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A largen approximation to th&= 1 antiferromagnetic chain, using the symmetric tensor representation and
its conjugate, is developed to ordenlh order to calculate the magnon wave function and to study the effect
of modifying the exchange coupling frodto J' on a single link. It is shown that a magnon bound state exists
below the Haldane gap for arbitrarily small negatd/e-J but only above a certain critical value &f—J for
positive values. In the former case the binding energy vanishe3-ad'}?. [S0163-18269)09005-(

I. INTRODUCTION AND REVIEW on the odd sites. This must be distinguished from various
other largen limits including the fermionic case witm/2
Many features ofS=1 Heisenberg antiferromagnetic fermion of each color on each site and the bosonic model
chains have been understood in considerable detail usingWith n bosons on even sites amdanti-bosons on odd sites.
combination of numerical techniques, approximate fieldin Ref. 5 the model was solved only to leading order in.1/
theory methods and a model with bilinear plus biquadratidn this order, there remains a threefold ground state degen-
exchange for which the exact ground state is a simple va€racy which is lifted in higher orders. The VBS ground state
lence bond solidVBS). There is considerable interest in the IS degenerate, to leading order iml/with the two fully
first excited state, the triplet magnon, separated from th&imerized ground statésThe Haldane gap db(1) was cal-

ground state by the Haldane gap. However, this state is n&ulated in Ref. 5 but a determination of the corresponding
known exactly even for the VBS model magnon wave function requires going to order,ldue to an

Investigations have been made of the Heisenberg modérllf'?';e degenerac]}/t? lowest qrd;ar.d lop this |
with the exchange coupling, modified to a different value, 1€ purpose of this paper IS 1o develop this langap-
3', on a single link. It can be seen that a magnon bound sta roximation to next order in b/ We show that indeed the

exists, localized near the modified link, whose energy goes tg BS state is the actual largeground state, the dimerized
zero in the limitJ’/J<1 or J'/J>1. However controversy tates having energy higher B(1/n). [It was erroneously

claimed in Ref. 5 that this splitting only occurs@t1/n?).]

remains over whether this bound state continues to exist foly, 4150 solve for the magnon wave function in the lange-

|‘J_'__‘J|<‘J' The numerical results in Ref. 2 suggest that 8,55 yimation. In this approximation it corresponds to a type
critical value of)’ —J is required, for either sign aF' —J,in ot sgjiton-antisoliton bound state held together by a linear
order for the bound state to exist. On the other hand, thgotential. Our results allow us to estimate the accuracy of the
more detailed numerica_l analysis of Ref. 3 suggests that thi@lrgeﬂ approximation for the physical case- 2. The results
is only true forJ">J while for J’<J a magnon bound state zre somewhat encouraging. In any event, this approximation
exists for arbitrarily small values of—J’. There is a well s yseful because it qualitatively captures the essential phys-
known theorem of one dimensional quantum mechanicgs As an application, we show that the lamy@pproxima-
which states that an arbitrarily weak attractive potential protion allows for a simple analytic treatment of the single
duces a bound staté-or a general and rigorous version of mogified link problem. We show that a bound state exists for
this theorem see Ref. 4Since the magnon behaves in many apitrarily small negativel’ —J but for positive’ —J only
ways like an ordinary stable massive particle, one might exyhenJ’ = J is greater than a critical value, in agreement with
pect that this theorem should be applicable to the modifieqi,\,ang and Mallwit? with the binding energy vanishing as
link problem, but this connection has not been established. J—J")2 in the J'<J case. This result follows essentially
The valence bond solid state was in fact encountere¢om the theorem of one-dimensional quantum mechanics
earlief as the ground state of the bilinear exchange model ifjnat an arbitrarily weak attractive potential always produces a
a certain larger limit. This is defined by placing the sym- pong state. The simplicity and generality of the argument
metric 2-tensor representation of Si)(on the even sites and suggests that it may remain true for all
its conjugate representation on the odd sites. This is some- Fq, generah, the states on even sites are labeled by a pair
times referred to as a type of “fermionic” largedimit be- ¢ symmetric SUQ) particle indices:
cause it arises in a model with 2 *“colors” of fermions and
“flavors” with a projection onto color singlets on each site o
with 2 particles on the even sites and 2 holes-@ particle I'y=]") 1.y
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|O> —_— ven Assuming the VBS wave function at positive and negative
- spatial infinity, we see that all such states correspond to con-

figurations with a string of dimers between the VBS states

IEO> — .. ED ED N and dangling bonds separating the VBS regions from the

2 1 0 1 2 3 dimer regions.(See Fig. 4. These dangling bonds corre-

IOE> — e D €D N .o spond to solitons between the nearly degenerate VBS and
— 4 0 1 2 3 4 dimer approximate ground states. Such states are labeled by

) 2 indices, one upper and one lower corresponding to the two

FIG. 1. Candidate ground states. dangling bonds, |',;). Subtracting the trace,|',;)

—(5}/n)|",k) gives a state in the adjoint representation of
SuU(n). In then=2 case this reduces to the spiriliplet)
=1 (1.2) representation. To lowest order innl/all such soliton-
antisoliton &) states have the same excitation energy,

_Fotrhall 2223 eve?hand odd S|_tes| ar;e 'r_]tﬁqtﬁ'vgle?t;{ However,H]iS necessary to go t@(1/n) to split the degeneracy. Note
Inthen=2 case they are equivalent wi € o slales on €acth ot if the soliton and antisoliton are separated by a distance,

link corresponding to the usu&f eigenstates: X, then the energy will grow as/n because there is a region

and on odd sites by a pair of symmetric hole indices:

1= | =|SP=1), of sizex which is in the “wrong” (dimerized ground state,
whose energy is higher by an amount®{1/n). Since the
|15: i) =|S=0), kinetic energy for the soliton and antisoliton is al9¢1/n),
it follows that the binding energy i©(1/n). We essentially
|22 =) =|S*= —1). (1.3  must solve a lattice version of the Sctiiger equation for a
) o particle in a linear potential. In general this will give several
For the 2-site model the Hamiltonian acts as soliton-antisoliton bound states, each corresponding to an ad-

joint representation magnon. The number of stable bound

HIY )= - (1/n)[5ik|mj’ml>+ 5i|mj’km>+ 5L|im'm'> states grows with increasing

n 5f'|im,km>]_ (1.4 In the next §ection we study the translationally invariant
case, calculating the ground state and magnon states to
For the case1=2, O(1/n). In Sec. Ill we consider the single modified link. A
preliminary version of Sec. Il appeared in Ref. 6.
H=S,-S,—1. (1.5
Throughout this paper we use the Einstein summation con- Il. GROUND STATE AND MAGNON STATES
vention for a pair of repeated indices one upper and one A. Ground state

lower. All SU(n) singlet states for the chain can be written
with all upper indices contracted with lower indices. States
with uncontracted upper and lower indices can be projected
into irreducible representations of Stj( by the usual pro-
cesses of symmetrization and subtracting of traces.
For the 2-site model it is quite easy to see that the ground |[EO)=] .. Jalz L isla Y,
state is the SU{) singlet|!,;;) with energy—2 in the large- ve e
n limit. The factor of 1h in Eq. (1.4) is canceled bys
=n. Now consider a chain of arbitrary length. We may rep-
resent an arbitrary SWj singlet state by drawing a line
(“valence bond”) between pairs of site@ne even and one  Thus the|EO) and|OE) states are related by a transla-
odd representing each contracted pair of indices. In thdion of one site/EO) is the state in which the double bonds
largen limit the energy of such a state is simply equal tohave even sites on the left and odd sites on the right and vice
(—1) times the number of nearest neighbor valence bonds/ersa for|OE) (see Fig. 1L We expect the energy of the
Hence there are three degenerate ground states in therlargd?onsymmetric states to be identical and that of the symmetric
limit, each of which has one nearest neighbor valence bongtate to be differentsince no symmetry connects it to the
per link, on average. Two of these states are the dimerize@onsymmetric statgs Note that all three states have one
states with a pair of valence bonds between each even sif#nd per link on average. We now show that the VBS state
and the odd site to its rightor left). (See Fig. 1. The third  |0) is the true ground state for large
degenerate ground state is the valence bond solid state with a We wish to calculate the energy of the symmetric ground
single valence bond between each neighboring pair of siteState including the first order correction. This is
(See Fig. 1 Only by going to higher order in @/will the
degeneracy between the dimerized and VBS ground states be ELY=(0[H|0)/(0|0). (2.2
lifted. We show in the next section that the VBS state is the
true unique ground state ond®(1/n) corrections are in- Now, we first consider the action of the Hamiltonian on just
cluded. two sites of the symmetric ground state. That is, we calculate
In the largen limit, the lowest excited state has one fewer H,|0) whereH, is defined to be the term iH acting on sites
nearest neighbor bond and hence an excitation energy of t.andr + 1. We consider only the two sites on whith acts.

We label the candidate ground states as follows:

0)=] .10z, idla, Y,

riglgr T Digls

|OE)=| ...z, ; ldia ) (2.1

rigigr T gl
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FIG. 2. B state.
Hr|i1i21i2i3>=_(l/n)[ﬁ:ilmizami3>+5:§|i1mvmi3>+6:i|mi21i2m>
+ 031 ,m, 2™

= (L) Loy ™)+ 0, ™3) + 6 i 27
+1i,m. =M. (2.3
Renaming indices yields

Hilii,,'23)= _(1+2/n)|i1i21i2i3>_(1/n)5:i|mi2!i2m>'
(2.9

The first term is simply a multiple of the original state. The
second term consists of a double bond and a delta function.
This delta function serves to contract the two sites on eithe

side of the two sites considered here thus producihg a; )
state(see Fig. 2 Thus the action of the Hamiltonian on the
entire symmetric ground staté (site9 is

H|0)=—L(1+2/n)|0)—(1/n)2 1B;). (2.5

If we assume that the state®) and|g,) are orthogonal,
(0[H|0)= —L(1+2/n){0|0). (2.6

And so

2.7

In fact, the statef0) and|3;) are not orthogonal. However,
their overlap(divided by(0|0)) is order 1h (see Appendix
A) and thus the effect of the nonorthogonality is order?1/

(0|H|0)/(0]0)=—L(1+2/n).

MAGNON WAVE FUNCTION AND IMPURITY EFFECTS ...
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FIG. 3. «a state.

We see that all of the states in the above expression are
simply the original state with a change of dummy variables.
Therefore,

Heli i 1) =—2(1+1n)[; ;,,"1'2). (2.10
Now consideH, with r odd. ThenH, acts on a pair of sites

not possessing a double bond between each other. Again, we
only consider the two sites on which the Hamiltonian acts.
Remembering that the indices of the leftmost site are con-
tracted to the left and those of the rightmost site are con-

tracted to the right,

1l2

Heliyip 3= = (LML mips ™)+ 61 ym ™) + 8 o™

+6,2lim, oM. (2.11
[n each of the states in the above expression, there exists a
single bond between the two sites considdtédt is, sites
andr +1), a single bond between sites-1 andr resulting

from one of the original dummy indices on siteemaining

and a single bond between sites-1 andr+2 resulting
from one of the original dummy indices on site-1 remain-

ing. Also, in each case, the delta function serves to contract
the indices on sites—1 andr +2. Thus, the action of the
Hamiltonian on the statfEO) is

H|EO)=—L(1+1/n)|EOY—(4in) Y, |ap,), (2.12

where|a,) is defined in Fig. 3.
If we assume the stat¢E O) and|a,,) are orthogonal,

(EO/H|EO)=—L(1+1n)(EOJEO).  (2.13

And so

We now consider the nonsymmetric ground state. As

above, we wish to calculate

EL)=(EO|H|EO)/(EO|EO) (2.8

which is the energy of the nonsymmetric ground state includ
ing the first order correction. Now, in this case we need t
consider the action of the Hamiltonian on two inequivalent
types of pairs of sites, those possessing a double bond b

tween each other and those not. For a chaih eftes, there
areL/2 of each typgassuming. is even.
First consideH, with r even. TherH, acts on a pair of

o

(EO|H|EO)/(EO|EO)=—L(1+1/h). (2.14

In fact, the state$EO) and|«,) are not orthogonal. How-
ever, their overlagdivided by (EO|EO) is order 1h (see
Appendix A and thus the effect of the nonorthogonality is
order 1hn2. Therefore, the above result holds to ordar.1/
Comparing the values found in Eg&.7) and (2.14 we
ee that the symmetric ground state is the true ground state
aving the lower energywhich agrees with known results.
The energy difference per site isnt¥ O(1/n?).

Considering states of the form

sites possessing a double bond between each other. We need

only consider the two sites on which the Hamiltonian acts.

Hr|ili21ili2>: _(1/n)[5:1|mi21mi2>+ 5;;|i1mvmi2>+ 5:i|mizailm>
+ 00 ma™)]

_(1/n)[n|mi2,mi2>+ |i1m’mil>+|mi11i1m>

+0li m,' 1] (2.9

|w1>=|0>+<a/L>Z 1B,

|2)=[EO) +[b/(2L)] 2 |tzr) (219
and calculating the ground state energies variationally pro-
duces the same results as those found abov@(fidn) (see
Appendix B. Extrapolating the large- approximation ton
=2, and taking into account the shift of the Hamiltonian by
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FIG. 4. Soliton-antisoliton state. Note that an uncontracted upper index is represented by an upwards facing free link while an uncon-
tracted lower index is represented by a downwards facing free link.

a constant .noted in E1.5), the estimates of the ground o original stateon siter — 2. Thus, from this second term,
state per site to Oth and 1st order iml#re O and—1, we obtain the statéf —25). And so
respectively. The numerical result fa=2 is —1.401485° i '

Thus we see that the inclusion of the terms of first order in ~ ~ —_—
1/n brings us closer to the numerical result. Hy_alr,s)=—(1+2m)|r,s5)—=(1in)[r-2s). (2.18

We now consider the effect ¢f, . Using the same indices as
above and letting, andis be the indices representing the

Since our Hamiltonian counts the number of nearesyouble bond between sites- 1 andr + 2, we calculate
neighbor bonds to leading order innl/the excited states

consist of an uncontracted lower index at some site and ay jizis . \= — (/[ 54|Mis. V4 §'4[i2m 4 si5|miz
uncontracted upper index at some other sitet is, they #5115y == (A '2| i) '3| i) '2| i gm)
have one fewer nearest neighbor bprthese uncontracted
indices can be thought of as solitons/antisolitons interpolat-

ing between two “ground states.” We label such sites as in _ L
Fig. 4. Now, in the second and fourth terms above, the indewxill

Note thatr labels the uncontracted upper index anid-  contract to the left creating a bond, the indexepresents a
bels the uncontracted lower index. We will assume that théond between sitesandr +1, the indices s andi, (respec-
indices on sites ands are different to eliminate mixing with  tively) produce a bond between sites 1 andr +2, and the
the singlet stategin which the indices on sitesands are  delta function serves to move the solit@ame free indexto
contractefl Thus these states transform under the adjoingite r+2. Thus from these terms, we obtain the state
representation of SW@), reducing to spin 1 in the SQ) case. |?—+\2',é>. In the first and third terms above, the solitoep-

We define resented by the free index) remains on site, the indexm
_ represents a bond between sitemdr + 1, and the indices;

X=r=s. (2.16 andi, (respectively produce a bond between sites 1 and
Note thatr must be even and must be odd implying that  r+2. Thus, in effect, we have replaced the bond between
is odd. Since the energy of the nonsymmetric state is highesitesr —1 andr and one of the bonds between siteis1 and
than that of the symmetric state byn{# O(1/n?)), we ex- r+2 with one bond between sitesandr+1 and one be-
pect the soliton-antisoliton pair to experience a lingarx) tween siteg —1 andr + 2. Thus, we have reduced the num-
confining potential like that encountered in quark confine-ber of nearest neighbor bonds by one. This increases the
ment. energy by order 1. Therefore, we ignore these terms in our

Let us first consideH|r,s) for [s—r|>1. We need only ~analysis. So,
consider the effects ofl,_,,H,,Hs_1,Hs. The effects of - .
the terms in the Hamiltonian acting on the other links have H,|r,s)=—(2/n)|r+2s). (2.20
already been calculated.

We will first consider the effect afl, ;. We leti, be the By symmetry,
index contracted between the sites2 andr—1, i, the —~ —~ P
index contracted between sites-1 andr, andi; the free Hyr.8)=—(1+2m)[r,s)—(1M)|r,s+2),
index on siter. Now,

B. The first excited states

+ 602" ], (2.19

N | - _ He o[ 8)= —(2/n)|F,5=2). (2.21)
Hr—1|ili2:|2|3>:_(1/n)[5i2|mi2vml3>+5i2|ilmvml3> . . .
1 2 Therefore, neglecting terms with energy higher by an amount
i i i i f order 1,
+ 5:j|mi21I2m>+ 5:z|i1m 1I2m>] ot order
_ _(1/n)[|mi1’mi3>+n|i1m’mi3> H|s,ry=—[(L—21)(1+2Mn)—(|x|—21)/n]|r,s)

+ 5;i|mi21|2m>+|ilmv|3m>] (ﬂr-FZ,S)-HI’,S 2))—(1n)(Jr—25)
_ _ _ +|r,s+2)) (for [r—s|>1). (2.22
== (UMI(N+2) iy, ™)+ 6 mi,s 2™)].
We now consider the action of the Hamiltonian on the

(217 state|r,r¥1) (that is, forx=1). The action orjf,r — 1)(x
We recognize the first term as a constant times the originaFr —1) will follow by symmetry. We only need to calculate
state (with i, renamedm). The second term represents athe effect ofH, ; the rest are known. Assume the indgxs
double bond between states 1 andr while the delta func- contracted to the left,, is contracted to the right, ard,is
tion serves to create a free indéegual to the free index in are free and consider
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Hilii,' 34y = _(1/n)[5:i|mi2vmi4>+ 5;z|ilm i) + 5:i|mi2’i3m>

(2.23

Now, the first term results in the stater —1). The second

+ 8liym 5.

term results in a delta function times the symmetric ground

state. The third term results in a state with a soliton onrsite
an antisoliton on site +1 and bonds between sitesandr

+1 as well ag —1 andr + 2 (this state has one fewer near-
est neighbor bondsThe fourth term results in the stafe
+2r+1). Thus, ignoring states with higher energy of order
1 and assuming thap#is,

H |rrTi)=—(1n)(Jr,r=1)+|r+2r+1)) (2.24

and similarly

H [t r=1)=—(1n)([r=2r=1)+[r,r+1)).
(2.25

At first glance, it seems as though our Hamiltonian is

MAGNON WAVE FUNCTION AND IMPURITY EFFECTS ...
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shown in Appendix C tha{r’,s'|r,s) is of ordern-~2 or
smaller ifr’ #r and/ors’ #s.)

Therefore, forjx|>1,
(H+(L—=21)(1+2/M))|x)
=(H+(L—1)(1+2/M)) (12L)2, 2r,2r+x>
r
=(1N2L)X [((|x|=1)/n)|2r,2r +X)
r
—(N2In)(|2r +2,2r +X)+ |21, 2r + x—2)
+]2r—2,2r +x)+|2r,2r +x+2))]
=[(|x|=1)/n]|x)—(2\2/n)(]x—2)+|x+2)). (2.30

And for x==*1

(H+(L=1)(1+2/))[1)=—(2/n)| - 1)~ (2y2/n)[3),

non-Hermitian. However, we can see that this is simply due

to the normalization of thig,s) states. The normalization for
sitesr + 1 throughs—1 is the same as that for 480) state
of length|x| — 1. We see from Appendix A that this normal-
ization is[2n(n+ 1)]* =12 The normalization for the rest
of the sites is the same as that for |@) state of length_
—|x|+1 (wherelL is the total number of sites in the state
[r,s)). It is shown in Appendix A that this normalization is
((n+1)-=X*1—1)/n. Thus the total normalization is

(rslrs)=[2n(n+1)] XD ((n+ 1)t~ M2 -1)/n],
(2.26

In the largel. and largen limits (takingL large first as usugl|
this reduces to @/=12nt =1 Thus we define the “prop-
erly” normalized states

Ir,s) =2~ (X -DHn-LIZ Ty,

With this normalization, the Hamiltonian becomes

(2.27

(H+(L—=1)(1+2/M))]r,s)
=[(|x|—1)/n]|r,s)— (V2/n)(|r +2,8)+|r,5—2)
+|r=25)+|r,s+2)) for [x|>1,
(H+(L=1)(1+2M))|r,r+1)
=—(1M)(r,r=1)+|r+2r+1)),
(H+(L=1)(1+2M))|r,r—=1)
=—(1n)([r=2r—=21)+|r,r+1y). (2.28

Now, we expect the first excited states to be translation
ally invariant. Therefore we define the translationally invari-
ant states

IX)=(12L)>, |2r,2r +x), (2.29

where the multiplicative constant ensures tiatx)=1.
(This follows from the normalization ofr,s) since it is

(H+(L=1)(1+2/Mn))|—1)=—(2/n)|1)— (2y2/n)| - 3).
(2.3)

Although the assumption will prove to be a poor one in
future calculations, if we assume that our wave function var-
ies slowly, we can change our Hamiltonian into continuous
form by Taylor expanding the states involved to obtain

[x=2)~|x)=2(d/dx)|x)+2(d?dx?)|x). (2.32
Therefore,
IX+2)+ |x—2)~2|x)+4(d?/dx?)[x)+ - - - . (2.33

Making this substitution into the expression for our Hamil-
tonian and ignoring the fact that the action of the Hamil-
tonian is slightly different foxx= =1 than it is for|x|>1,

—[(L—1)(1+2/Mn)—42/n]+(]x|—1)/n
—(8+2/n)d?/dx2.

H
(2.39

This is the Hamiltonian for a particle in a linear potential
with x corresponding to the difference coordinate of the
soliton-antisoliton pair. Thus, in this approximation, the
soliton-antisoliton pair experiences a linear confinement po-
tential similar to that encountered in quark confinement. If
the pair becomes too separated, it splits into two pairs much
like the quark-antiquark pair comprising a meddmis will

be discussed in more detail latefhe exact Hamiltoniagin

the largen limit) is of this form but the kinetic energy term
is not equal tp? as the above approximation would suggest.
" We now define a general state

|¢>=gdd P(X)[x). (2.35

We then seek the lowest energy eigenstate of this form. This
will be the first excited state. Thus, we wish to find the func-
tion (x), defined on the odd integers such that
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(H—(Eo+1+2))|¢)= SE|¢)

:X%d P(X)(H—(Eg+ 1+ 2/n))|x)= 5EX§O:,M P(X)|%),

(2.36
whereEy= —L(1+2/n) is the ground state energy. Thus

—(2M)[ (= 1)|1)+ (1) - 1)] — (2y/2/n)[ (1)|3)
+11f<—1>|—3>]+md%>1 Y(OL((1X| = 1)/n)[x)
—(2V2In)(|x+2)+[x—2))]

=5Ex%d P(X)|X). (2.37

We now take the overlap of both sides with the statd.

ALISTAIR SAVAGE AND IAN AFFLECK
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Eg=—(4g(- gD+ 2 [(x]-1)/mgx)?
—(232/n)(g(x)g(x—2)+g(x)g(x+2))]
=—(4My(1)2+2 X [(IX—1)/my(x)?
x oddx>1

= (22/n) (P00 (X —2) + P(X) h(x+2))]

=E,—(8M)y(1)% (2.42
Thus the function defined bg(x) has a lowefor equal if
#(1)=0] energy than the statpy). This contradicts the
claim that| ) is the first excited state. Thus the first excited
state is an even function of

Therefore, to find the first excited state, we can €t)
=1 and need only determing(x) for positivex. Sincey is
even,y(—1)=¢(1)=1 and so Eq(2.38 becomes

We have from the calculations of Appendix C that the over-

lap (x'|x) is ordern- 1 if x’ =x and is of smaller order in
if X" #x. Thus, from the overlap withl) we obtain, to order
1/n,

—(2I)p(—1)— (2\2/n) (3) = SE(1)= y(3)
=—Q¢(—1)+ndEY(1))/(24/2).

And for |x|>1 we obtain, to order b,

(2.38

— (272 [ (x—2) + (x+2) ]+ ((|x| — 1)/n)gr(x)
= SE(X)= (X+2)
=[(|x|—nSE—1)/(2y2)]¢(x) — h(x—2).

Now, since the Hamiltonian is an even function xgf we
expectiy(x) to be either an even or an odd functionxoiWe

(2.39

#(3)=—(nSE+2)/2,/2. (2.43
Equation(2.43 gives (3) in terms of(1)=1 andndE.
Equation(2.39 is a recursion relation defining th&(x) for
x odd. Now, in order for the state/) to be normalizable, we
need the sun®_,4(2z+1)? to converge. We expect that
this will only occur for discrete values of6E. Thus, using
the above recursion relation, we plot the value of a partial
sum of the above series for various valuesé6E. This plot
is shown is Fig. 5.
We find that the first excited state hadE~ — 3.747(see
Fig. 6). The wave function for this energy is shown in Fig. 7.
Thus the energy gap of the first excited state to order 1/
is

A=E;—Eo=1+2/n+ SE~1+2in—3.747Th=1—1.747h.
(2.44)

can easily prove that the first excited state is even by a con-
tradiction argument inspired by Feynman. Assume that th&@hus, forn=2, A~0.1265. Numerically and experimentally,

first excited state is odfthat is, (x) is an odd function of
x]. Now define

g(x)=—u(x), x<O0
=(x), (2.40

which is obviously an even function of. Now, the two

x>0

this value is found to be 0.4103@Bince we obtail=1 to
leading order, and ~0.1265 to order X it seems plausible
that were one to include higher orders, the calculated value
of A might approach 0.41050 in an oscillatory manner.

Using our numerical results to ordemlwe can also cal-
culate how many bound states exist. We assume that a nec-
essary and sufficient condition for the stability of a given

states defined by these functions obviously have the sam@ate is that it has less than twice the energy of the first
normalization. Thus, we can ignore this normalization wherXcited state(otherwise, it would decay into two or more
comparing the energies of the two states. The energy of thélates of lower energyThus, themth excited state will be

state| ) relative toEy+1+2/n is

Ey=—(@My(-Dy(D+ > [(X-DImpo?

odd x|
= (242IM) (P () (X~ 2) + P(X) h(x+2))]
=(4m)p(1)2+2 > [((Ix]=D/n)g(x)?
x oddx>1
—(2V2In) (Y(X) (X — 2) + (X) p(x+ 2))]
while the energy of the state defined g¢x) is

(2.4))

stable if and only if

14 2/n+(nSE),,/In<2(1—1.747h)=(nSE) ,<n—5.494.
(2.45

Now, we find that the second excited state is a parity odd
state with 6SE),~0.467. Thus, the second excited state is
stable if and only if

0.467<n—5.494=n>5.96. (2.46

Thus, forn=2 there exists only one stable magnon in agree-
ment with o model, numerical and experimental results.
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FIG. 5. Log of partial normalization sum versngE. The log of the sum is plotted to allow the wide range to be displayed more clearly.

Ill. SINGLE MODIFIED LINK

We now consider the case in which one of the links in our
chain has a coupling which may differ from that of the other

links. In the following discussion, we will find it useful to
use the coordinates

X=Ss—Tr,

y=s+r—1 (3.2

rather tharr andsto label our magnon states. The fact that
must be even and must be odd implies that either=4p
+1y=4q or x=4p+3y=4q+2 wherep and q are both
integers. Thus althougk must be odd ang must be even,
not all combinations of odd and every are allowed.

We define the coupling between sites 0 and 1 td'band

lations, we will choose our units of energy so thiat1. We
assume thaf’—1 is O(1/n). This implies that the ground
state will remain unchanged to leading order in &hd that
its energy will be(to order 1h)

Eo

=—(L+J' -1)(1+2/n). (3.2
Note that this redefinition oE, corresponds with our earlier
definition in the case)’=1. We now defineH, to be the
Hamiltonian without the modified link with the new gener-
alized Eq substituted for the oldithat is, we defineHy—Ej
—(1+2/n) to be the right sides of Eq2.28)].

We can write the true Hamiltoniafwith the modified
link) asHq plus terms correcting for the modified link. That
is, we can write the true Hamiltoniad as

between all the other sites to BeAs in the previous calcu- H=Hy+AH+A\V, 3.3
.ooc"““.
638 .....oo o

—_— .oo"'..
(4] .'l.. ...'.
— ®oq o
~-— 6368, ..'
N ... .C
N o
—g— o. .o

g N I 634 . R
e’ . L[]

() . .
3 6321
.—3.7‘46552 —3.7‘4655 —3A7I46548 —3.7I46546
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FIG. 6. A blow up of Fig. 5 near the first minimum.
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FIG. 8. (@) Typical configuration withr<0,s=1(=x=1).
There is no bond on the modified link Oth) Typical configuration
with r=2s<—-1(=x=<-1). There is a double bond on the modi-
fied link 01.

Our goal is to determine the nature of possible bound
states of the Hamiltonian given above. Let us define

FIG. 7. Ground state wave function. Since the wave function is

even, it is only plotted for positive. Note that the wave function
starts to diverge at abowt=19. This is due to the fact that the

|ho) = aHOE

wed X,

, Po(X)|x,y) (3.6)

eigenvalue found is merely a numerical approximation to the trugq, e the translationally invariant state we found in the case

eigenvalue.

whereA=1-J"=0(1/n) and

Hdr,s)=(y2/n)|r+2s) for r=0, s#1
=(\/§/n)|r,s—2> for s=1, r+0
=1M[|r+2s)+|r,s—2)] for r=0, s=1
=0 otherwise,

Vir,s)=—(1+2/n)|r,s), for r<0, s=1
=+(1+2M)|r,s), for r=2, s<-1
=0 otherwise. (3.9

ThusAH, is a modified kinetic energy operator aR¥ is a
modified potential. Now, since we are considering the large
limit, we can neglecH, and drop the 21 term inV since
these are lower order im [Recall thai\ is O(1/n).] Thus, if
we now change coordinates xandy, Eq.(3.4) becomes to
leading order in X

Hk|X'y>:0|
VIx,y)=—Ixy), for x=1, lyl<x-1
=+[xy), for x<-3, |y|<—(x+3)

=0 otherwise.

(3.9

of the unmodified Hamiltonian, normalized so that

> Po(x)?=1.

x odd

(3.7)

We see that in the limit of largk (recall L is the length of
our chain, |#,) has energyEq+A (note the change in the
definition of E, here since the state is spread along the
entire length of the chairithat is, it is independent of)
while the modified link occurs only between two sites and
thus its effect becomes negligible. Therefore, we expect that
an eigenstate of the modified Hamiltonian will be bound
(that is, be normalizab)ef and only if it has energy less than
Eo+A. Let|#) be such a bound eigenstate where

()= 2 p(xy)lxy). (38
allowed x,y

Since|¢) is a bound state, we know théd|¢) <. Thus,

the energy of the statep) is

Egs=(dlHol $)/(d]d) + N (|VI)/ (S| &)

=>Eo+ A+ N[V $)/( 8] 8, (3.9

where the inequality is due to the fact that, by definitiaris
the lowest energy eigenstate Bf,— E, (and thereforeE,
+ A is the lowest energy eigenstate l9f). Now, we know
that ¢(x,y) must decay rapidly at large| due to the linear
potential present in the Hamiltonian. We see from B35
and Fig. 9 that for smalk, the potentiaV is only non-zero

Thus, the modified link not only breaks translational sym-for small'y. Since our perturbation is smalbrder \), we

metry, it also breaks parity symmetfreflection about a sije

expect that for smatk andy, ¢= ¢ (that is, the corrections

sinceV is not symmetric with respect to parity. Our potential are ordei and thus can be ignored to leading ond@here-
arises from the fact we have defined our energy such thdore Eq.(3.9) becomes, to leading order i

zero energy corresponds to the modified link being outside
the soliton-antisoliton pair where there is a single bond be-

Es=Eo+ A+ N ¢o|V|ho)/ (S| D). (3.10

tween neighboring sites. If the modified link is instead be-The fact thatyy(x) is independent of makes{ | V|#o)
tween the soliton and the antisoliton, it is either between twarticularly easy to calculate. Singg(x) is an even func-

sites not bonded togethén this case=—1) or between
two sites with a double bon@n this caseV=+1). We see
from Eq.(3.5 and Fig. 8 that if the modified link is between
the soliton and antisolitofthat is,V is nonzerg then, it must
lie between two sites not bonded togethek#1 and on a
double bond ifx=—3.

tion of x, both signs ofx are weighted evenly in the sum
(o|V| ). Also, the fact thatyy(x) is independent ofy
means that the weighting is the sarffer a given value of

|x]) no matter where the modified link is. Now, for a given
[x|, there is always one more link with no bond than with a
double bond. This can be seen easily in Fig. 8. Thus, for each
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FIG. 9. Modified potentiaV. An open circle denotes a coordinate at whichas the valuet1 and a closed circle denotes a coordinate
at whichV has the value-1.

|x|, the sum over+x and —x and the respective allowed

values ofy in (o|V|,) equals—1 sinceV takes on the w2y (e M2
value —1 one more time than it takes on the valué. Thus, y
= E e~ 8elal— 22 e-8ed_1
(WolVIvo)== 2 wo(x)?=-12 (31D 4ez =

=2[(1-e 8)—1=(1+e 8)/(1-e 8 )=~1/(4e¢)
since this sum is equal to half the normalization sum in Eq.
(3.7). Therefore,

Ey=EotA—N(2(s]0)). (3.12 or =2e7 4> e 8dil=2e74/(1-e 8 ~1/(4e)
gq=0

Since(¢|$)>0, if A<0 thenE,=Ey+A which is a con- (3.19
tradiction since this impliekp) is not a bound state. Thus, in
the small\ limit, it is only possible for a bound state to
occur if \>0 (that is, if J’<J). However, we do not yet
know that a bound statdoesexist in this case. To see this,

which gives us our normalization constant A in the sneall
limit. We choose the trial wave function given above since it
we will use a variational argument. r_ed_uces to the translationally invariant wave fu_nc?ion in the
We choose as our variational state the normalized waviimit €—0 (we expect—0 ask —0). We will minimize the
function, energy of this trial wave function with respect ¢o
In terms of the coordinates andy and using the same
normalization for thex,y) states as was used for thes)

)= D p(xy)xy) statesH, is given by
allo y

wed X,
where g(x,y)=Ao(x)e” V!
and A—\4e as e—0. (3.13

(Ho— (Eg+ 1+2/n))|x,y)

=((Ix[=D/n)x.y)

To see how the normalization constaft(chosen so that — 2/ (X4 2V+2) + [x+2v—2
(¢|¥)=1) was obtained, recall that either=4p+1y=4q (Vi Y+t y=2)
or x=4p+3y=4q+2 wherep andq are integers. Thus, +[x=2y+2)+|x=2y-2)) for [x[>1,
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(Ho— (Eg+1+2/n))|1y)
=—(\2In)(|3y+2)+[3y~-2))
—(In)(|—1y+2)+|-1y-2)),
(Ho— (Eg+1+42/n))|—1y)
=—(V2In)(|=3y+2)+|-3y—2))~(Ln)(|1y+2)

+[1y=2)). (3.15
We would like to separatél into its x andy components.

ALISTAIR SAVAGE AND IAN AFFLECK

PRB 59

(Ho— (Eg+1+2M))|1y)
=—(\2)A,[3y)— (Ln)A,| - Ly) = (22/n)| -3y)
—(2)|1y),
(Ho— (Eg+1+2/M))|—1y)
= —(J2In)A,|-3y)— (1n)A,[1y)—(22/n)|3y)
—(2n)|-1y). (3.18

We can now roughly separakt, into its x andy compo-

One possible method for doing this would be to introducenents. DefineHg as the sum of the terms in Eq8.16 and
lattice derivatives. However, a problem arises when we at(3.18 involving A, and Hg as the sum of the remaining
tempt this. We would like to add and subtract the states terms. Sinceji(x) is an even function ok and is indepen-

+2,y) and|x—2,y) from the right hand side of Eq3.15).
However, given that the stat,y) exists, neither of the
states|x+2,y) or [x—2y) can exist(this follows from the
permissible values ok andy). However, the statep—(x

+2),y) and |—(x—2),y) do exist. Although adding and

subtracting these states from the right hand side of E45

may seem counterintuitive, the fact théfx,y) is an even
function of x allows us to effectively separaté, into its x

andy components in this way. Thus, we rewrite thé>1

portion of Eq.(3.15 as

(Ho— (Eg+1+2/M))|x,y)
= ((Ix|=D/n)[x,y) = (V2In)(|x+2y+2)
+[x+2y—2)=2|=(x+2),y)+|x—2y+2)
+[x—2y=2))=2[~(x=2),y))
—(2V2In)(|= (x+2),y) +| = (x=2).y)
—2|x,y)— (4v2In)[x,y)
= ((IX|=1)/n—=a\2/m)|x,y) = (V2/n) (A |x+2y)

+4,[x—2y) = (2y2/m)A,|xy), (3.1
where
Adx,y)=[=(x+2),y)+]=(x=2),y) = 2|x,y),
Axyy=Ixy+2)+|x,y-2)-2|-x,y) (3.17

are our lattice second derivative operators. Similarly,

dent ofy, Ay|i)=0. ThusH}|,)=0 and soHj is pre-
cisely the Hamiltonian we encountered in the case J up
to a constant relating to the redefinition B§.

We now calculate the expectation energy of our trial wave
function:

Ec=(ylH[y)

=Eo+ A+ (yHel ) + N (¢ V] ). (3.19

Now, althoughA, is defined as an operator on the state
|x,y), through a change of variables, we can treat it as an
operator on the coefficienig(x,y). Fory>0 (note thaty is
always even

Ay‘/’(X:Y) = \/E(//O(X)[e* e(y+2) L g=e(y=2) _ g ]
=y(x,y)e 2+ e?—2]

=y(x,y)[4€’+0(M)], (3.20

where we have used the fact thaj(x) is an even function.
Similarly, for y<0,

Aygr(x,y) = h(x,y)[4€°+O(e")]. (3.2
Now, fory=0,
Ay(x,0)= JAeyo(x)[ 2624~ 2]
=y(x,0)[ —de+4e>+0(e%)]. (3.22

Notice that the casg=0 agrees with the cage# 0 in thee?
term. Therefore, dropping terms of ordet and higher and
using the fact thaty(x,y) is an even function ok we see
that

(UHgwy=-(2imae? | 3, | T 9= (x=2)y)+ fy)i(= (x+2),y)]

‘(@”)(‘“LHOW%}M [(X,0) (= (x—2),0)+ (x,0) (— (x+2),0)]

— 462 E

allowedy

+(1/in) (1,0 4(1,0)]
—4€2 2

allowedy

[(V2/n) (= Ly)(3y)+ (1) g(— Ly) p(— 1y)].

[(N2/) y(Ly) (= 3y) + (1) g(1y) p(Ly) 1+ A€l (V2/n) (1,0 46— 3,0)

(3.23
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Now, we can use the fact that( —x,y) = #(X,y) to convert  which gives an energy dto leading order im)
sums over alk to (two timeg sums over positive. Also, the
x=*1 cases missing in the first two sums above, are present Emin=Eo+A—n\?/(8k)<Ey+A. (3.30

in the third and fourth sums. Finally, in the second sum of .
Eq. (3.23, we must remember that only certain valuesxof Thus, we know that the true magnon state of the modified

are allowed if y=0. The allowed values are...,—7 link Hamiltonian has an energy which is less thapt+ A and
—3,1,5,9... . Thus, using the fact thato(x) is an even thus is bound. Note that our minimizing valueeis positive
function ofx. we can convert a sum over these allowed val-Which is necessary for our trial wave function to be normal-

ues into a sum over all odd positive Thus, we may sim- izable. Numerically, 6 is calculated to be approximately
plify the above expression to 0.279 and thusc is approximately 1.134. Therefore, for

=2 and\>0,
(YIHY ) =—(V2/n)4e?

4 X, X+2, o _ 2
auongzl’y YY) y)} Enin~Eo+A—0.22D\2 (3.31)
So far we have presented the wave function of Bql3
Zodzgl P(X,0)¢p(x+2,0) as merely a variational one so that the endggy;, is just an
upper bound. However, we expect the variational wave func-

+(\2/n)(4e€)

) tion to become sufficiently accurate that the actual bound
—(Un)4e 2allo%d y P(Ly)g(Lly) state energy is given by E¢3.30 in the limit \—0*. This
follows from the following observations. First of atl(x,y)

+(4eln)y(1,0044(1,0). (3.29 is an exact eigenfunction in the translationally invariant case,

A=0, for any e. Secondly, even foh#0, (x,y) satifies
exactly the Schidinger equation outside the dotted lines in
Fig. 9. For any fixed value of and sufficiently smal\ [and
hencee as determined by Eq3.29] #(x,y) is nearly con-
stant as a function of between the dotted lines of Fig. 9.
The true bound state wave function must also have this prop-
(YHY| )= —(N2In)16€% D, ho(X) tho(X+2) erty in order for( | HY| ¢) to be small. Thus the actual value
odd x=1 of the wave function in this region is not important as long as
it is nearly constant and joins smoothly with the wave func-

Now, a factor ofe occurs from the normalization a@f which
is canceled when a sum ovgris performed. Thus, all the
terms in the above end up bei@(e?). Thus, the above
becomes

+(/2In)8e Aeo(X) ho(X+2) tion outside the dotted lines, properties enjoyedyifx,y).
odd x=1 At |[x|>1, ¥(x,y) goes to O rapidly[From the continuum
—(8€2/N) ho(1)2+ (16€2/N) ihy(1)? form of the Hamiltonian in Eq.(2.34 we may estimate
, ) wo(x)ce~X¥¥@x2% 1 Again we expect the actual bound
=(€2/n)[ 16126+ 84(1)%], (325  state wave function to have this property #6x,y) should

be a sufficient approximation in the lar¢pd region. There-
fore we expect/(x,y) [with e given by Eq.(3.29] to be a
good first approximation to the actual bound state wave func-
0=0d§>1 Po(X) Po(X+2)>0. (3.26  tion at small\ and the energy of Eq3.30 to be asymptoti-
- cally correct. The situation is similar to the case of one-
It is shown in Appendix D that), is everywhere positive dimensional quantum mechanics with a weak potential, the
and so we knows is positive. single dimension corresponding yoDespite the fact thay
We now consider the teri, using the same reasoning as depends on 2 coordinatesandy, the present problem is
when we were calculatinge|V|¢) [that is, for smallx, y  rather different than the two-dimensional case with a short-

where

ande, ¢ (X,y)~Auyy(x)], we see that range potential due to the confiningdependent potential.
Essentially,x acts as an internal degree of freedom of the
(YIV] ) =A% Yo|V|ho) = (4€)(— 112) = — 2e. magnon whereay represents its location. In particular, the

(3.2  quadratic dependence of the binding energy on the strength
. . of the potential also occurs in the one-dimensional case.
tiO;'rilserefore, the expectation energy of our trial wave func- Thus, if we assume tha,;, is not merely an upper
bound on the energy but actually a good approximation to it,
we can plot the energy as a function)of (J' —J)/J. This
is done in Fig. 10. Note that the critical value »&0 at
which the energy becomes negatiimaplying the existence

E.=Eo+A+8ke?/n—2\e,

where x =220+ o(1)*>0. (3.28 of a bound statehas not been calculated and so no signifi-
In order to minimize this quantity with respect & we set cance should be attributed to the value indicated on the p|0t.
dE/de=0 to obtain Also, the exact form of the energy dependenceNor0 is
unknown. In Fig. 10 it is plotted with the same quadratic
0=16ke/n—2\ dependence as in the case& 0. Based on our experience in

the previous section with extrapolating larmgeresults ton
=e=n\/(8«k) (3.29 =2, we might expect the prefactor of 0.221 in Eg§.31) to
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(J’_J)/J We see that this pattern will continue. That is, forsites,
with L even, we obtain
— i1 di+1y si1 s+
-0.15 -0.1 -0.0 0.0 0.1 0.15 (0[0) aLéjléiL+1+5iL+16jl ' (A3)
~ ~0.001| wherea, is given by the recursion relation
~—~
a_ 1=(n+1l)a +1. A4
g 0002 L+1=( )aL (A4)
uj However, this is simply a geometric series:
1
-0.003}
E a]_: 11
U\ZL -0.004
’ a,=(n+1)+1,
-0.005¢ az=(n+1)2+(n+1)+1,
FIG. 10. E,, versus (' —J)/J. The critical value of)’ >J for L1
which the energy becomes negative has been assigned an arbitrary _ 2 i L
value. The form of the energy dependence Jérlarger than this a = ~ (n+1)'=[(n+1)~—1]/n. (A5)
critical value has been assumed to be the same as the dependence
for J'<J. Thus for a finite chain ot sites,
only be accurate to within a factor of 2 or so. However, the (0]0)=[((n+1)-— 1)/n]5;i5§:i+ 5:i+15}i”- (AB)

fact that the functional dependence is quadraticin<(J) is
likely to be exact, since it is a general result for one-If we now wish to impose periodic boundary conditions, this
dimensional quantum systems, as emphasized above. Tlgequivalent to replacing ., by i; andj_,, by j, in the
numerical results in Ref. 3 are probably consistent with qua@bove expression. Doing this, and contracting the indices
dratic behavior at small negativd'(—J) but with a smaller  Yields
prefactor. B L 5 Lo

Therefore, we have shown that in the case of a modified  (010)=[((n+1)"=1)/nJn+n®=(n+1)"+n°~1.
link, in the limit ' —J, a bound state exists if and only if (A7)
J’<J. This results from the fact that between the antisolitonTaking L — o first, then largen, this may be approximated as
and soliton there is one more pair of neighboring sites with

no bond between them than with a double bond. (0]0)y=(n+1)*-. (A8)
ACKNOWLEDGMENTS 2. Calculation of (EO|EQ)
I.LA. would like to thank Erik Seensen for useful discus- To calculate this matrix element, we can use the previous

sions. This research was supported by NSERC of Canada.fesult. Each double bond can be thought of as a two|@jte
state with periodic boundary conditions. Thus, Foeven

APPENDIX A: CALCULATION OF OVERLAPS ARISING (EO|[EO)=[(n+1)2+n2—1]2=[2n(n+1)]"2.
IN DETERMINATION OF TRUE GROUND STATE (A9)

1. Calculation of {0]0)

For the symmetric ground state, we first consider just two 3. Calculation of {aa)

of the sites: We again use our previous results to calculate this matrix
element. The four sites which comprise the soliton-
(2, . j2j3>:(5i_15i_2+ 5162)( 8283+ 52553 antisoliton pair can be thought of as a four $@¢ state with
'2lsllal2 O L M periodic boundary conditions while the remainder of {thg)
:(n+2)6}i(5§:+ 5:;‘5ﬁ (A1) state is identical to thEEO) state. Thus, foL even
_ , arla)=[(n+1)*+n?=1][2n(n+1)]-" 2"~
We then consider three sites: (arlar (A10)
<IllZ’izis’|3|4|J'1]z']2]3'1'31'4> 4. Calculation of {8, 8;)
= (81524 8162)(8283+ §12613)(5354+ 5364 The overlap of 3,) with itself consists of the overlap of a
iz 27 e s s e e e e s two site|EO) state(or equivalently a two sité0) state with
:[(n+2)5i_15j3+ 5?15j3](5i35i_4+ 5{35i_4) itself and an [ —2) site|0) state with itself. Thus, fot
J1 '3 '3 J1 ]3 la la ]3 even
_ i1 da, o1da
[(n+1)(n+2)+1]6] &+ &, ;1. (A2) (B|B)=2n(n+D[(n+1)" 24+n2—1].  (ALD)
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(o) =D O LoD D LD A A

FIG. 11. Double alpha state.

5. Calculation of (0| 8,) 7. Calculation of {a,|as) and (EO|a,as) for [r—s|>3

We need only consider the four sites which comprise the In this case, the two soliton-antisoliton pairs do not over-
soliton-antisoliton pair. The remainder of the matrix elementlap. Thus, comparison with the calculation ¢EO|e«,)
is identical to(0|0): yields

(2 e 94, 1208) (a/]ag)=(1n?)[2n(n+1)]-?~(1/n)*EO|EO).
o (A17)
(5152 i1 diovedladlay dladlay, dl3dla i3 da
_(51‘1512+ 512611)(5i25i3+ 5i35i2)(513514+ 514513) .
o o 8. Calculation of {a;| @, ;) for |r—s|>3]|r—t|>3]|s—t[>3
2 &l 2 oI5
><(5i45i5Jr 5i55i4) Here|a, as) is defined in the obvious way in Fig. 11. In
this case, none of the soliton-antisoliton pairs overlap. Thus,

—(sl1 6034l i1 63l i1 g3l i1 g3l
= (6], 0501, 6,626+ 65,261+ 6.6,25,) comparison with the calculation ¢EO|«;) yields

X (8138128154 83512505+ 53512505+ 513 512 5'5) (ay]aras)=(1n®)[2n(n+1)]-2 (A18)
I3 Ja s I3 15 Ia la 1315 la 15 13
—(2n%+6n+4) 5}15{? 2(n+ 1)52;5}3 9. Calculation of {8,|8) and (0|8, B for |r—s|>3
iy iy As in Sec. A7, comparison with the calculation{(® 3

=2(n+ 1)[(n+2)5}15{:+ 5;;5131. (A12) yields (0f 5r)
We now note that this is precisely 2¢ 1) times the expres- (B:|Bsy=4(n+ D (n+1)-"4+n?—1]
sion we obtain from a two sité0|0) aside from a renaming 5
of indices. Thus, since the remainihg-4 sites of thd 3,) ~[2/(n+1)]%0|0). (A19)

state are identical to those for th@) state

ol 2N+ D+ 1)E 24 12— 1]~[2/(n+ 1)](0[0 10. Calculation of{ 8| 8, B) for |r—s|>3|r—t|>3|s—t|>3
=2(n n n“—1]=~[2/(n .
(01r) [ 1~ K (A1>3) Here |3, Bs) is defined in the obvious way in Fig. 12.
Comparison with the calculation ¢b|3,) yields

6. Calculation of (EO|a,) (B B:Bs)=8(n+1)°[(n+1)-"®+n2—1]. (A20)
As in the previous calculation, we need only consider the
four sites which comprise the soliton-antisoliton pair. The APPENDIX B: VARIATIONAL VERIFICATION
remainder of the matrix element is identical(@®O|E O): OF TRUE GROUND STATE
(2, dsla | d2ls o dal1) We consider states of the form
tqlot tiglgl)q)o? 1J3lg?
=(5i15i2+5i15i2) |1)=10)+a|B),
i17d2 Uiz
[2)=|EO)+bla), (B1)

J2 63, o2 olay sladlay daday dadi dagd
X (5i15i2+ 5i25i1)(5j351.4+ 5j45j3)(5i35i4+ 5i45i3) where
=[(2n+2)5§j][(2n+2)5§;]

1B)=(11) 2 |By),
—an(n+1)2 (A1) > - 16

Recall that for a four sit¢E O) chain,
) =[1U2L)] 2 |az). (B2)

(EOJEO)=4n?(n+1)2. (A15) '

We will see that variations in the parameterandb do not

Thus, adding in the othdr—4 sites, we obtain affect the energies of the states at order thius verifying

EOla.)= (1/NWEOIEO) = (1/mI2n(n+ 1)1-/2 that the symmetric ground state is the true ground diate
(EQlar) = (1) {EC[EO) = (1m[2n( )] the largen limit). Throughout this section, we will make the
~(1/n)(EO|EO). (A16) assumption that for largk, when the Hamiltonian acts on

TN RN =\

FIG. 12. Double beta state.
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FIG. 13. Site and index labeling wheércu<r<s.

|a,) or |B,), we can neglect the terms of the Hamiltonian APPENDIX C: CALCULATION OF OVERLAPS
acting on the five sites—1 to r+3 since their effect is FOR SOLITON-ANTISOLITON STATES
suppressed by a factor &f compared to the other sitéef
which there ard.—5).

For the symmetric ground state, we wish to calculate

In this section, we will only consider states in which the
soliton is to the left of the antisolitofthat is,|r,s) for which
s>r). The other cases are easily seen to produce analogous
results. In the forthcoming calculations, we will find the

Er=(ga|H|g) /(| h1). (B3 overlap of 2-site wave functions, one corresponding to a
We already knowH|0). Now, for |r —s|>3, Isslr]glsi bond and the other to a double bond, to be useful. This
HglBr)=—(1+2/n)[B,)—(1n)| B Bs), (B4) (12 |0 szs>=(5i_15i_2+ 5i_15i_2)(5§25j3+ 5!'25!'3)
Mol J1 )2 IR I 1o I 1y
where | B,8s) is defined in Appendix A. Thus, using our i
large L assumption, =2(n+ 1)5}? (C1)
This result can obviously be extended to longer chains:
H|:3r>:_L(1+2/n)|,8r>_(1/n)2 |Brﬁs> (BS) <i1i2 L. ix72ix71 a B | ) j2j3 . jx—ljx>
s Malp =t Mx—2lx—1l1112 T Ix-a2lx-1
Thus we see that the normalization conditigt&7), (A13), =[2(n+ 1)](X*1)’25::X, (C2)
1

and(A19)] and the action of{ are consistent with
where we note that in the abowemust be odd.
|B)~[2/(n+1)]|0). (B6) Let us first calculate the overlaw,s|t,u) whent<us=r

) o ) o <s. We label indices as in Fig. 13. We define=u—t,
Although this equation is not literally true, the variational y—s—r and d=r—u+1. From Eq.(C2), the overlap for
calculations give the same result as if it were true. Thereforesjtest+ 1 throughu—1 is
|41) just acts as a scalar multiple i) and so , _
[2(n+1)]™ *1>’25;5. (C3

(Y|l (Y| ¢p1)=(0[H[0)/(0]0) = = L(1+2/n) - : ,
(B7) Similarly, the overlap for sites+ 1 throughs—1 is

to first order in 1. [2(n+ 1)](’(71)/25};- (CH

For the nonsymmetric ground state, we need to calculate ) ,
From Appendix A we know that the overlap for sites

E2:<§[/2|H|l//2>/<l//2|l//2> (88) throughr,

Calculations analogous to those for the symmetric yield
ground state demonstrate that the normalization condition
[(A9), (A16), and(A17)] and the action oH are consistent
with

[((n+1)d—1)/n]5f55;:+ 5jﬁru5§'u (C5)

Snd the overlap for sitesthrought (periodic boundary con-
ditions) is

[(n+ 1)L 94X +2_1)n1slsst+ slsst.  (Co)

|a>%(1/n)|EO>- (B9) Is It tls

: . o . o Therefore, the entire overlap is
Again, this equation is not literally true; the variational cal-

culations just give the same result as if it were true. There- [2(n+ l)]<x+x’*2)/25:u5}r
fore, |,) just acts as a scalar multiple O) and so t s o o
X[([(n+1)"=11/n)§"5 + 5,51
(2| H|gh2) (o] h2) =(EO[H|EO)/(EO|EO) i %%y
L—d—x- ' 2 jS i js i
=-L(1+1/n) (B10) X[Cn+DE 2= 11In) 66, + 6,5 1.

to first order in 1n. (C7)
Thus, variations ire. andb do not affect the energies of Now, for our purposes, = j; andig=j, since the two states
the stategy,) and|,) at order 1h as claimed. considered here are intended to be the same state either trans-
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FIG. 14. Site and index labeling wheérr<u<s.

lated or acted on by our Hamiltonigor both and both of We definex’ =u—t, x=s—r andd=u—s. Routine cal-

these operations preserve the value of the free index. Now, iaulations similar to those shown above demonstrate that the

order to avoid mixing with the singlet states, we also assumeverlap is equal to

i,#igandj;#j,. Thus, after expanding and contracting in-

dices, the above expression reduces to [2(n+1)](X'*X)’26:£5:”[2n(n+1)](’(*1)’2

S

2(n+1 (x+x"—2)/2 +1 d_l , o S

[2(n+1)] [((n+1)"=1)/n X[[(n+1)- % = 1)/m)8s + 561

4 + L—d—-x—x"+2_ ) u u
((n+1) 1)/n] (CY (C13

In the largel and largen limits (takingL large first as usugal

this reduces to Using the same conditions on the indices as above, this re-

duces to

2(x+x’72)/2nL7d7(x+x’)/2' (Cg)
[2(n+1)]% =92 2n(n+1)]* V[ (n+1)- ' = 1]/n)].

We now consider the case in whitkr<u<s. We label (C14

the sites and indices as in Fig. 14. We defxle=u—t,
x=s—r and d=u—r—1. Routine calculations similar t0 |n the largeL and largen limits (takingL large first as usu|

those above demonstrate that the overlap is equal to the overlap reduces to
(x+x'=2)2—d & o dr2
[2(n+1)]*" 5i15j:[2n(n+ 1)] o(x —1)/2 L+ (x—x')/2-1 (C15
X[([(n+ 1)L 7402 1)/n)slss + 615611, .
st s Thus, we see that the overldp,s|t,u) is ordernt~1 if

(C10  r=t,s=u and higher order in 1/ in every other case. Al-
though, we have only dealt with the cases in whichr and

e£|'>t, it can easily be seen that the other cases yield the same
conclusion.

Using the same conditions on the indices as above, the ov
lap reduces to

[2(n+ l)](erx’f )/27d[2n(n+ 1)]d/2

, APPENDIX D: POSITIVITY OF X

X[((n+1)Lx ¥ Fd+2_1)/n], (C11 o)
o . _ We will now prove thatyy(x) is positive for all oddx.

In the largeL and largen limits (takingL large first as usual  Since we knowy,(x) is an even function of, we need only

the overlap reduces to prove the result fox=1. In order for, to be normalizable,
, / ¥o(X) must converge to zero. Now, by constructiaiy(1)
2XFXT=d=2)2pLd = (x+xT)/2, (C12  >0. Assumeyy(x)>0 Vx such that E=x<X, with x,X

odd. We will demonstrate that(X+2)>0 by contradiction.
Lastly, we must consider the case wherer <ss<u. We  Thus, by inductiongy(x)>0 Vx odd.
label the indices as in Fig. 15. Assumey(X+2)<0. Then, by Eq(2.39

iy
i S i
:---o—o—o‘—o—on-o—l EN o D e 0—0—0—0 s
t r | u

i

Jt je i

Ju

rs)
tu)

FIG. 15. Site and index labeling wheérir<s<u.
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Yo(X+4)=[(X+2-nSE~1)/(22)¢ho(X+2) = ro(X)
= ho(X+4) — ¢ho(X+2)

=[(X+1-2\2-n6E)/(2y2)]po(X+2)

— o(X)<0
= Y(X+4)< y(X+2)<0. (D1)
Since X+1-2y2-nsE>2-22-nsE>0, (X
+2)o(X+2)<0 and o(X)>0. Now, if io(x+2)

<p(x)<0 for x=3, then

ALISTAIR SAVAGE AND IAN AFFLECK

PRB 59

Po(X+4)=[(x+2—nSE—1)/(2y2)1¢ho(X+2) — ho(X)
= ho(X+4) — (X +2)
=[(x+1-2y2-n8E)/(22)]ho(x+2) — ro(%)
= ho(X+4) — (X + 2) < thy(X+2) — ihp(X) <0

= P(X+4) < J(x+2)<0. (D2)

Since x+1—2\2—nsE>4—-2\2—nSE>22. Thus, by
induction, o(X) < ¢o(X+2)<0 V¥x=X+2 which contra-
dicts the fact that/y(x) —0 asx—oe. Therefore, we must
have thatyy(X+2)>0 which completes our initial induc-
tion and soy(x)>0 for all x. Here we have used the nu-
merically determined value of6E~ —3.747. Higher energy
eigenfunctions will not be positive.
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