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Abstract

Applying the techniques of an earlier paper with Frenkel, we develop a geometric realization of
spin representations and Clifford algebras. In doing so, we give an explicit parametrization of the
irreducible components of Nakajima varieties of typen terms of Young diagrams. We explicitly
compute the geometric action of the Lie algebra and are able to extend the geometric action to the
entire Clifford algebra used in the classical construction of the spin representations.
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0. Introduction

In [FS03], we related two apparently different bases in the representations of affine Lie
algebras of typed: one arising from statistical mechanics, the other from gauge theory.
In particular, using geometric methods associated to quiver varieties, we were able to give
an alternative and much simpler geometric proof of a result of [DJKMO89] on the con-
struction of bases of affine Lie algebra representations. At the same time, we gave a simple
parametrization of the irreducible components of Nakajima quiver varieties associated to
infinite and cyclic quivers in terms of Young and Maya diagrams. In the current paper,
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we consider the spin representations of the Lie alggbtaso, C of type D,. Applying

the techniques of [FS03], we are able to give a very explicit parametrization of the irre-
ducible components of the associated Nakajima varieties in terms of Young diagrams of
strictly decreasing row length with maximum length- 1. We also explicitly compute the
geometric action and thus obtain a realization of the spin representations in terms of these
diagrams. Furthermore, we are able to extend the geometric action to the entire Clifford al-
gebra used in the classical construction of the spin representations. This is the first example
of a geometric realization of additional structure on irreducible representations extending
the module structure originally defined by Nakajima. Possible extensions of these results
to the affine case may suggest new statistical mechanics results fobtgmalogous to

those of typeA mentioned above.

1. Lusztig's quiver varieties

In this section, we will recount the explicit description given in [L91] of the irreducible
components of Lusztig’s quiver variety for tyk,. See this reference for details, including
proofs.

1.1. General definitions

Let I be the set of vertices of the Dynkin graph of a symmetric Kac—-Moody Lie algebra
g and letH be the set of pairs consisting of an edge together with an orientation of it. For
h € H, letin(h) (respectively out:)) be the incoming (respectively outgoing) vertexiof
We define the involution: H — H to be the function which takese H to the element of
H consisting of the same edge with opposite orientationoAentationof our graph is a
choice of a subse® C H suchthat? U2 = H and2 N 2 = 7.

Let V be the category of finite-dimensionkigraded vector spacés= @,_, V; over
C with morphisms being linear maps respecting the grading. TherV shall denote that
V is an object ofY. Labeling the vertices af by 1, ..., n, the dimension o/ € V is given
byv=dimV = (dimVy,...,dimV,).

GivenV eV, let

EV = @ Horn(Vout(h)7 Vin(h))-
heH

For any subsefl’ of H, letEy_y be the subspace &y consisting of all vectors = (x;,)
such thaty, = 0 wheneven ¢ H'. The algebraic groug'y = [ [; Aut(V;) acts onEy and
Ev.n’ by

(&%) = (&), (k) = gx = (x}) = (&in( X1 Gouny)-

Define the functiore: H — {—1,1} by e(h) =1 for all h € £2 ande(h) = —1 for all
h e §2. ForV €V, the Lie algebra oGy is gly =[], End(V;) and it acts orky by

(a,x) = ((ap), (xp)) = [a, x] = (x},) = (@in(w)Xn — Xndoutch))-



188 A. Savage / Journal of Algebra 297 (2006) 186—207

Let (-,-) be the nondegenerat€,,-invariant, symplectic form orky with values inC
defined by

(x,y) =Y e(h)tr(xayy).

heH

Note thatEy can be considered as the cotangent spa&s,qf under this form.
The moment map associated to thig-action on the symplectic vector spdgg is the
mapy : Ey — gly with i-componenty; : Ey — EndV; given by

i) = Y el

heH,in(h)=i

Definition 1.1. [L91]. An elementx € Ey is said to benilpotentif there exists anv > 1
'sucr) that for any seque.n@q; h, ..., hy in H satisfying ou(h/ll) = in(hy), outthy) =
in(hy), ..., outhly_,) =in(h)), the COMPOSItion, xp, - - - Xy, .Vout(h/N) — Vin(h/l) is
zero.

Definition 1.2. [L91]. Let Ay be the set of all nilpotent elementse Ey such that
Yi(x)=0foralliel.

1.2. TypeD,

Let g = s02,C be the simple Lie algebra of typ®,. LetI = {1, 2, ..., n} be the set of
vertices of the Dynkin graph gf, labeled as in Fig. 1. We |2 be the orientation indicated
in Fig. 2.

Label each oriented edge by its incoming and outgoing vertices. That is, if vertices
andj are connected by an eddg,; denotes the oriented edge with Gut=i, in(h) = ;.
The following is proven in [L91, Proposition 14.2].

Fig. 1. The Dynkin graph of typ®,. We represent theth vertex by an open dot to distinguish it from the
(n — 1)st vertex.

Fig. 2. The quiver (oriented graph) of ty@s, .
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Proposition 1.3. The irreducible components ofy are the closures of the conormal
bundles of the variou§'y-orbits inEy .

For two integers K k' <k <n — 1, defineV(k’, k) € V to be the vector space with
basis{e, | kK < r < k}. We require thae, has degree € I. Let x(k’, k) € Ey 1), 2 be
defined byx (", k), e = e,41 for k¥’ <r <k, and all other components ai(k’, k)
are zero. We picture this representation as the string of Fig. 3.

For an integek’ such that 1< k' <n — 2 ork’ = n, defineV(k’, n) to be the vector
space with basige, | kK’ <r <n — 2 orr =n}. Again, we require that, has degree € I.
Letx(k’,n) € Evu ). be defined by

ery1 fr<n—2,

k' n)p, = i
x (k' mp,,.q(er) {0 otherwise

X (k/a n)h,,_gy,, (en—2) = ey,

and all other components afk’, k) are zero. We picture this representation as the string
of Fig. 4.

Next, for an integek’ such that I< &/ <n — 2, defineV (k’,n + 1) to be the vector
space with basife, | k' <r < n} where the degree @f isr € I. The mapx(k’,n + 1) is
defined by

ery1 fr<n—2,

K, Dy r) = i
x( n + )hr,Hrl (e ) {0 0therW|Se

x(k/, n+ 1)hn—2,n (en—2) =ep,

and all other components afik’, n + 1) are zero. We picture this representation as the
(forked) string of Fig. 5.

k k-1 k-2 k-3 k'+1 k'

Fig. 4. The string representir®y (k', n), x(k',n)), 1<k’ <n—2ork’ =n.

n

n—2 n-3 n4 k'+1 k'’

n-1

Fig. 5. The (forked) string representig k', n + 1), x(k',n + 1)), 1<k’ <n — 2.



190 A. Savage / Journal of Algebra 297 (2006) 186—207

Fig. 6. The string representin®y (¢', k), (', k)), 1<k’ <k <n — 2.

Finally, for 1<k’ <k <n — 2, letV(k', k) be the vector space with badis. | k <
r<n}U{e | kK <r <n-— 2} where the degree of, ande, isr € I. Let Xx(k', k) be
defined by

- e 1 fr>=n—2,
Kk =1 _
T By (er) { 0 otherwise
ery1 ifr<n—2,
XK' n,, @)= en—1 fr=n-2
0 otherwise
i(k/5 k)hn,z.,l (en—2) =ep,

)E(k/s k)h,,,z_n (en—2) = ey,

and all other components @fk’, k) are zero. We picture this representation as the string
of Fig. 6.

Proposition 1.4. The aboveV (K, k), x(k', k)) and (V(k', k), Z(k", k)) are indecompos-
able representations of the, quiver with orientations2. Conversely, any indecomposable
finite-dimensional representatiaiv, x) of this quiver is isomorphic to one of these repre-
sentations.

Proof. It is easy to see that each of the above representations is indecomposable. The
fact that our list is exhaustive follows from Gabriel’s theorem, which states that the inde-
composable representations of thg quiver are in one-to-one correspondence with the
positive roots of the Lie algebra of type, (see [K80,K83]). O

Let
Z={( 1<K <k<n+1 K. k)#n—-1Ln),(n—Ln+1),
(n,n+1),(n—l—l,n—i—l)}U{(k’,k)N|1§k'<k§n—2},

and letZ be the set of all functiong — Zx>q with finite support. It is clear that fov € V,

the set ofGy -orbits inEy ¢, is naturally indexed by the subs&y of Z consisting of those
f € Z such that

Yo fK o+ Y f(K D) (dimV®E, k), =dimV,, Viel,

Ak k)i B(K' k)i
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where A(k’, k) is the set of all € I such thatV(k’, k) contains a vector of degréeand
B(k', k) is the set of ali € I such thatV(k’, k) contains a vector of degree Note that
we write f(k’, k) for f((k’,k)). Corresponding to a givei is the orbit consisting of all
representations isomorphic to a sum of the indecomposable represenidfiarits and
X(k', k), each occurring with multiplicityf (', k) and f ((k’, k)™), respectively. Denote by
Oy the Gy-orbit corresponding tgf € Zy. Let Cy be the conormal bundle 10y and let
C be its closure. We then have the following proposition.

Proposition 1.5.The mapf — (ff is a one-to-one correspondence between theZset
and the set of irreducible componentsAy.

Proof. This follows immediately from Propositions 1.3 and 1.42

2. Nakajima'’s quiver varieties

We introduce here a description of the quiver varieties first presented in [N94] for
type Dy,.

Definition 2.1.[N94]. Forv,w € Z’>0, choosel -graded vector spacésandW of graded
dimensionss andw, respectively. Then define

A=AV, W) = Ay x Z Hom(V;, W,).

iel

Now, suppose tha is an/-graded subspace ¥f. Forx € Ay we say thaSis x-stable
if x(S) CS.

Definition 2.2.[N94]. Let ASt= A(v, w)St be the set of al(x, j) € A(v, w) satisfying the
following condition: if S= (S;) with §; C V; is x-stable andj;(S;) =0 for i € I, then
S =0foriel.

The groupGy acts onA(v, w) via

(&, (x, ) = (&), (Gen), Gi))) = ((gin(h)xhggult(h)), Gigr ™).

and the stabilizer of any point of (v, w)Stin Gy is trivial (see [N98, Lemma 3.10]). We
then make the following definition.

Definition 2.3.[N94]. Let £ = £L(v, W) = A(V, W)SY Gy.

Let Irr £L(v,w) (respectively IrtA(v,w)) be the set of irreducible components of
L(v,w) (respectivelyAa (v, w)). Then IrrL(v, w) can be identified with

Y elrr A(v,w) | Y N A(v, W) 5 7).
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Specifically, the irreducible components ofditv, w) are precisely those
def 5 st
Xy = <<Cf X ZHOH’I(V,’, Wl)> N AV, w) >/GV
iel

which are nonempty.
The following will be used in the sequel.

Lemma 2.4. One has

ASt= {x eA

kerj; N ﬂ kerx;, =0Vi}.
h: out(h)=i

Proof. Since eaclf),. oui,—; kerxn is x-stable, the left-hand side is obviously contained
in the right-hand side. Now supposeis an element of the right-hand side. L& (S;)
with S; C V; bex-stable and;; (S;) =0 fori € I. Assume tha& +# 0. Since all elements of
A are nilpotent, we can find a minimal value 8fsuch that the condition in Definition 1.1
is satisfied. Then we can find a sequehgghy, ..., k) _; (empty if N = 1) in H such that
out(hy) = in(h}), out(hl) = in(hj), ..., out(h)y_,) =in(hy_;) andxh/lxhz2 X # 0.
Thus, there is a € Soutcn), ;) such thatv’ = XpXpy e xy, (V) #0000 the case that
N =0, we take an arbitrary’ in any nonemptyS;. Now, v’ € S; for somei’ € I by
the stability ofS (hencej; (v') = 0) andv’ € (). ouu—i K€rx;, by our choice ofN. This
contradicts the fact that is an element of the right-hand side.c

3. The Lie algebra action

We summarize here some results from [N94] that will be needed in the sequel. See this
reference for more details, including proofs. We keep the notation of Sections 1 and 2.
Letw, v,V v’ € ZL , be such that = V' + v". Consider the maps

AW, 0) x ANV, W) L2 Ev, w; v 22 Fv,w v 2B A, w), (3.1)

where the notation is as follows. A point Bfv, w; v") is a point(x, j) € A(v, w) together
with an 7-graded,x-stable subspac8 of V such that dins=Vv' =v — v”. A point of
F(v,w; V") is a point(x, j, S) of F(v,w;Vv”) together with a collection of isomorphisms
R: Vi=§S andR!: V! =V, /S; for eachi € I. Then we defing(x, j, S, R, R") =
(x,/,9), p3(x,j,S) = (x, j)andpi(x, j,S, R, R") = (x", x', j') wherex”, x’, j’ are de-
termined by

/ / ! . / 3
Ringy X = Xn Rouny 'Vout(h) — Sinh)
Ji=JiR :V;—>W;,
4 " " . 4 . g
Rinny*n = Xn Rouwny = Vouny = Vinay/Sinch)-

It follows thatx’ andx” are nilpotent.
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Lemma 3.1.[N94, Lemma 10.3]One has
(p3o p2) " HANV, W) C prH (AW, 0) x AV, W)).

Thus, we can restrict (3.1) taSt, forget theA(v”, 0)-factor and consider the quotient
by Gy, Gy . This yields the diagram

LIV, W) <2 F(v,w; v —V) 22 L(v, W), (3.2)
where
Fowv—v) E(x, 1.9 e Fv,wi v —V) | (x, j) € AV, W)™}/ Gy.

Let M(L(v,w)) be the vector space of all constructible functions&w, w). For a
subvarietyY of a variety A, let 1y denote the function o which takes the value 1 on
Y and O elsewhere. Let(Y) denote the Euler characteristic of the algebraic varlety
Then for a mapr between algebraic varietiesand B, let ) denote the map between the
abelian groups of constructible functions arand B given by

m1)M=x(xtoNY), YcCaAa,

and letr* be the pullback map from functions dhto functions onA acting ast™ f (y) =
f(@(y)). Then define

Hi :M(LV, W) > M(L(V,W));  H;f =u;f,
E;:M(Lv,wW)) — M(L(v—€,w)); E;if = (m(73f),
Fi:M(L(v—€,w)) > M(L(v,w)); Fig=(m2)i(nfg).
Here
u="ug,...,u,) =W —Cv,

where( is the Cartan matrix of and we are using diagram (3.2) with=v — € where
€ is the vector whose components are giverefpy: 8ij

Now let ¢ be the constant function of(0, w) with value 1. LetL(w) be the vector
space of functions generated by actinggwith all possible combinations of the opera-
tors F;. Then letL (v, w) = M (L(v, w)) N L(w).

Proposition 3.2.[N94, Theorem 10.14]The operatorsE;, F;, H; on L(w) provide the
structure of the irreducible highest weight integrable representatiory ofith highest
weightw. Each summand of the decompositibtw) = @, L(v,w) is a weight space
with weightw — Cv. That is, with weight

Z(W - Cv); A,

iel
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where theA; are the fundamental weights gf(i.e. A; («;) = §;; whereo; is the simple
root corresponding to the vertey.

Let X € Irr L(v,w) and define a linear mapy : L(v,w) — C as in [L92, 3.8]. The
map Ty associates to a constructible functigre L (v, w) the (constant) value of on a
suitable open dense subsetXf The fact thatL (v, w) is finite-dimensional allows us to
take such an open set on whiahy f € L(v, w) is constant. So we have a linear map

@ L(v,w) — CMEVW),

The following proposition is proved in [L92, 4.16] (slightly generalized in [N94, Proposi-
tion 10.15])).

Proposition 3.3. The map® is an isomorphispfor any X € Irr L(v, w), there is a unique
functiongy € L(v,w) such that for some open dense sub@edf X we havegy|p =1
and for some close@y-invariant subset c £(v,w) of dimension< dim£(v, w) we
havegx = 0 outsideX U K. The functiongx for X € Irr A(v, w) form a basis of_ (v, w).

4. Geometric realization of the spin representations

We now seek to describe the irreducible components of Nakajima’s quiver variety cor-
responding to the spin representations of the Lie algglwatype D,. By the comment
made in Section 2, it suffices to determine which irreducible componens\afw) are
not killed by the stability condition. By Definition 2.1 and Lemma 2.4, these are precisely
those irreducible components which contain pointich that

dim( N kerxh><w,» Vi. (4.1)

h: out(h)=i

We will consider the spin representations of highest weights; and A,, which cor-
respond tov = w"~1 andw”, respectively, wherwi. =4;j.

Let Y be the set of all Young diagrams with strictly decreasing row lengths of length at
mostn — 1, that is, the set of all strictly decreasing sequen¢gs. ., [;) of nonnegative
integers {; = 0 for j > s) such that; < » — 1. We will use the terms Young diagram and
partition interchangeably. Fof = (I3, ...,1l;) € Y and 1<i <, let

(n—1;,n) if i isodd and; > 1,
AZT ={ (n,n) if i is odd and; =1,

(n—1;,n—1) ifiiseven

(n—1;,n) if i isevenand; > 1,
A =1 (n,n) if i isevenand;, =1,

(n—1;,n—1) ifiisodd
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Kk, k-1 ki
CICY s O—<—0
k k3

ky, Kyl L kel

Fig. 7. If xp, l.fl(eiz) # 0 for somei, the commutativity of the above diagram foroézs> k’1 and kp > k1.
The vertices in the upper (respectively lower) string represent the basis vectors defining the representation

(V(ky, k1), x (K], k1)) (respectively(V (k5, ko), x (ky, k2))). A vertex labeled representgif eV; (j=12).The
arrows indicate the action of the obvious component.of

and let
N
+ +
Ay =JAT
i=1

Theorem 4.1. The irreducible components gf(v, w") (respectivelyC(v, w"~1)) are pre-
cisely thoseX  where f € Zy such that

[ k)| fK k) =1} = Ay

for someY €Y, f(k',k)=0for (k',k) ¢ AL, and f((k',k)™) =0 for all (K, k). Denote
the component corresponding to such aiby Xf Thus,Y < X? is a naturall-1corre-
spondence between the 3eand the irreducible components|of, £(v, w") (respectively
Uy £(v, w"~1)). Here the plus signs correspond to the cqdeL(v,w") and the minus
signs correspond to the caké, L(v, w1y,

Proof. We prove only thé J, £(v, w") case. The other case in analogous. Consider the two
representation®V (ky, k1), x (k. k1)) and(V (k5, k2), x (k), k2)), 1< k' <k <n—1of our
oriented graph as described in Section 1 where the basgigfk;) is {el | ki <r <k}

Let W be the conormal bundle to tl@y-orbit through the point

xo = (n)nen = x(ky, k1) ® x(ky, k2) € BV, kav k) ka), 2-

By the proof of Theorem 5.1 of [FS03], we see that for

x=(xe,x3) = (Cnne2. Cn)peg) = Cnnen €W,

all of V (k5, k2) must be in the kernel of 5 unlessk;, > k; andkz > k;. If these conditions
are satisfied, there exists a poit;, x5) € W such thate, , ,(e?) = ce} ; forallky+1<
i <k (for a fixed nonzere). We picture such a representation as in Fig. 7.

Similarly, for the two representationt¥ (ky, n), x (ky, n)) and(V (k, n), x (k5, n)), both
V(k1,n) andV(k,, n) are in the kernel of any componenf, & € £2, of a point in the
conormal bundle to the orbit throughk;, n) @ x(k,, n) (since the left endpoints of the
strings are the same).

However, fork] < k5, there are points in the conormal bundle to the orbit through
x(ky,n) ® x(ky,n — 1) such thatx,, ,(e?) = ce} | for all K, <i <n — 1 and some
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n n-2 ki
ST
nol  ne2 te K,

Fig. 8. If xhi.i—l(eiz) # 0 for somei, the commutativity of the above diagram fordézs> k’l. The vertices in
the upper (respectively lower) string represent the basis vectors defining the represe{ldtdqon), x(k/l, n))

(respectiver(V(k’z, n—1), x(k/z, n —1))). A vertex labeled representsa-/ eV; (j =1,2). The arrows indicate
the action of the obvious componentxaf

nonzeroc. These maps do not violate the moment map condition since the left endpoints
of the two strings are different. Such a representation is pictured as in Fig. 8. By symmetry,
reversing the roles of — 1 andn, there are points in the conormal bundle to the orbit
throughux (k}, n — 1) @ x(k}, n) such thatxy, , ,(e?) = cel , andx;,,_,(e?) = ce}  for
all k&, <i <n — 2 and some nonzexoif and only if k; < k.

Now consider the representation¥ (k;,n — 1), x(kj,n — 1)) and (V(k),n + 1),
x(ky, n 4 1)). Suppose there exists a poifie, x5) in the conormal bundle to the or-
bit through the poink (k3, n — 1) @ x(k5, n + 1) such that(V (k5, n 4+ 1), x(k5, n + 1)) is
not contained in the kernel af;. Then there is some basis elemel?lE V(k,, n+ 1) that
is not killed byxs. This implies thatc,, ,(e?) = ce® ; for somec # 0 sincexy, , , (e?)
can have n@iz_l component by nilpotency. As in the cases above, this impljes k.

Now, letx = (xo, x5) lie in the conormal bundle to the point

N
@X(kfyki) €Eg v k.2 (4.2)
i=1

We can assume (by reordering the indices if necessary)thatk, < --- < k. By the
above arguments, iy =n + 1 then bothe,ll_l ande! lie in the kernel ofc5 (and hence).
But this violates the stability condition. 3@ < ». Then we know from the above thdtl
is in the kernel ofc; (and hencer) sincek} >k} forall j. Thus

1
ey, € ﬂ kerxy,.
h: out(h)=k;

By the stability condition, we must then hakge = » and there can be no othelf in
Mi: outn)—i Kerxy, for anyi. Supposet = n + 1. Then we must havey, , ,(e2) = ce}_,.
But thenxy, , , xn, ,_,(e2) = ce} # 0 which violates the moment map condition at ta
vertex. Sokz < n. Then, by the above consideratio%z i1 () outcn)=k, K€TXK UNlESS
kz=n—1andx;, ,,, (63—1) is a nonzero multiple oéi_z. Continuing in this manner,
we see that we must have

e — n if i is odd
""|ln=1 ifiiseven
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n n-2 n-3 ki+1 kg

Fig. 9. The irreducible components [of,, £(v, w") are enumerated by Young diagrams.

andxhkiﬂ‘n_z(e;;:ll) has nonzere! , component for K i < s — 1. Then by the above we

must haveklfJrl >k for 1 <i <s — 1. Setting

B n—ki ifkj<n-—2,
11 ifki=n—1n,

we have an irreducible component of the type mentioned in the theorem. It remains to
consider the case where a summaiid, k) occurs with some nonzero multiplicity. Using

the moment map condition and the same sort of arguments as above, one cangg®that

h € 2 acting on vectors of such summands can only have nonzero components of vectors
in other summands of this type or summandg’, k) for k < n — 2. Thus, it follows by

the nilpotency and stability conditions that no such summands can occur. The theorem
follows. O

The Young diagrams enumerating the irreducible componentg,of (v, w") can be
visualized as in Fig. 9. For the caseldf, L(v, w"~1), simply interchange the labets— 1
andn. Note that the vertices in our diagram correspond to the boxes in the classical Young
diagram, and our arrows intersect the classical diagram edges (cf. [FS03]).

It is relatively easy to compute the geometric action of the gener&ipend F;, of g.
We first note that for every, £(v, w") and£ (v, w"~1) are either empty or a point. This can
be seen directly or from the dimension formula for quiver varieties [N98, Corollary 3.12].
It follows that eachx;,r (respectivelyX ;) is equal toL(v, w") (respectivelyL(v, w'1y)
for some unique which we will denot(a/;,r (respectivelyy).

Lemma 4.2.The functiongxfyc corresponding to the irreducible componeﬂdi’,E where
Ye)is simplylxayc, the function onX% with constant value one.

Proof. This is obvious sinc&y is a point. O
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Proposition 4.3. One hasFilys = 1+ wherevy, = vy + € if such ay’ exists and
Y/
Fil,+ = 0 otherwise. AlsoE;1,+ = 1,+ wherevi, = v — & if such aY” exists and
X3 : Xg = xd, y» =Vy
Ek1X¢ = 0 otherwise.

Proof. We prove theC(v, w") case. The case df(v, w"~1) is analogous. It is clear from
the definitions thaFklx; =c11y+ and Eplys =colys for some constantis; andc; if
yl Y//

Y’ andY” exist as described above and that these actions are zero otherwise. We simply
have to compute the constamtsandca. Now,

Filys (x) = (w211 1+ (x)

=x({S|Sisx-stable x|s € X} })

= x(pY

=1
if x € Xy wherevJyr, = v}“ + €* and zero otherwise. The fact that the above set is simply a
point follows from the fact thas; must be the sum of the imagesxgfsuch that iih) = k.
That is, it must be the span of all the vectors corresponding to the vertices in the column
associated t6; except the bottommost vertex. Thes= 1 as desired.

A similar argument shows that = 1. For a Young diagrarii that contains a removable

vertexk (thatis, aY” exists as described above), there is only one way to extend the unique
representation (up to isomorphism) corresponding’tdrecall thatL(vy~, w) is a point)

to a representation correspondingite-it must be the unique such representation (up to
isomorphism). O

We now compute the weights of the functions corresponding to the various irreducible
components of the quiver variety. LEt= C2" with basis{az, . .., an, b1, ..., b,} and let

Q. VxV—->C
be the nondegenerate, symmetric bilinear form/ogiven by
Q(ai, bj)) = Q(bi,a;) =1,

Q(aj,aj) = Q(bi,bj) =0,
QO(ai, bj) =0 ifi#}j.

Then the Lie algebrg = s0,,C of type D,, consists of the endomorphisms. V — V
satisfying

Q(Av, w)=Q(w,Aw)=0 VYv,welV.
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In the above basis, the Cartan subalgdpimspanned by the matrices

Di =ei; — entin+i,

wheree; ; is the matrix with a one in entrg/, j) and zeroes everywhere else. Thus the dual
spaceh* is spanned by the functions; }’_; given by

ei(Dj) = 8ij.
The simples roots are given in this basis by

aj=¢ —&11, 1<i<n-—1,

Op =&p—1t+&n

and

Ap1=(e1+ - +ep1—81)/2
Ap=(e1+--+ep_1+61)/2

Let [a] denote the least integer greater than or equaldnd let|a | denote the greatest
integer less than or equal &0

Proposition 4.4. For a Young diagram(or partition) ¥ = (A1,...,As) € Y, let u =
(m1, ..., ut) be the conjugate partition. Then the weightlgf; is

t
25 "1
Ay — ’7_—‘071 - \‘_Jan—l - Zﬂian—i
2 2 P
n—1 s . .
1 1(s, if I(L) is even
= E(;«e’ N ;8"‘“‘> *3 { —e, if1()isodd
and the weight °1x; is

t
Mn1 Mn1
Ap_1— \‘7Jan - ’77—‘601—1 - Zﬂian—i

i=2

n—1 s B H
1 1(es, if 1(%) is odd
_§<;8‘_;8”M>+§{—en if 1(%) is even
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Proof. The first expression follows easily from counting the vertices in the Young diagram
and the second from switching to the bases given bythEor instance, we see that the
spaceV (k, n — 1) contributes a weight

n—1 n—1
=Y ai=—) (i —¢ir1) =6, — &
i=k i=k

and the spac¥ (k, n), k <n — 2, contributes a weight

n—2

n—2
—0p _Zai :_(8n—1+8n)_2(85 —&i41) = —&p — &k. t
i=k i=k

5. Geometric realization of the Clifford algebra

The standard construction of the spin representations considered above is through the
use of the associated Clifford algebra. In this section, we will given a geometric realization
of this algebra.

5.1. Preliminaries

We first review the necessary details concerning the Clifford algebra. Proofs can be
found (for example) in [FH].

Let the vector spac& and the bilinear formQ be as in the previous section. Let
C = C(Q) be the Clifford algebra associated ¢b That is, it is the associative algebra
generated by with relationsv - v = %Q(v, v) - 1 or equivalently

fv,wl=v-w+w-v=0w,w) Yv,weV.

Since the relations are linear combinations of elements of even d€giekerits aZ/27Z-
gradingC = C®¥e"g °49, Obviously,C®"®"is a subalgebra of .

Let W = Spaday, ..., a,}, W =Spanb, ..., b,y and \ W’ = /\0 Weo---aN\N'W.
Recall thatb; = b;; Abi, A--- A b, Tor [ ={i1 <iz <--- < ix}, and withby = 1 form a
basis for\ W'.

Forw’ e W', letL,, € End(\ W’) be left multiplication byw’:

Ly@E)=w nE, &€ /\ W',

Fory € (W')*, let Dy € End(/\ W’) be the derivation of\ W’ given by

.
Dy(WiA--Aw)= Z(—l)i—lﬁ(w;)(w’l A AW A AW,
i=1
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wherew; means the factaw; is missing. Define a maj: C — End(/\ W’) by
I(w") = Ly, [(w)y=Dy, weW, weW,

where € (W)* is given by (w') = Q(w, w’) forall w’ € W'.

Lemma 5.1.The mag is an isomorphism of algebras = End(/\ W').

It follows that

even odd

cevenx= End( A\ W/> & End(/\ W/>.

From now on, we suppress the isomorphisand identify C with End(/\ W’). We can
view C as a Lie algebra with bracket given by the commutator.

Proposition 5.2.The mapy — C®'®"given on generators by

Ep > bpyiai = LkaDbz,
Fi = bragy1= Ly Dy, ,»

Ey > apap—1= Dbj{ Db:;l

’

Fyvby_1b, =Ly, Ly,
is an injective morphism of Lie algebras. This giygs¥’ the structure of g-module and
AW =La,_,®La,

asg-modules wheré,, is the irreducible representation of highest weightn particular

e"e”W,N La, ifniseven
A W= Lp, , ifnisodd
OddW,N La, ifnisodd
/\ " |La,, ifniseven

The weight of the natural basis vectir is

%(Za—Za)-

igl jeI
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5.2. Geometric realization
We now present a geometric construction of the Clifford algebra. Recall the maps
LIV, W) <2 Fv,w; v —V) 22 L(v, W)
of diagram (3.2). For X k < n — 1, define elementg’, z* € 7" by

Yi=1o otherwise
k_{l ifk<i<n-—2ork=n,
|0 otherwise

Then consider the maps

UE(V, w) <& U]—'(v, w; y) U U]-‘(v, w; 2) 2 UE(V, W), (5.1)
\% \% \

\"

whererr; andrn, are as above. Now, fare Z2 , definev* by
=

vi=v;, 1<i<n-2

* *
V,_1=Vn, V,=Vu-1.

Note thatv — v* is an involution. Let
KT LV, W) — L(VF, w¥)

be the map that “switches” the vertices- 1 andn. Specifically, for[(x, j)] € L(v, w)
([(x, j)] denotes th&y-orbit through the pointx, j)), «([(x, j)]) = [(x’, j))] where
x;l =x, forh # hl’l—l,l‘l—27 hn,n—Zv hn—Z,n—L hn—Z,nv

'xhn,lwnfz = xhn.n—Z’ xhnfzv,,,l = xhn—2,n ’

/ /
‘xh,,w,lfz - xhn—l,n—Z’ xhnfzyn - ‘xhn—2,n71’

ji=ji fori#n—1n,
jy/,fl = jn ,
Jr/; = jn-1-
Note that? is the identity map.
Recall that the set of such that (v, w) is nonempty is in 1-1 correspondence with the
set). Denote the Young diagram corresponding to suehby Yy. Recall that each row
in the Young diagram corresponds to a string of vertices of the Dynkin diagramvaé
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say that theendpointof the row is the lowest index of the vertices appearing in that string
with one exception: we say that the endpoint of the string consisting of the single vertex
n isn — 1. For a Young diagrany, let/;(Y) be the number of rows of with endpoint
strictly less than (or, equivalently, the number rows of length greater thati) and/(Y)

the number of rows of . Note that

[(Yy) =Vy—1+ V.

Now, forw =w""1 orw” and for 1< k <n — 1 define

ap: M(L(v,w)) — M(L(v -y, w¥)) & M(L(v -2, w¥)),

bt M(L(v, W) > M(L(V+Y* W) @ M(L(v+Z", w)),
by

a(f) = (=D (1),705 f,

bi(f) = (=D W ie* (o) 7 f,

where we have used diagram (5.1). Define

an: M(L(v,W)) — M(L(V*, w¥)),
b M(L(v,W)) — M(L(V*, w")),

by
an(f) = { (=D Me* £ if dimw, +1(Yy) is even
"7 o if dimw, +/(Yy) is odd
ba(f) = { (=DM £ if dimw, +1(Yy) is odd
" 0 if dimw, +1(Yy) is even

Forv = vy for someY e Y, note that there exists &** such that/,, = vy +y* or
ijE + Zt if and only if Y does not contain a row with endpoikt If this is the case, then
Y+ is obtained fromy by adding such a row and V., = vy + Y, thenL(vy + 2°) is
empty and vice versa. Similarly, there exists & such that; , = vy — y* or vy, — 2

if and only if ¥ contains a row with endpoirit. If this is the case, theli = is obtained
from ¥ by removing such a row and¥;_, = vj, —y*, thenZ(vy — 2*) is empty and vice
versa.
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Proposition 5.3. Using diagram(5.1),

if ¥ contains a row with endpoirit,

(Ty Ly = {0 Y_k otherwise

1,+ if Y does not contain a row with endpoint k
(i dys = Ttk _
Y 0 otherwise

*
K lpx =1,7.
Xy — XY

Proof. It is clear from the definitions thatr)751 xE = C- le:t for some constant

c—y if Y contains a row with endpoirit and is zero otherW|se Slmllarly, it is clear that
(ronmil Xt =Crklyxx for some constant if Y does not contain a row with endpoint
y+

k and is zero otherwise. It remains to compute the constantandc, ;. AssumeY does
not contain a row with endpoirit Then,

()i Lz (x) = x ({S | S is x-stable x|s € Xy })

= x(pH
=1

if x € X;k and is zero otherwise. The fact that the above set is a point follows from the
fact thatx-stability implies thatS must be the span of the vectors corresponding to the
vertices of the Young diagram obtained frafif* by removing the lowest vertex of each

of the firstn — k columns. This is because the vector corresponding to a given vertex lies
in the smallest subspace ¥f containing any vector below it, in the same column. Thus
Cyk = 1.

A similar argument shows that ; = 1. For a Young diagrari that contains a row with
endpointk, there is only one way to extend the unique representation (up to isomorphism)
corresponding td& —* (recall that£(vy,w) is a point) to a representation corresponding
to Y—it must be the unique such representation (up to isomorphism).

Theorem 5.4.The operatorsi, b, on L(w"~1) @& L(w") provide the structure of a repre-
sentation of the Clifford algebr&. Moreover, as representations 6f

LW ) e L(w /\W (5.2)
Proof. ForY=mn—-1>0l1>--->1;,>1) e, let

I {ls, ..., 11} if s is even
|, ... 1,0} if sisodd
I__{{ls,...,ll} if s is odd

Y {ls,...,11,n} ifsiseven
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Both sides of (5.2) have dimensiofi.2Ve identify the two via the mafhy - - b, For

a set/ of indices between 1 and that does not contain the indéx let 7% be the set
obtained by adding. For a setl of indices between 1 and that contains the indek,

let 7% be the set obtained by removithg We view such sets of indices as a partition or
Young diagram as follows: fof = {i1, ..., is}, let the corresponding Young diagram have
rows of lengthn — i; (with endpointi;) for those 1< j < s such that; <. Thusl; (1) is
defined—it is the number of indices éfstrictly less thar. Now, for 1< k < n,

(=D"Mp e if Iy containsk,
ak(bl)%):Dbj:(bIYi)z !

if 15 does not contain,

(=D%Up 1+ if 1) does not contai,
bk(bl)%):l‘bk(b[)%): Y

if I3 containsk.

Note that(7;)** = Iy for1<k<n-—1, (LH)™ = I if Iy does not contaim and
(I;)™" = I if I} containss.

Now, recalling that a plus sign indicates the case w" and a minus sign indicates the
casew = w"~1 we see thaf,? contains am if and only if w, + I(Y) =w, + [,(Y) is
even. Thus the result follows from the definition of the geometric action ofittendby
and Proposition 5.3. O

We now show that the geometric action of the Clifford algebra we have constructed is a
natural extension of the geometric actiongof

Proposition 5.5.As operators or. (W"~1) @ L(w"),

n

Er =bry1ar, 1<k
1<k

NN

—1
Fi = brag41, n—1,

E, =aya,-1,

F,=b,_1b,.

Proof. It suffices to show that the relations hold on the: since these functions span

Lw"~1) @ L(w"). Note that we can remove a vertex with degkefeom Y (and be left
with an element o) if and only if it has a row with endpoirit but no row with endpoint
k+ 1. LetY be such a diagram. Fordk <n — 1,

br+1axlys = (=D Ny akc* (ra)ims Iy:
= D b Ly

= <—1>’k<Y>bk+11Xﬁk
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= (DM (0O oy Ly
r

— (M) (kYT xq
( ) ( ) « X(yfk)+(k+1)

+ .
X y—koy+ e+ )

But (Y ~%)*t*+D s precisely the Young diagram obtained frafrby removing a vertex
and sobk+1aklx¢ = Ek1X¢. The proof of the other three equations is analogous.

6. Extensions

The results of this paper can be easily extended to BieeOne obtains an enumeration
of the irreducible components of Nakajima’s quiver variety by Young diagrams of strictly
decreasing row lengths but with no condition on maximum row length. The geometric Lie
algebra and Clifford algebra actions can be easily computed and are analogous to those
obtained for typeD,,.

If one is interested in the-deformed analogues of the Clifford algebra and spin repre-
sentations (cf. [DF94]), this can also be handled by the methods of the current paper. One
simply has to consider the quiver varieties over a finite field instead of@ver

To treat arbitrary finite-dimensional irreducible representations instead of just the spin
representations considered here, somewhat different techniques are required (cf. [S03]).
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