n 41 1s not a Kac-Moody algebra in a strict sense, this case is not covered by
Lusztig’s theory and requires certain modifications. We preserve the notation of the

previous subsection.

Definition 3.1.H. Ay is the set of all elements v = 2’ + 2", where ' € Evq and

1" € By g, such that o' is nilpotent and v;(x) = 0 for alli € I.

For any f € Zv, we denote by Oy the corresponding Gv-orbit and by Cy its

conormal bundle.
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Proposition 3.1.1. Let f € Zy. Then
1. Cy consists entirely of elements of Av, and
2. Ay is the union of Cs for all f € Zvy.
Proof. This follows from Proposition 3.1.G. O

Proposition 3.1.J. f — C; is a 1-1 correspondence between the set Zv and the set

of irreducible components of Av .

Proof. This follows easily since the conormal bundles C; are irreducible of the same

dimension. O

3.2 Nakajima’s Quiver Varieties

We introduce here a description of the quiver varieties first presented in [21] in the

case of types A, and ALY,

Definition 3.2.A ([21]). For v,w € Z,, choose I-graded vector spaces V. and W

of graded dimension v and w respectively. Then define

A=Av,w) =Ay % ZHom(Vi,Wi).
iel
Now, suppose S is an [-graded subspace of V. For x € Ay we say that S is
x-stable if x(S) C S.
Definition 3.2.B ([21]). A% = A(v, w)* is the set of all (x,j) € A(v,w) satisfying
the following condition: If S = (S;) with S; C 'V is x-stable and j;(S;) =0 fori € I,
then S; =0 forieI.

Gy acts on A(v,w) via

(9. (2.5)) = ((g2), ((xn): (G))) = (Ginm) T Touriy): JiGi *)-

and the stabilizer of any point of A(v, w)* in Gy is trivial (see [23, Lemma 3.10]).

We then make the following
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Definition 3.2.C ([21]). £ = L(v,w) = A(v,w)"/Gy.

Let Irr L(v, w) (resp. Irr A(v, w)) be the set of irreducible components of £(v, w)
(resp. A(v,w)). Then Irr L(v,w) can be identified with

{Y elir A(v,w) | Y NA(v,w)*" #£ 0}

Specifically, the irreducible components of Irr £(v, w) are precisely those
X, ((cf x > Hom(V;, Wi)> NA(v, w)st> /Gy
icl
which are nonempty.

The following will be used in the sequel.

Lemma 3.2.D.
ASt = {I € Al ker Ti—i—1 M ker Lit1ei N kerji =0 VZ}

Proof. Since each kerx; .; 1 Nkerx;, . ; is z-stable, the left hand side is obviously
contained in the right hand side. Now suppose x is an element of the right hand side.
Let S = (S;) with S; C V; be x-stable and j;(S;) = 0 for i € I. Assume that S # 0.
Since all elements of A are nilpotent, we can find a minimal value of N such that
the condition in Definition 3.1.A is satisfied. Then we can find a v € S; for some 14
and a sequence hy, hj, ... hy_; (empty if N = 1) in H such that out(h}) = in(h}),
out(hy) = in(hy), ..., out(hly_,) = in(hly_,) and v' = zp @y, ... 24, (v) # 0. Now,
v € Sy for some ¢ € I by the stability of S (hence jy(v') = 0) and v € ker zy 1 N

ker z; 1.y by our choice of N. This contradicts the fact that x is an element of the

right hand side. O

In the case of gA[nH, we define the varieties A(v,w), A(v,w)* and L(v,w) by

replacing Av by Ay in the above.
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3.3 The Lie Algebra Action

We summarize here some results from [21] that will be needed in the sequel. See this
reference for more details, including proofs. We keep the notation of Sections 3.1
and 3.2 (with g arbitrary).

Let w,v, v, v' € leo be such that v = v’ + v”. Consider the maps
AWV",0) x AV, w) & F(v,w;v") B F(v,w;v") 2 A(v, w), (3.1)

where the notation is as follows. A point of F(v,w;v") is a point (z,j) € A(v,w)
together with an I-graded, xz-stable subspace S of V such that dimS =v' =v —v”.
A point of F(v,w;v") is a point (z,7,S) of F(v,w;Vv") together with a collection
of isomorphisms R} : V] = S, R/ : VI = V, /S, for each ¢ € I. Then we define
palw,5,8, R, RY) = (2,5,9), po(,,S) = (2,7) and py(s, 1,8, B, R") = (a",2',)

where 2,2/, j’ are determined by

Rin(h)x/h - th/ (h) : V(/)ut(h) - Sin(h)7

out
Ji =Jilt; : Vi = W,
R{;(h)xlé = thgut(h) . V/olut(h) — Vian)/Sinn)-
It follows that 2’ and z” are nilpotent.
Lemma 3.3.A ([21, Lemma 10.3]).

(p3 0 p2) " (A(v, w)™) C pr ! (A(V",0) x A(V/, w)™).

Thus, we can restrict (3.1) to A®, forget the A(v”,0)-factor and consider the

quotient by Gy, Gvys. This yields the diagram
LV, w) & Fv,wyv—v) 2 L(v,w), (3.2)
where
F(v.w,v =) € {(2,5.8) € F(v.wiv = V) | (2.5) € A(v, w)"}/Gv.
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Let M(L(v,w)) be the vector space of all constructible functions on £(v,w). For
a subvariety Y of a variety A, let 1y denote the function on A which takes the value
1 on Y and 0 elsewhere. Let x(Y) denote the Euler characteristic of the algebraic
variety Y. Then for a map 7 between algebraic varieties A and B, let m denote the

map between the abelian groups of constructible functions on A and B given by
m(ly)(y) = x(r"(y) NY), Y C A

and let 7* be the pullback map from functions on B to functions on A acting as

™ f(y) = f(7(y)). Then define

H; : M(L(v,w)) — M(L(v,w)); H;f =uf,
E;: M(L(v,w)) — M(L(v—¢€',w)); Ef=(mh(msf),

Fi: M(L(v — e, w)) = M(L(v,w)); Fig = (m)i(m]g).

Here

u="(ug,...,u,) =w-—Cv

where C' is the Cartan matrix of g and we are using diagram (3.2) with v/ = v — €
where e’ is the vector whose components are given by €, = ;.

Now let ¢ be the constant function on £(0,w) with value 1. Let L(w) be the
vector space of functions generated by acting on ¢ with all possible combinations of

the operators F;. Then let L(v,w) = M(L(v,w)) N L(w).

Proposition 3.3.B ([21, Thm 10.14]). The operators E;, F;, H; on L(w) provide
the structure of the irreducible highest weight integrable representation of g with high-
est weight w. Each summand of the decomposition L(w) = @, L(v,w) is a weight

space with weight w — C'v.

Let X € Irr L(v, w) and define a linear function T'x : L(v,w) — C as in [16, 3.8].

Tx associates to a constructible function f € L(v,w) the (constant) value of f on a
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suitable open dense subset of X. The fact that L(v, w) is finite-dimensional allows
us to take such an open set on which any f € L(v,w) is constant. So we have a

linear map

®: L(v,w) — CImEVw),

The following is proved in [16, 4.16] (slightly generalized in [21]).

Proposition 3.3.C ([21, Prop 10.15]). ® is an isomorphism; for any X € Irr L(v, w),
there is a unique function gx € L(v,w) such that for some open dense subset O of X
we have gx|o = 1 and such that for some closed Gv-invariant subset K C L(v,w)

of dimension < dim L(v,w) we have gx = 0 outside X U K. The functions gx for

X € Irr A(v,w) form a basis of L(v,w).

3.4 Level One Representations

We now seek to describe the irreducible components of Nakajima’s quiver variety. By
the comment made in Section 3.2, it suffices to determine which irreducible compo-
nents of A(v,w) are not killed by the stability condition. By Definition 3.2.A and
Lemma 3.2.D, these are precisely those irreducible components which contain points
x such that

dim (ker z;_; 1 Nker z;11.;) < w; Vi. (3.3)

We first consider the basic representation of highest weight Ay where Ag(a;) =
d0;. This corresponds to w = w’, the vector with zero component 1 and all other

components equal to zero.

3.4.1 Type Ay

Consider the case where g is of type A,. Let ) be the set of all Young diagrams. That
is, it is the set of all weakly decreasing sequences [l ..., (| of non-negative integers

(l; =0forj >s). ForY =[ly,...,ls] € Y, let Ay be theset {(1—i,l;—i) |1 < i < s}.
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Theorem 3.4.A. The irreducible components of L(v,w") are precisely those X;

where f € Z3 such that
{(K', k) [ f(K' k) =1} = Ay

for someY € Y and f(K', k) =0 for (k',k) & Ay. Denote the component correspond-
ing to such an f by Xy. Thus, Y < Xy is a natural 1-1 correspondence between the

set Y and the irreducible components of U, L(v,w?).

Proof. Consider the two representations (Vo (k], k1), oo (K], k1)) and (Vo (K5, k2), Zoo (Kb, k2))
of our oriented graph as described in Section 3.1 where the basis of V. (ki k;) is

{e! | ki <r < k;}. Let W be the conormal bundle to the Gy-orbit through the point
v = (Zn)heq = Too (K1, k1) © Too (K, k2) € Eve (k) k)evac (ko). 0
By Proposition 3.1.G, = = (zq,zq) = (n)hren is in W if and only if
Tit1—iTit1e—i = Ti—i—1Ti—i—1

for all 7.
Let el = 0 for r < k] or 7 > k;. Now, z,11,(e2) = c.el,, for some ¢, € C since
Ty11,(€?) can have no e, component by nilpotency. Suppose that k] <r+1 < k;

and ¢, # 0 (that is, 1 .(e?) #0) . Then if r +1 > kI,

xr«—r—l(eg—l) = xr<—r—1xr—>r—1(ez) = Ir—&-l—wl‘r—&—h—r(eg) = Cr671~ 7é 0.

In particular, €2 _; # 0 and so r — 1 > k. Continuing in this manner, we see that
Ty, —rg—1(€fy ;) # 0 and thus & < k.

Now, if r + 1 < ko then

Tr42—r4+1Tr42r+1 (634-1) = xr+1<—T177’+1—>T<€%+1) = xr+1<—r<ev2~) # 0.

Therefore, z,1o0y41(e21) # 0. But 2,40.,41(e2, ;) must be a multiple of e}, as
above. Thus we must have r + 2 < ky and @49 ,41(€2,,) # 0. Continuing in this

manner we see that ko < k1. Refer to Figure 3.1 for illustration.
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1 1 1 1 1 1 1 1 1
€ G S S G, Sgn Sige S S

ey LLLLLST

2 2 2 2 2 2 2 2 2
&, g G2 S B G S S S

Figure 3.1: If 2,41 ,.(€?) # 0 for some r, the commutativity of the above diagram
forces kl, < Kk} and ky < k;. Vertices represent the spans of the indicated vectors.
Those aligned vertically lie in the same V;. The arrows indicate the action of the
obvious component of x.

Now, let x lie in the conormal bundle to the point

S

B x(k K +1;— 1) € Eay veoisi-n.a- (3.4)

i=1
We can assume (by reordering the indices if necessary) that &k} > k) > --- > k.. Now,

by the above arguments, z,;1.,(€’) must be a linear combination of {e’,,};<;. Thus
1
ey € ker Tp g1 N ker Th 11k, -

By the stability condition, we must then have k] = 0 and there can be no other

ei

' in kerz,_,_1 Nkerz,;1., for any r. Now, by the above considerations, ezé is in

/ L/ 2 : :
ker g1 Mkerxy 1oy unless &y + 1 = k) and 5Ek’1<—k§(€k/2) is a non-zero multiple
of ¢,. Continuing in this manner, we see that we must have k/,, +1 = k] and
1

xk&—kéﬂ(eg:l) = cieffg # 0 for 1 < i < s—1. Then by the above we must have

kiv1 < k; for 1 <i <s—1. Setting l; = k; — k} + 1 the theorem follows. O

The Young diagrams enumerating the irreducible components of £(v, w®) can be
visualized as in Figure 3.2. Note that the vertices in our diagram correspond to the
boxes in the classical Young diagram, and our arrows intersect the classical diagram
edges.

For the level one A, case, it is relatively easy to compute the geometric action
of the generators Ej and Fy, of g. We first note that for every v, £(v,w?) is either
empty or is a point. It follows that each Xy is equal to £(v, w’) for some unique v

which we will denote vy.
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Figure 3.2: The irreducible components of £(v,w’) are enumerated by Young dia-
grams. The top line is the Dynkin graph of type A.. The other horizontal lines
represent o (k’, k) where k' and k are the positions of the leftmost and rightmost
vertices.

Lemma 3.4.B. The function gx, corresponding to the irreducible component Xy

where Y € Y is simply 1x,,, the function on Xy with constant value one.

Proof. This is obvious since Xy is a point. O
Proposition 3.4.C. Filx, = 1x,, where vy = vy + ek if such a Y' exists and
Filx, = 0 otherwise. Eylx, = lx,, where vyn = vy — e’ if such a Y exists and

Eilx, = 0 otherwise.

Proof. Tt is clear from the definitions that Fylx, = c¢11x,, and Exly, = c1x,, for
some constants ¢; and ¢y if Y/ and Y exist as described above and that these actions

are zero otherwise. We simply have to compute the constants c¢; and cs.

Fily, (z) = (m)imi1x, (2)
=x({S|S is z-stable, z|s € Xy })
= x(pt)

=1

if z € Xy where vy, = vy + e* and zero otherwise. The fact that the above set is
simply a point follows from the fact that Sx must be the sum of the images of x; such

that in(h) = k. Thus ¢; = 1 as desired.
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Note that if there exists a Y’ such that vy, = vy + e* then there cannot exist a

Y" such that vy» = vy —e* and vice versa. Therefore if such a Y exists, Fyly, = 0

and so

Hylx, = By, Fillx, = —FEplx, .
One can easily check that Hyly, = —1x, if a Y” exists as described above and thus
FyEylx, = 1x,. It then follows from the above that we must have cy = 1. O

The above action of the type A, Lie algebra in the space spanned by a basis
indexed by Young diagrams is well known in a purely algebraic context (see e.g.
[10]).

Remark 3.4.D. All the results of this section can be repeated with minor modifica-
tions for fundamental representations of finite-dimensional Lie algebras of type A,.
In this case, the bases of fundamental representations will be enumerated by Young
diagrams of size bounded by an m x (n + 1 — m) rectangle, where m = 1,2,...,n is
the number of the fundamental representation. Note that the same Young diagrams
also naturally enumerate the Schubert cells of the Grassmannians Gr(m,n + 1) for

type A, or the semi-infinite Grassmannian for type A.,.

3.4.2 Type AS)

Let Y, be the set of all Young diagrams [ly,..., ] satisfying l; > 14, for all i =
1,....,s (l; =0for j > s). For Y = [l,...,l5] € Yy, let Ay be the set {(1 —i,{; —

)| 1<i<s)

Theorem 3.4.E. The irreducible components of L(v,w°) are precisely those X;

where [ € Zy such that
{(K",k) | f(K' k) =1} = Ay

for some Y € Y, and f(k',k) =0 for (K',k) € Ay (up to simultaneous translation

of K and k by n+ 1). Denote the component corresponding to such an f by Xy.
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Thus, Y < Xy is a natural 1-1 correspondence between the set Y, and the irreducible

components of Uy L(v, w").

Proof. The argument is exactly analogous to that used in the proof of Theorem 3.4.A.

We need only note that a point in the conormal bundle to the orbit through the point

S

Zl‘(k;, k; + ll — 1) € EEBf:1V(k;7k§+li—1),Q (35)
i=1

lies in Ay (v,w?) if and only if I; > l;,,, foralli =1,...,s (I = 0 for i > s) by the

aperiodicity condition. O

Note that Nakajima’s construction yields an action of the Lie algebra on the basis
{9x, }yey, of the basic representation. However, this action is not as straightforward

to compute as in the A, case and will be considered in a future work.
3.4.3 gl,., Case
We define Ay for Y € Y as in Section 3.4.1.

Theorem 3.4.F. The irreducible components of ﬁ(v,wo) are precisely those Xy

where f € Zy such that
{(K',k) | f(K' k) =1} = Ay

for some Y € Y and f(K',k) = 0 for (K',k) & Ay (up to simultaneous translation
of kK" and k by n + 1). Denote the component corresponding to such an f by Xy.
Thus, Y < Xy s a natural 1-1 correspondence between the set ) and the irreducible

components of Uy L(v, wP).

Proof. The argument is exactly analogous to that used in the proof of Theorem 3.4.A.

O

As noted in Section 3.1.3, since gA[n 41 1s not a Kac-Moody algebra we need to

modify Nakajima’s construction of highest weight representations. Note that for
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any n, the difference between é\[n 41 and ;[n+1 is the same Heisenberg algebra é\[l.
The representations of Heisenberg algebras in the context of geometric representation
theory were first constructed by Grojnowski [9] and Nakajima [22] (see [24] for a
review). However, it is not obvious how to adapt this representation theory to the
new quiver varieties Z(V, wY), obtaining the desired commutation relations with the

generators of 5A[n+1- This problem will be considered in a future work.

3.5 Arbitrary Level Representations

3.5.1 Type Ay

We first recall some definitions of [4]. A Maya diagram is a bijection m : Z — Z
such that (m(j));<o and (m(j));>0 are both increasing. For each Maya diagram there
exists a unique 7 € Z such that m(j) — j = v for |j| > 0. This + is called the charge
of m. We denote the set of Maya diagrams of charge v by M[y]. For m € M[y] we
let

mlr] = (m(j) +7)jez € My +r].

We can visualize a Maya diagram by a Young diagram. Consider a lattice on the
right half plane with lattice points {(i,j) € Z*|i > 0}. Each edge on the lattice is
oriented, starting at (¢,j) and ending at (i + 1,5) or (i,j + 1) and is numbered by
the integer ¢ + j. A path on the lattice is a map e from Z to the set of edges on the
lattice such that e(j) has number j and the ending site of e(j) is the starting site of
e(j+1). To each Maya diagram of charge v, we associate the unique path satisfying

the following conditions.
1. For j < 0, e(j) is the edge from (0, j) to (0,5 + 1),
2. The edge e(m(j)) is vertical (resp. horizontal) if j < 0 (resp. j > 0).

Note that these conditions imply that for j > 0, e(j) is the edge from (j — v,7) to

(j —v+1,7). See Figure 3.3.
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2
1
5 6 7
0 4
3
-2 1
0
-3 -1
3 2
-4
-5
Figure 3.3: The Maya diagram corresponding to  (m(j));>0 =

(—3,-2,0,3,5,6,7,...), (m(j))j<0 = (..., —6,—5,—4,,—1,1,2,4).

Such a path divides the right half plane into two components. The upper half is an
infinite Young diagram %) which consists of a quadrant and a (finite) Young diagram
Y attached along a horizontal line at height . Thus the set of Maya diagrams are in

one to one correspondence with the set of pairs (Y,7) where Y € ) and v € Z.

Lemma 3.5.A ([4]). Let m € M[y], m' € M[], and let ), Y’ be the corresponding

infinite Young diagrams. Then the following are equivalent.
1. m(j) < m'(j) for j >0,
2.7y <~ andm(j —~) =m'(j =) for j <,
3. 9209

We put a partial ordering on the set of Maya diagrams by letting m < m/ if the
conditions in Lemma 3.5.A hold.
Letw=A=A, +...A,, where y; <--- <~ and the A; are fundamental weights

of g. Let w € (Z>0)% (that is, w is function from Z to Zsq) be the vector with i
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component equal to the number of v; equal to ¢. Let
MIA] = M[n] x - x M[y].

For Y = [ly,...,ls] € Y, let A} be the set {(y +1—i,v+1;—i)|1 <i<s}. For
M = (Yi,m),---,(Y,m)) € M[A], let Ay = UL A} and let fi € Z* be the
function such that f(k', k) is equal to the number of times (k’, k) appears in the set
A

Theorem 3.5.B. The irreducible components of L(v,w) are precisely those Xy where
f = fu for some M € M[A]. Denote the component Xy,, by Xpy. M — Xy is a

natural 1-1 correspondence between the set
{(my,...,my) € M[A]|my < - <my}
and the irreducible components of Uy L(v, W).

Proof. Recall that irreducible components of £L(v, w) are the closures of the Gy-orbits
(or isomorphism classes) in Ey o and that there is a representative of each orbit of

the form

T = @ Too (K, k) (3.6)

(k'<k)eK

for some finite set of pairs K. By picturing z(k', k) as the string of vertices k', ¥’ +
1,...,k, we can represent such an x by a set of finite strings of vertices corresponding
to the various (%', k) appearing in (3.6). We call the number of vertices in a string
its length. Each vertex of a string represents a basis vector of V with degree given
by the location of the vertex. The action of x maps each of these basis vectors to the
basis vector corresponding to the next (one lower) vertex in the string (or to zero if
no such vertex exists). See Figure 3.4.

It is then a straightforward extension of the proof of Theorem 3.4.A that the

allowable sets of strings are precisely those that can be grouped into subsets, one
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-5 -4 -3 -2 -1 0 1 2 3 4 5
eee 00— —0—0—0—0—0—0—0—0—0— oo

—eo—0—0 X (14)
—o—0 x-(02)
*—@ X (-1,0)
® Xoo(-2,-2)
*——0 x(-11)
—0 x(-2,-1)

® X (-3,-3)

Figure 3.4: The strings associated to some = € Ev . The top line is the Dynkin
diagram of type A..

for each ~;, such that the subset corresponding to ~;, when ordered by decreasing
leftmost vertex, has weakly decreasing lengths, the first leftmost vertex is ; and the
leftmost vertices decrease by one as we move through the subset in order (by leftmost,
we mean the vertex with the smallest index). This is precisely the first claim of the
Theorem.

It is easy to see that many different M € M[A] may correspond to the same

irreducible component. For example, for A = A_; + Ay, both

M = (([3,2,1],-1), ([4,3,2,1],1)), and

M' = (([27 1]7 _1)7 ([4’ 3,3,2, 1]7 1))

belong to M[A] and correspond to the set of strings shown in Figure 3.4 (and hence
to the same irreducible component). However, we can associate a unique M € M[A]
to each set of strings described above as follows. Associate to y; the longest string
with leftmost vertex ~; and remove this string from the set. Now do the same for
2, etc. When we have associated a string to v;, we start again at +; but this time
select the longest string with leftmost vertex v; — 1 and so forth. If at any point,
there is no string to associate with a given ;, we remove this v; from further steps.
In this way we associate to each ~; a sequence of strings of weakly decreasing length

(by our condition on the possible sets of strings) with leftmost vertices decreasing by
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one. The lengths of the strings associated to v; give a Young diagram Y; and we set
m; = (Y;,7;). By construction, the length of any string associated to ~; is greater
than the length of a string with the same left end point associated to v; for j > 1.
This immediately yields the condition m; < --- < m;. Our construction thus gives

us the one to one correspondence asserted in the Theorem. O

Note that the enumeration of the irreducible components given in Theorem 3.5.B

matches that of Proposition 4.6 of [4].

3.5.2 Type AV

We now consider the case where g is of type Ag). For an element M = (mq,...,my) €
MIA], let Ry be the set (with multiplicity) of pairs (7, l;) where [; is the length of a
row with top edge having y-coordinate 7 belonging to one of the m;. We say that M

is n-reduced if

{(k+1,0)|0<i<n}Z Ry

for all £ and (.
Define fy; for M € MJA] as in the previous section (except that now our pairs

are defined only up to simultaneous translation by n + 1).

Theorem 3.5.C. The irreducible components of L(v,w) are precisely those Xy where
[ = fu for some n-reduced M € M[A]. Denote the component Xy,, by Xyr. Then

M «— Xy is a natural 1-1 correspondence between the set
{(my,...,my) € MIA]|my < -+ <my <myn+ 1], M is n-reduced}
and the irreducible components of Uy L(v, W).

Proof. Each irreducible component corresponds to a set of strings as in the proof of
Theorem 3.5.B with the added condition that we cannot have n + 1 strings, each

of the same length, with left end points the n + 1 vertices of our quiver. That is,
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we must have that M is n-reduced. Note that the process described in the proof of
Theorem 3.5.B yields m; = (Y, ;) satisfying m; < --- < m; < my[n + 1] as desired.

The Theorem follows. O

Again, as noted in Section 3.4.2, Nakajima’s construction yields an action of the
Lie algebra on the bases {gx,, } of the irreducible representations in both the A, and

ALY cases which is more difficult to directly compute than in the level 1 A, case.

3.5.3 é\[m_l Case

Theorem 3.5.D. The irreducible components 0f£~(v, w) are precisely those Xy where
f = fu for some M € M[A]. Denote the component Xg,, by Xpr. Then M «— Xy

18 a natural 1-1 correspondence between the set
{(my,...,my) € M[A]|my < - <my <my[n+1]}
and the irreducible components of UyL(v, w).

Proof. The argument is the same as the proof of Theorem 3.5.C except that we do

not have the aperiodicity condition and thus do not require that M is n-reduced. [

Note that the enumeration of the irreducible components of Uvﬁ(v, w) given by
Theorem 3.5.D is the same as that given by Proposition 4.7 of [4] for a spanning
set of the dual to the irreducible highest weight representation of gA[n +1- In order to
extend the geometric construction of highest weight representations of ;[n—f—l to é\[n 41
for an arbitrary level, one would need a representation of the Heisenberg algebra as
discussed in Section 3.4.3. Here one might use the construction of the Heisenberg
algebra by Baranovsky [1] that generalizes the Grojnowski/Nakajima construction to

higher levels.

Remark 3.5.E. One can also give a geometric interpretation of the full Fock space of

[4] with basis indexed by M[A] via the “smooth” Uj-instanton moduli space LI, M (r,[)
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which has the same generating function for cohomology (see e.g. [24], Chapter 5) as
the full Fock space with the basis M[A]. The types AD or Ay are reflected in the
respective action of the groups Z/(n+1)Z or C* on the moduli space, and 71, ...,7; is

the set of one-dimensional representations of these groups that determine this action.

3.6 A Comparison With The Path Space Repre-
sentation

The authors of [3] constructed the basic representation of AV on the space of paths.
In [4], this path realization is generalized to arbitrary level. We now compare the
geometric presentation L(v, w) with theirs. We will slightly modify the definitions of

[3] to agree with the more general definitions of [4].

3.6.1 The Level One Case

A basic path is a sequence p = (Ao, A1, ...) of integers \; € {0,1,...,n}. The basic

path

(7)j>0=1(0,1,...,n,0,1,...,n,...)

is called the ground state. Here k for k € Z signifies the unique integer such that

0<k<mnandk=kmodn+1. Let
Py={p= (Ao, A1,...) | \; = j for all but a finite number of j}.

For a basic path p = (Mg, A1,...) € Py, let

w(p) = Zi(H()\i, Aip1) — H(1,i+ 1)),

=1

HOW ) = 0 ifA<up
I Az

where

Basic paths in P, can be labeled by Young diagrams as we now describe. The set

M]0] is in one to one correspondence with the set of strictly increasing sequences of
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integers m = (m(0), m(1),...) such that m(j) = j for j large and

#{7 | m(j) <0} =#({0,1,2,...} = {m(j) | m(j) = 0}).

Such a sequence represents the Young diagram of signature |[...3"32"21"| where r; =

m(j) —m(j — 1) — 1 and vice versa. To a Maya diagram m = (m(0),m(1),...) € Y,

we associate the basic path p = (m(0),m(1),...) € P,. Then the ground state cor-
responds to the empty Young diagram ¢. In the sequel, we will identify n-reduced
Young diagrams (that is, elements of }),,) and basic paths via the above correspon-
dence.

For Y =[l1,...,ls] € Yy, let

s

Ap(Y) =0(k,—s)+ > (8(k, 1 —i+1) = d(k,1; — ).

i=1

Proposition 3.6.A. Hygx, = Ap(Y)gx, -

Proof. Let Y =[ly,...,l,]. Then gx, € L(v,w") where

v=dm@H V(1 —il—i)
=1

Recall that the weight of the space L(v,w") is
(ug, ..., up) =w" — Cv

and thus Higx, = urgx, with

s li—1
u, = Ao(ax) — Z Z (a, a7)
= 6(k,0) — Z z_: (26(k,1) — 6(k,1 — 1) — 6(k,1 + 1))

= 0(k,0) = > (8(k, 1 — i) — 6(k, —i) + 0(k, l; — i) — 6(k, 1; — i + 1))

i=1
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S

=0(k,—s)+ Y (0(k, L —i+1) = 6(k,1; — 1))

=1

= AL(Y).

Proposition 3.6.B. d(gx,) = —w(Y)gx, -

Proof. We first compute the left hand side. It is obvious that

d(ng) = _Vong

where Xy C L(v,w"). Consider the representation (V(¥', k' +1—1),z(k, k' +1—1))

where [ = (n 4+ 1)a + b with 0 < b < n. Then

= dim V(K K +1— 1),

1 ifk—-14+b>n
0 ifk—1+b<n

Thus, for Y = [ly,...,l] € Y, where [; = (n + 1)a; + b; with 0 < b; < n,
. 1 if—i+b>n
Vg = a; + .
’ ZZI ( {0 otherwise )
We now show that this is equal to w(Y'). Let Y; = [I1,...,{;] for 0 < i < s where
= ¢ and let (A}, \},...) be the corresponding basic path. Then the first [; positions

of the basic path corresponding to Y;_; are

T=4T—-i+1,...,n,0,1,...,n,0,1,....n,...,0,1,...,n,0,1,....b; —4).

Here there are a; repetitions of 0,1,...,n if i —1 < b, and a; — 1 repetitions if
i—1>b

The first [; positions of the basic path corresponding to Y; are simply obtained
from the above by lowering all the entries by 1 (interpreting -1 as n). The entries
of Y; and Y;_; numbered [; + 1 and above are equal. Then by considering the cases
1—1<b; and i — 1> b;, we see that
1 if—i+b>n

0 otherwise

Zﬂ /\;v)‘;—l-l H()‘Z 1»/\;+11)) =a; + {
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and the result follows. O

Theorem 3.6.C. gx, — Y is a weight-preserving vector space isomorphism between
the geometric presentation L(w°) of L(Ag) and the basic path space representation

gien in [3].

Proof. This follows directly from the previous two propositions and the action of the

H; and d given in [3]. O

3.6.2 Arbitrary Level

—th
We first recall some definitions of [4]. Let ¢, = (0,... ,Ml ;oo 0)for 0 < pu<n

denote the standard basis vectors of Z"™!. We extend the indices to Z by setting
€u+nt1 = €. Fix a positive integer [ (the level of our representation). A path is a
sequence 1 = (n(k))r>o consisting of elements n(k) € Z"* of the form €, + -+ +
€ k) With gy (k), ..., (k) € Z. To alevel [ dominant integral weight A = A, +... A,

is associated the path

A = (nA(k)>k207 77A(k5) = €y +k + -+ €Eyp+k-

n is called a A-path if (k) = na(k) for £ > 0. The set of A-paths is denoted by
P(A). Define the weight A, of n by

Ap= A=Y w(n(k) = na(k) —w(n)s

where

win) =Y k(Hn(k = 1),n(k)) — H(na(k = 1),na (k).

Here 4 is the null root and 7 is the Z-linear map from Z"*! to the weight lattice of the
Lie algebra of type AP such that m(ey) = Ay — A, (here A, 11 = Ag). The function
H is defined as follows: if « =€, +---+¢, and B =¢€,, +- -+ €, (0 < p;,v; <n),

then



where 5; is the permutation group on [ letters, and

Q(M):{l if 1 >0

0 otherwise

Note that we have redefined the notation w and H of subsection 3.6.1. However,
our new definitions reduce to the old ones in the case A = Ay and so, to avoid a
proliferation of notation, we denote the new functions by the same symbols.

Let n be a A-path. An element M = (my,...,m;) € MJA] is called a [ift of n if
and only if

my < - <my < myr] (3.7)

and
(k) = €my) + -+ €my()- (3.8)
If M =(mq,...,m) and M' = (m},...,m)) are lifts of a A-path n then we say
MZM’ifandonlyifijm;- for 1 <j <L
Recall the definition of Rjs given in Section 3.5.2. For M, M’ € MJA], we say
that M is an n-reduction of M’ if Ry, is obtained from Rj; by the removal of sets of

the form {(k +,1)| 0 <i < n} for some k and [.

Proposition 3.6.D. Suppose M = (my,...,my) is an n-reduction of M' = (m/, ..., m))

andmy < ..., <my <myn+1], m| <--- <mj <mi[n+1]. Then M and M’ are

lifts of the same path and M > M’.

Proof. Recall the construction in the proof of Theorem 3.5.B. Note that choosing
arbitrary strings instead of the longest string at each step will not change the values of
the right hand side of (3.8) (for any k). Thus, let us form M” = (mf{,...,m}) € M[A]
from the same strings comprising M’ but where one of the m contains the entire set
of strings of the form {(k +4,1)|0 < i < n} which is removed from R, to obtain
Ry;. Now, removing this set of strings from M” simply amounts to removing this set
from m. But this just cuts an (n + 1) x [ square out of the Maya diagram m! and

shifts the part of the diagram below the cut up n + 1 units. See Figure 3.5.
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Figure 3.5: Removing an (n + 1) x [ square from a Maya diagram (here n = 2 and
[ = 4). Notice that the enumeration of the horizontal edges does not change mod
(n+1).

Since €,1n41 = €,, the right hand sides of (3.8) for M’ and M" are the same.
However, M is simply obtained from M” by applying the procedure of Theorem 3.5.B

to the strings of M” and as mentioned above, this does not change the right hand
sides of (3.8). Thus M and M’ are lifts of the same path.

To show that M > M’, note that by the construction in the proof of Theo-
rem 3.5.B, M is uniquely determined by R,;. Now, we obtain R, from R,y by
removing a set of the form {(k +4,1) |0 < i < n} for some k and [. Thus, at each
stage in our construction of M, we chose a string of length less than or equal to the

string chosen in the construction of M’. Thus we have that M > M’. O

Proposition 3.6.E ([4]). For each A-path n there exists a unique highest lift M of
n such that M > M’ for any lift M’ of n.

Corollary 3.6.F. The set
{M = (mq,...,my) € M[A]| M is n-reduced, my < --- <my <my[n+1]}
is precisely the set of highest lifts of paths in P(A).

Let M, be the n-reduced element of M[A] corresponding to n € P(A) and let g

be the affine Lie algebra of type AV Define
P(A)u = {n € M[A][ A, = p}.
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In [4], the authors introduced a basis {, |n € P(A),} of the u weight space of the
restricted dual of the highest weight representation of g of highest weight A [4, Thm
5.4]. The weight of &, is A, [4, Thm 5.7].

Theorem 3.6.G. 9Xus, &y is a weight-preserving vector space isomorphism between

the geometric presentation L(w) of L(A) and the path space representation of [4).

Proof. The fact that we have a vector space isomorphism follows from Proposi-

tion 3.6.E and Corollary 3.6.F. It remains to show that the map is weight-preserving.

The definition of a path agrees with the definition of a basic path when A = Ay and

the weights are the same in this case. Thus we have the result for A = Ay from the

previous section. Then the result for arbitrary level one representations follows easily.
Now, if

M’Z = ((Y17/71)7 tr (Yla’yl))

and V' is the space corresponding to the strings (see the proof of Proposition 3.5.B)
of (Y;,7:) (that is, its dimension in degree j is equal to the number of vertices of these
strings that are numbered j) then the weight of gy, is

l

> (A, = dim V)

i=1
where dim V* is identified with an element of the root lattice as in Section 3.1. But this
is equal to Zi:l A, where (Y7, ;) is a lift of n; by the level 1 result. By Proposition 5.6
of [4], this is A, as desired. O
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