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Introduction

In a remarkable series of work starting in [N1], Nakajima gives a geometric realization
of integrable highest weight representatidhof a Kac—Moody algebrgin the homology
of a certain Lagrangian subvariefi(1) of a symplectic varietyM (1) constructed from
the Dynkin diagram ofy (the quiver variety). In particular, in [N3], he realizes the tensor
productV; ® V,, as the homology of a “tensor product varief§(x, i) C M(x + w) (the
same construction also appears independently in [M]). Whisrsimple, one might ask if
a similar construction can produce ttusion tensor product¥), ®; V,,, certain truncations
of Vi, ® VM'

In this short note, we answer this question affirmatively wiea slo. In this case,
Vi @1V, is realized as the homology of the most natural subvarigliés, u) C L(A, 1)
(see Section 3). We also consider the case of a tensor product of arbitrarily sfaany
modulesVy,, ..., Vs, . Finally, we give a combinatorial description of the irreducible
components of; (&, ) (@andL; (A1, ..., A,)) using the notions of graphical calculus and
crossingless matches fel, (see [FK] and [S]). We do not expect these constructions to
generalize to Lie algebras of higher rank.

1. Fusion productsfor U (sly)

1.1. Let R denote the category of finite-dimensios&l-modules, and for > 0 let V;
denote the simple module of highest weight.et C[R] be the Grothendieck ring dR
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and let[V'] denote the class of a module We have

i+j i+j
VieVi~ P V. Wil-IVil= Y W, fori<j,
k=j—i k=j—i

where in the sums increases by twos.
1.2. Now let us fix some positive integée N. Consider the quotient
Ci[R] = CIR]/[Vi+1IC[R].

Denoting by{V]; the image of V] in C;[R], we haveC;[R] =C[Vo]; & - - - ® C[V;];, and

min(i+j, 2 —i—j)

Vievii= ) V. fori<j<L
k=j—i
We also set
min(i+j,2l—i—j)
vierVi= @ Wi fori<j<l
k=j—i

Again, in the above sums,increases by twos. The rifg[R] appears in conformal field
theory (as the Grothendieck ring of the modular category of integraplenodules of
levell) and in quantum group theory (as the Grothendieck ring of a suitable quotient of the
category of tilting modules ovéV, (sl2) whene is an/th root of unity).

2. Lagrangian construction of U (sl5)

We briefly recall Ginzburg’s construction of irreducible representationdoin the
homology of certain varieties associated to partial flag varieties (cf. [G]). We use the (in
this case equivalent) language of quiver varieties (cf. [N2]).

21 Let v,w € N and letV and W be C-vector spaces of dimensions and w,
respectively. Consider the space

M, w)={G, j)|ij =0; kerj={0}} C Hom(W, V) & Hom(V, W).
We let GL(V) act onM (v, w) via g - (i, j) = (gi, jg~1). This action is free and we set
M, w) =M (v, w)/GL(V). The assignmen, j) — (ji, Im j) defines an isomorphism

betweenM (v, w) and the variety

Foaw={1, Vo) | VoC W, dimVo=v, Ims C Vo Ckert} C Nw x Gr(v, w),
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whereNy is the nullcone ofl(W) and GKv, w) is the Grassmannian efdimensional
subspaces i. We will denote byr : M (v, w) — Ny, the projection(i, j) +— ji. For
anyt € Ny such that?2 = 0 we setM (v, w); = 7~ 1(t) and M(w); = L], M, w);.

In particular, we set’(v, w) = 7 ~1(0). Observe thai(v, w) is just Gv, w) and that
M(v, w) is isomorphic to the cotangent bundle 6fv, w). We have dimM (v, w) =

2dimL(v, w) = 2v(w — v). Forvy, v2, w € N we also consider the variety of triples

Z(v1, v2, w) = {((i1. j), (2, j2)) | jrir = jeiz} C M(v1, w) x M(v2, w).
Then dimZ (v1, v2, w) = vi(w — v1) + v2(w — v2).

The formw((, j), (i’, j))) = Try (ij’ —i'j) defines a symplectic structure gl (v, w),
for which the varietyL(v, w) is Lagrangian. EquipM (v1, w) x M (v2, w) with the
symplectic formw x (—w). Then Z(v1, v2, w) is also Lagrangian. Let denoté(w) =
Ly, vy Z (01, v2, w).

2.2. For any complex algebraic varie® we let H.(X) be the Borel-Moore homology
with coefficients inC, and setHop(X) = Ho¢(X) whered = dimX.

Let p;; : M(v1, w) x M(v2, w) x M(v3, w) = M(v;, w) x M(v;, w) be the obvious
projections. The map

P13: Pl_zl(Z(vl, v2, w)) N Pz_gl(Z(vz, v3, w)) = Z(v1, v3, w)
is proper and we can define the convolution product
H;i (Z(v1, v2, w)) ® Hj(Z(v2, v3, w)) = Hiyj—a,(Z(v1, v3, w)),
c®c — p1a (Piz(c) N ng(cl)),
where d2 = 4dva(w — v2). In particular, this gives rise to an algebra structure on
Htop(z(w)) = GBUlsUZ Htop(Z(UL v2, w)).
Now lets € Ny such that? = 0. The projection
p1:Z(v1, v2, w) N py (M2, w);) > M(ve, w);
(wherep1 and p» are the obvious projections) is proper and the convolution action
Htop(Z(Ul, v2, w)) ® Htop(M(UZ, w)t) - Htop(M (v1, w)t),
c®c' > pr(cn ps(c))
makeSHtop(M(U));) = ®U Htop(M(U, U))t) into aHtop(Z(U)))'mOdule.

Theorem [G]. There is a natural surjective homomorphism @ : U (sl2) — Hiop(Z(w)).
Under @, the module Hiop(M (w),) isisomorphicto V,,_p, where u = ranks.
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2.3. We now give the realization of tensor products BGfslz)-modules. Letw =
w1+ -4+ w, and fixW =Wy & --- ® W, with dimWw; = w;. Let Wo = 0. The group
GL(W) acts onM (v, w) by g - (i, j) = (ig~ %, gj). Consider the embedding

o (CH I ]_[ GL(W;) C GL(W),
i=1

-1 ,-1.-1 -1 -1
(2,13, ) > (Id, 15 5 1y gty ).

Then, for eachv, we have (see, e.g, [N3, Lemma 3.2])

M@, w)’ = |_| Mg, wy) x -+ X M(vr, wy).
vt tu=v

Consider the subvarieties
MW, w1, ..., wy) = {x e M(v, w) |im0c7(t2, o) ex eXiStS},
1i—
Ny (w, ..., w,) = {t e Nw ‘ |im0cr(t2, co b))t exist:%.
ti—

For x e M(v,wy,...,w,), let us setr(x) =lim,_o0(t2,...,t) - x. We definer(r)
similarly fort € Ny (w1, ..., w,). Now consider

E(v,wl,...,wr)z{xe/\/l(v,wl,...,wr)

T(x) € 1_[[:(11,', w;) for some(v,-)}.

1

SetL(wy, ..., w,) =], L(v, w1, ..., w,). Note thatL(wa, ..., w,) = 7~ 1(r~1(0)) so
that we have an action dffiop(Z(w)) on Hiop(L(wy, ..., w,)). Moreover, it is easy to
check thatC(ws, ..., w,) is Lagrangian. Note thaf (w1, ..., w,) is isomorphic to the
variety

{@t. Vo) | VoCc W, ImzC VoCkerr, t(Wj) CWo&--- @ Wj_1, 1<j<r}.
Theorem [GRV,N3,M]. Hiop(L(w1, ..., w,)) is isomorphic to V,,, ® --- @ V,,, as a
U (slp)-module.

3. Lagrangian construction of thefusion product

Let us fix some positive integer. We will now describe an open subvariety of
L(wy, ..., w,) whose homology realizes the fusion prodigt ®; - - - ®; Vi, .



548 A. Savage, O. Schiffmann / Journal of Algebra 269 (2003) 544-555

3.1. We keep the notation of Section 2.3. Forialt N andr € N, g...gw, (w1, ..., wk)
we setti () = lim,o0(1,...,1,5%)(t). Let us consider the open subvariety (w1,
w2) = {t € Nw,ow,| dimkersr <1} of Nw,ew, and define inductively

N w1, ..., w) = {t € Nwyo-ow, | dimkers <1+ rankz(r),

Hwie--ow,_1 € Nl(wl, e wk_l)} (3.1

for k > 3. Finally, setC; (w1, ..., w,) = L(w1, ..., w,) NN (w1, ..., w,)). By defin-
ition £;(wz, ..., w,) is an open subvariety @(wy, ..., w,) and thereforéfiop(L;(wy, . ..,
w;)) is a Hyop(Z (w))-module.

Theorem. Hiop(Li(w1, ..., w,)) isisomorphicto V,, ®; --- ®; V, asa U(slz)-module.

Proof. We proceed by induction. Suppose= 2. It is enough to describe the irreducible
components of’; (w1, wp) corresponding to highest weight vectors in thé&lz)-module
Hiop(Li(w1, wz)). The irreducible components af(w1, wz) corresponding to highest-
weight vectors are

L={G.j)]|j(V)C Wi, i(Wo)=V, i(W1) =0}, forO<v<wi,wz,

and the associated highest weightiis+ w2 — 2v. Note that the condition dimket <!

is equivalent to the conditiom1 + w2 — 2v < 2 — w1 — w2. Now suppose that the
theorem is proved for tensor products 0~ 1 modules, and let us sév’ = W1 @

.- @ W,_1. For eachu € N let us setNy(u) = {t € Ny | ranks = u}. Recall that
L;(w1,...,wy—1) is Lagrangian and that is semi-small with all strata being relevant
(cf. [N2, Section 10]). Thug (£; (w1, ..., w,—1)) N Ny (u) is a subvariety oV (u) of
dimension% dimANyw: (). LetCY, ..., C;‘(u) be its irreducible components. By the induction
hypothesis,

s(u) =dim Hon‘s[z(vw’—Zu’ le - Qi Vw,_l)- (32)

The irreducible components af (v, w1, ..., W) corresponding to highest weight vectors
of Hiop(Li(w1, ..., w,)) are of the forml, with

Le={G, ) [iW)y=V, j(V)C W', Gw, J) € x},

wherey is an irreducible component ; (v, w1, ..., w,—1), and the associated highest
weight is w — 2v (note that/, may be empty). Let us fix € N and C; for some

k<s(u).Lety C n*l(C;{‘) NL;(v, wy, ..., wr—1) be anirreducible component. Thenc
Li(wy, ..., w,) ifforall (i, j)in (an open dense subset @f) we have dimInyi <7+ u.
This is equivalent to the condition that the corresponding highest weighPv satisfies

w—2v<2—w,— (w —2u). (3.3)
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Egs. (3.2) and (3.3) together imply that
Hiop(Li (w1, ..., wr)) = (Vi @ -+ Q1 Va,_y) Q1 Vi,
as aU (slp)-module, as desired.O

Remark. (i) The above construction is not canonical in the sense that it was made using a
choice of a bracketing of the tensor product, namely

(- (Vi @1 Vi) @1 V) -+ @1 Vi, ).

Different bracketings give rise to different (possibly non-isomorphic) open subvarieties of
L;(w1, ..., w,) realizing the same fusion tensor product.

(if) One might be tempted to define in an analogous fashion a truncated tensor product
for finite-dimensional representations Uj (slz) by considering equivariant K-theory of
L; (w1, wp) rather than Borel-Moore homology. However, it is easy to check that (because
of Remark (i)) the resulting product is not associative.

4. A graphical calculusfor the fusion product

4.1. We first recall some results on the graphical calculus of tensor products and
intertwiners. For a more complete treatment, see [FK,S]. In the graphical caltjlis,
depicted by a box marked with d vertices. To depict the séIM’If,l,___,w, of crossingless
matches, we place the boxes representing ¥he on a horizontal line and the box
representing/,, on another horizontal line lying above the first oﬁ}k\/l’,jl,,__,w, is then
the set of non-intersecting curves (up to isotopy) connecting the vertices of the boxes such
that the following conditions are satisfied:

. Each curve connects exactly two vertices.

. Each vertex is the end point of exactly one curve.

. No curve joins a box to itself.

. The curves lie inside the box bounded by the two horizontal lines and the vertical lines
through the extreme right and left points.

A WN P

We call the curves joining two lower boxéswer curves and those joining a lower
and an upper boxniddle curves. We define the set of oriented crossingless matches
OCMY, . ...u, to be the set of elements6M1,, ., along with an orientation of the curves
such that all lower curves are oriented to the left and all middle curves are oriented so that
those oriented down are to the right of those oriented up.

As shown in [FK], the set of crossingless matcf@lyl’,jl,___,w, is in one-to-one
correspondence with a basis of the set of intertwiners

HY o Hom(Vy, @ - ® Vi, . V).

W1, ..., Wy
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The matrix coefficients of the intertwiner associated to a particular crossingless match are
given by Theorem 2.1 of [FK].

We will also need to define the set dbwer crossingless matches LCM’,ﬁl,_,_,w,
and oriented lower crossingless matches OLCM’,ﬁl,,_,,w,. Elements ofLCM’,jl,,__,w, and
OLCMY, . .., are obtained from elements 6M?,, ., andOCM,, ., (respectively)
by removing the upper box (thus converting lower end points of middle curves to
unmatched vertices). For the caseCthM’lf,l,,__,w,, unmatched vertices will still have an
orientation (indicated by an arrow attached to the vertex). As for middle curves in the case
of OCM’JJL,_,W,, the unmatched vertices in an eIemethICM’lf,l,___,w, must be arranged
so that those oriented down are to the right of those oriented up.

Note that the set of lower crossingless match€s = LCM,,,, ., is in one-to-one

.....

4.2. Lets be a bracketing of the tensor prodi&t, ® - - - ® V,, . Pick an ordering of the
tensor operations compatible with this bracketing. For eastich that 1< n <r — 1, let
S» be the set of th&,,, separated from theth tensor product operation only by operations
ranked lower than or equal to Then let. CM1,, ., be the set of elements GM,, .,
satisfying the following condition: for each the number of curves connectiivg,’s in S,
to eitherV,,’s in S, on the other side of theth tensor product symbol dr,,’s notin S, is
less than or equal th Note that this condition does not depend on the particular ordering
so long as it is compatible with the bracketing

Let /LCM =!LCM,,. ..., be the set of lower crossingless matches satisfying the
same condition (where unmatched vertices are always counted as curves with the other
end point outside of anys,) and identify this set with the sd\t)u?gCM‘J)l,,.,,u)r. We
define{OCM}, ., and.OLCM =L{OLCM,, ., similarly (and the corresponding
identification is made).

Note that in the case= 2 the condition in the definition simplifies to the requirement
that the total number of curves (including middle curves) is less than or equalro
fact, the given definition simply arises from applying this condition to each tensor product
operation (in the given ordering), neglecting curves with both end point,jis which
have already been tensored together.

r

Proposition. The set éCM ’,jl, ..w, iISinone-to-one correspondencewith a basis of the space

def

of intertwiners’ Hyy, ., = HOM(Vyy, ®; -+~ ®; Vi, V).

Proof. We first consider the case= 2. For anyb CM’J,l,wZ, the total number of curves
is equal to(w1 + w2 + 1)/2 (since each vertex is an end point of exactly one curve).
Thus the condition that the total number of curves is less than or equalettuces to
w1+ w2+ pu <2 orpu <2 —wi— w»y as desired.

Now assume the result holds for the product of less thiareducible modules and that
for the product ofV,,, throughV,, , therth tensor product operation is the one occurring
betweenv,, andV,,_, (k <r). Note that

[ ryv I ~lrn
@ le,...,wk ® Hv,wk+1 ..... wy — le ..... wy
v



A. Savage, O. Schiffmann / Journal of Algebra 269 (2003) 544-555 551

viathe mapf ® g+ g(f ® ideM@...@vw). Now, if s1 is the bracketing of the first
modules and; is the bracketing of the last— k modules, it is easy to see that

(as sets)

YV Whp1yeees Wr Wy

1 v 1 " ~1 "
ZS]_CMw]_,...,wk X SZCM - SCMw]_,..
v

The result now follows by induction. O

4.3. From the associativity of the fusion tensor product it follows immediately that the
order of the seiCM‘u‘)l,,.,,w, is independent of the bracketingHowever, we will present
here a direct proof.

Proposition. The order of the set ISCM ’zf)l,...,wr isindependent of the bracketing s.

Proof. It suffices to prove the statement for three factors. ketbe the bracketing

(Vi, ® Viu,) ® Vi, andsy be the bracketingy,; ® (Vi, ® Vi,). We will set up a one-to-one
correspondence betwe(alch’,jl,_,_,w, andISzCM’,jl,_,_,w,. We will first establish a one-to-

one correspondence between the subsets consisting of those crossingless matches with no
curves connectingy,,, andV,,, and a fixed numbert of lower curves. Let: (respectively

b) denote the number of curves connecting (respectively,,,) to V,,,. Thusa + b =n.

Now, the number of curves with at least one end poifitjn or V,,, is w1+ w2 —a and the

total number of curves minus the curves conneclipgto V,, is w1 + w2 + w3z —n —a.

Thus a crossingless match |ieSYﬁI¢Ml,f,1,...)u,r if and only if

w1+ w2 —a <, w1+ wr+w3z—n—a<l.

w2 + w3z —b <, w1+ wr+w3z—n—b<l.

Now, the largest possible value afis min(w1, n) and the largest possible value ipis
min(ws, n). Therefore, by counting the possible valueszpthe number of crossingless
matches irilCMlzf,l,_,_,w, with no curves connecting,,, andV,,, and withn total curves is
equal to

re =min(wy,n) —maxwi +w2 — L, wy +wr+wz—n—10+1

if this number is positive and zero otherwise. Similarly, the number of crossingless matches
in ’SZCM‘uﬁl ,,,,, w, With no curves connectiny,,, andV,,, and withz total curves is equal to

rp =min(wz, n) —maXwz + w3z —I,wy+wor+wz—n—10)+1

if this number is positive and zero otherwise. Considering the four casesvi, ws;
n>wi, w3; w1 <n < wsandws < n < wy we easily see that, = r;, in all cases.

.....

.....
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with one end point inV,,, to ben. SinceV,,, andV,, are connected, there can be no
middles curves with end points i,,. Thuss = w;. Definea andb as above. By an ar-
gument analogous to that given in the earlier case, the number of crossingless matches in
SQCM‘J)L,.,,“,, with ¢ > 1 curves connecting,,, to V,,, and withn lower curves with one

end point inV,,, is equal to

rqe =Mmin(w1 —c, w2) —maxwy +wz2 — [, wy +w3z—1—c)+1

if this number is positive and zero otherwise. Similarly, the number of crossingless matches
in SZZCM‘uﬁl w, With ¢ > 1 curves connecting,, to V,,, and withn lower curves with one

.....

end point inV,,, is equal to
rp =min(wz —c, wp) —maXwz + w3z —I,wy+wz—1—c)+1

if this number is positive and zero otherwise. Considering the four cases: wi — ¢,
w3—c, w2 > w1 —c,w3—c, wi—c < w2 < w3z—candwsz—c < w2 < wi —c, we easily
see that, = r;, in all cases. This concludes the proofa

From now on, we will use the bracketing: - (Viy;, ® Vi,) ® Vi) -+ Vy,) unless
explicitly stated otherwise. Thus, if we omit a subscsipive takes to be this bracketing.
5. Thefusion product via constructible functions

5.1. Fixaw = wj + - - - + w, dimensionalC-vector spacéV and let

T(wi,...,w) ={(D={Di}/_g, Vo.1) |[0=DoC D1 C---CD, =W, VoC W,
t € EndW, 1(D;) € Dj_1, dim(D;/Di_1) = w;, Imt C Vo C kert}.

Consider the projection
T(wi,...,w,) > {D={D;}_o|0=DoC D1 C---C D, =W, dim(D;/D;_1) = w; }
given by (D, Vp, 1) — D. It is easy to see that the fibers of this map are all isomorphic
and that in [S] one could replace the tensor product vafigiy, ..., w,) by this fiber,
restrict the constructible functions to this fiber and the theory would remain unchanged.
LetTp(wiy, ..., w,) denote the fiber over a fldg. If we define

Di=Wo®---®W;, 0<i<r,
then obviously

‘ID(wls"'1wr);£(wlv"'vwr)

and in the sequel we will identify these two varieties.
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52. Ifbe CM‘u‘,l,,,,,w, is an unoriented crossingless match, let
Yy ={(D, Vo.1) € T(wy, ..., w,) | dim(kers N D;)/(kert N D;_1) = b;},

whereb; is the number of left end points (of lower curves) and lower end points (of middle
curves) contained in the box representirg. It is shown in [S] (Proposition 3.2.1) that
L, ¥» =%(wy, ..., w,) and that the closures of thg are precisely the irreducible compo-
nents off(wy, ..., w,). Let X, =Y, N L(w1, ..., w,). Then obviouslyC(wy, ..., w,) =

Llperom Xob-
Proposition. £;(w1, ..., wy) = lyeiLom Xo-

Proof. We see from Eq. (3.1) thal;(wy, ..., w,) is the set of allz, Vo) € L(w1, ..., w,)
such that

dimkert|w,@..ow; <I+ranktlwg..ow,_, Y1<i<r

Now, by the definition of th&,,, if (¢, Vo) € X, for someb € LCM then dimket |y, g...ow;

is equal toZ?zl w; minus the number of lower curves with both end points among the
lower i boxes. Also, rankw,...ew,_, iS equal to the number of lower curves with both
end points among the loweér 1 boxes. Let; denote the number of curves with both end
points among the lowerboxes. Then

dimkert|w,g..ew;, <! +rankt|w,e..ew,_,

1
& ij —¢i <l+cia
j=1

1
& ) wj—2¢;_1 —#{curves with right end point ifth box </
j=1
n

& Z w; — #{end points in firsi — 1 boxes of lower curves with both
i=1

end points in firsi boxeg <1

and this is easily seen to be equivalent to the condition&hatL.CM (with the default
bracketing). O

5.3. We will now define alJ (slp)-module structure on a certain space of constructible
functions onL;(wy, ..., w,). Forae OLCMy,, ... v,, let @ be the associated element of
LCM,,....w, Obtained by forgetting the orientation. Define

Ya={(D, Vo,1) € Ya | dimW = #{up-oriented vertices af}},
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where the right end points of lower curves are oriented up (as well as the up-oriented
unmatched vertices). Leéfa = Ya N L(w1, ..., w,). Then it follows from Eq. (33) of [S]
that

Xp = U Xa.
b

aa=
Now let
Bl ={1y,|ac'oLCM},
wherely is the function that is equal to one on the deaind zero elsewhere. Let
T' =T (ws, ..., w,) =Spans..
We endowZ with the structure of &/ (sl,)-module as in [S].

Theorem. T! (w1, ..., w,) isisomorphic asa U (slz)-moduleto V,, ®; - -- ®; Vi, and Bl
isabasisfor 7;’(w1, ..., w,) adapted to its decomposition into a direct sum of irreducible
representations. That is, for a given b € ICM’,fjl,_,_,w,, the space Sparily, | a= b} is
isomor phic to the irreducible representation V,, via the map

1Ya = uvu—z#{unmatched dowsoriented vertices ofj} -
Proof. The second part of the theorem follows from Theorem 3.3.1 of [S]. Then

T! =*@ EB Sparily, | a= b}

~ ~ I 2 o~
2D D D YOV
K belCMly oy z

wherelHﬁ,‘l,_,_,w, is given the trivial module structure.o

Remarks. We have used here the standard bracketing Vy,, ®; Viy,) ®1 Vis) - - - &1 Vi, ).

However, one could easily modify the definitions to use any other bracketing. The proofs
would need only slight changes. Of course, as noted above, while we would still recover the
structure of the fusion product, the varieties involved would be non-isomorphic in general.
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