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A Geometric Construction of Crystal Graphs Using Quiver
Varieties: Extension to the Non-Simply Laced Case

Alistair Savage

ABSTRACT. We consider a generalization of the quiver varieties of Lusztig and
Nakajima to the case of all symmetrizable Kac-Moody Lie algebras. To deal
with the non-simply laced case one considers admissible automorphisms of a
quiver and the irreducible components of the quiver varieties fixed by this
automorphism. We define a crystal structure on these irreducible components
and show that the crystals obtained are isomorphic to those associated to the
crystal bases of the lower half of the universal enveloping algebra and the
irreducible highest weight representations of the non-simply laced Kac-Moody
Lie algebra. As an application, we realize the crystal of the spin representation
of 502,41 on the set of self-conjugate Young diagrams that fit inside an n X n
box.

Introduction

In [10], Lusztig associated various varieties to the quiver (oriented graph) whose
underlying graph is the Dynkin graph of a simply laced Kac-Moody algebra (that is,
a Kac-Moody algebra with symmetric Cartan matrix). Using these quiver varieties,
he gave a geometric realization of U, (g), the lower half of the quantum universal
enveloping algebra of g, and defined a canonical basis [9] with remarkable properties.
Later, Nakajima extended this quiver variety construction to yield a geometric
realization of the entire universal enveloping algebra and its irreducible highest
weight representations in the homology of a new class of quiver varieties. This
geometric approach allows one to prove such results as positivity and integrality of
the canonical basis that are difficult to prove algebraically.

In [6], Kashiwara constructed the crystal base and the global crystal base of
U, (g) and the highest weight representations of U,(g) in an algebraic way. It was
shown by Grojnowski and Lusztig [2] that the global crystal base and the canonical
basis coincide. Kashiwara and Saito [7, 16] defined a crystal structure on the set
of irreducible components of Lusztig’s and Nakajima’s quiver varieties and showed
that the crystal obtained is isomorphic to that associated to the crystal base of the
lower half of the universal enveloping algebra and the irreducible highest weight
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representation respectively. There are other, purely combinatorial, constructions
of these crystals as well. In [17], the author described an explicit isomorphism
between the geometric construction from quiver varieties and the combinatorial
construction via Young tableaux and Young walls.

One limitation of the quiver variety approach to Kac-Moody Lie algebras and
their representations is that the geometric Lie algebra action is only defined for
those algebras whose generalized Cartan matrix is symmetric. Thus, even for the
finite case, only types A, D, and E are covered. However, the other algebraic
structures mentioned above, such as global bases and crystal graphs, are defined
for the more general case of symmetrizable Kac-Moody Lie algebras. In the current
paper, we consider an extension of the geometric construction of crystal bases to
this more general setting. We consider quiver varieties for symmetrizable Kac-
Moody Lie algebras (which are not necessarily simply laced) and introduce a crystal
structure on their irreducible components. In particular, we can treat all of the finite
dimensional simple Lie algebras. We give here a brief overview of the construction.

Associated to a symmetrizable Kac-Moody Lie algebra (or its generalized Car-
tan matrix), one can associate a valued graph I'. Let g(T") denote the Kac-Moody
Lie algebra. It is known [11, Prop 14.1.2] that any such valued graph can be ob-
tained from a quiver ) along with an admissible automorphism a of this graph.
This admissible automorphism induces an automorphism on the set of irreducible
components of the quiver varieties associated to (). Let w be a dominant integral
weight of g(Q), the Kac-Moody Lie algebra with Dynkin diagram the underlying
graph of @, which is fixed by the automorphism of the weight lattice induced by a.
Then let Bf)(co) and Bf(w) be the set of irreducible components of Lusztig’s and
Nakajima’s quiver varieties attached to the quiver @ and let Bf(co0) and BY(w) be
the subsets that are fixed by the automorphism a. Let I be the set of a-orbits of
vertices of (). It turns out that for i € I and ¢,5 € i, the Kashiwara operators é;
and &; (resp. f; and f;) which act on the sets BY)(o0) and Bj)(w) commute and
the operators & = [[,;& and f; = [[,¢; fi act on the sets Bf(co) and B (w).
These operators (along with the other maps required to define a crystal structure)
endow these sets with the structure of the crystal associated to the crystal base of
U/ (g(I')) and Vp(w), the irreducible highest weight representation of U,(g(T")) of
highest weight w. We can also define these operators directly, in geometric terms,
without reference to the operators é; and ﬁ for the quiver Q.

As an application of our construction, we describe an explicit realization of
the crystal graph of the spin representation of 502,41 on the set of self-conjugate
Young diagrams that fit inside an nxn box. Each Young diagram corresponds to an
irreducible component of the corresponding quiver variety. It turns out that we can
actually extend this crystal action to the full action of the Lie algebra and realize
the spin representation on the vector space spanned by these Young diagrams. This
is similar to the realization of the spin representations of sos, obtained in [18].

The fact that the invariant irreducible components Bf.(w) of Nakajima’s quiver
varieties enumerate a basis for highest weight representations of the corresponding
representation of the non-simply laced Kac-Moody Lie algebra was demonstrated
by F. Xu [19]. The proof in [19] uses perverse sheaves while our method avoids their
use and is almost entirely crystal theoretic. The crystal structure on Bf(co) was
mentioned in [19] but not defined. A key step in our construction is the embedding
of crystals of non-simply laced type into those of simply laced type. We should note
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that this has been done in some specific cases for Lie algebras of affine type (see,
for example, [14, 15]). Our method works for arbitrary symmetrizable Kac-Moody
algebras.

If we define the quiver variety associated to the valued graph I' to be the
union of the irreducible components of Lusztig’s (resp. Nakajima’s) quiver variety
associated to @ that are fixed by the isomorphism a, then by the above we know
that the irreducible components of this new quiver variety are in 1-1 correspondence
with a basis for U, (g(T")) (resp. Vr(w)). Thus, the top dimensional Borel-Moore
homology of these quiver varieties has the same dimension (in each weight space)
as U; (g(I')) (resp. Vr(w)). Therefore, one should be able to define the action
of U,(g(T")) on these spaces via convolution in homology and obtain a geometric
realization of U,(g(I")) and Vr(w) as in [13].

One immediate application of the current work is an extension of the results of
[17]. The combinatorial methods of Young tableaux and Young walls exist for non-
simply laced Kac-Moody algebras and thus the connection between the geometric
and combinatorial realizations of the crystal graphs should be able to be extended
to the more general setting. Ideally one should be able to describe an explicit
isomorphism between the geometric realization and the path model of Littelmann
[8] which exists in the full generality of symmetrizable Kac-Moody Lie algebras.

The organization of the paper is as follows. In Sections 1 and 2 we review the
definitions of Lusztig’s and Nakajima’s quiver varieties and in Sections 3 and 4 we
recall the crystal action on their irreducible components. In Section 5 we prove
a result about realizing the crystal of U, (g(I')) inside the crystal of U, (g(@Q))-
We describe the geometric realization of the crystal of U, (g(I')) in Section 6. In
Section 7 we show how to realize the crystal of Vi(w) inside that for Vio(w) and in
Section 8 we develop the geometric realization of the crystal of Vi(w). Finally, in
Section 9 we realize the crystal graph of the spin representation of 09, 1.

The author would like to thank I.B. Frenkel and C.M. Ringel for useful discus-
sions and suggestions. He would also like to thank H. Nakajima for bringing the
reference [19] to his attention.

1. Lusztig’s quiver variety

In this section, we will recount the description given in [10] of Lusztig’s quiver
varieties. See this reference for details, including proofs.

Let I and E be the set of vertices and (unoriented) edges of the Dynkin graph
of a Kac-Moody Lie algebra with symmetric Cartan matrix and let H be the set
of pairs consisting of an edge together with an orientation of it. We denote the
corresponding quiver by @ = (I, H) and the Kac-Moody Lie algebra by g(@). For
h € H, let in(h) (resp. out(h)) be the incoming (resp. outgoing) vertex of h. We
define the involution = : H — H to be the function which takes h € H to the
element of H consisting of the same edge with opposite orientation. An orientation
of our graph is a choice of a subset Q C H such that QU Q = H and QN Q = 0.

Let V be the category of finite-dimensional I-graded vector spaces V. = @;c;V;
over C with morphisms being linear maps respecting the grading. Then V € V shall
denote that V is an object of V. We identify the graded dimension v of V with
the element ) ;_; via; of the root lattice of g(Q). Here the a; are the simple roots
corresponding to the vertices of our quiver.
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Given V € V, let

E(v) = @ Hom(Vous(n), Vin(n))-
heH
Note that this space (and the others that follow) depend only on the dimension of
V up to isomorphism. This is why we label the space by the dimension v. For
any subset H' C H, let Ef/(v) be the subspace of E(v) consisting of all vectors
x = (xp,) such that xj, = 0 whenever h ¢ H'. The algebraic group Gy = [, Aut(V;)
acts on E(v) and Eg/ (v) by

(9,2) = ((9:), (zn)) — (gin(h)xhgo_ult(h))-

Define the function € : H — {—1,1} by e(h) = 1 for all h € Q and e(h) = —1
for all h € Q. The Lie algebra of Gy is gly =[], End(V;) and it acts on E(v) by

(a,7) = ((a:), (zn)) = [a, 7] = (z},) = (@inm)Th — Thaous(n))-
Let {-,-) be the nondegenerate, Gy-invariant, symplectic form on E(v) with values
in C defined by
(.9) = 3 e(h) (o).
heH

Note that E(v) can be considered as the cotangent space of Eq(v) under this form.

The moment map associated to the G -action on the symplectic vector space
E(v) is the map ¢ : E(v) — gl, with é-component ¢; : E(v) — End V; given by

Yi(x) = Z e(h)zpxy,.
heH, in(h)=i
DEFINITION 1.1 ([10]). An element x € E(v) is said to be nilpotent if there
exists an N > 1 such that for any sequence hy, ha, ..., hy in H satisfying out(hy) =
in(hs), out(hs) = in(hs), ..., out(hy—_1) = in(hy), the composition Tp, Th, ... Thy
Vout(hn) = Vin(n,) 18 zero.

DEFINITION 1.2 ([10]). Let E°(v) be the set of elements x € BE(v) such that
Yi(z) = 0 for alli € I. Let A(v) be the subset of E°(v) consisting of nilpotent
elements.

ProPOSITION 1.3 ([10]). For g(Q) a Kac-Moody Lie algebra of finite type with
symmetric Cartan matriz, the irreducible components of A(v) are the closures of
the conormal bundles of the various Gy -orbits in Eq(v).

2. Nakajima’s quiver variety

We introduce here a description of the quiver varieties first presented in [12].
See [12] and [13] for details.

DEFINITION 2.1 ([12]). For v,w € (Z>0)!, choose I-graded vector spaces V
and W of graded dimensions v and w respectively. We associate w with the element
> Wiw; of the root lattice of g(Q), where the w; are the fundamental weights of
9(Q). Recall that we identified v with the weight ), via;. Then define

A= A(v;w) = A(v) x @Hom(Vi, W,).
i€l
Now, suppose that S is an I-graded subspace of V. For x € A(v) we say that
S is z-stable if z(S) C S.
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DEFINITION 2.2 ([12]). Let ASt = A(v;w)*t be the set of all (z,t) € A(v;w
satisfying the following condition: If S = (S;) with S; C 'V, is z-stable and t;(S;) =
0 foralli eI, then S; =0 for alli € I.

The group Gy acts on A(v;w) via
(9, (,1)) = ((92), ((xn), (£))) = ((Ginm)TnIous(ny)> (tigi ))-

and the stabilizer of any point of A(v;w)®" in Gy is trivial (see [13, Lemma 3.10]).
We then make the following definition.

DEFINITION 2.3 ([12]). Let L= L(v,w) = A(v;w)*/G,.
3. Crystal action on Lusztig’s quiver varieties

In this section we recall the crystal action on the set of irreducible components
of Lusztig’s quiver varieties. See [7] for details, including proofs.
Let v,v,v' € (Zx0)! such that v = v + v’ and let V,V, V' have dimensions
v, v, v’ respectively. Consider the maps
(3.1) E’(v) x E°(v') & E°(v,v)) 2 EO(v),
where E°(v, v') is the variety of (z,$, ¢’), where z € E®(v) and ¢ = (¢;), ¢' = (¢)
give an exact sequence
00—V, v, v o
such that Im ¢ is stable under z. Thus r induces 7 : V-V and ' : V! — V',
The maps ¢ and g2 are defined by ¢;(x, ¢, ¢') = (Z,2’) and ¢2(z, ¢, ¢') = .
LEMMA 3.1 ([7]). The following conditions are equivalent.
(1) z is nilpotent
(2) Both T and x’' are nilpotent.
Thus (3.1) induces the maps
(3.2) AF) x A(V') &2 N (v,v) 5 A(v),

where A'(v,v') = g3 H(A(V)) = ¢; H(A(V) x A(V')).
For i € I and p € Z>g, let

g;(x) = dim Coker @ Vout(h) ton) Vil,
h:in(h)=i
and
E'(v)ip = {z € E°(v) | &i(x) = p}.
Then EY(v); ,, is a locally closed subvariety of E°(v).
Now assume that v = v + ca; for ¢ € Z>( and consider (3.1). One easily sees
that E°(ca;) = {0}. Thus we have

E’(v) 2 E°(¥) x E%(cay) <2 B2 (¥, coy) =2 E°(v).
For p € Z>o we have
wfl(EO(V)i,p) = wQ_l(EO(V)i,p+c)-
Thus we define

E’(V,cai)ip = @y (EX()ip) = @5 (B2 (V)i pte)-
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Setting p = 0 we have the following diagram
EO({’) D) EO(V)Z"O L EO(V, cai)i,O 22, EO(V)Z"C C EO(V).
Note that E°(¥); o is an open subvariety of E°(¥).

LEMMA 3.2 ([7]). We have the following.
(1) @y : BY(V,ca;)io — E%(V)i. is a principal fiber bundle with GL(C®) x
[Ijer GL(V;) as fiber.
(2) @1 : E%(v,ca;)i0 — E°(V)i0 is a smooth map whose fiber is a connected
rational variety.

Let B, (v, 00) be the set of irreducible components of A(v). For X € B (v, c0),
we define &;(X) = ¢;(z) for a generic point x of X. For p € Zxo, let B} (v, 00)i,
denote the set of all elements X of B (v, c0) such that €;(X) = p. From the above
lemma, we obtain the following.

PROPOSITION 3.3 ([7]). We have
B (v;00)i0 = BY(v,00)i,c.

Suppose that X € ng(v; 00);,0 corresponds to X € ng(v, 00);, by the above
isomorphism. Then we define

fe: BY(¥;00)i0 = Bj(V,00)i.c, foX) =X,
es Bé(V, OO)i7C — Bé(\?; OO)LQ, éC(X) X

We then define maps
€i: |_|Bg2(v7 00) — I_lng(v,oo) L {0},
v

A\

fi: |_|Bg?(v,oo) — |_|Bg?(v, 00),

as follows. For ¢ > 0, we define

Fe—1

€ : BGH(v,00)ic L B (v;00)i0 . BL (v — @i;00)ic-1,
and &;(X) = 0 for X € Bj(v,00);0. We define

Y 1
£t

fi: BY(v,00)ic &, B (00;¥)i0 = Bj(00; v + )it
Furthermore, we define a map
wt UB%(V,OO) — P, wt(X) = —Zviai for X € B (v, )
v icl
and we set
pi(X) = &i(X) + (hi, wt(X)) .
Let B (o0) = |, B4 (v, 00).
PROPOSITION 3.4 ([7]). The maps defined above make B\ (c0) a crystal and it
is isomorphic to the crystal Bg(co) associated to the crystal base of U, (8(Q)).
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4. Crystal action on Nakajima’s quiver varieties

In this section, we review the realization of the crystal graph of integrable
highest weight representations of g(Q) via quiver varieties. See [16] for details,
including proofs.

Let w,v,v/,v"” € (Z>0)! be such that v = v’ + v". Consider the maps

(4.1) A(V";0) x AV w) 2 F(v, w; v") B F(v,w;v") B A(v;w),
where the notation is as follows. A point of F(v,w;v”) is a point (x,t) € A(v;w)
together with an I-graded, z-stable subspace S of V such that dim S = v/ = v—v".
A point of F(v,w;v") is a point (z,t,S) of F(v,w;v") together with a collection
of isomorphisms R} : V; =2 S, and R} : V/ =2V, /S, for each i € I. Then we define
pQ(xa L, Sa Rlv R”) = (ZL’, t, S)a p3(xa t, S) = (ZL’, t) and pl(xa t, Sv R,a RH) = (Z”, :E/a t/)
where 2"/, 2.t are determined by
Riuny@h = ThBousny © Vous(n) = Sin(n):
R{;(h)fﬁi = thgut(h) : Vgut(h) — Vin(h)/Sin(n)-
It follows that z’ and =’ are nilpotent.
LEMMA 4.1 ([12, Lemma 10.3]). One has
(p3 0 p2) " (A(v;w)™) C py H(A(V50) x A(V';w)™).
Thus, we can restrict (4.1) to A®, forget the A(v”;0)-factor and consider the
quotient by Gy, Gy-. This yields the diagram
(4.2) LV, w) & Fv,w;v—v) B L(v,w),
where
Fv,w;v—v') def {(x,t,8) € F(v,w;v — V)| (z,t) € A(v;w)**}/Gy.
For i € I define €; : A(v;w) — Z>g by

i((w,)) = dime Coker | @D Vouay Z2 V4
h:in(h)=t
Then, for ¢ € Z>¢, let
LV, W)ie={[z,t] € L(v,w) | &;((x,t)) = c}
where [z,t] denotes the Gy-orbit through the point (x,t). We see that L(v,w); .
is a locally closed subvariety of L(v,w).
Assume L(v,w); . # ) and let v/ = v — ce’ where e§- = d;;. Then
T LV w)io) = w5 H(L(V, W)ie)-
Let ‘
F(v,wice)io=m LNV, W)io) =75 H(L(V,W)ic).

We then have the following diagram.
(4.3) L(v',wW)io I F(v, w; cei)w LN L(V,W)ic

The restriction of m2 to F(v, w;ce’); o is an isomorphism since the only possible
choice for the subspace S of V is to have S; = V; for j # i and S; equal to the
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sum of the images of the z; with in(h) = i. L(v',w); ¢ is an open subvariety of
LV, w).

LEMMA 4.2 ([16]). (1) Foranyic€ I,
L0, w)io = pt ifc=0
Te 0 ife>0"

(2) Suppose L(v,W); . # 0 and v/ = v —ce'. Then the fiber of the restriction
of 1 to F(v,w; cei)i,o is isomorphic to a Grassmanian variety.

COROLLARY 4.3. Suppose L(v,w); . # 0. Then there is a 1-1 correspondence
between the set of irreducible components of L(v—ce®’,w); o and the set of irreducible
components of L(V,W); ..

Let Bf(v,w) denote the set of irreducible components of L(v,w) and let
B (w) = L, B4 (v,w). For X € Bj(v,w), let £;(X) = &;((z,1)) for a generic
point [z,t] € X. Then for p € Z>( define

ng(vvw)i,p = {X € B%(V,W) | &i(X) :p}'

Then by Corollary 4.3, B (v — ce’, )i o = B (v, W)i.
Suppose that X € By (v — ce',w); o corresponds to X € B4 (v, w)ic by the
above isomorphism. Then we define maps
fe e BY(v —ce',w)io — BY(v,W)ie, [i(X)=X,

& : B4(v,W)ie — Bh(v — ce', w)io, €5(X)=2X.
We then define the maps
&, fi - BY(w) — Bh(w) L {0}

by
& B fe—1 )
& BY(v, W) B By(v —ce',w)ig LN BY(v—e', W) 1,
- & ; Fett ;
fi s BY(v,W)ie — BY(v —ce',w)i0 = BH(V+e' W)
We set &;(X) = 0 for X € Bj(v,w);o and fi(X) =0 for X € B(v, W), with
ng(v + e, W)icr1 = 0. We also define

wt: B (w) — P, wt(X) = Z (Wiw; — viay) for X € B (v, w),
icl

Recall that we can consider w to be an dominant integral weight by w =
Zi W,;W;.

PROPOSITION 4.4 ([16]). Under the maps defined above, B} (W) is a crystal
and is isomorphic to the crystal Bo(w) associated to the crystal base of Vo(w), the
highest weight U,(g)-module with highest weight w.



GEOMETRIC CONSTRUCTION OF CRYSTAL GRAPHS 141

5. The crystal of the universal enveloping algebra and admissible
automorphisms

As before, let @ be a quiver without vertex loops. The corresponding symmetric
generalized Cartan matrix is the matrix A indexed by I with entries

P i=j
;5 = .
’ {—#{edges joining vertices ¢ and j} i # j

Note that by the word edge we mean unoriented edge (i.e. elements of E). Again,
we let g(Q) denote the associated symmetric Kac-Moody algebra, with root system
A(Q) (see [5))-

An admissible automorphism a of a (double) quiver @ is an automorphism of
the underlying graph such that no edge connects two vertices in the same a-orbit.
Following [11] we construct a symmetric matrix M indexed by the vertex a-orbits
I. We let the (i,j) entry be

) 2#{vertices in ith orbit} i=j
e —#{edges joining a vertex in ith orbit and a vertex in jth orbit} i#j

Then let
d; = myi/2 = #{vertices in ith orbit}

and set D = diag(d;). Then C = D~1M is a symmetrizable generalized Cartan
matrix. Let I' denote the corresponding valued graph. That is, I" has vertex set I
and whenever ¢;; # 0, we draw an edge connecting i and j equipped with the ordered
pair (|¢;il, |cs3]). It is known [11, Prop 14.1.2] that any symmetrizable generalized
Cartan matrix (and corresponding valued graph) can be obtained from a pair (Q, a)
in this way. Note that the fact that a is admissible ensures that I has no vertex
loops. Let g(T") be the Kac-Moody algebra associated to C', with root system A(T).

Let (—, —)¢ and (—,—)r be the symmetric bilinear forms determined by the
matrices A and M respectively. The automorphism a acts naturally on the root
lattice ZI for @), and (—, —)¢ is a-invariant. There is a canonical bijection

f:(zZhH® - 7ZI, f(a);=q; foranyié€ i,

from the fixed points in the root lattice for ) to the root lattice for I"'. We will often
suppress the bijection f and consider the root lattice of I' to be the fixed points in
the root lattice for ). In particular, we have the simple roots for I' given by

i = E Q5.

i€i

1
hi:EiZhi.

ici

We also define

Then the entries of C' are given by ¢i; = (ay, hy).

Recall that Bg(co) and Bp(co) are the algebraic and geometric crystals of
U, (8(Q)) respectively. We know that Bg(c0) = Bf)(c0). One of the goals of this
paper is to define a geometric crystal Bf.(co) of U, (g(T')).

We use the same notation wt, &;, ¢;, €; and ﬁ-, 1 € I, for the maps of the
crystals Bg(oo) and BY)(co).
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LEMMA 5.1. Suppose i and j are in the same vertex orbit i. Then
€i€; = ¢€;ey,  fifj = [fifi
PROOF. We first briefly recall the definition of the Kashiwara operators é; and

f; in the algebraic setting. For any P € U, (8(Q)), there exist unique Q, R €

U, (9(Q)) such that

_d"Q-q¢ ™R

g—qt
We can therefore define an endomorphism e} of U, (g(Q)) given by ei(P) = R.
According to [6] we have

[ei,P]

Uy (8(Q)) = @D £ kere,.

n>0

Recall that ™ = f/[n];! where [n]; = (¢" —¢~™)/(q— ¢~ ') and [n];! = [Ti_, [K];.
Then the Kashiwara operators are induced by the operators on U, (g(Q)) given by

q
Fi(ruy = (I,
éi(fi(n)“) = fz‘(nil)ua

for u € ker e}, where fl-(n) =0 for n <0.

Fix w € Uy (9(Q)) and let w = fi(")u for u € kere]. Let u = f;m)v for v €
ker e;. Since ¢ and j lie in the same a-orbit and a is an admissible automorphism,
there is no edge joining the vertices ¢ and j. Therefore [f;, f;] = [ei, f;] = [ej, fi] =0
and so we have

w= fi(”)f;m)v = f;m)fi(n)v, v € kerej Nkere’.

Also, since [e;, f;] = [ej, fi] = 0, we have fi(l)v € kere) and f;l)v € kere for all [.

Therefore,

IO )
&(fi™ i)
= fn=1) p(m=1),

g J
(mfl)f‘(nfl)v

i 7

|
S

=88 f!
= 'éjéiw.
The proof that fz fj = f] ﬂ is analogous. O

By Lemma 5.1, we can unambiguously define the operators

a=[[é& A=][f, icL

i€i i€i
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For b € Bg(oo) and i € I, we also define
ei(b) = max{k > 0| &b # 0},
pi(b) = &i(b) + (hs, wt(D)) .

Let Br(co) be the subset of Bg(oo) generated by the the fi, i € I acting
on the highest weight element b,, of Bg(co). Note that if we restrict the map
wt : Bg(oo) — P(Q), where P(Q) is the weight lattice of g(Q), to the subset
Br(oo), then the image lies in the subset of P(Q) that is invariant under the

natural action of a. Thus we can view it as a map wt : Br(co) — P(I") where P(T")
is the weight lattice of g(T").

PROPOSITION 5.2. The set Br(oo), along with the maps wt, €;, @i, € and fi
is a g(T')-crystal.

PrOOF. We have to show that Axioms (1)-(7) of [3, Definition 4.5.1] defining
a crystal are satisfied. Axioms (1)-(6) follow easily from the axioms for the crystal
Bg(oo) and Axiom (7) is vacuous since we never have g;(b) = —oc. O

We want to show that the crystal Br(co) is actually isomorphic to the crystal
of Uy (a(I)).
DEFINITION 5.3. Fori € I, B; is the crystal defined as follows.
B; = {bi(n) | n € Z},
wt(b;i(n)) = nay,
@i(bi(n)) =n, &i(bi(n)) = —n,
@i (bi(n)) = & (bi(n)) = —oo fori#j.

The action of €; and fj is given by

€i(bi(n)) = bi(n+1),
fi(bi(n)) = bi(n - 1),
&j(bi(n)) = fj(bi(n)) =0, i # j.
Let b; = b;(0). We similarly define B for i€ 1.
We now consider an equivalent definition of B; for i € I. Let i = {i1,...,ix}

and define
Bl = {bi(n) :==b;,(n) ®---®b;,(n) | n €2} C B;, ® - @ By, .
By the definition of the tensor product of crystals (see [3]), we have that
i(bi(n)) =n, &;(bi(n))=—-nforiei
;(bi(n)) = £;(bi(n)) = —oo for j & i

Thus we define ¢; = ¢; and ¢; = ¢, for any ¢ € i. Note also that

wt(bi(n)) = Zwt(bi(n)) = Znai = na;.

i€i i€i
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It is also straightforward to verify from the definition of the tensor product of
crystals that

&(bi(n)) =
fibi(n)) =
&(bi(n)) = f5(¥i(n)) =0, 1#j.
Thus we see that B] = B; and henceforth we identify the two. In particular, we
identify b{(n) and b;(n).
The following characterization of the crystal of a universal enveloping algebra
will be useful.

PROPOSITION 5.4 ([7]). Let B be a g(T')-crystal and by an element of B with

weight zero. Assume the following conditions.
(1) wi(B) € Q(T)~

) by is the unique element of B with weight zero.
) €i(bg) = 0 for every i.
) €i(b) € Z for any b and i.
) For every i, there exists a strict embedding ¥; : B — B ® B;.
)
)

with n > 0.

Then B is isomorphic to the crystal associated to the crystal base of U, (g(I')). The
same result holds for U (9(Q)) if we replace I by I (and i by i) in the above.

PROPOSITION 5.5. Br(o0) is isomorphic to the crystal associated to the crystal
base of U, (g(T')).

PROOF. We prove this by an appeal to Proposition 5.4. Let by = by, be the
unique element of Br(co) of weight zero. Conditions (1)-(4) are obvious. For
i={i1,...,iq} € I, we define

\I/i:\Ifilo\I/izo"'O\I/idZB—>B®BZ'1®BZ'2®"'®B”.

Now, by conditions (1), (2) and (6) for the case of U, (g(Q)), we see that ¥;(b) =
boo ® b;. Thus

\I/i(bo) = \Ifl(boo) = bso ®bi1 & - ®bid =boo ®b; € BF(OO) ® Bj.

Thus, since each ¥;, is strict (that is, it commutes with all €; and fj), we see
that the image of U; restricted to Br(oo) lies in Br(oco) ® B;. We also denote the
restriction by ¥;. Thus, condition (5) is satisfied.

Condition (6) for ¥; now follows from the corresponding conditions for the
U, . For b € Br(co) such that b # by, pick an 4 such that condition (7) holds for
Uy (9(Q)). Then it follows that condition (7) holds for U, (g(I')) for the orbit i

q
containing 7. O

6. A geometric realization of the crystal of the universal enveloping
algebra in the non-simply laced case

Since we know that the geometric crystal ng(oo) is isomorphic to the algebraic
crystal Bg(oo), we can define B\ (c0) just as we defined Br(oco) and we know that
BY.(0c0) is isomorphic to the crystal associated to the crystal base of U, (g(T')).
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By definition, the underlying set of B{(cc) consists of the irreducible components
of Lusztig’s quiver variety generated from the highest weight component (which
consists of a point) by the action of the operators fl for i € I. We now seek to
describe this set in a more direct and geometric way.

As described in [4], the automorphism a gives rise to an autoequivalence of
the category of representations of the quiver as follows. Recall our quiver ) with
vertices I, edges F, and oriented edges H. Note that the automorphism a acts
naturally on H. By a representation of the quiver @, we mean a collection of
vector spaces V = (Vi)iEI and linear maps (,]Zh : Vout(h) - Vin(h))heH- The
dimension vector v = dimV € ZI is defined to be ), ;(dim V;)a; where {a;}icr
is viewed as the standard basis of ZI or the set of simple roots depending on the
context.

Given a representation of (), we define a new representation as follows. The
new collection of vector spaces is *V where (*V); = V,-1(; and the maps are
given by (*x)n, = a-1(). We also have a natural action on morphisms between
representations but we will not need this action. Thus we have a functor F(a) on
the category of representations. The functor F(a) is an autoequivalence of this
category. Note that in [4], the case of the single quiver (one orientation per edge)
is considered while we are dealing with the double quiver here.

Note that dim?V = a(dim V). So if we restrict ourselves to those V whose
dimensions are invariant under a, we can consider F'(a) as an automorphism of the
space of representations. This induces an automorphism of Lusztig’s quiver variety
and thus an automorphism of the set of irreducible components (we assume that
our chosen orientation {2 is compatible with the automorphism of the quiver which
is always possible by [11, §12.1.1]). We denote the automorphism of the set of
irreducible components thus obtained by a.

PROPOSITION 6.1. The underlying set of Bf.(c0) is precisely the subset of ir-
reducible components of ng(oo) consisting of those components that are invariant
under the automorphism a.

One should note that the irreducible components invariant under a are not
necessarily invariant under F'(a). That is, each individual point in the irreducible
component is not necessarily invariant under F(a).

PRrRoOOF. Let B’ be the set of irreducible components invariant under a. It is
easy to see that for i € I, we have

afia” = fa(i)-
Thus for i €1,

afiafl =a (H ﬁ) al = H(afz‘ail)
ici i€t
.
ici ici

Therefore, since the highest weight element of B\(c0), which we will denote by X,
is invariant under a, we have that Bj(co) C B’ (as sets).

Now, let X be an element of B)(co) such that a(X) = X. Let us order the set
I. So we have I = {i,...,i;} and we let i, = {ip1,...,ipq, }. Where d, = d;, is the
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number of vertices in the orbit i,. We define a collection of non-negative integers
b,c . .
n= (nj )i<j<k,i<b<l,1<c<d, inductively as follows.

n?l =€in (X)a

b nb,c nb,l n

c >3 A 5

X_’ = e. RN RN e p. e p. el . e p. . R s
J Lbe b1 21dq 211 Lid, 258 L1dq 211

’I’L?’c = €4, (Xj}-)’c_l) ife>1,
b—1,dp_1y
n?’lzeibl(Xj b > 1,

Ldiy ie s
n;_)l =&, (X;0) i j > 1

1,dy
J

and k is chosen such that X,lc’d’ = X . Intuitively speaking, we are applying ¢é; for
i € i as many times as possible (without getting 0). Then we apply €; for i € iy
as many times as possible, etc. Once we have applied é; for ¢ € i;, we start again
at i;. We continue this process until we obtain X, which we will always do since
ng(oo) is connected. Then the n;’-’c tell us how many times we applied the various
€;. Note that it does not really matter what order we pick the various i in each
i since such €; commute. Also note that X uniquely determines n and vice versa
since using n we can apply the operators ﬁ to X to obtain X.
Identify n with the sequence

1,d 1,dy !

1,1
n:(zldlk P A I & 7 M P S LTI
. nl,dl i nl,l . nl,dl 3 n1’2 i nl’l
Zldl 1 b 7Zl1 ! 9t 721d1 ! bR '7212 1 )le ! )’

where i/ means the entry i appears j times. We define né’» to be the subsequence

b bl
(" e
0y = (g, seeerly) )
For a sequence (i1, .. .,%m), let
€iyrorsimy = Ciy -+ Gy

Note the reversal of the order of the indices in the second equation. By definition,
we have X = e, X and X = f, Xo. We define the action of a on a sequence of
vertices by a(i1,...,im) = (a(i1),...,a(im)). Let nf| = Zszl n;’»’c be the length

of the subsequence n?-. Note that
b b
|a(nj)| = nj],

for each j and b. Let n’ be the sequence obtained from a(n) by reordering the

vertices appearing in each subsequence a(n®) such that the vertices appear in the

j
order ipq,,---ip1- Note that this merely involves rearranging vertices in the same

a-orbit and thus we have
€n = éa(n)7 fn’ = fa(n)a
and |(n’)§’| = \a(n?)\ = |n§?\. In particular, we have é, X = X. Thus, we must

have (n')}¢ < ny for 1 < ¢ < dy by our definition of n}’® as the maximum number

of times &;,_ can be applied to X without getting zero. It follows that (n');" = n]°

for 1 < ¢ < d;. We can then continue in this way to show that in fact n’ = n.
b

Therefore, each subsequence nj is invariant under the action of a after rearranging
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the terms. Thus we must have n?’c = n?’c for 1 < ¢, < dp. Denote this common

value by n? It follows that

~ ~ 1 ~n 1 ~, ~on 1
Fo= Fb
Therefore X = fuXo € Bi(c0). So B’ C Bf(co) (as sets) which completes the
proof. O

REMARK 6.2. For the case where Q is of finite type, we have by Proposition 1.3
that the irreducible components ng(oo) are the closures of the conormal bundles of
the various Gy orbits in Eq(v). Then by a result of [4] one can see that the irre-
ducible components fixed by a are precisely the closures of the conormal bundles to
the orbits through the isomorphically invariant representations (that is, the repre-
sentations which are invariant under F(a) up to isomorphism).

We have realized the crystal of U, (g(I")) geometrically on the set of irreducible
components of Lusztig’s quiver varieties associated to () which are invariant under
the automorphism a. The crystal maps are defined in terms of those coming from
the crystal of U, (g(Q)). However, it is also possible to give a more direct geometric
definition of these maps. We briefly sketch the construction.

Recall that o = Ziei «; and that no two vertices in the orbit i are connected
by an edge. Define

E%(v)i, = {z € E°(v) | ei(x) = p Vi € i}.
Note that E°(v);, is a locally closed subvariety of E°(v). We have for a-stable v

(6.1) F@)(E°(v)i) = B (V)ag)
and therefore

d;
(6.2) E°(V)ip = E'(V)ip = [ | F(a)"(E°(v);,) for i € i.
i€i n=1

Let X € B{(c0). Thus we have a(X) = X. Then we see from (6.1) that £;,(X) =
g;(X) for i, j € i and we define their common value by €;(X). It is easy to see that
this definition coincides with the previous definition of €;(X).

Now consider the diagram (3.1) in the case v = V4 caq; for ¢ € Z>g. One easily
sees that E°(ca;) = {0}. Thus we have

E’(v) 2 E°(¥) x E%(cay) <= E%(¥, caz) =2 EO(v).

Using this diagram, we proceed exactly as in the case of the quiver ) and see that
Bi(v,)i0 & BL(v,00)i,c where Bf(v,0);, is the set of all X € B{(v,00) such
that ¢;(X) = p. Then we can define é; and fNl just as we defined é; and ﬁ and
it is not hard to see that these direct geometric definitions agree with the above
definitions in terms of compositions of the & and f;.

Let A?(v) be the subvariety of A(v) consisting of the union of those irreducible
components of A(v) that are invariant under a. The above results can then be
collected into the following.

THEOREM 6.3. Let B}.(v,00) be the set of irreducible components of A®(v) and
let B{(c0) = |, B&(v,00). The maps &, fi, wt, ei and @i, i € 1, defined above
endow B{(0o) with the structure of a crystal and this crystal is isomorphic to that
associated to the crystal base of U, (g(I')).
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7. The crystal of an irreducible highest-weight representation and
admissible automorphisms

In this section and the next we apply our methods to the irreducible highest
weight representations.

Let w € P(Q)" be a dominant integral weight of g(Q) such that a(w) = w.
Thus we can also think of w as a dominant integral weight of g(I"). Recall that
Bo(w) and B)(w) are the algebraic and geometric crystals of Vo(w), the irre-
ducible highest weight representation of U, (g(Q)) of highest weight w, respectively.
We know that Bo(w) = BY)(w). Let Br(w)’ denote the crystal of Vr(w), the ir-
reducible highest weight module of U,(g(I")) of highest weight w. Our goal is to
define a geometric crystal B (w) of Vp(w).

As for the case of the universal enveloping algebra, the operators é; and é;
(resp. f; and fj) for i, j € i commute and we define the operators

€ = Héu fi= Hfz‘, iel
ici ici
For b € Bg(w) and i € I, we also define as before
£i(b) = max{k > 0 | &Fb # 0},
wi(b) = €i(b) + (hi, wt(b)) .

Let Br(w) be the subset of Bg(w) generated by the the fi, i € T acting
on the highest weight element by, of Bg(w). Note that if we restrict the map
wt : Bo(w) — P(Q), where P(Q) is the weight lattice of g(Q), to the subset
Br(w), then the image lies in the subset of P(Q) that is invariant under the action
of a. Thus we can view it as a map wt : Br(w) — P(T") where P(T") is the weight
lattice of g(T").

Note that for b € Br(w), wt(b) is invariant under a and ¢;(b) = ¢;(b) for any
1 € i. Thus

pi(b) = &i(b) + (hi, wt(b))
i) + 7 3 (h W)
Tiei
g;(b) + (h;, wt(b)) for some i € i
= max{k >0 | fFb# 0}
= max{k >0 | fFb+# 0}.

PROPOSITION 7.1. The set Br(w), along with the maps wt, £, i, € and f, 18
a g(T)-crystal.

PrOOF. We have to show that Axioms (1)-(7) of [3, Definition 4.5.1] defining
a crystal are satisfied. Axioms (1)-(6) follow easily from the axioms for the crystal
Bg(w) and Axiom (7) is vacuous since we never have ¢;(b) = —o0. O

We want to show that the crystal Br(w) is actually isomorphic to the crystal
BF (W)’

DEFINITION 7.2. Forw € P(Q)" (resp. w € P(U)V), Ty = {tw} is the crystal
with one element where wt(tw) = W, €;(tw) = pi(tw) = —o0 (resp. ei(tw) =
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Qi(tw) = —00) and &;(tw) = fi(tw) =0 for all i € I (resp. &(tw) = fi(tw) =0 for
alicl).

Note that if we view w € P(I')" as an a-invariant element of P(Q)", we have
that the definitions of Ty, for g(Q) and g(I") coincide under the above definitions of
é; and fl as the composition of various é; and ﬂ

Let B(w) denote either Bg(w) or Br(w)" and B(oco) denote either Bg(oo) or
Br(00). We will use the notation ¢ to denote elements of either I or I. Now consider
the tensor product of crystals B(co) ® Ty and let 7y, : B(00) ® Ty — B(w) be the
strict morphism given by le . leboo Rtw — ﬁl . f”bw, where b, is the unique
element of B(co) of weight zero and by, is the unique element of B(w) of weight w.
We have that

Tw : {b € B(0) ® Ty | mw(b) # 0} = B(w).

The following characterization of the crystal of an irreducible highest weight
representation with be useful.

PROPOSITION 7.3 ([7]). Let B be a g(Q) or g(T')-crystal and by, an element of
B with weight w € P*. Assume the following conditions.

(1) bw is the unique element of B with weight w.

(2) There is a strict morphism ® : B(co) @ Ty — B such that ®(beo ® tw) =
by -

(3) The set {b € B(c0) @ T, | ®(b) # 0} is isomorphic to B through ® as a
set.

(4) For any b € B, €,(b) = max{k > 0 | ek (b) # 0} and p,(b) = max{k >
0| f*(b) #0} for all .

Then B is isomorphic to B(w).

PROPOSITION 7.4. We have Br(w) = Br(w)’.

PROOF. We prove this by an appeal to Proposition 7.3, whose conditions are
easily verified. (I

8. A geometric realization of the crystal of an irreducible
highest-weight representation in the non-simply laced case

Since we know that the geometric crystal ng (w) is isomorphic to the algebraic
crystal Bg(w), we can define BY.(w) just as we defined Br(w) and we know that
B{(w) is isomorphic to the crystal associated to the crystal base of Vr(w). By
definition, the underlying set of Bj(w) consists of the irreducible components of
Lusztig’s quiver varieties generated from the highest weight component (which con-
sists of a point) by the action of the operators fl for i € I. We now seek to describe
this set in a more direct and geometric way.

We first extend the action of the automorphism a to Nakajima’s quiver varieties
as follows. Let V and W be I-graded vector spaces of graded dimension v and
w respectively. As before, we define the new vector spaces 2V and ®W and we
have the action F'(a) : A(v) — A(a(v)) on Lusztig’s quiver varieties. For an
element ¢t = (t;) € @,.; Hom(V;, W;), we define a new element #t = (%¢;) €
@P,c; Hom(*V;,2W,;) by 2t; = t4-1(;). Combining these action yields a map
a

F(a): A(v,w) — Afa(v),a(w)),
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which in turn induces a map
F(a): L(v,w) — L(a(v),a(w)).

Note that if we restrict ourselves to V and W whose dimensions are invariant under
a, we can consider F'(a) as an automorphism of Nakajima’s quiver variety and thus
an automorphism of the set of irreducible components. As before, we denote the
automorphism of the set of irreducible components thus obtained by a.

PROPOSITION 8.1. The underlying set of Bf.(w) is precisely the subset of ir-
reducible components of ng(w) consisting of those components that are invariant
under the automorphism a.

PROOF. The proof is almost exactly analogous to that of Proposition 6.1 and
will be omitted. 0

As in the case of Lusztig’s quiver variety, we should note that the irreducible
components invariant under a are not necessarily invariant under F(a). That is,
each individual point in the irreducible component is not necessarily invariant under
F(a).

We have realized the crystal of Vi(w) geometrically on the set of irreducible
components of the Lusztig quiver variety associated to () which are invariant under
the automorphism a. The crystal maps are defined in terms of those coming from
the crystal of Vo (w). However, as for the case of the universal enveloping algebra,
it is also possible to give a more direct geometric definition of these maps. We
briefly sketch the construction.

Recall that a; = > _; a; and that no two vertices in the orbit i are connected
by an edge. Define

L(v,W)ip={[z,t] € L(v,w) | g;((z,t)) =p Vie€i}

Note that £(v,w); , is a locally closed subvariety of £L(v,w). We have for a-stable
v and w

(8.1) F(a)(L(v,W)ip) = LV, W)a(i),p>

and therefore

i€

(8.2) LOv,W)ip =)LV, W)ip
ici
Let X € BZ(w). Thus we have a(X) = X. Then we see from (8.1) that &;(X) =
€;(X) for 4, j € i and we define their common value by ¢;(X). It is easy to see that
this definition coincides with the previous definition of &;(X).
Now consider the diagram (4.2) in the case v = v’ + ca; for ¢ € Z>(o. Then we
have

di
() F(a)™(L(v,w);,) fori €.

LV, W) < F(v,w,cay) =2 L(v, w).

Using this diagram, we proceed exactly as in the case of the quiver ) and see that
Bi(v',w)io = BL(v,w);,. where B (v,w);, is the set of all X € B{(v,w) such
that ¢;(X) = p. Then we can define é; and f~l just as we defined é; and ﬁ and
it is not hard to see that these direct geometric definitions agree with the above
definitions in terms of compositions of the é; and ﬂ

Let £2(v,w) be the subvariety of L(v,w) consisting of the union of those
irreducible components of £(v,w) that are invariant under a. The above results
can then be collected into the following.
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1 2 n-1 n n+1 2n-2 2n-1
@O—©O 00 O——0—0O ¢ 0—0

.

F1GURE 1. The admissible automorphism of the Dynkin diagram
of type As,_1 realizing the valued graph of type B,,. The arrows
indicate the action of the automorphism.

THEOREM 8.2. Let B (v,w) be the set of irreducible components of L?(v, W)
and let B{.(w) = | |, BL(v,w). The maps é;, fi, wt, i and ¢;, i € 1, defined above
endow B(w) with the structure of a crystal and this crystal is isomorphic to that
associated to the crystal base of Vp(w), the irreducible highest weight module of
U,y (g(T)) of highest weight w.

9. A geometric realization of the spin representation of 509,41

In this section, we will apply the results of this paper to give an explicit real-
ization of the spin representation of the Lie algebra s04,11 = §02,+1C of type B,,.
In the process, we will end up with a combinatorial description of the crystal in
terms of Young diagrams.

Let g = s502,+1. The spin representation is the highest weight representation
V(wy) of highest weight w,,. The valued graph, or Dynkin diagram, of type B,, can
be obtained from the Dynkin diagram of type As, 1 and the automorphism a as
depicted in Figure 1. We let @ be the quiver of type As,_1 (we pick an orientation
compatible with the automorphism) and I' the corresponding valued graph of type
B,,. Since we are interested in the spin representation, we should consider w = e™
where e € (Zx()?" ! is the element with nth component equal to one and all
other components equal to zero. This element is invariant under the automorphism
a.

Let Y be the set of all Young diagrams (or partitions) ¥ = (n > Ay > Ay >
-+- > Ap) with at most n rows (or parts) and with all rows of length at most n.
That is, ) is the set of all Young diagrams that fit inside an n x n box. To a Young
diagram Y € ), we can associate an irreducible component Xy as in [1]. Such an
irreducible component can be pictured as in Figure 2.

PROPOSITION 9.1. The association Y < Xy is a one-to-one correspondence
between the set Y and the set of irreducible components B%(W). Furthermore, each
irreducible component is a point.

PROOF. The case of type A is done in [1, Thm 5.1]. The case of type Az, 1
is exactly analogous (see [1, Rem 5.4]). The fact that the irreducible components
are points can either be seen directly or from the dimension formula for quiver
varieties (see [13, Cor 3.12]). O
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n-5 n-4 n-3 n-2 n-l n n+l n+2 n+3 n+4 n+5  n+6  n+7  n48
e 0 e—0—0— 00— 00— 00— 00— 00— 00— 00— 00— 00— 00— 90— 00— oo

F1GURE 2. The irreducible component Xy corresponding to the
Young diagram (8,7,7,4,2). The Dynkin diagram is shown above
the Young diagram. Each vertex in the Young diagram corresponds
to a basis vector in the representation of the quiver. Its degree is
given by the vertex of the Dynkin diagram above it. The arrows
in the Young diagram indicate the action of z (i.e. z takes the
vector at the tail of an arrow to the vector at the tip and all other
components of = are zero).

For a Young diagram Y, let Y denote the conjugate Young diagram. Thus
ifY = (M > > Ap) then Y = (ug > --- > py) where p; = #{j|\; > i}.
Pictorially, Y is obtained from Y by reflection in the diagonal.

PROPOSITION 9.2. We have a(Xy) = Xy

PROOF. This is easy to see from our explicit description of the irreducible
components Xy . It also follows from dimension arguments since there is at most
one irreducible component of a given dimension. O

Let Y2 be the set of self-conjugate elements of ). Then we have that
Bi(w) = {Xy |Y € ¥*).

Now, as can be seen in Figure 2, the Young diagrams in ) can be thought of
as consisting of vertices of various degrees (between 1 and 2n — 1). For a Young
diagram Y € ), let Y,j (resp. Y, ) be the Young diagram in ) obtained from Y
by adding (resp. removing) a vertex of degree k if such a Young diagram exists
and let Yki be the ghost partition V if such a Young diagram does not exist. Using
the fact that the quiver varieties are points, it is easy to see (see [1, 18]) that the
action of the Kashiwara operators & and fi, on Bj(w) is given by & (Xy) = XYk_
and fp(Xy) = XY; where Xy = 0.

ForY € ), let Y;T (resp. Yf[) be the Young diagram in ) obtained from Y

by adding (resp. removing) a vertex of degree i and a vertex of degree j. Then we
have the following theorem.
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THEOREM 9.3. The set Y* with operators
en(Y) = Y on— fr = YkJ,rQJ;—k’ l<k<n-1,
P(Y)=Y,, fuY)=Y],

wt(Y) = w, — Z #{vertices in' Y of degree i}ta;,
i=1

€k(Y) = max{k |7 ék(y) # 0}’ (pk(Y) = max{k | fk(y) # 0}7

where we identify the ghost partition V with zero, is isomorphic to the crystal of
the spin representation of type B,,.

Proor. This follows immediately from Proposition 7.4 and the above discus-
sion. We have identified Y € Y2 with the irreducible component Xy . O

PROPOSITION 9.4. Let V' be the vector space spanned by Y2, let ey, and fy
act on this space by extending the action of €, and fk by linearity, and define
hi(Y) = (hi, wt(Y)) Y (extended by linearity). Then V =V (wy,) as representations
of 809,41 where {e, fr, hi}i_, are the usual Chevalley generators. That is, we can
realize the spin representation in a natural way on the space spanned by the self-
conjugate Young diagrams fitting inside an n X n box.

PRrROOF. This can be shown by direct computation. One merely checks that
the necessary commutation relations hold. O

This realization of the spin representation of type B, is similar to the realization
of the spin representation of type D,, on a certain set of Young diagrams obtained
in [18].

References

(1] 1. B. Frenkel and A. Savage. Bases of representations of type A affine Lie algebras via quiver
varieties and statistical mechanics. Int. Math. Res. Not., (28):1521-1547, 2003.

[2] 1. Grojnowski and G. Lusztig. A comparison of bases of quantized enveloping algebras. In
Linear algebraic groups and their representations (Los Angeles, CA, 1992), volume 153 of
Contemp. Math., pages 11-19. Amer. Math. Soc., Providence, RI, 1993.

[3] J. Hong and S.-J. Kang. Introduction to quantum groups and crystal bases, volume 42 of
Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2002.

[4] A. Hubery. Quiver representations respecting a quiver automorphism: a generalisation of a
theorem of Kac. J. London Math. Soc. (2), 69(1):79-96, 2004.

[5] V. G. Kac. Infinite-dimensional Lie algebras. Cambridge University Press, Cambridge, 1990.

[6] M. Kashiwara. On crystal bases of the @-analogue of universal enveloping algebras. Duke
Math. J., 63(2):465-516, 1991.

[7] M. Kashiwara and Y. Saito. Geometric construction of crystal bases. Duke Math. J., 89(1):9—
36, 1997.

[8] P. Littelmann. Characters of representations and paths in $§ . In Representation theory and
automorphic forms (Edinburgh, 1996), volume 61 of Proc. Sympos. Pure Math., pages 29-49.
Amer. Math. Soc., Providence, RI, 1997.

[9] G. Lusztig. Canonical bases arising from quantized enveloping algebras. J. Amer. Math. Soc.,
3(2):447-498, 1990.

[10] G. Lusztig. Quivers, perverse sheaves, and quantized enveloping algebras. J. Amer. Math.
Soc., 4(2):365-421, 1991.

[11] G. Lusztig. Introduction to quantum groups, volume 110 of Progress in Mathematics.
Birkhauser Boston Inc., Boston, MA, 1993.

[12] H. Nakajima. Instantons on ALE spaces, quiver varieties, and Kac-Moody algebras. Duke
Math. J., 76(2):365-416, 1994.



154 ALISTAIR SAVAGE

[13] H. Nakajima. Quiver varieties and Kac-Moody algebras. Duke Math. J., 91(3):515-560, 1998.
[14] M. Okado, A. Schilling, and M. Shimozono. Virtual crystals and fermionic formulas of type

DfLZ_‘)_l,Agi), and Cﬁbl). Represent. Theory, 7:101-163 (electronic), 2003.

[15] M. Okado, A. Schilling, and M. Shimozono. Virtual crystals and Kleber’s algorithm. Comm.
Math. Phys., 238(1-2):187-209, 2003.

[16] Y. Saito. Crystal bases and quiver varieties. Math. Ann., 324(4):675-688, 2002.

[17] A. Savage. Geometric and combinatorial realizations of crystal graphs.
arXiv:math.RT /0310314, to appear in Algebr. Represent. Theory.

[18] A. Savage. A geometric realization of spin representations and Young diagrams from quiver
varieties. arXiv:math.AG/0307018.

[19] F. Xu. A note on quivers with symmetries. arXiv:q-alg/9707003.

THE FIELDS INSTITUTE FOR RESEARCH IN MATHEMATICAL SCIENCES AND THE UNIVERSITY OF
TORONTO, TORONTO, ONTARIO, CANADA
E-mail address: alistair.savage@aya.yale.edu



