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Abstract We define complexes of vector bundles on products of moduli spaces
of framed rank r torsion-free sheaves on P2. The top non-vanishing equivariant
Chern classes of the cohomology of these complexes yield actions of the r-colored
Heisenberg and Clifford algebras on the equivariant cohomology of the moduli spaces.
In this way we obtain a geometric realization of the boson-fermion correspondence
and related vertex operators.
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0 Introduction

Vertex operators play a vital role in the representation theory of affine Lie algebras.
The central idea is that instead of considering individual generators of certain algebras,
one should construct formal generating series of such operators. In this formalism, the
necessary relations in various constructions become tractable (for an introduction to
these topics, see [4,12]). One of the fundamental building blocks of the vertex operator
calculus is the boson-fermion correspondence (see [S5]), which also plays an important
role in mathematical physics.
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The relationship between Hilbert schemes of points on surfaces and the represen-
tation theory of Heisenberg algebras has been well studied. In particular, Nakajima
[19] defined an action of the Heisenberg algebra on the cohomology of such Hilbert
schemes, endowing this cohomology with the structure of bosonic Fock space. Rela-
tions to vertex operators were demonstrated by Grojnowski [7], Lehn [10], Li et al.
[13], and Carlsson and Okounkov [2]. The construction of the Heisenberg algebra
was then extended to the case of equivariant cohomology by Vasserot [24]. In this
setting, connections to vertex operator constructions appeared in [14]. These relation-
ships suggest that vertex operators themselves should have geometric descriptions in
terms of the Hilbert scheme and related moduli spaces. In this paper, we give such a
description (see Sect. 6.1).

In [21], the second author pointed out that the C*-fixed points of the Hilbert schemes
of points in C? can be naturally identified with quiver varieties of type Aso. By a gen-
eral theory of Nakajima [17, 18], the homology (or equivariant cohomology) of these
quiver varieties can be given the structure of a level one representation of gl.,. Thus,
the localization theorem, which relates the equivariant cohomology of a space with
that of its fixed point set, yields a geometric setting for the Fock space realization of
the basic representation of gl,,. A similar idea was used by the first author in [15] to
construct the action of the Clifford algebra instead of the Lie algebra gl.

While these approaches provide a geometric interpretation of the boson-fermion
correspondence, the action of the Clifford algebra is via correspondences on a finite
fixed point set of a torus action while the action of the Heisenberg algebra is defined
via correspondences on the entire Hilbert schemes. It would be interesting to put the
action of the Clifford algebra on the same footing as that of the Heisenberg algebra.
That is, one would like to have globally defined operators, rather than just opera-
tors living on torus fixed point sets. In this way, the boson-fermion correspondence
would appear as the action of both the Clifford and Heisenberg algebras on the same
space—the equivariant cohomology of Hilbert schemes or their higher rank general-
izations. Apart from being satisfying in its own right, this should be an important step
in the program of understanding the entire vertex operator calculus in terms of the
moduli space geometry.

In the current paper, we accomplish the aforementioned task as well as the gen-
eralization to higher rank. Namely, we define actions of the r-colored Clifford and
Heisenberg algebras on the equivariant cohomology of moduli spaces of framed rank
r torsion-free sheaves on 2. The action is defined using equivariant Chern classes of
vector bundles defined via complexes on products of these moduli spaces, yielding
a new and uniform realization of the Heisenberg and Clifford algebra actions. This
method of defining operators was inspired by the work of Carlsson and Okounkov
[2], who realized a large class of vertex operators as Chern classes of virtual vector
bundles on Hilbert schemes on an arbitrary (quasi-)projective surface. Indeed, our
vector bundles have a natural description in the language of sheaves, and in the case of
framed rank one sheaves on P2, they are closely related to the virtual vector bundles
considered by Carlsson and Okounkov for the surface C2 (see Sect. 3.4 for details).

Our extension to higher rank is important in that the r-colored Fock spaces play
a key role in other constructions in the theory of vertex operators, such as the vertex
operator realization of the basic representations of affine Lie algebras. In particular,
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we predict that complexes similar to those defined in this paper will lead to moduli
space constructions of all vertex operator realizations (including the homogeneous
and principle realizations) of the basic representations. Since our constructions are
defined via complexes of vector bundles, we expect this method to extend naturally
to K-theory and even to a full categorification of representations of the Heisenberg
algebras, Clifford algebras, and affine Lie algebras. We also anticipate obtaining nat-
ural interpretations of level-rank duality as a certain compatibility between different
geometrically defined operators on the equivariant cohomology of moduli spaces.

The organization of this paper is as follows. In Sect. 1, we review the r-colored
bosonic and fermionic Fock spaces. The moduli spaces of framed rank r torsion-
free sheaves and various results about their equivariant cohomology are discussed
in Sect.2. There we also discuss how one can define operators on this equivariant
cohomology via equivariant Chern classes of virtual vector bundles. In Sect. 3, we
define the geometric Clifford and Heisenberg operators, leaving the proofs of the main
theorems to Sects.4 and 5. We make some concluding remarks as well as indications
of direction of further research in Sect. 6.

1 Fock spaces

In this section, we introduce the 7-colored bosonic and fermionic Fock spaces. Further
exposition can be found in the references mentioned in Sect. 1.3.

1.1 Bosonic Fock space
A partition is an infinite sequence
A= (A1, A2,..0)

with a finite number of non-zero terms and such that A; > A, > --.. We identify
a finite sequence (A1, ..., A,) with the infinite sequence obtained by setting A; = 0
for i > n. Let P denote the set of all partitions. For a partition A = (A1, A2, ...), let
Al = (A1, (A3, ...) denote the dual (transposed) partition. That is,

WD =#{j | Aj =i}
The largest integer i such that A; # O is called the length of A (if A; = O for all i, the

length of X is zero). Denote the size of the partition A by [A| = >_; A;. Following [20],
we will identify a partition A with the set

(G Hli=1,1<j<n)cNg,
where N denotes the set of (strictly) positive integers. When we write s € A, we are

referring to this identification. Note that this convention differs from the usual English
or French notations for Young diagrams.
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For s = (i, j) € N2, we define the arm and leg length of s in X\ by
ap(s) = A —j and Li(s) = ()j —i,
respectively. Note that these numbers are negative if s & A.

Given a pair of partitions A, u and s € N2, define the relative hook length of s to
be

R u(s) = an(s) +1,0s) +1

and the relative hook number

hk,u = Hhk,u(s)-

sen
The usual hook length of s in A is then
hy.(s) = hj ()

and the hook number h)_of X\ is

hy = hj ;.
Lemma 1.1 Suppose A # u are partitions with

A > Mg, and A =i, 1<i<k.
Then h;, ,((k, Ax)) = 0.
Proof We have
Ry (ke Ap)) = ap((k, A)) + 1, ((ky A) +1 =04+ (=) +1=0.
O

Let A denote the ring of symmetric functions with complex coefficients. We let
{pnlnen and {s,};,ep denote the power sums and Schur functions, respectively. The
Schur functions form a basis of A and we also have

A =Clp1, p2,...].
We fix the bilinear form (-, -) on A with respect to which the basis of Schur functions

is orthonormal.
Fix r € Ny and define the r-colored oscillator algebra to be the Lie algebra

5= @ (Cpl(m)GB(CK
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with commutation relations
1
[s, KT =15, p“1=0, [p*(m), p' (0] = —8n bt 1 K, m #0.

The subalgebra spanned by pl(n), le{l,...,r},n € Z\{0}, and K is an r-colored
infinite-dimensional Heisenberg algebra.

The oscillator algebra has a natural representation on the r-colored bosonic Fock
space

def 11 ~ _
B=B%, B=Clp,p2...:q.¢ ' 1= A®cClg,q "

given by:
d
pl(m) — id® Vg — ®id®" D, m>o0,
pm
1
p[(—m) > id®-D Q—pm id®=D >0,
m
d
P (0) > id®¢=D 895 ® id®rD K i>id.
q
Note that

B= (P B

ceZ’ ,neN

,
def 1 4
B¢ & [(qc fioeq® f,)‘ fa € AVa, Zdegfazn}.

a=1

We fix the bilinear form on B given by

1 r 1 r
<(qC fla"'vqc fr)’(qd gla""qd gr)>=801,dl '”(Sﬁ‘r,dr <f1agl>"'<fr,gr>

for fy, 80 € A, @ € {l,...,r}. It is easily verified that the operators pl (m) and
pl(—m) are adjoint for m € Z.

For an r-tuple A = Lo ) of partitions, define sy = H;zl h)e and |A| =
> 1 |A%]. We call r the rank of the oscillator algebra and bosonic Fock space.

1.2 Fermionic Fock space

An infinite expression of the form

(AN ANIZA -,
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where i1, i, . .. are integers satisfying
i1 >ip)>i3>-, Ipy=Ii,-1—1 forn>0,

is called a semi-infinite monomial. Let F be the complex vector space with basis
consisting of all semi-infinite monomials. Then F is called fermionic Fock space. Let

oy =cA(c—1)A(C=2)A"--

be the vacuum vector of charge c. We say that a semi-infinite monomial has charge
c if it differs from |c) at only a finite number of places. Thus I = i; Aip A ---is of
charge cif iy = ¢ —k+ 1 for k > 0. Let F¢ denote the linear span of all semi-infinite
monomials of charge c. Then we have the charge decomposition

F= @ F€.
ceZ

A semi-infinite monomial I = i; A iy A --- determines a partition (/) € P by
ix=()—k+1)+r(I)i, keNy.

This gives a bijection I — (A(I), c¢(I)) between the set of all semi-infinite monomials
and the set P x Z. We define the energy of I to be [I| = |A(])]. Let FJ.C denote the
linear span of all semi-infinite monomials of charge ¢ and energy j. We then have the
energy decomposition

F¢ = @F;.

jeN

For j € Z, define the wedging and contracting operators v (j) and ¥ (j)* on F by:

N . 0 if j = i, for some s,
Y@ A A =1 S TR
(D% AN Nig AN J NIl A ifig > j > ig41,
o . 0 if j # i, forall s,
YOY G A A-) =0 - A
(—1)° AN Ny Nlggpp N - 1f]=ls.

Fix r € N;. We define the r-colored Clifford algebra C1 to be the algebra with
generators V! (j), v (j)* j € Z, 1 € {1, ..., r} and relations
WO v O =8 W, v OY=0= ) O,
W ), RO = [ G, vH O = [ () vr @) 1=0, [ #k,

where {a, b} = ab + ba. Note that we choose the convention that generators of dif-
ferent colors commute since it turns out that this is more natural from the geometric
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viewpoint. If one prefers to consider a Clifford algebra where generators of different
colors anti-commute, it is only necessary to insert an appropriate sign in the geometric
operators to be defined. We define r-colored fermionic Fock space to be the vector
space

F=F%.
We call an r-tuple I = (1 L ..., I") of semi-infinite monomials an r-colored semi-
infinite monomial. These form a basis of F and we let (-, -) denote the bilinear form
on F for which this basis is orthonormal. For/ € {1,2,...,r} and j € Z, the maps

Yl(j) =1d® PV ey () ®id®" ", and
Yl (j)* = 1d® D @y ()" ®id®¢

define a representation of Cl on F. Note that
YINE) S FE gl () (F) € P,

where 1; € Z" has a one in the /th position and a zero everywhere else. The operators
¥l (j) and ¥!(j)* are called free fermions. One can check directly that v'(j) and
Yl (j)* are adjoint with respect to the bilinear form (-, -) and that F is an irreducible
Cl-module. We call r the rank of the Clifford algebra and fermionic Fock space.

We have the charge decomposition

F=(PF, F=r g  oF,

ceZr
and energy decomposition
1 s
Fc;@FfV F’CIZ @ F;|®"'®F;r~
neN jldtjr=n

In order to simplify notation in what follows, for a semi-infinite monomial /, we
define

ar(s) = axuy(s), 1Li(s) =Ly (s).
We define hj(s), hy, hr j(s) and Ay ; similarly. For an r-tuple I = at, ..., 1" of

semi-infinite monomials, we define A(I) = (A(I"), ..., A(I")), hf = haa, Il =
IA(D], and e(D) = (c(I"), ..., cU).

1.3 The boson-fermion correspondence

The boson-fermion correspondence is a precise relationship between bosonic and fer-
mionic Fock space (see [5]). It uses vertex operators to express bosons in terms of
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fermions (bosonization) and fermions in terms of bosons (fermionization). We do not
present the details here but instead refer the reader to the expository presentations of
this topic found in [8, Chapter 14] and the introduction to [23]. In Sect. 6.1 we present
a geometric version of the boson-fermion correspondence.

2 Moduli spaces of framed torsion-free sheaves on P>

In this section, we discuss our main object of study: the moduli space of framed tor-
sion-free sheaves on the complex projective plane P? and its equivariant cohomology.
For background on equivariant cohomology, especially equivariant Chern classes, we
refer the reader to [3, Chap. 9].

2.1 The moduli space M(r, n)

Let M(r, n) be the moduli space of framed torsion-free sheaves on P2 with rank r
and second Chern class c; = n. More precisely, points of M (r, n) are isomorphism
classes of pairs (E, @) where E is a torsion free sheaf withrank £ = rand c2(E) = n
which is locally free in a neighborhood of /oo, and @ : Ej = O, is a framing at

infinity. Here loo = {[0 : z1 : zo] € P?} is the line at infinity. The existence of a
framing implies c; (E) = 0.

There is another description of M(r, n) (basically due to Barth [1]) which will be
important for us. Fix r e N;,n e Nandlet V =C", W = (C".

Proposition 2.1 [19, Theorem 2.1] There exists an isomorphism of algebraic varieties
M(r,n) =Z{(A, B,i, j) | [A,B]l+ij =0, (A, B,i, j) is stable}/GL(V),

where A, B € EndV, i € Hom(W, V), j € Hom(V, W) and the GL(V)-action is
given by

g(A,B,i, j) = (gAg~ ', gBg . gi. jg™"), g e GL(V).

We say (A, B, i, j) is stable if there exists no proper subspace S C V such that
A(S) € S, B(S) € Sandimi C S.

We call the quadruple (A, B, i, j) in the above proposition the ADHM data cor-
responding to the framed sheaf (E, ®). We note that M (1, n) is isomorphic to the
Hilbert scheme of # points in C?. Thus, the moduli space M (r, n) can be thought of
as a higher rank version of this Hilbert scheme.

2.2 Torus actions on M(r, n)
Fix the torus T = (C*)" x C*. Elements of (C*)" will be written

e=(er,...,er).
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We denote the one-dimensional 7-modules
(e,t)—~> ¢ and (e, t) >t

by e; and ¢, respectively, and the tensor product of such modules by juxtaposition. If
pt is the space consisting of a single point with the trivial 7-action, then H} (pt) =
Clb1, by, ...,by, €] wheree and b;,i € {1, 2, ..., r},are the second Chern classes of
the one-dimensional 7-modules ¢ and ¢;, respectively. They are elements of degree 2.
We fix a decomposition W = @,,_; W¥ where W* = C for all . Then (C*)" acts
on W by

e e idy1 @--- Deridyr.
For ¢ € Z", let M(r, n) denote the moduli space with the torus action
(e,1) ¢ (A, B, i, j) = (tA, 17 'Bie”'t7¢, er°}),
where
=@ ) e (Y.

Note that the underlying variety of M, (r, n) is independent of c. It is only the 7"-action
that changes.

The T-fixed points M. (r, n)T are in natural bijection with r-tuples of semi-infi-
nite monomials I = (I!,..., "), with ¢(I) = ¢ and |A(I)| = n (see [20, Proposi-
tion 2.9]). We shall identify T-fixed points with such r-tuples in what follows. Let
I=("' ..., I") € Mc(r,n)T and let 71 denote the tangent space to M (r, n) at the
point I. Then T acts on 77, which decomposes into one-dimensional 7-modules.

Proposition 2.2 As a T-module, 1y is given by

r

T = @ eﬁet;ltc(lﬁ)fc(l"‘) @ PR CRAQNEN @ B e )

a,f=1 ser(I¥) ser(IP)

Proof This follows from [20, Theorem 2.11] after replacing ¢; by ¢, t> by =1, and ¢,
by eq1¢U") everywhere. O

It will be convenient to consider the splitting 7y = 7, @ 7i+ where
T = @ eﬁefltc(lﬂ)fc(l"‘) @ e s
o
a,B=1 ser(l*)

eaegltc(l“)fc(lﬁ) @ e 86
a,B=1 ser(I*)

-
1
I

D
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Lemma 2.3 The equivariant Euler classes of Ty~ and 7}+ in the T -equivariant coho-
mology of a point are given by

er(T) =[] [I ®p—ba+ cUP)—cU® = hya s(s))e),
a,f=1ser(I%)

er() =[] I ®«—bp+ U =cUP)+hpa 5(s))€)
o,B=1ser(l¥)

= (=) Mer (7).

Proof This follows easily from the definition of 7, and ’TI+. O

2.3 Bilinear form and the space A
Let
HT (Me(r,n)) = Hf (Mc(r, 1)) ®Cipy.....o,.c] Cb1, ..., by €)
denote the localized equivariant cohomology. Let
it Me(r,n)T < Me(r,n)
denote inclusion, and let
p:Mer,m)" — {pt)
be the projection to a point. The real dimension of M, (r, n) is 4rn. We define a bilinear
form (-, -),,.c on the middle degree localized equivariant cohomology HzTr "(Me(r,n))
by
(@, by = (=" pu(in) " (@U b),
where i, is invertible by the localization theorem. We then extend this to a bilinear
form
n.c

on @n’ c HzTr "(Me(r, n)) by declaring classes from different summands to be orthog-
onal. For I € Mc(r,n)7, let

ix(11)

e H M (Mea (r, 1)),
ety T

=
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Here 11 denotes the unit in the T-equivariant cohomology ring of a point and the
denominator er (7 ) is to be interpreted as an element in this ring. By the localization
theorem in equivariant cohomology, the elements [I] forma C(by, by, ..., b,, €)-basis

of D, H7 (Mc(r, n)).
Proposition 2.4 The classes {[1]} are orthonormal.

Proof ForI,J € Me(r,n)T we compute

. (1 . (1
(L 1) = (= D) pa(in) " (U D) = (—1)’"p*(i*>1( LA ) )

er(Iy) er(Iy)

which is clearly O unless I = J. If I = J, then by the projection formula the above is
equal to

Cip( () ) gy,
er (1)) er (1) er (T )er (1)

Note that the last equality in the above line follows from our splitting of 73, which
gave

er(T) = er (I Der (i) = (=1)"er (T er ().
O
A priori, the classes [I] are elements of the localized equivariant cohomology
H%’” (Mc(r, n)). However, despite the division by the equivariant Euler class in the

definition, we expect that they lie in the non-localized equivariant cohomology.
Let

Ac(r,n) = Spanc{[I] | T € Mc(r, )"} € HF"(M(r, n)),

A= P A
ceZ’, neN
Recall that the set {[I] | I € Mc(r,n)T}isa C(by, ..., by, €)-basis of

D, Hj (Me(r,n)).

Thus A is a full C-lattice in this space.

Corollary 2.5 The restriction of {-, -) to A is non-degenerate and C-valued.
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2.4 Operators on equivariant cohomology

We define a bilinear form on the localized equivariant cohomology of a product of
moduli spaces M (r, n1) x Mq(r, n2) in a matter analogous to that introduced in
Sect. 2.3. Namely,

(@, D)nyemnd = (=)™ pu((i1 X i2)) " (@ Ub),

where i1 and i; are the inclusions of the T -fixed points into the first and second factors,
respectively. We extend this to a bilinear form

()= @ (s Inp.enand

ny,c,n2,d

on @, cnd H?('“J”"Z)(Mc(r, n1) x Mq(r, n2)) by declaring elements in different
summands to be orthogonal.
Ifae HzTr(nl+n2)(Mc(r, ny) X Mq(r, n2)), then a defines an operator

ot HP ™" (Me(r,n1)) — Hy "™ (Ma(r, n2))

by using the bilinear form to define structure constants:

def
(a‘xﬂ Y>nz,d = (x ® y, a)m,c,nz,d-

In particular, if £ is a T-equivariant vector bundle on M(r, n1) x Mgq(r, ny) and
B e HZTI (Me(r, n1) x Ma(r, n2)) then B U ¢,y 4n,)—1 (E) defines such an operator.
We note that in the sequel, our choices will yield operators that restrict to non-localized
equivariant cohomology.

The following lemma is the basic localization tool we will use to compute the action
of our geometric Heisenberg and Clifford operators.

Lemma 2.6 Supposel € Mc(r,n1)T andJ € Mq(r, n2)". Let E be a T -equivariant
vector bundle on M¢(r,n1) x Mgq(r,n2) and B € H%l(/\/lc(r, ny) X Mq(r, np)) for
some | € N. Then

BLI Y ¢r(ny+n)—i (E@y))
U cr(ny+n)—1 (E)I, [J]) = -
(B crny4ny— (EY], [J]) er (T, )eT(7}+)

where ¢, 1ny)—1(Eqy)) € Hp(pt) = C[by, ..., by, €] is the polynomial given by
the equivariant Chern class of the fiber of E over the point (I, J) and Pry = ifJ(ﬁ)
where iy y : (I, J) <= Mc(r, n1) x Mq(r, n2) is the inclusion of the fixed point.
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Proof

(B Cr(nyny)—1 (BT, [J1)
= (=1)"2p,((iy x i2)) " (T ® [JTU B U Cr(ny4m2)—1 (E))

By Cr(n1+n2)—l(E)
er(I)er(Ty) )

= (=)™ p,((i1 X i2)x) " ((i1 x i2)«(1a,y) U

where the last line just used the definition of [I] and [J]. By the projection formula
and the functoriality of Chern classes, this is equal to

(i1 X i2)*(B Y crn;4n2)—1(E))
er(Ty Der(Zy)
U (i1 % i2)*(B U Cr(ny4n2)—1(({1 X i2)*E))
er(Ty er(Ty)

(=D py (1<I,J> U

= (=" p, (I(I,J)

_ BryYcrm+ny—1(Eay)
er (T )er (T;)

3 Geometric Heisenberg and Clifford operators
3.1 A complex of tautological bundles

One has the tautological bundles
V xeLivy M(r,n) = M(r,n), W x M(r,n) - M(r,n),

where M (r,n) = {(A, B,i, j) | [A,B]l+ij =0, (A, B,1i, j) is stable}. We denote
these vector bundles by V and W, respectively. They are T-equivariant via the nat-
ural action of 7" on M(r,n) and W. We can then consider A and B to be sections
of the bundle Hom(V, V) and i and j to be sections of the bundles Hom(W, V) and
Hom(V, W), respectively. Over the product M(r, n1) x Mq(r, n2), we then have
the tautological bundles Vi and Wy, and sections A, By, ir and ji, where k = 1, 2,
coming from the tautological bundles and sections on the kth factor.

We define a T-equivariant complex of vector bundles on M, (r, n1) x Mq(r, nz)

by

t Hom(Vy, V) @ r— Hom(V, V»)
Hom(Vi, V2) % ® L Hom(Vy, Vo), (3.1
Hom(Wy, V) @ Hom(V;, W»)
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where o and t are defined by

EA] — Adé c
ZOR Rl P S b B VO RN E T
—j28 J
where

[A, D] =A,D — DA, [C,B]=CB;— BxC.

One easily checks that to = 0.

Remark 3.1 In the case when ¢ = d and n; = ny, the cohomology of this complex is
the tangent bundle to M, (r, n1) (more precisely, the tangent bundle to the diagonal
copy of M (r, ny) inside M (r, n1) x Mc(r, n2)). See [20], in particular, the proof of
Theorem 2.11. Thus, (3.1) can be seen be as a generalization of the complex comput-
ing the tangent bundle. It is also related to the complex [18, Equation (5.1)] used by
Nakajima to define Hecke correspondences yielding the action of Kac—Moody algebras
on the homology of quiver varieties. Nakajima identified a section of the cohomology
of that complex whose zero set defined the correspondences used in his construction.

Lemma 3.2 The cohomology kert/imo is a vector bundle on Mc(r,ny) x

Ma(r, n).
Proof We must show that 7 is surjective and that o is injective. The argument is anal-
ogous to the proof of [18, Lemma 3.10] but since our notation and stability condition

differ from those used in [18], we include the proof here.
To show that o is injective, suppose & € ker o. Then ker & C V| satisfies

imi; Cker&, Aj(ker&) Cker&, Bj(ker&) C keré.

Thus, stability of the point (A1, B1, i1, j1) impliesker § = Vj andso& = 0. Therefore,
o is injective.

To show that 7 is surjective, suppose that { € Hom(V2, V1) is orthogonal to im t
with respect to the (non-degenerate) trace pairing

(-, ) : Hom(Vy, V,) x Hom(V,, V) — C.
Then we have
AL =tAr, Big=¢By, tip=0.

Thus ker ¢ C V; satisfies

imip; C ker¢, Ajz(ker¢) C ker¢, Ba(ker¢) C ker¢,
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and so the stability condition for (A, Ba, iz, j») implies thatker { = V5. Thus ¢ =0
and therefore 7 is surjective. O

Denote the vector bundle ker 7/ im o by K¢ qa(r, n1, n2). The rank of IC¢ a(r, n1, n2)
is equal to r(n] + n2) as can be seen from the following lemma.

Lemma 3.3 Let (I J) € Mc(r,n1)T x Mq(r,n2)T. The equivariant Euler class of
the restriction of K¢ a(r, n1, na) to the point (1, J) is given as follows:

r
er(Kearonin)ay) = [ [] g —bo+ @ = —hpa js(s)e)
a,f=1ser(I%)

< [ ®u—bp+ @ =P +hops)e). (3.2
ser(JY)

Proof The T-module decomposition of K¢ q(r, 11, nz) for the case ¢ = d = 0 is
computed in [20, Theorem 2.11] (one must set t; = ¢ and t, = t~1 there). The gen-
eral result follows after replacing by by by + ¢%€ or by + d*€ as appropriate for all
ae{l,...,r} O

3.2 Geometric Clifford operators
Fixl € {1, ..., r}. We will see in Corollary 3.7 that
Criny+ny) Keyex1,(ron1,n2)) #0, ni,npeN, le{l,....r}, ceZ",
and so we define
def
Ctnv(K:c,c:I:ll(r» niy,ny)) = Cr(ny+ny) (Icc,c:l:ll (r,n1,n2)),

the top non-vanishing equivariant Chern class of K¢ c+1,(r, n1, n2).
Definition 3.4 For/ € {1, ...,r}and n € Z, define operators
W (n), W (n)* : @ HTFMe(r. b)) > @D HFF(Me(r. b))
¢,k ¢,k

by

W) 3k ey = €y Koy, (ro ko k+n — ¢! = 1)
Al
e Hy D (Me(r k) x Mg, (rk +n — ¢l — 1)),
\III (n)*llf‘[%'k(,/\/[c(r’k)) = Cth(ICC,C—ll (r7 ks k —n+ Cl))
e HY D M@, k) x Mot (r k —n + 1),

These operators will be called geometric Clifford operators (or geometric fermions).
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Lemma3.5 Forl € {1,...,r} and n € Z, the operators Wl (n) and W' (n)* are
adjoint.

Proof ForT € Mc(r,k)T,J M k+n— ¢t = DT, we have

Ctnv(lcc,chl[(r: k,k+n— Cl — 1)(1,.]))
= (= 1y @D Kes ek +n—c — 1, K)gn)

by Lemma 3.3. Thus, by Lemmas 2.3 and 2.6, we have

cov(Keer1,(r bk k+n—c — Day)

er(T; er(T;)
(@D (Ko e(r k0 —c — 1,k )
a (—=Drker (T (= Drkn=—<'=Der (T;7)

Cmv(’Cc+11,c(rv k+n— o — L, k)(J,I))
er(T{N)er (Ty)

(Wl m)*(J1, [10).

(W', [J1) =

m}

Theorem 3.6 The geometric Clifford operators W' (n), W' (n)* preserve A and satisfy
the relations

(W), Wl m)*y = 8pmid, (W' (), W (m)} = 0= (¥ n)* v m*,
(Wl (n), WEm)] = [¥! (n), WF(m)*] = (@' ()*, WX m)*1 =0, 1 #k.

In particular, the maps
Vi) > V), v~ vm*, nez, lefl,....r},

define a representation of Cl on A and the linear map A — F given by [I] — L is an
isometric isomorphism of Cl-modules. This isomorphism sends Ac(r, n) to F,.

The proof of this theorem, which involves a series of technical combinatorial com-
putations, will be given in Sect. 4.

Corollary 3.7 Forny,ny e Nl €{l,...,r}, andc € Z", we have

Cr(n4n2) Ke,ex1, (1, 1, n2)) # 0.

Proof Letn =ny —ny + ¢! + 1. Then, by Definition 3.4,

W2 gy = Crimnn Keerny (1, 12).
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We claim that 1//1 (n) is a non-zero operator on F?, - Ifn; =0,letI' = ]cl ) Otherwise,
if ny > ny, let

'=sd+DAd A DA Al =i +2DACE=n) A= =D A,
and if no < ny, let

'=+14m)ada -1
/\~-~/\(cl—n1—|—n2+2)/\(cl—nl—i—nz)/\(cl—nl—i—ng—1)/\~~.

One easily checks that c(I'y = ¢! and |I'| = n;. Thus if we set

I= (") 07 1 e, e,
we have ¢(I) = ¢ and |I| = n;. Since wl(n)(l) # 0, we see that 1//l(n) iS a non-zero
operator on F§ . Therefore, W!(n) is a non-zero operator on H2Tm‘ (Me(r,n1)) by

Theorem 3.6 and the first statement follows. The proof of the second statement is
analogous. O

As mentioned above, this corollary justifies our calling
Cr(ny+n2) (Ke,ex1,(r, n1, n2))

the top non-vanishing equivariant Chern class of K¢ c+1,(r, n1, n2).

3.3 Geometric Heisenberg operators
Let (I J) € Mc(r,n1)T x Mc(r,n2)T. By Lemma 3.3, we see that

,
er(Keernnry) = [ [ ®p = bo+ (P =c* = hya ja(s))e)
a,f=1ser(I%)

x H (be — bg + (¢ — P + hya 15(s))e).
seL(J®)

Now, if n; # np, then we must have /% # J* for some «. But then, since c(/%) =

c(J%), we have A(I*) # A(J¥) and so hje je = O or hje jo = 0 by Lemma 1.1.
Therefore,

er (Ke,e(r,n1,n2)) = ¢rny4ny) (Ke,e(r,ni, n2)) =0 forny # nj
by the Localization Theorem. We will see in Corollary 3.15 that

Crni4ny)—1 (Kee(r,ny, n2)) #0
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and so we define

def
Cmv(’Cc,c(r: ni,n)) = Cr(ny+ny)—1 (Icc,c(r, ni,nz)),
the top non-vanishing equivariant Chern class of K¢ ¢ (7, n1, n2).

Lemma 3.8 Let (I, J) € Mc(r,n1)T x Me(r,n2)7 such that \(I') # A(J") and let
k be the smallest integer such that A(I')y # A(J')y. We have

r
cyKeetonm)ap) = [ ] g —bo+ (P —c* —hpu js(s)e)
aB=l o ue),
s# (k21D
ifa=p=l
x H (ba — bp + (c* — P + hyu 15(5))€)
seEA(J®)

if A (I > A(JID, and

ey Keetnindag) = [ [] @p = ba+ (€ —c* = hya ja(s))e)

o,B=1ser(l¥)
x H (bo — bp+(c® — P + h e 15(5))e)
ser(JY),

s#Ek, () if a=p=1

AT > AT e

Proof By the above comments, cyy (Ke ¢ (7, 711, 72)1,3)) is obtained by removing one
factor of zero from the product appearing in (3.2). The result then follows from
Lemma 1.1. O

Remark 3.9 If (I Y) € Mc(r,n)T x Me(r, n2)T such that A(I') # A(J') for more
than one choice of /, then ¢y (K¢, (7, 11, n2)1,3) = 0. Thus it does not matter which

| we choose in Lemma 3.8.

If n1 = ny, then we will see in Corollary 3.15 that the r(n| + n3)-th equivariant
Chern class of K¢ ¢(r, n1, n2) does not vanish and so we define

Ctnv(lcc,c(r’ n,n)) déf Corn (ICc,c(ra n,n)).
Lemma 3.10 Let (I J) € Mc(r,n)T x Mc(r,n)T. Then

Ctl’lV(ICC,C(rv n, n)I,J) - 0
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if I # J and
Cmv(lcc,c(r, n, ”)I,I) = er(T1).

Proof The case I # J follows as above. The case I = J follows immediately from
Lemmas 2.3 and 3.3. O

Fix n # m and consider the action of the subtorus (C*)" C T on Mc(r,n) x
M. (r, m), acting on the framing over /o, C P?. The connected components of the
fixed point set of this action are products of Hilbert schemes

(Me(r, n) x Me(r,m)©

1 r 1 r
=|_|((C2[n]x~o><(C2[n]) X ((Cz[m]x~~x(C2[m]),
n,m

where the union is over n = (nl,...,n’), m = (ml,...,m’) with Zini = n,

Zi m' = m, and (Cz[k] denotes the Hilbert scheme of k points in C2. We have the
inclusions

inm (Cz[m . Cz[n’]) " (Cz[mll . (Cz[m’])
— Mc(r,n) x Mc(r, m).
Define disjoint sets A;, 1 € {1,...,r}, by
A ={(m,m)|n®=mfora <1, n' #m"}.

Then, for/ € {1, ..., r}, n # m, we have a partition of the (C*)" fixed-point compo-
nents

(Me(r,n) x Me(r,m)N©" = | | A,
=1
1 r 1 r
A= I_l ((Cz[n]x-ux(Cz[n ]) X ((Cz[m]x cox cm ]),
(n,m)€A;

and the associated inclusions i; : A; < M, (r, n) x M(r, m). By the Localization
Theorem, the restriction

= Z bnm - Hy (Me(rm) X Me(r,m) — Hy ((Mc(r, n) X Mc(r, m))(@)’)

n,m
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is an isomorphism. By construction, the classes

FEFD = Y i) € MY SHY (Mol m) x Melr,m)©")

(n,m)€A;

are orthogonal idempotents (7 U ! = & ;7%), and they decompose the identity:
r
=37 e M) (Melrom) x Melr,m) ")
=1

Forl e {1,...,r}, let
yl=eU P € H2((Me(r, n) x Mc(r, m)).

It follows from the definitions that

; € if |14 =|J¥ fora <Iand |I'| # |J,
"ny =

0 otherwise,

where yIlJ = ii“J(yl) and iry : (I,)) <= Mc(r,n) x Mc(r,m) is the inclusion of
the fixed point.
Definition 3.11 For!/ € {1, ...,r}and n € Z, define an operator

P'(n) : D HF* (Me(r, k) — EDHF* (Me(r, k)
¢k c.k

by
PLm) |7 VenyKee(r k k—n))  n <0,
HFH Mk =) )l ey (Kee(r ko k —n)) 0> 0,
e HY M (Me(r, k) x Me(r,k —n)),

P Ot Moy = ¢ v (Kee(r k. k) = c'id

(the last equality follows from Lemmas 2.6 and 3.10). These operators will be called
geometric Heisenberg operators (or geometric bosons).

Remark 3.12 'We motivate the presence of the classes y/ in Definition 3.11. Note that
the decomposition € = >;_, y! implies

-
eV Ctnv(lcc,c(r’ k,k —n)) = z Pl(””HZT”‘(Mc(r,k)y
=1
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Thus, we have decomposed the operator € U ¢y (Ke,o(r, k, kK — 1)) as a sum of r
different operators. In particular, for r = 1, the Heisenberg operators are simply given
by the classes € U ¢y (K¢ o (7, k, k — n)).

Lemma 3.13 Forn € Z,1 € {1, ..., n}, the operators P'(n) and P'(—n) are adjoint.
Proof For n = 0, the statement is obvious. Assume n > 0. For I € M,(r, k)T,
J e Mc(r, k —n)T, we have

Ciny (Kee(r b k = m)ap) = (=1 ey (Ke e (. k — n. k) gpy)

by Lemma 3.8. Thus, by Lemmas 2.3 and 2.6, we have

Yy U ey (Kee(r k, k= n)ay)
er (T )er (T;")
—(=1)r M=yl SU ey (Ke e (r k — 1, k) 1)
(—D)ker (T (= 1) ke (T))
yll’J U ety (Ke,e(r, k —n, k) g1))
er(T{er(Ty)
= (P'(=m)[J1, [T0).

(P[], [J]) =

m}

Theorem 3.14 The geometric Heisenberg operators P'(n) preserve A and satisfy the
relations

1
[PE(n), PLO)] =0, [P*(m), P' ()] = — 8 —nSksid, m # 0.
m
In particular, the maps
pPlny— Pln), nez, le{l,....r}, K id,

define a representation of s on A and the linear map A — B given by

(a

1 r
M @ sy sian)

is an isometric isomorphism of s-modules. This isomorphism identifies Ac(r, n)
with BS.

The proof of this theorem, which involves a series of technical combinatorial com-
putations, will be given in Sect. 5.

Corollary 3.15 Forni,ny € N, ny # np, and ¢ € 7', we have

Cr(ny+ny)—1 (Kc,c(r» ni,n2)) #0 and Cormy (Icc,c(ra ny,ny)) #0.
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Proof Letn = ny — ny. Then, by Definition 3.11,
Pl(n)|H§_”11 (Me(rn1)) = i)/l U Cr(ny+na)—1 (’Cc,c(r’ ni, na)).

It is easily seen from the description of the operators pl(n)in Sect. 1.1 that p/ (n) is a
non-zero operator on By (note that our assumptions imply n < n1). Therefore, Pl(n)

is a non-zero operator on 'Hszl (Mc(r, n1)) by Theorem 3.14 and the first result fol-
lows. The second follows analogously from the fact that p(0) is a non-zero operator.

O
As mentioned above, this corollary justifies our calling

Cr(nj4ny)—1Ke,c(r,n1,n2)) and copy (Ke e (r, n, n))

the top non-vanishing equivariant Chern classes of K¢ ¢(r, n1,n2), ni # na, and
Ke,e(r, n, n), respectively.

3.4 Sheaf theoretic interpretation of the geometric Heisenberg
and Clifford operators

Using arguments similar to those appearing in [20, Section 2], one can interpret our
geometric Heisenberg and Clifford operators in the language of sheaves. In so doing,
we see that in the rank 1 case they are closely related to operators defined by Carsslon
and Okouknov [2]. In particular, we have the following.

Proposition 3.16 Ler ((Eq, ©1), (Ez, ®2)) € Mc(r,n1) x Mq(r, na) be a pair of
framed torsion-free sheaves. Then

_ 1 _
5 1, 5 5 - ’ M
Ke,a(r,n1, n2)(E,,@,),(E>, ) = Ext (E1, E2(—lx0))

Proof Let (E, ®) € M.c(r,n) be a framed torsion-free sheaf with corresponding
ADHM data (A, B, i, j) (see Sect. 2.1). The tangent space to M, (r, n) at (E, ®) can
be computed in two ways, one using sheaf theory and the other using the ADHM
description (see [20], in particular, the proof of Theorem 2.11). In the first case, the
tangent space at (E, ®) is given by Ext' (E, E(—Is)). In the second, the tangent space
at (E, ®) is the middle cohomology of the complex

tHom(V, V) @t~ Hom(V, V)
Hom(V, V) > ® 5 Hom(V, V), (3.3)
Hom(W, V) & Hom(V, W)

where o and t are defined by

EA — A& C
o(§) = SB;.BS , ? =[A, D1 +[C, Bl +iJ + Ij.
—Jj§ J
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Now consider the particular case of the framed rank 2r torsion-free sheaf
(E,®) = (E1 ® E2, ©1 ® P2),

which is a point of M ¢ q)(2r, n1 4+ n2) where (¢, d) = (..., dl ., d). In
the language of sheaves, the tangent space at (E, @) is then

Ext! (E1 @ E2, E1(~loo) ® E2(~ls0)
while in the ADHM description, it is the cohomology of the complex

Hom(Vy @ V2, Vi @ V2)
Y tHom(Vi @ Vo, Vi @ V2) @t~ Hom(V; @ Va, V| @ Va)
— ©®
Hom(W; @ W5, Vi @ V2) @ Hom(V; @ Vo, W1 @ W)

5 Hom(V) @ V2, Vi & Va). (3.4)
Define a C*-action on M ¢ q)(2r, n1 + n2) using the one-parameter subgroup
s — idw, ®sidw, € GL(W1) x GL(W,) C GL(W; & W»).

The fixed points of this C*-action are those rank 2r torsion-free sheaves which are iso-
morphic to a direct sum of two rank r torsion-free sheaves (see [20, Proposition 2.9]).
In particular, (E; & E>, 1 & ») is fixed by this action and thus the tangent space
Ext'(E1 ® E», Ei(—lso) ® Ea(—Is)) has an induced C*-action and decomposes into
isotypic components for this action. Over the C*-fixed point (E| & Ep, ®; & Py),
the complex (3.4) also decomposes into isotypic components. As in the proof of [20,
Theorem 2.11], ones see that the complex (3.1) is the isotypic subcomplex of (3.4)
of weight 1. Similarly the subbundle Ext! (E|, E5(—ls)) is the isotypic subbundle of
Ext'(E1 ® E, E1(—lso) ® E2(—lx)) of weight 1. o

Consider now the case r = 1 and recall that M(1, n) is the Hilbert scheme of n
points in C2. Note that if one takes £ = O(—Is) in [2, Section 1.2], then x(£) = 0
and thus

2

By =—x(, J(=lo)) = = D (=D Ext' (I, J (—loo)) = Ext' (I, J (~la0))
i=0

for ideal sheaves I and J. Here we use the fact that Ext’(, J(—ls)) = Ext?(I,
J(—lx)) = 0 (see [20, Proposition 2.1]). Therefore, in the rank one case, our vector
bundle K¢ g(1, n1, n2) is an example of the virtual vector bundles considered in [2]
with a modified torus action.
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4 Proof of Theorem 3.6
4.1 Notation
In order to simplify notation in what follows, for r-colored semi-infinite monomials

I="',....[MandJ = (J, ..., J")withe(+1; =) forsome!l € {1,...,r},
define

fiy = cov (Ke.,eqn @, X1 ITD@y) -

When non-zero, fi jis homogeneous of degree 2r (|I| + |J|). Whenr = 1 and ¢(J) =
c(l)+1,

fr0 =DM TT @)+ 1560 [ (@rts) +1i(s) +2).

sexI) ser(J)
ForI € Mc(r,n)T,J € Mqa(r,nz)T, we also define the polynomial
diy =er(I7)er(T;") € Clby, ..., by, €].
Note that when r = 1, we have
dij = (—1)|[|h1h16m+”|.
Thus
fr; = (—1)'1‘];1,1€|I|+‘J|, dj = (_1)|1|J[J€|1|+\J|’
where

fro=T] @@ +1,60) [ @) +us)+2), drj=hihy.

sex(l) ser(J)

4.2 Combinatorics of the rank one fermionic Fock space

Let =i Aip A...Dbe asemi-infinite monomial of charge c,andlet J = ji A jo A...
be a semi-infinite monomial of charge ¢ + 1.

Lemma 4.1 Suppose iy = ji. Let | be the largest positive integer such that iy =
i1 — 1+ 1 (in other words, A(I); = A(1)1) and let

/ . . / . .
I'=ipi Nipgpa Ny I =Jigt AJiga Aee

Then we have

P D' fr s Tseray b1 Tgeray ha () ifix= V1 <k <,
’ 0 otherwise,
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where

R(I) = AXU)1,A)2, ..., (1)), and
R(J) = M), A(D)2, ... A().

Proof Suppose iy # ji for some 1 < k < [. Choose k to be minimal. Then A(J), =
ADp—1=xr) —1foralll < p < k—1and A(J)r < A([)p — 1. Let
s = (k, A\(I); — 1). Then

ar(s) +1;(s)=1+(=1)=0
and the result follows. Therefore, we assume iy = ji for all 1 < k < [. So for all

1 <k <lwehave \(I)y = 2(I)1, \(J)r = A(J)1 and A(I)r = A(J)x + 1. Also, by
our choice of /, we have A(1);4+1 < A(I); = A(I)1. Note that

M1y = D)1, M(Dig2,..),  and
W) = Gt MWD, ).

We have

fro= ] @@ +16) [] @) +1s)+2)

seR(I) seR(])

< [T @ +1r6) T @) +ire) +2)

ser(l’) serx(J)

=fro || @ +16) ] @) +ues)+2).

seR(I) sER(J)

Now, for s € R(J), we have a;(s) = ay(s) 4+ 1. Therefore,

[T @o+uen="J] @&+u6) [ re,

seR(I) seR(D\R(J) seR(J)

and

[T @we+uw+2= ] .

SER(J) SER(J)

Now,

[ @+ =EnE2=D=E0n" [ k.

SeER(I\R(J) seR(I\R(J)
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Therefore,

fro=E0 o I mis [T hi.

seR(I) SER(J)

Lemma 4.2 Ifi = jix41 forallk > 1, then

fr.g=hihy.

Proof The hypotheses imply that the partition A (/) is obtained from the partition A(J)
by removing the largest part A(J);. Therefore,

lj(s) =11(s)+1, serll),

and so
[T @ +u6)=T] @) +i6)+1)=nh.
sex(l) sex(l)
[T @we+us+2= [] @ +i6)+1)=hy,
sex(J) ser(J)
and the result follows. O

Lemma 4.3 Ifi| # ji and iy # jiy1 for some k > 1, then f; ; = 0.

Proof Suppose i1 # ji and let k be the smallest positive integer such that iy 7# jk41.
Thus k is also the smallest positive integer such that A(1)x # A(J)g+1. Suppose
Jk+1 > ix. Then A(J )41 > A(D)k. Sets = (k 4+ 1, A(J)k+1). Then a, (s) = 0. Also,
since A(1)k—1 = A(J)k = A(J)k+1, we have [;(s) = —2. Then

ay(s) +1(s)+2=0+(=2)+2=0.

Now suppose jit+1 < ig. Then A(J)gyr1 < A(Dg. If s = (k, A(I)), then a;(s) = 0.
Also, for k > 1, since A(J)r = A(I)r—1 = A(I)g, we have [;(s) = 0. Therefore,

ar(s) +1,(s) =0.
If k = 1, then either A(J); > A([)1, in which case the above still holds, or A(J); <
A(I)1 — 2 (we cannot have A(J); = A(I)1 — 1 since this would imply i1 = ji). In
this case, let s = (1, A(I); — 1). Then a;(s) = 1 and [;(s) = —1 and we have

ar(s) +1;(s) =0.
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Proposition 4.4 We have

[(—1)”d1,1 if J = (=1D)"y (k) for some k,n € Z,
fr0 =

0 otherwise.

Proof Tt suffices to consider only the coefficients f 7,7 and d 1,7- We first note that there

exists ak such that J/ = £ (k) if and only if there exists an / such thati,, = j,, forall

m <[, jy =kand jy4+1 = i, forallm > [. In this case, we have J = (=D (oI
Let / be the smallest positive integer such that i; # j; and let
U'=igNigpi Aoy I =GN Jigpr Ao

Repeated application of Lemma 4.1 gives

fro=E0" g I ki) T ko).

seR(I) sER(J)
By Lemmas 4.2 and 4.3, f]/"]/ = O unless i, = ju+1 for all m > [, in which case
frr=hyhy,
and so
fro =D by = Dy

Thus, we have

f1.0 =

~ (—1)”571,1 if J = (—D)"y(k)I forsome k,n € Z,
0 otherwise

as desired. O

4.3 Combinatorics of the r-colored fermionic Fock space

Suppose I and J are r-colored semi-infinite monomials and &, 8 € {1, ..., r}. In order
to simplify notation in the following proofs, we define

Xif = [ ®o—bp+ U —cUP)+hpa js(s))e).
ser(l?)

Proposition 4.5 If 1 and J are semi-infinite monomials with c(I) + 1; = c¢(J), then

(=D"dry ifJ = (=" (1 for some k,n € Z,
iy = .
0 otherwise.
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Proof We have

.
fa= [l X x5t = o 1 OXEPXSE @
ao,f=1

1<a,B=r

a#l or B#£L
Ifa = B # 1, then

ap o oo oo
Xiy X1 = Xy Xj1
= [ mresee T horee = hpe e ge e 141771

ser(l19) ser(J9)

By Lemma 1.1, this is equal to zero unless /¢ = J%. We thus need only consider the
case where 1% = J* for all @ # [.

Note that
a.p _ yo.p af _ ya
XI,J _XJ’J, XJ’l _XLI, ifa #1, and
a.f _ ya.p af _ yaf -
XI,J _XLI , XJ’I _X”, if B #1I.
Therefore,
19 yo. By, 19 yo.B o, B
[T o"xyyxsi=J1 o"Ixpfxgy.
I<a,B=<r I<a,B=<r
a#l or B#L a#l or B#L

By Proposition 4.4, we have
1
frigr = (=D"dp = (=D)"(=D"IXpIXT

if J! = (=1)"y (k)I' for some k,n € Z and fi.jt = 0 otherwise. The result now
follows from the definition of W (k) and the fact that

.
dy=[] (-1)"“‘Xﬁ}ﬁxj‘”f.
o,f=1

4.4 Proof of the theorem
Proof of Theorem 3.6 Letn € Z,

ILe Mc(r, k)T and J € Meyy,(rik4+n—c —1T.
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By Lemma 2.6,

cov (Ke.ean @ L 1IDay) Jug

v )], [J]) = = )
(W (m)(I], [J]) eT(TI_)eT(Tf) diy

The set {[I] | c(I) = ¢, |I| = n} forms a C(by, ..., by, €) basis of the localized equi-
variant cohomology of M(r, n). Since the above structure coefficients are complex
numbers by Proposition 4.5, we see immediately that the operators W/ (1) (and hence
their adjoints W/(n)*) preserve the subspace A. Let ¢ be the vector space isomor-
phism A = F given by ¢([I]) = L It follows from Proposition 4.5 that ¢ (W (n)[I]) =
Yl (n)e(I) foralln € Zand! € {1, ..., r}. Since W!(n)* and ' (n)* are adjoint to
Wl (n) and ¢! (n), respectively, we see that (W' (n)*[I]) = v (n)*¢([I]) foralln € Z
and [ € {1, ..., r}. The result follows. O

5 Proof of Theorem 3.14

5.1 Notation

In order to simplify notation in what follows, for r-colored semi-infinite monomials I
and J with ¢c(I) = ¢(J) = ¢, let

gy =7y Ycny (Keelr 1L 1IDay)

in the T-equivariant cohomology of a point. We define gi’ j to be zero when ¢(I) #

c(J). When non-zero, g{,J is homogeneous of degree 2r (|I| + |J|).
Note that when r = 1, A(I)r # A(J)g and A(I); = A(J); forall 1| <i < k, we
have

def 1
81,0 = 81,J

_EDI T Ry Ty, st 1.0 8) i ADe > A,
=DMy 5 T, st@anp Bras) AU > 2Dk

Thus, by Lemma 1.1, g7 ; = 0 if and only if O occurs more than once as a relative
hook length for the partitions A(/) and A(J).
Recall that for I € Mc(r,n1)T, J € Ma(r, n2)", we defined

dry =er (T )er(T;) € Clby, ... by €],
and when r = 1, we have

dry = (=D)"hh el
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We will write g, and d; ,, todenote g;, ; and d;, s (respectively) for some semi-infinite
monomials / and J with A(/) = A and A(J) = . Since g;, ;y and d;,; are independent
of the charge of I and J, g, , and dj , are well-defined.

A 2 x 2 square is a set of the form

{@, D, G+1L ). Gj+D,G+1,j+D}, i,jeNy.

For A, u € P, we say u — A is a border strip if A C p (thatis, A; < u; for all i) and
the following two conditions hold:

1. @ — A contains no 2 x 2 square, and

2. — A is not the disjoint union of two non-empty subsets v! and v> such that no

box in v! shares an edge with a box in v?.

The width of a border strip is defined to be the number of columns it occupies minus
one. That is, the width of a border strip & — A is |{i | A; < u;}| — 1. Note that this is
often referred to as the height when Young diagrams are written in English or French
notation.

5.2 Combinatorics of the rank one bosonic Fock space

Proposition 5.1 If|A| < |u]|, then

[—A]

(_I)Widlh(ufl) . . .

——r—d,. . if L — A is a border strip,

Sru = .
0 otherwise.

Proof We first prove that g; , = O unless A € pu. Since |A| < |u|, we must have
Uk > A for some positive integer k. Assume k is the smallest such positive integer. If
A & p, we must have A; > u; for some j. Again, we take the smallest such j. Then
hy s (Cky i) = 0and Ay, ((7, Aj)) = 0 and thus g, = 0.

Now suppose A C u. Let k be the smallest positive integer such that u; > Ax and
let s* = (k, ). Suppose ; — A contains a 2 x 2 square. Pick one such 2 x 2 square

(@D, G+1L)), 67 +D,G+1,j+ D)}

in u — A with the following properties:

L. G+1,j+2) ¢pu,
2. (i—1,j)&pm—n

If property (1) is not satisfied, then
{@G,j+D,G+1Lj+D,Gj+2),0+1,j+2)}
is a2 x 2 square in u — A and if property (2) is not satisfied, then

(G—1,7).G j)G—1,j+1,G j+D}
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is a 2 x 2 square in u — A. Thus, we can always choose a 2 x 2 square in . — A
satisfying properties (1) and (2) by moving up and left as necessary. For such a square,
@+1,j)#s*but

hy (G+ 1L ) =a,((+1L ) +L(G+1,j)+1=1+(-2)+1=0,

and so g, , = 0.

Now suppose 1 — A contains no 2 x 2 square. It is a union of subsets v!, ..., v?
such that v’ and v/ have no edges in common for i # j. By relabeling if necessary,
we may assume that all boxes in v’ are to the left of all boxes of v/ fori < j. By
definition s* is the top left box of v!. If p > 2, let (i, j) be the top left box of v2. Then
(G —1,7), @G, j+1) &v> Wealsohave (i — 1, j), (i, j + 1) & v’ fori # 2 since v>
shares no edges with v’ for i # 2. Thus

hy (G, ) = ap (G, j) +6.(G ) +1=04+ (=D +1=0,

and so g, , = 0.

It remains to consider the case when p — A is a border strip. We divide the boxes
of the partition u into subsets as follows. Recall that k is the smallest positive integer
such that pg > Ag. Let m be the largest positive integer such that u,, > A, let [ be
the smallest positive integer such that uf > A/, and let n be the largest positive integer
such that u!, > A!. Then define (see Fig. 1)

A={G,j)er|(i<kori>m)and (j <lorj>n)},
B={Gj)erli<k, Il =<j=n}
C={G,j)er|k=<i=<m, j<lI}, and,
D={Gjenlizk, j=I}

Wehave u = AUBUCUD and

Ry u(s) = hy () = hy(s) = h,(s), forseA,
Ry (8) = hu(s), hua(s) =hy(s), forse B,
Ry () = hy(s), hyua(s) =hyu(s), forseC.

We now focus our attention on the boxes in D. These boxes form a partition themselves.
More precisely, if we define

Xiz)\’i+k—l_l+17 l<i<m+1—k,
i =Wivk—1—1L+1, 1<i<m+1—k,
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Fig. 1 Unshaded boxes ]
correspond to the partition A.
Shaded boxes correspond to the A
border strip u — A
n
L7
J D
7L /'/."
7
! 2
£l 9 A
k m

then A and /i are partitions and we have

(pepsi+k—1,j+1—1) €pn,
G jyers+k—1j+1—1)€nr,
hy (G ) = hou (G 4+ k=1, j +1=1),
hys (@) =hup(@+k—=1,7+1=1),
h; (G, ) =hu((+k—1,j+1-1)),
hp(G, ) =hu(G+k—1,74+1—1).

Since i — X is a border strip, we have

Ai=piy1—1, k<i<m-—1,
)»;=IL3-+1—1, I<j<n-1

Let 5 = (1,1) = (I, ux — [ + 1). Let (i, j) € A. Since il > 7\;, we have
i+1,)) €. Also

ap (@ + 1, 7)) = a; (G, j)) + 1,
LG+ 1, 7)) = (G, ) = 1,
Lp(G+ 1, 7)) = 1a(G, j) — 1.

Thus

hpi(G+ 1)) =ap(G+1, )+ 5G+1,/)+1
= a; ((0, ) +1;(G, j) + 1= h;(G, ),
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and

h; 5 (G ) = az (G, j) + 13 (G, ) +1
=ap(@+1, )+ G+ 1, ) +1=hz(G+1,))).

Therefore,

[T hps+ 10 = ] ki) = s

(i.j)er (i, j)er
[T riaGin= T rati+1, ).
(i, j)er (i,j)ex

Now, for (1, j) € ft with 1 < j < [ (the second inequality is equivalent to (1, j) #
$*), we have

ap((L, ) = ap((1, j + 1) + 1,
LA ) =11, j+ 1) - L

Thus

hy s (L) = ap((1, j) +5(0, j) +1
=ap((L, j+ D))+, j+ 1))+ 1=hz((1,j+ 1),

and so

[T razm= ] #ratin.

Jisisi ji2<i=i
Forl <j <y,
TT  has(Gi) = (—D(=2) - (G — 35— 1)
i Ml<i<il)
0l —A—1, ~ -
= (=N = 3 - 1!
and

[T hatG ) =@, =25 = D@ =3 —2) - @) = (@ — 2 — DL
ill<i<l
Note that

1 ~ _, fa—1 o )
H(—l)ﬁ;—)\;—l — (_1)/“;11—1 H (_I)M;—M;’H — (_l)u.’l—l — (_l)width(u—k)’
j=1 j=1
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where in the first equality we used the fact that X’j = ﬂtj g lforl <j<p—1

and ):;21 = 0. Combining the above results, we have

[Trae J1 rase =MD hse [ ha).

sEA SEML, sFES* sE seft, s#(1L1)

Note that

hi((1, 1)) = | — Al

Thus
[T mw [T At = th(s) [T h.:
seDNA seD,s#s* SEM, SFES*
— (_])Wldth(ﬂ—)\) thh(s) H h/:c(s)
sei sE@, s#(1,1)
=(—1)Wi‘“h<“—“ H () [T o).
seDﬂA seD
Therefore,

g = (=DM T hy () [T hant) [T hua(

seAUBUC seDNL seD, s#s*
N (_1)width(u.f)\) .
= (-1 'We' T @kt T @ [ huts)
seAUBUC seDNA seD
_ idth(u—2)

= (e EVT el al

[ — Al

(_1)width(u—)L)
— —dk,u
[ — 2|
as desired. O

Let p(—n),n € N, be the operator on symmetric functions given by multiplication
by % Pn, Where p,, is the power-sum symmetric function.

Lemma 5.2 With respect to the basis of Schur functions, the structure constants of
the operator p(—n) are given by

S - _ —
(p(—n)s)”su) = [dl,u if l[u — Al =n,

0 otherwise.
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Proof By [16, Example 1.3.11],

pusi, = D (=DM,
"

where the sum is over all partitions ;& D A such that & — A is a border strip of size n.
Therefore, since the Schur functions form an orthonormal basis for the symmetric
functions,

1
(p(—n)s;” su) = <;pns)u Su>

_ %(—1)Width(“_)‘) if  — X is a border strip of size n,
o otherwise

dL "
0 otherwise.

r’— if |l — |2 = n,

5.3 Combinatorics of the r-colored bosonic Fock space

Proposition 5.3 If I and J are semi-infinite monomials with ¢() = ¢(J) and |1 (1)
< XY, then

(_l)width()»(ﬂ)f)»(ll))
gLy = diy
R O

ifA(I%) = A(J%) foralla # Land \(JH =1 is a border strip. Otherwise g{’J =0.

Proof Note that gl . = 0 unless |[%| = |J¥| for @ < [ and |I'| # |J| (due to the
L)

presence of the factor yIl ) in which case

gi,JZgll’Jl H (—l)m‘X}x”fXj‘f, (5.1)
1<a,B<r

a#l or B#L

where X? f is defined in Sect. 4.3. As in the proof of Proposition 4.5, for all o # [
we have X‘Ixjx =Ounless /¥ = JY If I% = J% for all @ # [, then

giJ = gll,]] H (—l)ll |Xix’71/3 H X;’J'B.

I<a,B=r I<a,B=r

a#l or B#L a#l or B#L
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By Proposition 5.1,

(— l)width(k(ﬂ)f)\(l’)) (_1)width(A(Jl)f)»(ll))

d fry _1 “1|XZ,IXI,I
D —aah] T T ah —aan P XX

81yt =

ifA(Jl)—A(Il) is aborder strip and is equal to zero otherwise. Thus, when A(Jl)—k(ll)
is a border strip, we have

. | i r

(_1)w1dth()»(f )—=A(IY)) 1% v, B v, B
_ [T 0" xyy gy
a,p=1

]
LI TRD = A

The result follows. O

Corollary 5.4 Forn € N4, we have

1 r 1 r
<Pl(—n) (qc(l )SA(Il)a cees qcu )Swf)) s (qcu )S)L(jl)v .. ~,qc(] )SA(J’))>

S e = o), I — D] =1,

dry
0 otherwise.

(5.2)

Proof Tt follows easily from the definition of the bilinear form and the operators
p!(—n) that the left side of (5.2) is equal to zero unless ¢(I) = ¢(J) and 1% = J* for
all o # 1. In this case, by Propositions 5.1 and 5.3,

)
Sy _ 811!
dLJ d 1! , Jl
and the result follows from Lemma 5.2. O

5.4 Proof of the theorem

Proof of Theorem 3.14 Letn € Ny, I € Mc(r, k)T and J € Mc(r,k + n)’. By
Lemma 2.6,

! l
Vig Yemy (Keelr 1L 1ID@y) 81y

Pl(=m)[1], J]) = = =4y

(Pr(=n) ) er (T Jer (T;") diy

Asin Sect. 4.4, we see that the operators P!(—n) (and hence their adjoints Pl(n)) pre-
serve the subspace A. Let ¢ be the vector space isomorphism A = B given by ¢([I]) =
(quS)\(ll), e qcrsx(lr)). It follows from Corollary 5.4 that ¢(P!(—n)[I])) =
pl(—n)<p([I]). Since P!(n) and pl(n) are adjoint to Pl(—n) and pl(—n), respec-
tively, we see that e(PL(m)[1) = pl(n)e([I]) for all n € Z (the case n = 0 can be
seen directly). The result follows. O
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6 Vertex operators and geometry
6.1 A new geometric realization of the boson-fermion correspondence

From Theorems 3.6 and 3.14, we see that we have defined actions of the r-colored
Heisenberg and Clifford algebras on A C @, H2Tr” (Me(r,n)). In so doing, we
obtain a natural geometrically defined isomorphism between bosonic and fermionic
Fock spaces. Under this isomorphism, the semi-infinite monomial I corresponds to the
element (qc(ll)s)\(p), R qc(lr)sA(Ir)) of bosonic Fock space since both correspond
to the element [I] € A (7, |I]). This matches up precisely with the classical (algebraic)
boson-fermion correspondence.

The complexes defined in this paper also yield geometric analogs of the vertex
operators appearing in the boson-fermion correspondence as follows. Let

H= [] """ Mern) x Ma(r, n2)).

c.d,ny,ny

We can think of elements of H as formal (infinite) linear combinations of elements of
HI ) (Me(r, n1) x Ma(r, n2)) fore,d € Z7,ny,ny € N.Forl € {1,...,r}, let
N' be the operator on ]_[c!dﬂ1 1y Hp (Me(r, n1) x Ma(r, n2)) that acts on H7. (M (r,
ny) x Mec(r,n2)) as yl(nz —ny)id for n; # ny and as ctid for ny = ny. It acts
on H5(Me(r,n1) x Mq(r,n2)), ¢ # d, as the identity (its action on these pieces is
actually irrelevant).

Now, the complex (3.1) can be considered as a complex over

ME || Melrnn) x Ma(r, ).

c.d,ny,ny

Let K denote the vector bundle ker t/im o on M and let 5, B_, and B be its restric-
tions to

| | Meni) x Me(rno),

c,ny,n2

|_| Me(r,n1) x Mc(r,nz), and

C,n1,Nn2 N1 <ny

|| M) x Me(r.na),

C,n1,n2:n1>ny

respectively. Then

N'eay(B) = P'O)+ D In|P'(n), (6.1)
neZ\{0}
ViewBo) =D Pli=n),  —ylem(By) =D Pl (6.2)

n>0 n>0
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are elements of H and are geometric versions of the usual bosonic vertex operators.
Note that while vertex operators usually involve a formal variable, this can always
be recovered by degree considerations. Also, when comparing to the presentations in
[8,23], one must remember that the variables x; used in the bosonic Fock space there
correspond to p;/i.

Now, let F! and F'+* denote the restriction of K to

L] Mct.n) x Meyi,(rona) and | | Me(rni) x Mei,(r, n2),

c,nyg,n2 c,nyg,n2

respectively. Then

con(FH) =D W) and ey (FF) =D W m)* (6.3)
nez nez

are elements of H and are geometric versions of the usual fermionic vertex operators.
We introduce the usual normal ordering operator

ol def | WIOWI(HFif j >0,
VTS {—wlm*wl(k) if j < 0.

Also, forl € {1, ..., r}, define an operator Q; : A — A by
Q1 : Ac(r,n) = Acyy,(ron),  Qi((ID = [J],

where J is the semi-infinite monomial of charge ¢ + 1; = ¢(I) + 1; with A(J) = A (D).

Proposition 6.1 We have

Nlemy(B) = : e (Femy (FI¥), (6.4)
ey (F1) = Qrexp(y! cuy (B-)) exp(y caw(By)), and (6.5)
con(F*) = 07 exp(—y' cov(B2)) exp(—y cuny (B)) (6.6)

as formal operators on A. More precisely, if we decompose into blocks according to
the decomposition A = @c’n Ac(r, n), the above equalities signify equality of blocks
Ac(r,ny) = Aq(r,np) foralle,d € Z" and ny, np € N.

Proof This follows from the (algebraic) boson-fermion correspondence. See, for
example, [23, Theorem 1.2] and note that our generators pl (m) of the oscillator algebra
are equal to ﬁa; (m) for 1 <1 <r,m € Z\{0}, where the «;(m) are the generators
used in [23]. One could also produce a geometric proof of this result in the language
of the current paper that mimics the algebraic proof. O

Remark 6.2 We note the operators N' ciy (B), ¢y (F), and ¢y (F1-*) (more precisely,
their homogeneous components) preserve the integral form Ay = Spany{[I]} of the
Fock space A.
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We refer to Eq. (6.4) as geometric bosonization and to Egs. (6.5) and (6.6) as
geometric fermionization. Note that the algebraic boson-fermion correspondence
involves the expression 27O (or z%) where 7 is the formal variable appearing
in the vertex operators. However, such factors are unnecessary in the geometric for-
mulation. Their role is played by the relative grading shift inherent in the definitions
of our geometric operators. More precisely, it arises from the fact that

P ) acirky € Hor T (Me(r, k) x Me(r, k —n))
while

ol
W) acirny € HY P D (Me(r, k) x Meyy,(rk+n—¢' = 1), and
_ !
W) | arny € HY FT ) (Me(r, k) x Mo, (r k —n +¢')).

6.2 Additional vertex operator constructions and future directions

Vertex operators entered the mathematical literature as a method of providing explicit
constructions of integrable modules for affine Lie algebras. In fact, the same inte-
grable representation usually has several different vertex operator realizations, all of
which should acquire some geometric interpretation using moduli spaces of sheaves
on surfaces. For the basic level one representation of an affine Lie algebra g, vertex
operator constructions are parameterized by conjugacy classes of Heisenberg subalge-
brasY)\ C g, which correspond bijectively to conjugacy classes in the finite Weyl group.
In the case of the affine Lie algebra gT[,, this means that there is one vertex operator
construction of the basic representation for each conjugacy class in the symmetric
group S, and all of these vertex operators have been worked out explicitly in [23]
(see also [9,11]). For the conjugacy class of the identity element, the corresponding
vertex operator construction of the basic representation is known as the homogeneous
realization [6,22]. This construction acquires a geometric interpretation in the context
of the current paper using an embedding of gl, into a completion of the r-colored
Clifford algebra. We expect that all of the vertex operators of the homogeneous reali-
zation have a natural geometric interpretation using the moduli spaces M.(r, n) and
complexes involving tautological bundles. Indeed, the r-colored Heisenberg algebra
action constructed in this paper defines the action of the homogeneous Heisenberg
subalgebra hpom C gl,.

It would be interesting to give geometric realizations of other vertex operator con-
structions of the basic representation of gl,., using cyclic group fixed point components
of moduli spaces of framed sheaves on P2. For example, the vertex operators of the
principal realization corresponding to the conjugacy class of the Coxeter element
should acquire a geometric interpretation using Z,-fixed point components of the
moduli space of framed rank 1 sheaves on P2, which are Nakajima quiver varieties
of type A,_1. In this context, Nakajima’s original Hecke operators will be identified
with homogeneous components of vertex operators in the principal realization. Geo-
metric constructions of other realizations of the basic representation would yield, as
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a corollary, a geometric interpretation of the vertex operators needed for level-rank
duality. We hope to say more about this in a future paper.
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