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Abstract

Henriques and Kamnitzer have defined a commutor for the category of crystals of a finite-dimensional
complex reductive Lie algebra that gives it the structure of a coboundary category (somewhat analogous
to a braided monoidal category). Kamnitzer and Tingley then gave an alternative definition of the crystal
commutor, using Kashiwara’s involution on Verma crystals, that generalizes to the setting of symmetrizable
Kac—Moody algebras. In the current paper, we give a geometric interpretation of the crystal commutor
using quiver varieties. Equipped with this interpretation we show that the commutor endows the category
of crystals of a symmetrizable Kac—-Moody algebra with the structure of a coboundary category, answering
in the affirmative a question of Kamnitzer and Tingley.
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0. Introduction

Let g be a symmetrizable Kac-Moody algebra and U, (g) the corresponding quantum group
(or quantized universal enveloping algebra). Introduced by Kashiwara, crystals can be thought of
as a combinatorial model of representations of U, (g) arising from the limit as ¢ tends to zero. To
each representation of U, (g) is associated a crystal graph. Roughly speaking, the crystal graph
is an edge-colored directed graph in which a certain basis (the global, or canonical, basis) of
the representation is replaced by a set of vertices and the action of the Chevalley generators is
replaced by colored arrows. Arrows are labeled by simple roots of g and to each vertex is associ-
ated a weight of g. One can take the tensor product of two crystals and this operation corresponds
to the tensor product of the corresponding representations. The vertex set of the tensor product
crystal is the Cartesian product of the two original vertex sets. With this operation, the category
of g-crystals becomes a monoidal category. As for representations of U, (g), the tensor product
of crystals is not symmetric. That is, the map (b1, b2) +— (b2, by) is not a morphism of crystals
in general.

Recall that a braided monoidal category is a monoidal category C equipped with a natural
isomorphism o{}fw VW —> WQRYV forall V, W € Ob(C and such that the diagram

d@ol’y,

UQVeW UQWRV

br
v w or
o w®ld

WUV
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commutes for all U, V, W € ObC. Such a ¢?" is called a braiding and it induces an action of the
braid group on multiple tensor products. We refer the reader to [1, §5.2] for further details.

For g a finite-dimensional complex Lie algebra, the category of representations of U, (g)
has a natural braiding constructed using the universal R-matrix, an element of Uy, (g) ® Uj(g)
where Uy, (g) is the formal completion of U, (g). The braiding is given by the map flip o R where
flip: VW —> WQ®YV is given by v ® w — w ® v. However, this braiding does not pass to
the ¢ — O limit. In other words, it does not induce a braiding on the category of crystals. In fact,
one can show that no such braiding exists. That is, the category of g-crystals cannot be given the
structure of a braided monoidal category for nontrivial g. However, it can be given an analogous
structure as we now describe.

A coboundary (or cactus) category is a monoidal category C equipped with a natural isomor-
phismoy w: VW — W®YV forall V, W € ObC_, called a commutor, such that ow v ooy w =
Id and the diagram

ld®oy, w
UQVaW ——UWQRV (0.1)

qu@ldi l”U.W@V

ovVeU.W

VRUW ———— = WQRVRU

commutes for all U, V, W € ObC. The commutativity of (0.1) is called the cactus relation.
A commutor satisfying these conditions induces an action of the cactus group (see [3]) on mul-
tiple tensor products.

Drinfel’d [2] has shown that one can use the R-matrix to construct a commutor satisfying
the cactus relation in the category U, (g) via a process he calls unitarization. If one defines
R = R(ﬁip(R)R)_l/2 where the square root is with respect to the 4 filtration on Uy (g) ® Uj(g),
then the map flip o R” is a commutor. In [3], Henriques and Kamnitzer, following an idea of
A. Berenstein, defined a commutor on the category of representations of Uy (g) and the category
of g-crystals for g a finite-dimensional complex reductive Lie algebra. Their definition involved
the Schiitzenberger involution which only exists in finite type. It was shown by Kamnitzer and
Tingley in [7] that a particular case of Henriques and Kamnitzer’s construction agrees with Drin-
fel’d’s commutor and that this unitarization does pass to the ¢ — 0 limit. That is, it induces the
structure of a coboundary category on the category of g-crystals for g of finite type. In [6], Kam-
nitzer and Tingley gave an alternative definition of the commutor using Kashiwara’s involution.
The new approach has the benefit of defining the involution o for arbitrary symmetrizable Kac—
Moody algebras. Thus, there exist two combinatorial definitions of the commutor: the definition
of [3] where the cactus relation can easily be seen to hold but which does not generalize to the
Kac-Moody setting, and the definition of [6] which does generalize to the Kac—Moody setting
but for which the cactus relation has not been shown to hold (for non-finite type). Kamnitzer and
Tingley posed the natural question of whether or not the commutor, extended to symmetrizable
Kac—Moody algebras via the second definition, satisfies the cactus relation in the more general
setting.

The goal of the current paper is twofold. First, we give a geometric interpretation of the crys-
tal commutor using the quiver varieties of Lusztig and Nakajima. These are varieties associated
to quivers (directed graphs) constructed from the Dynkin graph of a symmetrizable Kac—Moody
algebra g. The set of irreducible components of these varieties can be given the structure of a
g-crystal in a natural geometric way. We give a geometric characterization of these irreducible
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components and use this description to analyze the action of the crystal commutor described
above. In doing so, we attain our second goal. Namely, we answer the above question of Kam-
nitzer and Tingley in the affirmative: the crystal commutor satisfies the cactus relation for an
arbitrary symmetrizable Kac—-Moody algebra g and therefore endows the category of g-crystals
with the structure of a coboundary category. The key ingredient in the proof is that in the lan-
guage of quiver varieties, the two compositions of commutors appearing in the cactus relation
(0.1) both correspond to taking adjoints of quiver representations (at least when we restrict them
to highest weight elements) and are therefore equal.

The paper is organized as follows. In Section 1 we review the definition of the crystal com-
mutor using Kashiwara’s involution. In Section 2 we introduce the quiver varieties of Lusztig,
Malkin and Nakajima. The geometric realization of the crystals corresponding to the lower half
of the quantized enveloping algebra of a symmetric Kac-Moody algebra and its integrable high-
est weight representations is given in Section 3. In Section 4 we discuss various characterizations
of the irreducible components of quiver varieties and examine how the crystal commutor acts on
these irreducible components. Equipped with a precise description of this action, we prove that
the commutor satisfies the cactus relation in Section 5. Finally, in Section 6, we extend our results
to the case of Kac—Moody algebras with symmetrizable (rather than symmetric) Cartan matrices
by a well-known “folding” argument.

1. Crystals and coboundary categories

In this section we introduce the crystal commutor as defined by Kamnitzer and Tingley
in [6]. It was defined in a different manner for the case of finite-dimensional complex reduc-
tive Lie algebras by Henriques and Kamnitzer in [3]. We refer the reader to [21] for a more
detailed overview of the topic. In the current paper, by the category of g-crystals for a sym-
metrizable Kac—Moody algebra g, we mean the category consisting of those crystals B such
that each connected component of B is isomorphic to some Bj, the crystal corresponding to the
irreducible highest weight U, (g)-module of highest weight A, where A is a dominant integral
weight. For the rest of this paper, the word crystal means either an object in this category or
the crystal By, corresponding to the lower half U,(g)~ of the quantized universal enveloping
algebra.

1.1. Kashiwara’s involution
Let g be a symmetrizable Kac—Moody algebra and let By, be the g-crystal corresponding to

the lower half U, (g) of the quantized universal enveloping algebra. Let * : Uy (g) — Uy (g) be
the anti-automorphism given by

q =4,

ef =ej,

fit=fi
q(h)* =q(=h).

The map * sends Uq’ (g) to Uq’ (g) and induces a map * : Boo — B (see [8, §8.3]). Setting
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& b) = (& ()",
fro)y = (£:0")",
EF(b) = £:(b"),

g7 (b) = ¢i (D),

gives B, another crystal structure. We call the map x Kashiwara’s involution.

Let B, be the g-crystal corresponding to the irreducible highest weight Ug,(g)-module of
highest weight A and let b, be its highest weight element. We recall the tensor product rule for
crystals.

~ eib1 ®by if @i (by) = &i(b),
(b b)=1" - .
¢(b1®b2) {b1®eﬂu if g1 (b1) < &1 (bo),
z _ | fibi @by if @i(b1) > &i(ba),
(b1 ®b )—{f’ 1@b2
Jibr®b) =\ 40 Fby it gi(b1) < ei(bo),

wt(by ® by) = wt(by) + wt(b2),
& (b1 ® by) = max(g; (b1), i (b2) — (hi, wt(b1))),
i (b1 ® by) = max(g; (b2), @i (b1) + (i, wi(b2))).

For two dominant integral weights A and u, there is an inclusion of crystals By, < By ® By,
sending by, to by ® b,. It follows from the tensor product rule that the image of this inclusion
contains all elements of the form b ® b, for b € B).. Thus we define a map

Ao,
G By — Bayy

which sends b € B), to the inverse image of b ® b, under the inclusion By, — B) ® B,.
While this map is not a morphism of crystals, it takes by, to by, and is ¢;-equivariant. Here ¢;-

equivariant means that tiﬂb (eib) = éﬂiﬂi (b) for all i (note that it follows that ¢;b = 0 whenever

¢ Liﬂi (b) = 0). This notion of ¢;-equivariant is sometimes called e;-strict.

The maps L;ﬂ‘ make the family of crystals B; into a directed system and the crystal B
can be viewed as the limit of this system. We have ¢;-equivariant maps (5° : B) — By, which
we will simply denote by (> when it will cause no confusion. We define (*° : B — B, for an
arbitrary g-crystal B by setting (°°(b) = (7°(b) if the connected component of B containing b is
isomorphic to B, . This extended map ¢*° is also ¢;-equivariant. Define ¢* : B, — Py by

g*(b) =min{A | b €:®(B))}
where we put the usual order on P, the positive weight lattice of g, given by A > u if and only
if L — u € Py. Recall that we also have the map ¢ : Boo — Py given by (o, £(b)) = &;(b). Then

by [8, Proposition 8.2], Kashiwara’s involution preserves weights and satisfies

e*(b) = e(b*). (1.1)
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1.2. The crystal commutor

Consider the crystal B; ® B, . Since ¢(b) = £(b) + wt(b) for all b € By, we have that ¢(b,) =
wt(b;) = A. It follows from the tensor product rule for crystals that the highest weight elements of
B). ® B, are those elements of the form b; ® b for b € B, with e(b) < A. Thus ¢*(b*) = e(b) <A
and so, by the definition of £*, we have b* € (°°(B,). So we can consider b* as an element of B;,.
Furthermore, (b*) = ¢*(b) < u = ¢(b,,) since b € B,,. Thus b, ® b* is a highest weight element
of B, ® Bj,. Since By ® B, = B,, ® B, as crystals, we can make the following definition.

Definition 1.1. (See [6].) Let 0B,.B, - BL ® By = B, ® B, be the crystal isomorphism given
uniquely by o, p, (by ® b) = b, ® b* for b) ® b a highest weight element of By ® B),. The map
OB,.B, is called the crystal commutor.

Note that it is enough to define the crystal commutor o, p, : B ® B, — B> ® B when
B1 and B; are highest weight crystals since all objects in the category of g-crystals are unions
of these by definition. It was shown in [3,6] that for g a finite-dimensional complex reductive
Lie algebra, the commutor satisfies the cactus relations (0.1) and thus endows the category of
g-crystals with the structure of a coboundary (or cactus) category. One of the goals of the current
paper is to show that this is true for g an arbitrary symmetrizable Kac—Moody algebra.

2. Quiver varieties

In this section we introduce the quiver varieties of Lusztig and Nakajima and the tensor prod-
uct varieties defined by Malkin and Nakajima.

2.1. Lusztig quiver varieties

Let I be the set of vertices of the Dynkin graph of a Kac—Moody Lie algebra g with symmetric
Cartan matrix and let H be the set of pairs consisting of an edge together with an orientation of it.
We call the elements of H arrows. Denote the corresponding quiver by Q = (I, H). For h € H,
let in(h) (resp. out(k)) be the incoming or tip (resp. outgoing or tail) vertex of 4. We define the
involution " : H — H to be the function which takes 7 € H to the element of H consisting of the
same edge with opposite orientation. An orientation of our graph is a choice of a subset 2 C H
such that 2 U 2 = H and 2 N 2 = @. A directed path in Q is a sequence hy - - - hyh| where
h; € H for 1 <i <k and out(h;41) =in(h;) for 1 <i <k — 1. The length of such a path is k.

Let V be the category of finite-dimensional /-graded vector spaces V = @, ; V; over C with
morphisms being linear maps respecting the grading. Then V € V shall denote that V' is an object
of V.

Given V1, V2 ¢ V, let

E(V', V?) = P Hom(Vayg- Vi)-
heH

L(V',v?) =D Hom(V,'. V?).

iel
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For x = (x;) € E(V!',V?) and y = (y4) € E(V2, V?), define yx € L(V!, V?) to be the element
with ith component

Z YhXj;.-

heH,in(h)=i

The products ts, ys, tx for s € L(V', V%) andr e L(V?2, V3) are defined in the obvious way. For
seL(V,V),wedefine tra =7}, tr(a;).

The algebraic group Gy = [[; GL(V;) actson E(V,V) by g -x = gxg~!. The Lie algebra of
Gy is gly =[], End(V}).

Define the function € : H — {—1, 1} by

ifh e,

1
€th) = {—1 ifhe.

For x € E(V!, V?), define ex € E(V', V?) by (ex);, = e(h)x;, for h € H. Then let (-,-) be the
nondegenerate, Gy -invariant, symplectic form on E(V, V) with values in C defined by

(x,y) =tr((ex)y).

The moment map associated to the Gy -action on the symplectic vector space E(V, V) is the
map ¥ : E(V, V) — gly, given by

¥(x) = (ex)x.
Here we have identified gly, with its dual via the trace.

Definition 2.1. An element x € E(V, V) is said to be nilpotent if there exists an N > 1 such that
for any directed path iy - - - hohy of length N, the composition xj, - - - Xp, X5, ¢ Vout(hy) = Vinthn)
is zero.

Let A(V) be the set of all nilpotent elements x € E(V, V) such that ¥ (x) = 0. Since, up to
isomorphism, it depends only on the graded dimension v of V', we will sometimes denote it A(v).
The variety A(V) (or A(v)) is called a Lusztig quiver variety. It was first defined in [12].

2.2. Nakajima quiver varieties
For V, W €V define
MWV, W)=EV,V)® L(W,V)® L(V,W).
The three components of an element of M(V, W) will typically be denoted by x, s, and ¢. For an
I-graded subspace S C V and x € E(V, V), we say that S is x-invariant if xp(Soutn)) S Sin(h)
forallh e H.
The group Gy acts on M(V, W) by

8- (x,5,1)= (ng_lvgs’ lg_l)'
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We have a nondegenerate, G y-invariant, symplectic form on M(V, W) defined by
w((x,s,0), (&, s', 1)) =tr((ex)x") + tr(st’ — 5'1).
The corresponding moment map is given by
u(x,s,t) = (ex)x + st.

Consider the zero set £~ 1(0) of 1. When we wish to specify V and W, we write /L\_/IW (0). This

is a (not necessarily irreducible) affine algebraic variety. We say that a point (x, s,7) € ' (0)
is stable if the only I-graded x-invariant subspace of V contained in the kernel of ¢ is zero. We
denote the set of stable points by w1~ 1(0)*. The action of Gy on =1 (0)* is free and the quotient

M, w) =pn"'(0)°/Gy

is a nonsingular quasi-projective variety with symplectic form induced by (-,-). It is labeled by
the graded dimensions v=dimV = (dim V;);c; and w =dim W = (dim W;);c; of V and W
since, up to isomorphism, it depends only on these dimensions. A Gy -orbit through (x, s, 1),
considered as a point of (v, w), will be denoted [x, s, ]. We call MM (v, w) a Nakajima quiver
variety. It was originally defined in [16,17].

Let 9Mo(v, w) = 1~ 1(0)//Gy be the affine algebro-geometric quotient. That is, it is the affine
algebraic variety whose coordinate ring is the Gy -invariant polynomials on 1 ~!(0). As a set,
it consists of the closed Gy -orbits in u’l (0). We have a projective morphism  : (v, w) —
Mo (v, w) which sends [x, s, 7] to the unique closed orbit contained in the closure of the orbit
Gy - (x,s,1). We then define

£v, w) =r"10).

It is a Lagrangian subvariety of 9t(v, w). Let

mw) = |Mme.w.  ew=]| [Lv.w.

2.3. Tensor product quiver varieties

LetWieV,i =1,2,...,n, with Igraded dimensions w' and V € V with graded dimension v.
Set W =B, W' and Wik = @i:j W' for 1 < j < k < n. We adopt the convention that
Wik =0if j > k. The group Gw acts on M(V, W) by

gx(x,s,1)= (x,sg_l, gt).

This commutes with the action of Gy and thus induces an action of Gy on 9(v, w) and
Mo (v, w) and the map 7 is Gw-equivariant. Define a one-parameter subgroup A : C* — Gy by

n
M) =idy @ zidy2 @ - & 2" idwn € [ [GL(W') S Gw.

i=1

Let 90(v, w))‘(c*) denote the fixed point set of (v, w).
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Lemma 2.2. (See [19, Lemma 3.2].) We have
n
Mm(v, w)HC©) = |_| (HSUI(V’,W’))
Yvizy \i=l

where the union is over all ordered n-tuples (Vl V2L, v") such that Y vi=v.

Taking the union over all possible v yields

n
M (w)HC) = Hﬁﬁ(w’).
i=1
Define the tensor product quiver variety
Tw' oo w') = {5 € M) | lim 2 # [, 5.1 € Sw!) x - x £(w') ], and
—>
T(v; wl,...,w") =‘I(w1,...,w”) NM(v, w).

Note that the limit in the above definition does not always exist. As shown in [19, Lemma 3.6],

T(W], ...,W") is a closed subvariety of 9t(w) and ¥ (v; wl, ...,W") is a closed subvariety of
M(v,w). By [19, Lemma 3.5], we also have

T(w!, W) ={ x5, € Mw) lim A(2) s 7 (Lx. 5. 11) = }.

Example 2.3 (g = sl). If g = sy, the corresponding quiver has one vertex and no edges. There-
fore x = 0, the stability condition forces ¢ to be injective, and the moment map condition implies
st = 0. Then the map
(0,s,t) — (imt,ts)
identifies M (v, w) with
{(S, x) € Gr(v, w) x End W ] x($)=0, x(W) < S} =T*Gr(v, w),

where Gr(v, w) is the Grassmannian of dimension v planes in the w-dimensional space W. If we
fix a decomposition W = @?:1 Wi, then T(w!,..., w”) is the subvariety of 9t(v, w) consisting
of those (S, x) € Gr(v, w) x End W for which x (W) C Wit @ ... @ W,.
3. Geometric realizations of crystals

In this section we recall the construction of the crystals By, and By, ® - - - ® By, on sets of irre-

ducible components of quiver varieties. We also describe a geometric realization of Kashiwara’s
involution.
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3.1. Geometric realization of B

We briefly review here the geometric realization of the crystal By, defined by Kashiwara and
Saito [10]. We identify (Z>o)1 with the negative root lattice of g by identifying v = (v;) with
- <1 Vi@; where a; are the simple roots of g. For each v € (Z>0)I , choose an 7-graded vector

space V(v) of_ graded dimension v. Then let A(v)_: A gV(V)). Let A(V, V) be the variety of
triples (x, ¢', ) such that x € A(v) and ¢’ = (¢)), ¢ = (¢;) give an exact sequence

¢i

;
0> V), — VW, —Vv—-V);,—0

for each i € I and im¢’ is x-invariant. Then x induces a map x’ € A(v') and so we have the
following diagram

AW) < AW, v) B Aw) (3.1)

where g1 (x, ¢, $) =x" and g2 (x, ¢', ) = x.
Forx € A(v) andi €1, let

£ (x) = dim Coker< D VOouny 1 V(v),-)
h: in(h)=i

and fori € I and ¢ € Z3 let
AW)ie={xe AW |&x) =c}.

Let B(v, o0) be the set of irreducible components of A(v) and for X € B(v, 00), define ¢; (X) =
&; (x) for a generic point x of X. Fori € I and ¢ € Z3, let

B(v,00)i..={X € B(v,00) | &i(X) =c}.
Then (3.1) induces an isomorphism (see [10, Proposition 5.2.4])
B(v+ ca;, 00)i0= B(v,00)j.. (3.2)

Let B(oo) = |, B(v, 00). We define crystal operators on B(oco) as follows. Suppose A’ €
B(v + ca;, 00); o corresponds to A € B(v, 00); . by the isomorphism (3.2). Define

fEB(V+caj, 00)i0— B(V,0)ic, fH(A)=A,
& 1 B(v,00)j . — B(V+caj,00)i0, &(A)=A"

For ¢ > 0 we then define ¢; : B(co) — B(c0) LI {0} by

=c Fe—1

~ ¢ i
e; : B(v,00);c —> B(V+ca;,00);0 —> B(V+ o, 00)ic—1
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and let ¢; (X) =0 for X € B(v, 00); 0. Also define

» B é;: "ic+l
fi : B(00) = B(00),  fi: B(V,00)ic —> B(V+caj, 00)j,0 —> B(V—aj, 00)ic+1.

Then ¢ and fl.c can be considered the cth powers of ¢; and f, respectively. If P is the weight
lattice of g, we also define

wt: B(co) — P; wt(X) =v for X € B(v, 00),
i (X) =& (X) + (hi, wt(X)).

Proposition 3.1. (See [10, Theorems 5.2.6, 5.3.2].) The above definitions endow B(0c0) with the
structure of a g-crystal and B(00) = B as g-crystals.

For an element b € By, let X}, denote the corresponding element of B(c0).
3.2. Geometric realization of Kashiwara’s involution

We recall here a geometric realization, introduced by Kashiwara and Saito [10], of the invo-
lution described in Section 1.1. Fix a nondegenerate Hermitian form on V (v); for all i and v.
Then x — x7, where + denotes the Hermitian adjoint, gives an automorphism of E(V (v), V(v))
and A(v) is invariant under this automorphism. This induces an involution of B(v, co) which
we denote by *. Since A(v) is Gy (y)-invariant, the involution * does not depend on our choice
of Hermitian forms. It was shown in [10] that % corresponds to Kashiwara’s involution under
the isomorphism B(00) = By. That is, X}, = Xj+ for all b € B. Note that in [10], an isomor-
phism between V (v); and its dual was chosen for each v and i and the transpose, rather than the
Hermitian adjoint, was used to realize Kashiwara’s involution. Fixing a real form of each V (v);
(i.e. a real vector space V(V)ER such that V (v); = V(V){-R ®r C), our Hermitian form yields a
nondegenerate bilinear form given by (u, v) — (u, x (v)) where (-,-) is the Hermitian form and
K:w®ZH>wRZ,we V(V)ER, z € C, is the conjugation determined by the real form. This gives
an identification of V (v); with its dual for each i and Hermitian adjoint corresponds to transpose.
In what follows, we will often write V for V (v), when it will cause no confusion, to simplify
notation.

3.3. Geometric realization of By, ® --- ® B,
Malkin [14] and Nakajima [19] have endowed the set of irreducible components of the tensor
product quiver variety with the structure of a g-crystal. We briefly recall the construction here.

Let

T(v’,v;wl,...,w") ={(x,s5,1,8) | [x,s,1] GT(V;WI,...,W”),

ims € S CV, Sisx-invariant, dim S =V/}/Gv. (3.3)

Then we have the diagram

‘I(v’;wl,...,w") — (V. v; wl,...,w”) —>S(V;w1,...,w”) 3.4)
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where ¢[(Gy - (x,5,1,8) = [x5,s"-5,tSW] and ¢} (Gy - (x,5,1, S)) = [x,5,]. Here x* and
t5*W denote the restriction of x and 7 to S respectively and s"+5 is the map s viewed as a map
into S.
For [x,s,t] € S(v;:wl,...,w") and i € I, define
i ([x. 5. 11) = dim(V;/im 7;),

where

i=Tiwsn= ., €Wxnt+si: P Voun & Wi— Vi
h in(h)=i h in(h)=i

For c € Z» let

(v wl,...,w")l.’cz {lx.s, 11 € Z(v; wl,...,w”) | &i([x,s5,1]) =c}.

Then T(v; wl ..., w"); . is alocally closed subvariety of T (v; wl, ..., w). Let B(v; wl ..., w')
denote the set of irreducible components of T(v;w',...,w") and let B(w!, ..., w") =
Uv B(v; wi, ..., w"). For X € B(v; wi, ..., w") define ¢;(X) = ¢;([x, s, t]) for a generic point

[x,s,t]of X.Fori €I and ¢ € Z3, let
B(v; wh, W), = {X eB(v; wh, W) s (X)) =cl.
Forw e (220)1 ,let Ay =D, Wiw; where the w; are the fundamental weights of g. Then define

Wt:B(Wl,...,Wn) — P, wt(X)=Aw+V fOI'XEB(V;Wl,...,W"),

0i(X) = £;(X) + (hi, wt(X)).
Note that for X € B(v;w!, ..., wWhic

0i(X)=c+ (hj, \w + V) =dim(kert; /imy;), wherey; = @ X, Dt

B in(h)=i
The maps (3.4) induce an isomorphism (see [19, §4])
B(v+ ca;; wh ..., w”)LO = B(v; wh .., w”)i’c. (3.5)
We define crystal operators on B(wl, ..., wW") as follows. Let X’ € B(V + ca;; wh ..., whio
correspond to X € B(v; wh ..., w"); - under the isomorphism (3.5). Then define
fEiB(vHcapw W) > Biw! W), L XD =X,
& B(v; wl, ...,w”)i’c — B(vV+ caj; wh, . ..,w”)i,o, EX) =X
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For ¢ > 0, we then define &; : B(w!, ..., w") - B(w',..., w") by
o¢ ~_(:—]
é,‘:B(V;wl,...,W”)I.C—UB(V+ca,~;wl,...,wn)i0L>B(V+a,~;w1,...,wn)ic_l,
and set ¢;(X) =0 for X € B(v; wl,...,w"),',o. For ¢ > —(h;, Aw + V), let
; 1 e 1 ! 1
fi:B(viw',...,w"), —> B(V+caiw,... W), = B(V—ai;w ,...,W”)ic+1,

and set f,-(X) =0 for X € B(viw',...,w"); . with ¢ < —(h;, Aw + V). The maps e and ff
defined above can be considered the cth powers of ¢; and f, respectively.

Proposition 3.2. (See [19, Proposition 4.3, Theorem 4.6, Corollary 4.7, §7].) The above defini-
tions endow B(wl, ..., W) with the structure of a g-crystal and B(wl, L WHE B)»wl R - ®
By » as g-crystals.

Forb € wal ® --®B;_,,letY, € B(w!, ..., w") denote the corresponding irreducible com-
ponent of the tensor product quiver variety T(w!, ..., w").

wi °

3.4. Fiber bundles and crystal isomorphisms

Let %(wl, ..., wW") and i(v; wl, ..., w") denote the inverse images of Twl, ..., w") and
T(v; wl, ..., w") (respectively) under the natural projection p~!(0)* — 9t(w). That is,

‘I(wl,...,w") ={(x,s.1) e 10)° | [x,5,1] G‘S(wl,...,w”)},
%(v; wl,...,w”) ={(x,s.1) e u 10)° | [x,5,11€ T(v; wl,...,w")}.

Since the aforementioned projection is a principle Gy-bundle, the irreducible components of
T(w',...,w") are in natural one-to-one correspondence with the irreducible components of
T(w!, ..., w"). Note that the n = 1 case reduces to T(w) = £(w) and we define £(w) = T(w).
Let Y}, denote the irreducible component of T(w', ..., w") corresponding to the irreducible com-
ponent Y, of K(Wl, oW

It will be useful to have a slightly more concrete description of T(w', ..., w"). It is shown in
[19, Proposition 3.8] (while only the case n = 2 is considered there, the generalization to higher
n is straightforward) that T(w', ..., w") decomposes as a disjoint union

‘S(vl,...,vn|wl,...,w")

def [[x,s,t] ‘ z1i_1)1}))»(z) *[x,s,t] € g(vl,wl) > £(v2,w2) e x S(v”,w”)],
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These are the Bialynicki—Birula decompositions of T(w!, ..., w"). The map
T(vl,...,vnlwl,...,w”) 5 [x, s, t]
— lir%k(z) x[x,s,t] € E(Vl,wl) X E(Vz,wz) X -ox £V, w") (3.6)
—

is a fiber bundle with affine fibers. By a generalization of the results of [19, Proposi-
tions 3.8, 3.15] to more than two factors, these fiber bundles identify the irreducible components
of T(w', ..., w") with the irreducible components of £(wh) x -+ x £(w") and this identifica-
tion is an isomorphism of crystals [19, Theorem 4.6]. Here we use the tensor product rule and
the crystal structure on each £(w') to give a crystal structure to Swh) x - x £w"). In gen-
eral, the crystal By | ® - -- ® By, has nontrivial automorphisms. Therefore, the isomorphism of
Proposition 3.2 is not necessarily unique. However, each B; ; has no nontrivial automorphisms
since it is generated by a single highest weight element. Therefore we can use the identification
of B(w',...,w") with B(w!) x --- x B(w") induced by (3.6) and the unique isomorphisms
B(w) = B)Lwi to fix an isomorphism

¢:B(wW....W) B, ® @B, (3.7)
Lemma 3.3. Suppose [x, s, t] € T(Vl, e V"|W1, ..., W"). That is,

lin%))»(z) x[x,s,t] € E(Vl,wl) x £(v2,w2) X o x SV W,
—>

Then there exists a d € Z~, representatives (x/, s,y e g)(vj, w/) and a one-parameter sub-
group p : C* — Gy such that

lim () # [x, 5, 1] = ([x'oshoe'], o 2 s™ 1) (3.8)
and
lirI(l))»(Zd) x0(2) - (x,s,1) = ()cl @ dx"s'd - Bs", ! 69-~-69t"). (3.9)
—>
Proof. Let

[x',s",¢'] = lim A(2) =[x, s, t]
z—0
and fix a representative (x', s, ") € =1 (0)* € M(V, W). Then we can write
@' th=x'e oxs'e e o o1

for some (x/,s/,1/) € £(v/,w/), 1 < j < n. By the geometric invariant theory (see, for exam-
ple, [15, Definition 1.7]), there exists an affine Gy -invariant neighborhood U of (x/,s’,t") in
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M(V, W) such that the orbit Gy - (x', s’, ¢') is closed in U. We may assume that (x, s, ) is in U.
Consider the action of the reductive group C* x Gy on M(V, W) given by

(2.9). (x.5.0) > @) * (5.0 E A@) % g - (x.5.0).
By hypothesis, Gy - (x’, s, ') meets the closure of the orbit (C* x Gy ) * (x, s, t). Therefore, by
a version of the Hilbert criterion (see [11, Theorem 1.4]), since U is affine, there exists a one-
parameter subgroup (o', p) : C* — C* x Gy such that lim,_.o(p’, p)(z) * (x, 5, 1) exists and is
contained in Gy - (x', s, t’). By modification of the one-parameter subgroup (or representative
(x', s, 1)), we may assume that

lir%(p/, P)(@) * (x,5,1) = (x', s, 1).
>

We may also assume that p’(z) — 0 as z — 0. That is p’(z) = z¢ for some d € Z-¢. Then we
have

lim (%) % p(2) - (x, 5,0 = lim (0", p) (@) % (x,5,0) = (x', 5", 1)
as desired. O
Note that if we have a flag of 7-graded spaces
o=ylcyrcyrlc...cyl=v,
with
x(Viycvi, s(whcvi, ((Vv)cw' 1<i<n,

then x, s and ¢ induce maps

VIVEL i ikl Ly yitl o WRVEVEL i iy

VIV iyt i

Proposition 3.4. The set T, ..., v"le, ..., W") consists of those [x,s,t] in T(wl, ..., wh)
such that there exists a flag of 1-graded spaces

o=v'tlicyrcvrlc...cvli=v, dimVvi/vitl=v,,

with

and
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Proof. By Lemma 3.3, there exists a positive integer d, representatives (xj s 1) ) e f}(v«/ ,wi ),
and a one-parameter subgroup p : C* — Gy such that (3.8) and (3.9) hold. Denote the p-weight
space decomposition of V;, i € I, by

‘GZEvim’ WW)Z{U€W|P&%@)=HﬂuzeCﬂ.

meZ

The sum V™ =@, , Vl.(m) is an /-graded subspace of V. Then (3.9) implies

x(v(k)) - @ V(m), S(Wk) c @ V(m)’ t(V(d(k*I))) c whkn
m>k m>d(k—1)

The stability condition then implies that V) =0 for [ > dn and the flag given by

vk = EB vm 1 <k<n,
m>dk—1)

satisfies the conditions of the proposition.

Conversely, suppose that for some [x, s, 7] € T(W', ..., w"), a flag with the given properties
exists. For each i € I, choose a decomposition

vi=@Pv™ (3.10)

such that

Then define a one-parameter subgroup p : C* — Gy by
n
p(2)i = Z P idv.(m).
m=1 !

Then it is easily seen that

IE;I(I))‘-(Z) * IO(Z) : (xv S, t)

v ym oyl oy wn y®  y wyl ym wn
(x ®---dx’ s @---@s"V VW pV )

k . . . . .
where x"* denotes the restriction of x to V®) composed with the projection to V® (according

to the decomposition given in (3.10)). The maps sWEVE and 15 W are defined similarly. Thus

zli—IR)MZ) *[x,s,t] = ([xl,sl,tl], o [x",s”,t"]),
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where
[xk sk ‘ ]: [ka/vk+l ka’vk/vk+l tvk/vk+l’Wk] eg(vk Wk)_ 0
We define
%(Vl,...,v’ﬂwl,...,w") ={(x,5,0) | [x,5,1] E‘Z(vl,...,v"lwl,...,w”)}.

For 0 = pgp < p1 < p2 < --- < px < n, define a more general one-parameter subgroup
AP1sPE)  C* — Gy by

k(pl""’pk)(z) = idWLpl &) Zidwl71+1-172 ®---b Zk idWl’k‘Hv” .
Then, as above, T(wl, ..., W") decomposes as a disjoint union

T(wl,...,w") = |_| ‘I(”"""”")(Vl,...,vk+l|wl, W)

Vl,...,Vk+1
where
VAR p")(vl, ...,kalwl,...,W”)
d:ef{[x,s, ] ‘ lim AP1PO) (2) % [x, 5, 1]
z—0
GT(VI;Wl,...,w”') X +ee X ‘Z(ka;w”kH, ...,w”)}. (3.11)
The map
‘I(pl""’p")(vl,...,Vk+1|w1,...,w") 5 [x, s, t]
— lir%k(m """ PR (7) % [x, s, 1] ei(vl;wl,...,wl") X e X ‘I(vk+1;w”"+1,...,w”)
—>
(3.12)

is a fiber bundle with affine fibers. These fiber bundles identify the irreducible components of
I(wl, ..., W") with the irreducible components of T(wl, WP oo x I(wpkH, WY
and this identification is an isomorphism of crystals. We then have the following generalization
of Proposition 3.4.

Proposition 3.5. The set Wt (vl yhH |w1, ..., W") consists of those [x,s,t] in
T(w!, ..., W") such that there exists a flag of I-graded spaces

0=Vi2cyktlicykc...cyl=v, dimVi/Vi+l =V,
with

x(vi) g Vi, S(Wpifl'f‘l,pi) g Vi, I(Vl) g WPi—l-H,n’
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and

ijyi+l Pi—1tLpi yijyitl i yitl wri—1+Lp; =/ . . .
(VY WLV VIR VL WIS R (it W) 1< <o,
Proof. This follows from Proposition 3.4. The details are left to the reader. O

Proposition 3.6. If (x,s,1) € T(w';...: W") (equivalently, [x,s,t] € T(W';...; W")) then x is
nilpotent.

Proof. This follows from Proposition 3.4 and the fact that x is nilpotent for all (x,s,7) €
L(v', w") (see the proof of [16, Lemma 5.9]). O

4. A geometric commutor

In this section, we give precise characterizations of the irreducible components of the tensor
product quiver variety. We then examine the action of the crystal commutor in terms of these
characterizations. This will enable us to prove that the commutor satisfies the cactus relation in
Section 5.

4.1. Characterization of irreducible components

For an arbitrary element b € By, ® - - - ® By,,, let hw b be the unique highest weight element in
the connected component of the crystal graph of By, ® - -+ ® B;,, containing b. If b’ is a highest
weight element in B, ® - - ® B, then we can identify the connected component containing b’
with some Bj, and b’ corresponds to by under this identification. For b € By, and b’ as above, we
then define

PR LA Y {COR)
0 if Ab” suchthat °(b") =b

(this is well defined since (° is injective). Equivalently, bb' = &, (b), where @, : Bog — By L{0}
is the natural crystal morphism sending b, to by. We view bb' as an element of B, ®---® By,
via the above identification. Note that for b € By, by = (°°(b), we have b = l;l b.

Definition 4.1.
(1) Fork>landO0=po<pi<pa<---<pr<pr+1=nandbe By, ®---Q B;, we define
bp,...pp) = (b1,bv;, b2, buy s .. bry1, by )
where, for 1 <i <k+1,b; € By and b,, is a highest weight element in B)Lpl-,m R-- '®B)‘m
of weight v; as follows. We define the b; and b,, (as well as intermediate elements a; and blf )

recursively. First set

a; =hwb, b1 =1°(b).
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Now assume that we have defined a highest weight element a; of By, , ®---® By,. If
i =k+ 1, weset by, = ag+1. Otherwise we have

ai =bl)i ®bl/

for a highest weight element by, € B, , ®---® By, of weight v; and b} € B;, | ®---®
B;,, with £(b}) < v;. We then define

aiv1=hwbj,  biy1 =1>(b]).
Thus we have
b =b1(by, ® ba(by, @ b3(- - @ biy1by, ) ).
(2 Fork>1land0=py<p1<p2<---<pr<pry1=nandb € B;, ® --- ® B,, we define

O (A L S LN i L

where, for 1 <i <k + 1, b’ are the unique elements _of B and b”i are the unique highest
weight elements of B;, ., ®---® By, of weight v’ such that

b zl;l(b\)] ®52bl)2 ® . ®5kbvk ®5k+lbvk+l).

Note that in the case k = 1, we have b(P) = bpy for 1 < p <n. Also, if p; = p;1 for some i,
then we have a trivial tensor product crystal appearing in the above definitions and we set b; 1 =

bt =boo, viy1 =vit =0and by, = ' =0. In particular, 5™ = b, is always of the
form (b1, by, , boo, 0) Where b = b1b,, .
Whenever we refer to a sequence (p1, ..., px) as above, we will always adopt the convention

that pp = 0 and py41 = n. If for some V € V we have a flag
Ozvk+2§vvk+l gvk-i-l gvl}k gvkggvvzgvzgvvl ngZV

of I-graded subspaces and 0 = pg < p; < -+ < px < Pr+1 =n, we say (x,s,t) € M(V, W)
(p1, - - -, pr)-respects the flag if for all 1 <i <k + 1 we have

x(Viycvi, x(vV)cvY, s(wrimthry v (v c whimithe,
We say the flag is (p1, ..., pr)-respected by (x, s, t). In this case, (x, s, t) induces maps
)C\/V"/v"Jrl LYY it gy
Vv vy v
SW”"’I"'I‘"",V”'./VH'] : WPi—l"FlaPi N Vvi/Vi'H, and

tV”l/Vi+l,WI’i*1+l'”i . Vvi/Vi+1 — WPi-1+Lpi
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Forbe B), ®---® By,, let
Ty={(x.s.0) €Y, |ei(x,s,1)=g;(¥,) =¢&;(b) VieI}.

Then f‘h is a dense subset of 171,.
For b; € B and highest weight elements b,, € B,,, 1 <i <k + 1, consider the diagram

A(Vy) X %(Vvl; Wl WP) XX A (V) X %(v,,kﬂ;w”k“,...,w”)
ZLFm (W) T E W), @
where, for 1 <i <k+1,v; is the weight of by, v; =311 | Ayj + vy, is the weight of by,
and §(p1""'1"1)(w1, ..., W") is the variety parameterizing pairs of (x,s,) € ‘z'(wl, ...,w") and

flags
Ozvk+2§vvk+1 gvk+1 gg V\)Z g V2gvl)1 ng :V
(p1, ..., px)-respected by (x, s, t) with dimensions prescribed by
dimVi/VVi=v;, dimV"%/Vitl=v,, 1<i<k+].

The projection m, forgets the flag, while | is given by assigning the corresponding induced
maps to (x, s, t) and the flag as above.

Definition 4.2. Let 0 = pg < p1 < -+ < pk < pi+1 = n. For b; € By, and highest weight
elements b, € B,,, 1 <i <k + 1, let m; and 7w, be the projections of (4.1). Define
Y ""’pk)(bl, by, ..., bry1, by,,) to be the set of irreducible components contained in the clo-
sure of

—1 ~ =~
nz(rrl (Xp, X Tb"l X oo X Xp oy X Tbvkﬂ))'

Note that, a priori, y(l’l""’l’k)(bl, by, ..., bry1, by ) may be empty or consist of several
irreducible components.

Lemma 43. For b € By, ® --- ® By, with b™ = by = (b1,by,,bs,0), the set
ym (b1, by, beo, 0) consists of the single irreducible component Y.

Proof. Note that we will always take V"2 = V2 =0 and so it suffices to consider the subspace
VvV € V! = V. The condition in Definition 4.2 becomes that x (V1) C Vi, s(W) C V"l and

Vl \Jl Ul ~ Ul
(xv ,SW’V ,tv ’W)eTbul, V7V € Xp,-

Now, for (x,s',t') € Tbvl, we have ¢;(x’,s’,t') =0 for all i € I. Thus for all (x,s,t) and V"I
as above, the smallest x-invariant /-graded subspace of V containing ims is V! (see Proposi-
tion 3.6 and Lemma 5.1). Therefore, x-invariant subspaces of V containing ims are in natural
one-to-one correspondence with x "/ V" invariant subspaces of V/VVl. We now show that

y(n)(fil e J;ilbOO’ bVl +boo, 0) = {Yfil"'filbvl}
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(provided fi, e filbvl = 0) by induction on /. In the case [ = 0, we take V'! =V and the
statement holds trivially. Now assume that the result holds for some /. For all i € I, since Lio
is e;-equivariant, we have

eifiy - i Yo,) =i (fiy - fisbuw) = &i(fyy -+ firboo) = &i(fiy -+~ fis Xbyo)-

Then, upon comparison of the definition of the crystal operators on B(co) and B(w!, ..., w")
(see Sections 3.1 and 3.3), we see that

y<n)(ﬁ1+1 e ﬁ]bOO7 bU] ’ bOO7 O) = {Y;lJrlmfile] }
(provided f,, - fiyby, #0). O

Proposition 4.4. Let b € By, ® --- ® By, with b(P1P0) = (b1 p¥' .. b1 by and
b(m ..... pr) = (b], bvl, ey bk+1, bvk+1)' Then

each consist of the single irreducible component Y.

Proof. It follows from Definition 4.1 that b; = b'. We first prove the case b! = by, ie. b is
k1

highest weight. Consider (P10 (b1, b*" . p*+1 bV Now,
b= bvl ®I;2bv2 ®--- ®Ekbl)k ®Ek+lbvk+l.

Therefore, by Proposition 3.5 and the fact that the fiber bundle (3.12) induces a crystal isomor-
phism, we see that Y} is the unique irreducible component such that for all [x, s, #] in a dense
subset there is a flag of 7-graded spaces

Ozvk+2gvk+1gmgvzgvu1:v
with
x(Viycvi, s(wrmthey vyl g(vi)ycwrthe s 2 i<k 41,
and

yi/yitl Wp,-71+1,p,-,vi yitl  yi V"‘*",W"ifl‘*']"’i d
(Vs VL v )

YVipuir 2<i<k+1,

vl 2 L,py vl 2 vl 2 Lp; ~
(xv V2 GWIPLVYVE VY VW )Eva1~

Then, applying Lemma 4.3 to describe each 1751- pi for 2<i <k + 1, we have that ¥}, is the
unique irreducible component such that in a dense subset there exists a flag as above and an

I-graded subspace V"' C Vi/Vit! for 2 <i <k + 1 such that

LVt (‘_/vi) cyy, gWrmEhr vy (Wrimitlpi) A
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and if V"' is the preimage of V"' under the quotient map V! — Vi/Vi*! then

(V7 IV G iy vty
Considering the flag
0= yktl gvvk gvkg_”gvv]’
we have the result for b! = boo.
We now consider YP1--Pb) (b, by,y ..., bky1,byy,), b1 = boo. We have that

b=by, ®bs(by, ®b3(-++ @ biy1by,,) ).

We prove the result by induction on k. The case k = 0 is just Lemma 4.3. For k > 1, by Proposi-
tion 3.5 and the fact that the fiber bundle (3.12) induces a crystal isomorphism, we see that Y}, is
the unique irreducible component such that for all [x, s, #] in a dense subset there is an /-graded
subspace V2 C VV1 such that x(V?) C V2, s(WPitlmy c v2 (V2 c wP+hr and

vy 2 Lpy yv1 2 vy 2 L,py ~ 2 p1+Ln 2 2 p1+Lln ~
(xV JVE GWEPLYULVE v v )Eval, (XV’SW V2 VAW ) e Py

where b’ = l;z b, ® 53 (--® l;k+1 by,,) - --). The result then follows by the induction hypothesis.
We now prove the general case b! = ﬁ‘; e J;il bso, that is

..... ~ ~ 1 k+1 k+1 _
Y pk)(fl-l...fl-lboo,b” L BTy )_{Yﬁ,"'ﬁlhwb}’
y(m,...,pk)( i "'fi|boo,bv1a~--abk+1’bvk+1) = {Yﬂ,mﬁlhwb}’

for all [ (provided b = fh iy f,-l hwb # 0). The case [ = 0 is what we have just proved. The
inductive step is analogous to the one in the proof of Lemma 4.3 and is therefore omitted. O

We denote the unique element of PP pk)(bl,bvl, ooy bryr, by, ) by Yy (P1oees p")(bl, by,,
...y by, by, ). Note that this is only defined if there exists a b € By, ® --- ® B;, with
bP1-PO) or bpy,...pr equal to (b1, by, ..., bry1, by,,). From now on, when we write
Y (PP (b by, ..., bky1, by, ) we will presuppose the existence of such a b.

Corollary 4.5. If b € B, ® --- @ B,, with pP1seP) = (bl,b"l,,,,,bk“,b"kH) and
bipropy = (b1, boy. - b1, byy,,) then

Proof. This follows immediately from Proposition 4.4. O

We note the difference between the two descriptions of Y, in Proposition 4.4. Recall the fact,
which follows easily from the tensor product rule for crystals, that any highest weight element
b € By, ® B, is of the form b; ® b’ where by, is the highest weight element of B) and b € B,
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with e(b") < A. The first description in Proposition 4.4 gives the component Y}, in terms of the
expression of b in the form

b= by (by, ® ba(by, @ b3(-+ @ bys1by,,)) )

whereas the second describes the same irreducible component in terms of the expression of b in
the form

b:l;l(b"l ®52bv2 ® - ®Bkbvk ®l;k+lbvk+l).

These two expressions are obtained from repeatedly applying the above fact to the different
bracketings of the tensor product

(B, ®”'®ka1)® ((BA,,]H ®"'®B)»p2)®"’®(3)»pk+1 ®"‘®Bkn)"‘)’ and
("'(B)q ®"'®B?»pl) R ® (B)ka_l+] R - ® B)‘I’k)) ® (B)‘!’k‘*'] ®---®By,)
respectively.
4.2. Action of the commutor on tensor product quiver varieties

We use the isomorphism ¢ of (3.7) to define the action of the crystal commutor on
B(wl, ..., W"). In particular, for 1 < p < g <r <n we define

) 1 1 —1 1 1
opgr:BW, .. ow) > B(wW o owTwit W wP L wl w L w),
_ -1 c1Q(p—1) AR(n—r)
Up,q,r = ¢ (e} (ld X O-B?»p®"'®B)»qu)»q+1®”'®BM ®ld ) (o} ¢,

where A; = Ay, for 1 <i <n. Whenn =2, we write 0 : Bw!, w?) > B(w?, w!) for 01,1.2-

Proposition 4.6. Let b € B; , ® By, with b’ = b,y = (b1, by, by, by,). Then o (VP (b, by,
by, b,,)) consists of a single element and coincides with Y (b1, by,, b;‘, by,).

Proof. We have

o (Y b1,byy b2 b)) =0 on, wn, (Y P (b1, by, b, b1y))
=" 'on, o5, , (b1(by, ® baby))
= ¢_15103~Aw] ®B , (by, ® baby,)
=bi1¢p ! (by, ® B3by,)
= ¢~ (b1(by, ® B3by)))
=Y (b, by,, b}, by,),

and the result follows. O
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Proposition 4.7. Let b € By, ® - -+ ® By, With b(p,, p,) = (b1, by, , b2, by, , b3, by,) and bP1-P?) =
B, b"" b2, b, b3, bV"). Then
O1p1n © Opyat, pon (VPP by, by, ba, by, b3, byy))  and
Tl pan O T1py.py (VPP (b1, 67, 62, B b3, 7))

each consist of a single element and coincide with

VPP (by, by, bY, byy, b5, by)  and Y PP (b1 bV (B7)%, 7, (B7)", ")
respectively.
Proof. We have

111 © Opyt, o (Y PP (b1, by b2, by b3, b))
= ¢~ (o8, ®-®Bsy, By, 8- @By, OB, | 8-®B,,)
« (id®p1 ® UB»\I,1+1®"'®BKP2*BAszrl®"'®Bz\n)¢(y(m’p2)(b1, by, by, by, b3, bu3))

-1
=¢ (9B,,®-®By,, B, , ©®B;, @B, +18-®5;,,)

ot
x (id®" @ GBAm+1®'"®ka2*BAp2+1®“'®B"")(I;1 (by1 ® ba(by, ® b3byy)))
= ¢_103M®~-®B,\p1 Bipy 11 ®~®B1, ®By,, 11®-@Bj, (b1(by1 ® ba(by, ® b3by)))
=¢ 1 (b1((bvy ® B3by,) @ B3by,))
=Y PP (by, by, b5, by, b3, by,)
and
1 pan 0 T1pypa (Y PP (b1 BV 2, 67 53, b))
=¢~! (0B, ,,©~®Bs,, ®B), ®~®Bs,, By, 8~@Bs,)
X (08,008, .11, ., &-58;, ®IAZT)(y PP (b', 6" b2, 6" 53, b))
¢! (0B, ,,©~®B1,,®B), @By, By, @~@Bs,)

X (GBAI ®“‘®B)»p1 ’B)”P1+1 @...@B)Lpz (2 id®(n*172))(51 (bvl ® I;Zbuz ® 53bv3))

— ¢71(UBM+1®“'®BM:2®BM ®-®B),, ’B)‘szrl ®"'®an)(l;l(bvz ® (bZ)*bul) ® B3bv3)
— o7 (6" (6" ® (0°) (0" ® (52) "))
=yeer) (b Y (b3 6", ()", b)),

and the result follows. O
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5. The cactus relation

In this section we use the geometric description of the crystal commutor discussed in Section 4
to show that the commutor satisfies the cactus relation for arbitrary simply-laced Kac—-Moody
algebras. This result will be extended to symmetrizable Kac—-Moody algebras in Section 6.

5.1. An involution of highest weight irreducible components

In Section 3.2 we described an involution on the set of irreducible components of Lusztig
quiver varieties corresponding to Kashiwara’s involution. We now discuss a similar involution
on Nakajima quiver varieties. Fix Hermitian forms on V and W such that the form on W is
compatible with the decomposition W = @;_; W' (that is, vectors in different summands are

. . def
orthogonal). Consider a point (x,s,t) € M(V, W). Then (x, s, t)Jr = (xT, tT,sT) e M(V, W).
Now

T 1 -
wix,s, t):-r = < Z e(h)xpxj, +st) = Z 8(h)xgx,; +1fsT = ,u(xT, tf, sT)i

heH, in(h)=i heH,in(h)=i

and so
x.s.0en 0 & (5.0 en (0.

Recall that (x,s,t) € u~'(0) is a stable point if the only /-graded x-invariant subspace of V
contained in the kernel of 7 is zero. We say that (x, s,¢) € u_l (0) is costable if the only I-graded
x-invariant subspace of V containing the image of s is V itself. Then it is easy to see that (x, s, t)
is stable if and only if (x, s, t)T is costable.

Lemma 5.1. For x nilpotent, (x,s,t) is costable if and only if &;(x,s,t) =0 foralli € I.
A proof of this lemma appears in [18, Lemma 2.9.4]. We include the proof for completeness.

Proof. Suppose that for some i € I, ¢;(x,s,t) > 0. Then imt; C V;. Define ij =V, for j#i
and V/ =imt;. Then V' is an x-invariant proper subspace of V containing ims. Therefore
(x, s, t) is not costable.

Now suppose that (x, s, ?) is not costable. Then there exists a proper I-graded x-invariant
subspace S C V containing the image of s. Thus S is a nonzero I-graded x-invariant sub-
space of V. Since x (and hence x¥) is nilpotent, we can choose a minimal N such that

x;N . -le |gr = 0 for all directed paths hihy---hy in our quiver. By the minimality of N,
there exists a directed path h1hy---hy—1 such that xZNil ~-~x;ll |g1 is nonzero. Let v € Sl.J-,

i = out(hy—1), be anonzero vector in the image of this map. Now, suppose h € H within(h) =1.
By our choice of N, v is killed by xZ . Then for all u € out(h),

(), v) = (u, x; () = (u, 0) = 0.

Therefore v € (imxy,)~* for all 1 € H with in(h) = i. Furthermore, for all w € W, (s(w), v) =0
since s(W) € S and v € S*. Thus 0 #* v e (imt;)*. Therefore imt; # V; and so
gx,s,t)>0. O
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Let Y € B(w!,...,w") be a highest weight element. Then, &;(Y) =0 for all i € I. In other
words, &; ([x,s,t]) =0foralli € I and [x, s, ] in a dense subset U of Y. Fix [x, s, 1] € U. Recall
that (x, s,1) € u~1(0) implies (x, s, H"en10). By Proposition 3.6 and Lemma 5.1, (x, s, t)
is costable and thus (x, s, t)* is stable. For g € Gy,

(8- Ceos.0) = (gxg g5 1g™) = ((¢7") xTe", (¢7") 1 sTeh) = (¢ s,
and so
Gy - (x,s,t)Tz(Gv ~(x,s,t))Tdef{(x s/, t)r | x',s',t)eGy - (x,s, t)}
Thus [x, s, t]Jr =Gy - (x,s, t)Jr is a well-defined point of 97(w). Let
N (@) =idyr @ zidynr & - ® 2" idyr =" A (2 7).
Then
V@) x (x5, =2 (@) % (x7, 67, 57)
= (V@ ()s)
= (" (@) (VD))
= (e, s @ K@)
=@ s 0)
=(""@) * (x,5,0)
= (" Yidy - 22) = (x, s, t))
=z"""idy - ()»(Z) *(x, s, t)) )
Therefore
V(@) xlx, s, 00" = (0@ #[x, s, 1)
and so
}%k/(z) * n([x, S, t]T) = Zlii%n()»/(z) *[x, s, t]T) = (Zliilz)n()\(Z) *[x,s, t]))T =0.
Thus
Ut x5, 107 | [x, 5,11 € U}
is a well-defined subset of T(W", ..., w!). Since T(w',...,w") and T(W", ..., w!) have the
same pure dimension (they are both Lagrangian subvarieties of 2t(w) [19, Proposition 3.15]),

U' is a dense subset of some irreducible component of T(w",..., wl) which we will denote
by YT.



48 A. Savage / Advances in Mathematics 221 (2009) 22-53

5.2. Proof of the cactus relation
Proposition 5.2. Suppose Y is a highest weight element of the crystal B(w', w?, w3). Then
o1.1300223(Y) =012300112(Y) =Y.

Proof. Choose b € B),; ® By, ® B, such that Y =Y, where A; = A,i fori =1,2,3. Then we
have
b(1,2) = (boo, bry b2, byy b3, b3,), ¥ =YD (bog, by, by, by, b3, byy),
b2 = (boo, by, b7, by b, b3y), Y =YD (boo, by, b?, by, b7, by,
for some by, b3, b2, b3. Note that it follows from Definition 4.1 that v/ = v; = A; and b* = by,
fori=1,2,3.
By Proposition 4.7, we have
01,1,300223(Y) =Y 1D (boo, by, b3, by, , b3, b)),
0123 001,12(7) =YD (boo, by, (B°)%, bay, (B7)7, ba,).
Recall that Y (12 (bog, by, , b2, by, b3, by;) is the unique element of Y12 (boo, by, , b2, by, ,
b3, by). Thus, by Definition 4.2, Y12 (b, by, b2, by, b3, by,) is the unique irreducible com-

ponent of ¥ (wl , W2, w3 ) such that for all [x, s, #] in a dense subset of the component, there exists
aflag0= v4cv3cv2=v!=V such that

x(Viycvi, s(whcvitt y(viyewt, 1<

N

39

Ve Xy, 12V e Xy, (.1)

Note that ka[_ = {0} and so vV = vitl fori = 1,2,3. Also b| = by and so Xj, = {0}.
Similarly, Y12 (boo, by, b}, by, b3, by,) is the unique irreducible component of T(w,

w2, wl) such that for all [x’,s’,#'] in a dense subset of the component, there exists a flag
0=25*C §%c §2=S!=V such that

x/(Si)gsi, S/(w4*i)gsi+1’ t/(Si)EW]’47i, 1<l<3,

WS e Xy (S € Xy (5.2)

For a point (x,s,t) with a flag 0 = vicvicvi=vyl=vy satisfying (5.1), set Sl =
$2=vV, 83 =L, and §* = 0. We claim that (x',s’,¢) = (x,s,t)" = (xT, 7, s7) satisfies
conditions (5.2). First we have x7(8%) = xT((V3)1) € (V3L = §3 since x(V3) € V3. And
xT(S) € 8 for i = 1,2, 4 trivially. The condition 7" (W3) € V = §? is also trivial. We have
tTWH < (vHLEt =83 sincer (V) C W3and T (W) =0 = S*since 1 (V) =1(V%) C W23. The
condition s7(S') € W = W3 holds trivially, s7(5%) = s7(V) € W2 since s(W3) C V* =0,
and s7($3) = sT((V31) € W! since s(W%3) C V3. The final two conditions then follow from
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the fact that x € X}, if and only if x¥ e Xp+ (see Section 3.2). Conversely, (x, s, )T satisfies (5.2)
only if (x, s, ) satisfies (5.1). Therefore

01,1,300223(Y) =YD (boo, by, b3, by, b5, b3, ) = Y.
An analogous argument shows that
o123001,12(Y) =Y (boo, by, (b7)%, b3y (b7)".02,) =YT. O
Corollary 5.3. We have
01130023 =0123001,12: B(W, W), w’) — B(w3, w2, wl).
Proof. Proposition 5.2 asserts that 01,13 0 0223 = 0123 0 01,12 When restricted to highest
weight elements. The result then follows from the fact that the maps o, 4, are crystal mor-

phisms. O

Theorem 5.4. For a Kac—Moody algebra with symmetric Cartan matrix and dominant integral
weights A1, A2, A3,

OB,,.B,,®By, © 1A ® 0B, B, ) =08, ®B, B, © (0B, B, ®1d).
That is, the crystal commutor satisfies the cactus relation.
Proof. Fori =1, 2,3, choose w such that }; = Awi . Then we have the crystal isomorphism
¢:B(w,ww')—> B, ® B, ® By,
of Proposition 3.2. The result then follows from Corollary 5.3 and the definition of 0 4 . O
6. Extension to symmetrizable Kac—-Moody algebras

We now extend the results of the previous sections to the more general setting of symmetriz-
able Kac-Moody algebras, dropping the restriction that the Cartan matrix is symmetric. Our
main tool will be a well-known method for obtaining the Cartan matrices, root systems, Dynkin
diagrams, etc. of non-simply-laced type from the corresponding objects of simply-laced type via
an admissible automorphism or “folding” of a Dynkin diagram. We refer the reader to [4,13,20]
for details.

6.1. Admissible automorphisms

Let (I, E) be a graph without loops where I is the set of vertices and E is the set of edges.
We allow multiple edges between pairs of vertices. The corresponding symmetric generalized
Cartan matrix is the matrix A indexed by I with entries

dij = { —#{edges with endpoints i and j} i # j.
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As usual, let Q = (I, H) be the (double) quiver associated to the graph. That is, for each e € E,
we have two elements of H arising from the two possible orientations of e. Let g(Q) denote the
symmetric Kac—Moody algebra associated to the above Cartan matrix, with root system A(Q)
(see [S]).

An admissible automorphism a of Q is an automorphism of the underlying graph such that
no edge joins two vertices in the same a-orbit. Let I denote the set of vertex a-orbits. Following
[13] we construct a symmetric matrix M indexed by I. The (i, j) entry of M is defined to be

— 2#{vertices in ith orbit} i=j,
U™ | —#{edges joining a vertex in ith orbit and a vertex in jth orbit} i # j.

Then let
di = mjij/2 = #{vertices in ith orbit}

and set D = diag(d;). Then C = D! M is a symmetrizable generalized Cartan matrix. Let I"
denote the corresponding valued graph. That is, I" has vertex set I and whenever cj; # 0, we
draw an edge joining i and j equipped with the ordered pair (|cjil, |cjj]). It is known [13, Proposi-
tion 14.1.2] that any symmetrizable generalized Cartan matrix (and corresponding valued graph)
can be obtained from a pair (Q, a) in this way. The fact that a is admissible ensures that I has
no vertex loops. Let g(17) be the Kac—Moody algebra associated to C, with root system A(I”).

Let (—,—)¢ and (—,—)r be the symmetric bilinear forms determined by the matrices A and
M respectively. The automorphism a acts naturally on the root lattice ZI for Q, and (—,—) is
a-invariant. There is a canonical bijection

f:(ZDH*—7Z1, f(B)j=p;foranyi €i,

from the fixed points in the root lattice for Q to the root lattice for I". We will often suppress the
bijection f and consider the root lattice of I" to be the fixed points in the root lattice for Q. In
particular, we have the simple roots for I" given by

oy = ZO[,’.
iei
We also define
1
hi = m Zh
1€l

Then the entries of C are given by cjj = (o, hj).
It was shown in [9] (see also [20, Lemma 5.1]) that for vertices i and j in the same orbit i, we
have

and for any g(Q)-crystal the operators

a=[]a.  A=]]4

iei iei
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are well defined. If BO% is the g(Q)-crystal corresponding to the crystal base of U 7 (g(Q)), then
forb e BO%, we also define

ei(b) = max{k > 0| &b # 0}, 9i(b) = & (D) + (hi, wi(b)).

Let BOI; be the subset of BOQ0 generated by the ﬂ, i € I, acting on the highest weight element

b € BOQO. If we restrict the map wt : BOQo — P(Q), where P(Q) is the weight lattice of g(Q), to
the subset Bé;, the image lies in the subset of P(Q) invariant under the natural action of a. We
can therefore view it as a map wt : BOI; — P(I") where P(I") is the weight lattice of g(I").

Proposition 6.1. The set BOI; along with the maps &, fi, €, ¢i, i €I, and wt defined above is a
g(I")-crystal isomorphic to the crystal associated to the crystal base of U, (g(I")).

Proof. This proposition was proven in [9]. See also [20, Propositions 5.2, 5.5]. O

Let L € P(Q)™T be a dominant integral weight of g(Q) such that a(A) = A. Thus we can also
think of A as a dominant integral weight of g(/7). Let B)? denote the g(Q)-crystal corresponding
to the irreducible highest weight representation with highest weight A. Let B{ be the subset of

B)? generated by the fi, i € I, acting on the highest weight element b, of BAQ. If we restrict

the map wt : Bg — P(Q) to the subset B/, then the image lies in the subset of P(Q) that is
invariant under the action of a. Thus we can view it as a map wt : B{ — P(I).

Proposition 6.2. The set B{ along with the maps é;, fi, &i, ¢i, 1 € I, and wt defined above is
a g(I")-crystal isomorphic to the g(I")-crystal corresponding to the irreducible highest weight
representation of Uy (g(I")) with highest weight A.

Proof. This proposition was proven in [9]. See also [20, Propositions 7.1, 7.4]. O
6.2. The cactus relation for symmetrizable Kac—Moody algebras

Recall the definition of Kashiwara’s involution * in Section 1.1. It is easily seen that when
#: B — B is restricted to BL, < BZ, it induces an involution x : B, — BL and that this
corresponds to Kashiwara’s involution on B/, considered as a g(I")-crystal.

Let A, u € P(Q)" be dominant integral weights of g(Q) fixed by a. Thus they can also be
viewed as dominant integral weights of g(I”).

Lemma 6.3. Let (B), ® BM)F be the g(I")-subcrystal of By ® B, generated by the highest weight
element by ® by,. Then

(Br®@ B ={beb |beB, b eB.}

Proof. It suffices to show that for allie I and b ® b’ with b € B{, b e BII; and fi(b®b) =
b1 ® b}, we have b € B and b € B[;. Since b € B] and b’ € B,’;, we have

&i(b) =¢;(b), ei(b) =¢;"), @i (b) =9;(b), i) =", fori,jei.
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It also follows from the results of Section 6.1 that for an element a of B{ or Blf and i, j €1,
L7

gi(a)=¢i(eja) ifeja#0,

ei(a) = ei(fja) if fja#0,

gi(a) =g¢i(¢ja) iféja#0, and

i(a) =pi(fja) if fija#0.

It follows from the tensor product rule for crystals that

, ) . , ((Lu fOb)®b, or
ib®b) = ) bRD) = Z
A ) (Hf)( ) b® ([T [V

i€i
and the result follows. O

It follows from the above results that the crystal commutor OBl Br is obtained by the restric-

Dy

tion of the crystal commutor 00 po to B{ ® Blf C B)? ® BMQ. We thus have the following
»Bu

BY
theorem.

Theorem 6.4. For a symmetrizable Kac—Moody algebra with dominant integral weights A1,
A2, A3,

OB;,.Bi,®B;, © 1A ® 0B, B,.) = 0B, ©B;,.B, © (0B,,.B,, ®1d).
That is, the crystal commutor satisfies the cactus relation.
Proof. This follows from Theorem 5.4 and the above remarks. O
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