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Introduction

Partially because of their importance in the theory of quantum affine Lie algebras, loop algebras
g ⊗ C[t, t−1], where g is a semisimple Lie algebra, have been the subject of intense study over the
last two decades. Their representation theory is particularly interesting because the category of finite-
dimensional representations is not semisimple. In [Cha86,CP86], it was shown that the irreducible
objects in these categories are highest weight in a suitable sense, and a classification was given in
terms of these highest weights, which are n-tuples of polynomials, where n is the rank of g. In [CP01],
it was shown that to each such n-tuple of polynomials π , there exists a unique largest highest weight
module W (π) of highest weight π . The modules W (π), called (local) Weyl modules by analogy with
the modular representation theory of (the positive characteristic version of) g, have the property that
any finite-dimensional highest weight module of highest weight π is a quotient of W (π).

Weyl modules for loop algebras also play an important role in the representation theory of quan-
tum affine algebras. In particular, under a natural condition on their highest weight, the irreducible
finite-dimensional representations of quantum affine algebras specialize at q = 1 to representations
of the loop algebras. In this limit, the representations are no longer irreducible, but are quotients of
the corresponding local Weyl module. It was conjectured (and proved for g = sl2) in [CP01] that all
local Weyl modules are obtained as q = 1 limits of irreducible finite-dimensional modules of quan-
tum affine algebras. In particular, this conjecture implies that the local Weyl modules are the classical
limits of the standard modules defined by Nakajima in [Nak01] and further studied by Varagnolo and
Vasserot in [VV02].

In [CP01], Chari and Pressley defined the global Weyl modules associated to dominant integral
weights of g. These are the largest integrable highest weight modules of the given highest weight
and were conjectured to be free modules for a certain commutative algebra. This motivated a series
of papers [BN04,CL06,CM04,FL07,Nak01,Nao] on local Weyl modules which computed their dimension
and character, identified them with tensor products of Demazure modules, and eventually lead to the
proof of this conjecture as well as the aforementioned conjecture that all local Weyl modules are
q = 1 limits of irreducible finite-dimensional modules of quantum affine algebras (for an arbitrary
simple g).

In [FL04], Feigin and Loktev extended the notion of global Weyl modules to the setting of gener-
alized current algebras g ⊗ A, where A is a commutative associative unital algebra over the complex
numbers. In the case that A is the coordinate ring of an affine variety, they also extended the defi-
nition of local Weyl modules and obtained analogues of some of the results of [CP01]. In particular,
they proved that these modules are finite-dimensional and that every local Weyl module is the ten-
sor product of local Weyl modules associated to a single point (a property which is also true for
finite-dimensional irreducible modules).

Motivated by the methods used to study the BGG-category O for semisimple Lie algebras, a func-
torial approach to the study of the Weyl modules for generalized current algebras was adopted in
[CFK10]. There it was shown that, via homological properties, one can naturally define more general
Weyl modules for the Lie algebra g ⊗ A, where A is a commutative associative unital algebra over
the complex numbers. This is done by defining the Weyl functor from a suitable category of mod-
ules for a commutative algebra Aλ (these modules play the role of highest weight spaces) to the
category of integrable modules for g ⊗ A with weights bounded by a dominant integrable weight λ
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of g. Under the condition that A is finitely generated, it was shown that every local Weyl module is
finite-dimensional. Furthermore, the translation of the universal property of the Weyl module into the
language of homological algebra yielded a simplified proof of the tensor product property.

The algebras mentioned above all are “untwisted”. There are natural twisted versions of loop al-
gebras, related to the twisted affine Lie algebras. More precisely, the twisted loop algebras are fixed
point subalgebras of untwisted loop algebras g ⊗ C[t, t−1] under the action of certain finite-order au-
tomorphisms. Extending the ideas of [CP01], local Weyl modules for the twisted loop algebras were
defined and studied in [CFS08], where it was realized that they can be identified with suitably chosen
local Weyl modules for untwisted loop algebras. It is thus natural to ask if twisted versions of local
Weyl modules exist when one moves from loop algebras to the more general setting of generalized
current algebras.

The twisted analogues of generalized current algebras are equivariant map algebras. Suppose X =
Spec A is an affine scheme and g is a finite-dimensional Lie algebra, both defined over an algebraically
closed field of characteristic zero, and that Γ is a finite group acting on both X (equivalently, on A)
and g by automorphisms. Then the equivariant map algebra (g ⊗ A)Γ is the Lie algebra of equivariant
algebraic maps from X to g. In the current paper, we will assume that g is semisimple, X is of finite
type, Γ is abelian, and Γ acts freely on X . Even with these restrictions, equivariant map algebras are
a large class of Lie algebras that include the above mentioned examples of (twisted) loop algebras and
generalized current algebras as well as many others.

A complete classification of the irreducible finite-dimensional representations of an equivariant
map algebra was given in [NSS]. Let X∗ denote the set of finite subsets of Xrat, the set of rational
points of X , that do not contain two points in the same Γ -orbit. For x ∈ X∗ , we have a surjective
evaluation map

evΓ
x : (g ⊗ A)Γ → gx =

⊕
x∈x

g.

An evaluation representation is a representation of the form ρ ◦ evΓ
x , where ρ = ⊗

x∈x ρx for repre-
sentations ρx : g → End V x , x ∈ x. In the setup of the current paper, the classification of [NSS] says
that all irreducible finite-dimensional representations are evaluation representations. We define the
support of an irreducible finite-dimensional representation to be

⋃
(Γ · x), where the union is over

the x ∈ x such that ρx is nontrivial. For an arbitrary finite-dimensional representation, we define its
support to be the union of the supports of its irreducible constituents. This support depends only on
the isomorphism class of the representation.

For an equivariant map algebra, one is not assured of the existence of a semisimple fixed point
subalgebra gΓ or a Cartan subalgebra of (g ⊗ A)Γ in the classical sense. Since past approaches to the
study of Weyl modules for twisted loop algebras rely heavily on the representation theory of gΓ , this
is a major obstacle to generalizing such techniques to the more general setting of equivariant map
algebras. Furthermore, owing to the unavailability of the classical notion of weights for (g ⊗ A)Γ -
modules, the notion of highest weight modules is not clear in this context. For these reasons, new
techniques are needed.

Let F and F Γ denote the category of finite-dimensional (g ⊗ A)-modules and (g ⊗ A)Γ -modules
respectively. For x ∈ X∗ , let Fx (respectively F Γ

x ) denote the full subcategory of F (respectively F Γ )
consisting of modules with support contained in x (respectively Γ · x). Motivated by [CFS08,Lau10,
NSS] we define, for each x ∈ X∗ , mutually inverse isomorphisms of categories

Fx

Tx

F Γ
x

Ux

called twisting and untwisting functors (see Theorem 2.10). These functors allow us to move back and
forth at will between the theory of finite-dimensional representations of equivariant map algebras
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(satisfying the assumptions of the current paper) and the corresponding theory for generalized cur-
rent algebras. In particular, to any irreducible finite-dimensional (g⊗ A)Γ -module V , we can associate
a twisted local Weyl module as follows. Let x ∈ X∗ contain one point in each Γ -orbit in the support
of V . Then Ux V is an irreducible finite-dimensional (g ⊗ A)-module, to which is associated an (un-
twisted) local Weyl module W . We then define the local Weyl module associated to V to be TxW ,
and one can show that this definition is independent of the choice of x (see Proposition 3.6).

Apart from their role in the definition of the twisted local Weyl modules, the twisting and untwist-
ing functors also allow us to use the characterization of local Weyl modules by homological properties
given in [CFK10] to give a similar characterization of twisted local Weyl modules. However, some sub-
tlety is involved here. The homological characterization given in [CFK10] involves certain categories of
highest weight modules. Since the Cartan subalgebra of g is not necessarily preserved by the action
of the group Γ , such methods do not immediately carry over to the twisted setting. In order to cir-
cumvent this problem, we replace the usual order on weights by another partial order arising from
a suitably defined height function on the weight lattice. Our modified homological characterization
is equivalent to the one given in [CFK10], but has the advantage that it carries over to the twisted
versions.

There are several natural questions arising from our treatment of local Weyl modules for equivari-
ant map algebras. For instance, can one define global Weyl modules (see [CP01,CFK10]) and is there
an analogue of the algebra Aλ defined in [CFK10]? Can one extend the results of the current paper
to the case where the group Γ does not act freely on X? It would also be interesting to further
examine the relationship between the twisting and untwisting functors defined here and connections
between the representation theory of twisted and untwisted quantum affine algebras appearing in
the literature (see, for example, [Her10]).

The paper is organized as follows. In Section 1 we recall the definition of equivariant map algebras
and certain results on their finite-dimensional irreducible representations. We introduce the twisting
and untwisting functors in Section 2 and prove that they are isomorphisms of categories. In Section 3
we recall the results on local Weyl modules for generalized current algebras and then introduce the
notion of local Weyl modules for equivariant map algebras. We also show there that they satisfy a
natural tensor product property. Finally, in Section 4 we give a characterization of the local Weyl
modules by homological properties.

1. Equivariant map algebras and their irreducible representations

In this section, we review the definition of equivariant map algebras and the classification of their
irreducible finite-dimensional representations given in [NSS]. Let k be an algebraically closed field
of characteristic zero and A be unital associative commutative finitely generated k-algebra. We let
X = Spec A, the prime spectrum of A (so X is an affine scheme of finite type). A point x ∈ X is called
a rational point if A/mx ∼= k, where mx is the ideal corresponding to x. We denote the subset of rational
points of X by Xrat. Since A is finitely generated, we have Xrat = maxSpec A. Suppose Γ is a finite
abelian group acting on X (equivalently, on A) and on a semisimple Lie algebra g by automorphisms.
Let g ⊗ A be the Lie k-algebra of regular maps from X to g. This is a Lie algebra under pointwise
multiplication. The equivariant map algebra (g ⊗ A)Γ consists of the Γ -fixed points of the canonical
(diagonal) action of Γ on g⊗ A. Thus (g⊗ A)Γ is the subalgebra of Γ -equivariant maps. In the current
paper, we are interested in the case that Γ acts freely on X , by which we mean that it acts freely
on Xrat. We shall assume this is the case for the entirety of the paper. Following the usual abuse of
notation, we will use the terms ‘module’ and ‘representation’ interchangeably.

Remark 1.1. We could consider the more general case where g is finite-dimensional reductive. How-
ever, then (g⊗ A)Γ ∼= ([g,g]⊗ A)Γ ⊕(Z(g)⊗ A)Γ as Lie algebras, [NS, (3.4)], where [g,g] is semisimple
and Z(g) is the center of g (and so (Z(g) ⊗ A)Γ is an abelian Lie algebra). The representation theory
of (g ⊗ A)Γ thus essentially “splits” and so it suffices to consider the case of g semisimple. See [NS]
for details.
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We denote by X∗ the set of finite subsets x ⊆ Xrat for which Γ · x ∩ Γ · x′ = ∅ for distinct x, x′ ∈ x.
For x ∈ X∗ , we define gx = ⊕

x∈x g. The evaluation map

evΓ
x : (g ⊗ A)Γ → gx, evΓ

x (α) = (
α(x)

)
x∈x,

is a Lie algebra epimorphism [NSS, Cor. 4.6]. To x ∈ X∗ and a set {ρx: x ∈ x} of (nonzero) representa-
tions ρx : g → Endk V x , we associate the evaluation representation evΓ

x (ρx)x∈x of (g ⊗ A)Γ , defined as
the composition

(g ⊗ A)Γ
evΓ

x−−→ gx
⊗

x∈x ρx−−−−−→ Endk

(⊗
x∈x

V x

)
.

If all ρx, x ∈ x, are irreducible finite-dimensional representations, then this is also an irreducible
finite-dimensional representation of (g ⊗ A)Γ , [NSS, Prop. 4.9]. The support of an evaluation repre-
sentation V = ⊗

x∈x V x , abbreviated Supp V , is the union of all Γ · x, x ∈ x, for which ρx is not the
one-dimensional trivial representation of g.

Fix a triangular decomposition g = n− ⊕h⊕n+ and a set of simple roots for g. Let P and Q be the
corresponding weight and root lattices respectively, and let P+ denote the set of dominant integral
weights. For λ ∈ P+ , let V (λ) be the corresponding irreducible representation of g of highest weight
λ. In this way we identify the set of isomorphism classes of irreducible finite-dimensional g-modules
with P+ .

It is well known that Autg ∼= Int g � Out g, where Int g is the group of inner automorphisms of
g and Out g is the group of diagram automorphisms of g. The diagram automorphisms act naturally
on P , Q , and P+ . If ρ is an irreducible representation of g of highest weight λ ∈ P and γ is an
automorphism of g, then ρ ◦ γ −1 is the irreducible representation of g of highest weight γOut · λ,
where γOut is the outer part of the automorphism γ (see [Bou75, VIII, §7.2, Rem. 1]). So the group Γ

acts naturally on each P+ via the quotient Autg � Out g.
Let E denote the set of finitely supported functions ψ : Xrat → P+ and let E Γ denote the subset

of E consisting of those functions which are Γ -equivariant. Here the support of ψ ∈ E is

Suppψ = {
x ∈ Xrat

∣∣ ψ(x) �= 0
}
.

If x ∈ X∗ and ρx,ρ
′
x are isomorphic representations of g for each x ∈ x, the evaluation representa-

tions evΓ
x (ρx)x∈x and evΓ

x (ρ ′
x)x∈x are isomorphic. Therefore, for x ∈ X∗ and representations ρx of gx

for x ∈ x, we define evΓ
x ([ρx])x∈x to be the isomorphism class of evΓ

x (ρx)x∈x . (Here [ρx], x ∈ x, denotes
the isomorphism class of the representation ρx .)

For ψ ∈ E Γ , we define evΓ
ψ = evΓ

x (ψ(x))x∈x , where x ∈ X∗ contains one element of each Γ -orbit in

Suppψ . By [NSS, Lem. 4.13], evΓ
ψ is independent of the choice of x. If ψ is the map that is identically

0 on X , we define evΓ
ψ to be the isomorphism class of the trivial representation of (g ⊗ A)Γ . We say

that an evaluation representation is a single orbit evaluation representation if its isomorphism class is
evΓ

ψ for some ψ ∈ E Γ whose support is contained in a single Γ -orbit. For all of the above notation,
we drop the superscript Γ when Γ = {1}. For instance, for a finite subset x ⊆ Xrat, evx : g⊗ A → gx is
the corresponding evaluation map. Similarly, for ψ ∈ E , evψ is the corresponding isomorphism class
of representations of g ⊗ A.

Proposition 1.2. (See [NSS, Th. 5.5].) The map

E Γ → S Γ , ψ 
→ evΓ
ψ , ψ ∈ E Γ ,

is a bijection, where S Γ denotes the set of isomorphism classes of irreducible finite-dimensional representa-
tions of (g ⊗ A)Γ . In particular, all irreducible finite-dimensional representations of (g ⊗ A)Γ are evaluation
representations.
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Remark 1.3. The classification of irreducible finite-dimensional representations given in [NSS] is much
more general than Proposition 1.2. In particular, it applies in the case that g is any finite-dimensional
Lie algebra, Γ is any finite group (i.e. not necessarily abelian), and the action of Γ is arbitrary (i.e. Γ

need not act freely on X ). In this generality, all irreducible finite-dimensional representations are
tensor products of evaluation representations and one-dimensional representations. However, un-
der the more restrictive assumptions of the current paper, (g ⊗ A)Γ is a perfect Lie algebra (i.e.
[(g ⊗ A)Γ , (g ⊗ A)Γ ] = (g ⊗ A)Γ ) and so (g ⊗ A)Γ has no nontrivial one-dimensional representations
[NS, Lem. 6.1].

Definition 1.4 (Notation for irreducibles). For ψ ∈ E Γ , we let VΓ (ψ) denote the corresponding irre-
ducible representation of (g ⊗ A)Γ (that is, VΓ (ψ) is some irreducible representation in the isomor-
phism class evΓ

ψ ). For ψ ∈ E , we let V (ψ) denote the corresponding irreducible representation of
g ⊗ A.

Example 1.5 (Untwisted map algebras). When the group Γ is trivial, (g ⊗ A)Γ = g ⊗ A is called an
untwisted map algebra, or generalized current algebra. These algebras arise also for a nontrivial group
Γ acting trivially on g or on X . In the first case we have (g ⊗ A)Γ ∼= g ⊗ AΓ , and in the second
(g ⊗ A)Γ = gΓ ⊗ A.

Example 1.6 (Multiloop algebras). Fix positive integers n,m1, . . . ,mn . Let

Γ = 〈
γ1, . . . , γn: γ

mi
i = 1, γiγ j = γ jγi, ∀1 � i, j � n

〉 ∼= Z/m1Z × · · · × Z/mnZ,

and suppose that Γ acts on g. Note that this is equivalent to specifying commuting automorphisms
σi , i = 1, . . . ,n, of g such that σ

mi
i = id. For i = 1, . . . ,n, let ξi be a primitive mi-th root of unity. Let

X = (k×)n and define an action of Γ on X by

γi · (z1, . . . , zn) = (z1, . . . , zi−1, ξi zi, zi+1, . . . , zn).

Then

M(g,σ1, . . . , σn,m1, . . . ,mn) := (g ⊗ A)Γ (1.1)

is the multiloop algebra of g relative to (σ1, . . . , σn) and (m1, . . . ,mn).

Definition 1.7 (g-weights). We can identify g with the subalgebra g ⊗ k ⊆ g ⊗ A. In this way, any
(g ⊗ A)-module V can be viewed as a g-module. We will refer to the weights of this g-module as
the g-weights of V (assuming V has a weight decomposition, e.g. V is finite-dimensional). For a
g-weight λ, we let Vλ denote the corresponding weight space of V .

2. Twisting and untwisting functors

In this section, we define isomorphisms between certain categories of modules for (untwisted)
map algebras g ⊗ A and their equivariant analogues (g ⊗ A)Γ . This isomorphism will be our key
tool in defining local Weyl modules in the equivariant setting and proving their characterization via
homological properties.

Recall that for a point x ∈ Xrat, mx denotes the corresponding maximal ideal of A. For η : Xrat →
N = Z�0 with finite support, define

Iη =
∏

x∈Suppη

m
η(x)
x . (2.1)
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For a finite subset x ⊆ X , we define Ix = Iη , where η(x) = 1 for x ∈ x and η(x) = 0 for x /∈ x. It is
straightforward to check that g ⊗ Iη is an ideal of g ⊗ A and so we have a generalized evaluation map

evη : g ⊗ A � (g ⊗ A)/(g ⊗ Iη) ∼=
⊕

x∈Suppη

g ⊗ (
A/m

η(x)
x

) ∼=
⊕

x∈Suppη

(g ⊗ A)/
(
g ⊗ m

η(x)
x

)
,

evη(α) =
⊕

x∈Suppη

(
α + (

g ⊗ m
η(x)
x

))
.

Let

evΓ
η : (g ⊗ A)Γ →

⊕
x∈Suppη

(g ⊗ A)/
(
g ⊗ m

η(x)
x

)

denote the restriction of evη to (g ⊗ A)Γ . Clearly

ker evΓ
η = (ker evη) ∩ (g ⊗ A)Γ = (g ⊗ Iη) ∩ (g ⊗ A)Γ = (g ⊗ Iη)Γ .

Recall that X∗ is the set of finite subsets of Xrat that do not contain two points in the same
Γ -orbit.

Lemma 2.1. If η : Xrat → N satisfies Suppη ∈ X∗ , then

(g ⊗ Iη)Γ = (g ⊗ Ĩη)Γ , where Ĩη =
∏

x∈Suppη

∏
γ ∈Γ

m
η(x)
γ ·x .

Proof. Since Ĩη ⊆ Iη , we have (g ⊗ Ĩη)Γ ⊆ (g ⊗ Iη)Γ . Suppose α ∈ (g ⊗ Iη)Γ . Then for each x ∈ Suppη
and γ ∈ Γ , we have

α ∈ (g ⊗ Iη)Γ ⊆ g ⊗ Iη ⊆ g ⊗ m
η(x)
x ⇒ α = γ · α ∈ γ

(
g ⊗ m

η(x)
x

) = g ⊗ m
η(x)
γ ·x .

Thus

(g ⊗ Iη)Γ ⊆ g ⊗
⋂

x∈Suppη

⋂
γ ∈Γ

m
η(x)
γ ·x = g ⊗ Ĩη,

since the ideals mγ ·x are relatively prime. Thus (g ⊗ Iη)Γ ⊆ (g ⊗ Ĩη)Γ . �
Proposition 2.2. If η : Xrat → N satisfies Suppη ⊆ X∗ , then the map evΓ

η is surjective and hence induces an
isomorphism

(g ⊗ A)Γ /(g ⊗ Iη)Γ
∼=−→ (g ⊗ A)/(g ⊗ Iη).

Proof. It suffices to show that for arbitrary a ∈ g, f ∈ A, x ∈ Suppη, there exists α ∈ (g ⊗ A)Γ such
that

α − (a ⊗ f ) ∈ g ⊗ m
η(x)
x , α ∈ g ⊗ m

η(y)
y ∀y ∈ Suppη \ {x}.
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Let n = maxy∈Suppη η(y) and let ξ be an n-th root of −1. Since the action of Γ on X is free, we can
choose f1 ∈ A such that

f1(x) = 0, f1(γ · x) = ξ ∀γ ∈ Γ, γ �= 1, f1(γ · y) = ξ ∀γ ∈ Γ, y ∈ Suppη \ {x}.

Then f1 ∈ mx . So

f n
1 ∈ mn

x, f n
1 (γ · x) = −1 ∀γ ∈ Γ, γ �= 1, f n

1 (γ · y) = −1 ∀γ ∈ Γ, y ∈ Suppη \ {x}.

Hence

1 + f n
1 ∈ 1 + mn

x, 1 + f n
1 ∈

∏
γ ∈Γ,γ �=1

mγ ·x
∏
γ ∈Γ

y∈Suppη\{x}

mγ ·y .

Recall that for any ideal I of A, the set 1 + I is closed under multiplication. Thus

(
1 + f n

1

)n ∈ 1 + mn
x,

(
1 + f n

1

)n ∈
∏

γ ∈Γ,γ �=1

mn
γ ·x

∏
γ ∈Γ

y∈Suppη\{x}

mn
γ ·y,

and so, setting f2 = f (1 + f n
1 )n , we have

f2 ∈ f + mn
x, f2 ∈

∏
γ ∈Γ,γ �=1

mn
γ ·x

∏
γ ∈Γ

y∈Suppη\{x}

mn
γ ·y .

Define

α =
∑
γ ∈Γ

γ · (a ⊗ f2) =
∑
γ ∈Γ

(γ · a) ⊗ (γ · f2) ∈ (g ⊗ A)Γ .

Since γ · my = mγ ·y and Γ acts freely on X , we have

γ · f2 ∈ mn
x ⊆ m

η(x)
x ∀γ ∈ Γ, γ �= 1.

Thus

α + g ⊗ m
η(x)
x = (a ⊗ f2) + g ⊗ m

η(x)
x = a ⊗ f + g ⊗ m

η(x)
x .

We also have

γ · f2 ∈ mn
y ⊆ m

η(y)
y ∀γ ∈ Γ, y ∈ Suppη \ {x},

and so

α ∈ g ⊗ m
η(y)
y ∀ y ∈ Suppη \ {x}. �
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Let Ξ be the character group of Γ . This is an abelian group, whose group operation we will write
additively. Hence, 0 is the character of the trivial one-dimensional representation, and if an irreducible
representation affords the character ξ , then −ξ is the character of the dual representation.

If Γ acts on an algebra B by automorphisms, it is well known that B = ⊕
ξ∈Ξ Bξ is a Ξ -grading,

where Bξ is the isotypic component of type ξ . It follows that (g ⊗ A)Γ can be written as

(g ⊗ A)Γ =
⊕
ξ∈Ξ

gξ ⊗ A−ξ , (2.2)

since g = ⊕
ξ gξ and A = ⊕

ξ Aξ are Ξ -graded and (gξ ⊗ Aξ ′ )Γ = 0 if ξ ′ �= −ξ . The decomposition
(2.2) is an algebra Ξ -grading.

Lemma 2.3. (See [NS, Lem. 4.4].) Suppose a finite abelian group Γ acts on a unital associative commutative
k-algebra A (and hence on X = Spec A) by automorphisms. Let A = ⊕

ξ∈Ξ Aξ be the associated grading on A,
where Ξ is the character group of Γ . Then the following conditions are equivalent:

(a) Γ acts freely on X, and
(b)

∏n
i=1 Iξi = (In)∑n

i=1 ξi
for all ξ1, . . . , ξn ∈ Ξ and any Γ -invariant ideal I of A. Here Iξ = I ∩ Aξ for ξ ∈ Ξ .

For a Lie algebra L, define Ln , n � 1, by

L1 = L, Ln = [
L, Ln−1], n > 1.

The following proposition, combined with Proposition 2.2, will allow us to define and deduce prop-
erties of finite-dimensional modules for equivariant map algebras from the corresponding notions for
untwisted map algebras.

Proposition 2.4. Every finite-dimensional (g⊗ A)Γ -module is annihilated by (g⊗ Iη)Γ for some η : Xrat → N

with Suppη ⊆ X∗ .

Proof. Suppose V is a finite-dimensional (g ⊗ A)Γ -module annihilated by (g ⊗ Iη)Γ for some finitely
supported η : Xrat → N. By Lemma 2.1, we can find η′ : Xrat → N with Suppη′ ⊆ X∗ and (g ⊗ Iη′)Γ ⊆
(g ⊗ Iη)Γ . Thus it suffices to prove that every finite-dimensional (g ⊗ A)Γ -module is annihilated by
some (g ⊗ Iη)Γ .

We first prove by induction that for any Γ -invariant ideal I of A,

(
(g ⊗ I)Γ

)m = (
g ⊗ Im)Γ ∀m � 1. (2.3)

The result is trivial for m = 1. Assume it is true for some m � 1. Then

(
(g ⊗ I)Γ

)m+1 = [
(g ⊗ I)Γ ,

(
(g ⊗ I)Γ

)m]
= [

(g ⊗ I)Γ ,
(
g ⊗ Im)Γ ]

(by the induction hypothesis)

=
[⊕

ξ∈Ξ

gξ ⊗ I−ξ ,
⊕
τ∈Ξ

gτ ⊗ (
Im)

−τ

]

=
∑

ξ,τ∈Ξ

[gξ ,gτ ] ⊗ I−ξ

(
Im)

−τ

=
∑

ξ,τ∈Ξ

[gξ ,gτ ] ⊗ (
Im+1)

−ξ−τ
(by Lemma 2.3)
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=
⊕
ξ∈Ξ

gξ ⊗ (
Im+1)

−ξ
(since g is semisimple)

= (
g ⊗ Im+1)Γ

.

Thus (2.3) holds.
Now let V be a finite-dimensional (g ⊗ A)Γ -module. Then there exists a filtration

0 = V 0 ⊆ V 1 ⊆ · · · ⊆ Vn = V ,

such that V i/V i−1 is an irreducible finite-dimensional (g ⊗ A)Γ -module for 1 � i � n. By Proposi-
tion 1.2, each V i/V i−1 is an evaluation module. Let ηi : Xrat → N be the characteristic function of the
support of V i/V i−1. Then (g ⊗ Iηi )

Γ · (V i/V i−1) = 0. In other words, (g ⊗ Iηi )
Γ · V i ⊆ V i−1.

Let ν = ∑n
i=1 ηi and η = nν . We claim that (g ⊗ Iη)Γ · V = 0. Since Iη = In

ν , it follows from (2.3)
that ((g⊗ Iν)Γ )n = (g⊗ Iη)Γ . Because Iν ⊆ Iηi , we have (g⊗ Iν)Γ ·V i ⊆ V i−1 for all 1 � i � n. Therefore

(g ⊗ Iη)Γ · V = (
(g ⊗ Iν)Γ

)n · V = 0. �
For functions η,η′ : Xrat → N with finite support, we write η � η′ if η(x) � η′(x) for all x ∈ Xrat.

Clearly

η � η′ ⇒ Iη ⊇ Iη′ ⇒ g ⊗ Iη ⊇ g ⊗ Iη′ .

Thus, for η � η′ , we have natural projections

(g ⊗ A)/(g ⊗ Iη′) � (g ⊗ A)/(g ⊗ Iη), (g ⊗ A)Γ /(g ⊗ Iη′)Γ � (g ⊗ A)Γ /(g ⊗ Iη)Γ .

Lemma 2.5. If η,η′ : Xrat → N are such that η � η′ and Suppη′ ⊆ X∗ , then the diagram

(g ⊗ A)Γ /(g ⊗ Iη′)Γ
∼=

(g ⊗ A)/(g ⊗ Iη′)

(g ⊗ A)Γ /(g ⊗ Iη)Γ
∼=

(g ⊗ A)/(g ⊗ Iη)

(2.4)

is commutative, where the horizontal maps are the isomorphisms induced by evaluation as in Proposition 2.2.

Proof. This is clear from the fact that both compositions in the diagram are induced from the com-
position

(g ⊗ A)Γ ↪→ g ⊗ A � (g ⊗ A)/(g ⊗ Iη). �
Suppose V is a finite-dimensional (g ⊗ A)Γ -module. By Proposition 2.4, there exists a function

η : Xrat → N, Suppη ⊆ X∗ , such that (g ⊗ Iη)Γ annihilates V . Therefore the action of (g ⊗ A)Γ on V
factors through (g ⊗ A)Γ /(g ⊗ Iη)Γ and the composition

g ⊗ A � (g ⊗ A)/(g ⊗ Iη) ∼= (g ⊗ A)Γ /(g ⊗ Iη)Γ → End V

defines an action of (g ⊗ A) on V . We denote the resulting (g ⊗ A)-module by V η .
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Lemma 2.6. Suppose V is a finite-dimensional (g ⊗ A)Γ -module that is annihilated by (g ⊗ Iη)Γ and

(g ⊗ Iη′)Γ for functions η,η′ : Xrat → N such that Suppη ∪ Suppη′ ⊆ X∗ . Then V η = V η′
as (g ⊗ A)-

modules.

Proof. Let τ = η + η′ . It is clear that (g ⊗ Iτ )Γ annihilates V . Since Suppτ = Suppη ∪ Suppη′ , it
follows from Lemma 2.5 that the diagram

(g ⊗ A)/(g ⊗ Iη)
∼=

(g ⊗ A)Γ /(g ⊗ Iη)Γ

g ⊗ A (g ⊗ A)/(g ⊗ Iτ )
∼=

(g ⊗ A)Γ /(g ⊗ Iτ )Γ End V

(g ⊗ A)/(g ⊗ Iη′)
∼=

(g ⊗ A)Γ /(g ⊗ Iη′)Γ

commutes, where the three isomorphisms in the middle are the inverses of the isomorphisms of
Proposition 2.2 induced by evaluation. It follows that V η = V τ = V η′

as (g ⊗ A)-modules. �
Definition 2.7 (Categories F , F Γ , Fx , and F Γ

x ). Let F and F Γ be the categories of finite-dimensional
representations of g ⊗ A and (g ⊗ A)Γ respectively. For x ∈ X∗ , define Fx (resp. F Γ

x ) to be the full
subcategory of F (resp. F Γ ) consisting of those representations whose irreducible constituents all
have support contained in x (resp. Γ · x).

Definition 2.8 (Twisting functor). We have a natural twisting functor T : F → F Γ defined by restricting
from g ⊗ A to (g ⊗ A)Γ . For any x ∈ X∗ , we have the induced functor Tx : Fx → F Γ

x .

Definition 2.9 (Untwisting functor). Fix x ∈ X∗ . By Proposition 2.4, every module V ∈ F Γ
x is annihilated

by some (g ⊗ Iη)Γ with Suppη ⊆ x. By Lemma 2.6, the modules V η are independent of the choice
of η. The untwisting functor Ux : F Γ

x → Fx is defined to be the functor that, on objects, maps V to
V η . Now suppose V , W ∈ F Γ

x and β : V → W is a morphism in F Γ
x . Since F Γ

x is a full subcategory
of F Γ , β : V → W is a morphism in F Γ , which means that it is a homomorphism of (g ⊗ A)Γ -
modules. Choose η : Xrat → N with support contained in x such that (g ⊗ Iη)Γ annihilates both V
and W . Then the action of (g ⊗ A)Γ on V and W factors through (g ⊗ A)Γ /(g ⊗ Iη)Γ . By definition,
it follows that β is also a homomorphism of (g ⊗ A)-modules from V η to W η . We define Ux(β) to
be this homomorphism. One easily sees that Ux respects composition of morphisms and hence is a
well-defined functor.

For a Γ -invariant subset Y of Xrat, let YΓ denote the set of subsets of Y containing exactly one
point from each Γ -orbit in Y . For ψ ∈ E Γ and x ∈ (Supp ψ)Γ , define

ψx : Xrat → P+, ψx(x) =
{

ψ(x) if x ∈ x,

0 if x /∈ x.

Theorem 2.10. For x ∈ X∗ , the twisting and untwisting functors have the following properties.

(a) The twisting functor T maps the isomorphism class evψ for ψ ∈ E , Suppψ ⊆ X∗ , to the isomorphism class
evΓ

Γ for ψΓ ∈ E Γ , where

ψ
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ψΓ (x) =
∑
γ ∈Γ

γ · ψ(
γ −1 · x

)
, x ∈ Xrat.

(b) The untwisting functor Ux maps the isomorphism class evΓ
ψ , ψ ∈ E Γ , to the isomorphism class evψx .

(c) The functors Tx and Ux are mutually inverse isomorphisms of categories.

Proof. Part (a) follows immediately from the definition of the evaluation representations given in
Section 1.

Now suppose x ∈ X∗ and V ∈ F Γ
x is irreducible and corresponds to ψ ∈ E Γ . Let ρ = (

⊗
x∈x ρx) ◦

evΓ
x be the corresponding representation. Then ρ factors through (g⊗ A)Γ /(g⊗ Ix)

Γ and so Ux(V ) is
the (g ⊗ A)-module given by the composition

g ⊗ A � (g ⊗ A)/(g ⊗ Ix)
∼=−→ (g ⊗ A)Γ /(g ⊗ Ix)

Γ ∼= gx
⊗

x∈x ρx−−−−→ End V .

Since this is precisely the evaluation representation (
⊗

x∈x ρx) ◦ evx of g ⊗ A, which is in the isomor-
phism class evψx , part (b) follows.

Suppose V ∈ Fx . Then V is annihilated by some g ⊗ Iη and the action of g ⊗ A on UxTx(V ) is
given by

g ⊗ A � (g ⊗ A)/(g ⊗ Iη)
∼=−→ (g ⊗ A)Γ /(g ⊗ Iη)Γ

∼=−→ (g ⊗ A)/(g ⊗ Iη) → End V ,

where the two isomorphisms are mutually inverse. Thus UxTx(V ) = V . One easily verifies that UxTx
is also the identity on morphisms and is therefore the identity functor on Fx . Similarly, TxUx is the
identity functor on F Γ

x . This proves part (c). �
Remark 2.11. Theorem 2.10 allows one to translate any reasonable question in the representation the-
ory of finite-dimensional modules for equivariant maps algebras, where Γ is abelian and acts freely
on X , to a corresponding question for untwisted map algebras (generalized current algebras). For in-
stance, it can be used to reduce the computation of extensions between irreducible finite-dimensional
(g ⊗ A)Γ -modules to the case of extensions of (g ⊗ A)-modules, which were considered in [Kod10].
In this way, one can give an alternate proof of [NS, Prop. 6.3].

3. Local Weyl modules

In this section, we define the local Weyl modules for equivariant map algebras. We begin by re-
viewing the local Weyl modules for untwisted map algebras.

Fix a triangular decomposition g = n− ⊕ h ⊕ n+ . Then we have a triangular decomposition of the
untwisted map algebra

g ⊗ A = (
n− ⊗ A

) ⊕ (h ⊗ A) ⊕ (
n+ ⊗ A

)
.

Let {ei,hi, f i}i∈I denote a set of Chevalley generators of g compatible with its triangular decomposi-
tion. In particular, the f i generate n− .

Definition 3.1 (Untwisted local Weyl module). Given ψ ∈ E , the (untwisted) local Weyl module W (ψ) is
the (g ⊗ A)-module generated by a nonzero vector wψ satisfying the relations

(
n+ ⊗ A

) · wψ = 0, (3.1)
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( f i ⊗ 1)λ(hi)+1 · wψ = 0, i ∈ I, where λ = wt ψ :=
∑
x∈x

ψ(x), (3.2)

α · wψ =
( ∑

x∈Supp ψ

ψ(x)
(
α(x)

))
wψ, α ∈ h ⊗ A. (3.3)

Proposition 3.2.

(a) (See [CFK10, Th. 2].) For every ψ ∈ E , W (ψ) is a finite-dimensional (g ⊗ A)-module.
(b) (See [CFK10, Prop. 5].) Let V be any finite-dimensional (g ⊗ A)-module generated by a nonzero element

v ∈ V such that

(
n+ ⊗ A

) · v = 0 and (h ⊗ A) · v = kv.

Then there exists ψ ∈ E such that the assignment wψ 
→ v extends to a surjective homomorphism
W (ψ) � V of (g ⊗ A)-modules.

For a subset Y ⊆ Xrat, let

IY = {
f ∈ A

∣∣ f (x) = 0 ∀x ∈ Y
}
.

For ψ ∈ E , we define Iψ = ISuppψ . Note then that Iψ = Iη as in (2.1) for

η : Xrat → N, η(x) =
{

1 if x ∈ Supp(ψ),

0 if x /∈ Supp(ψ).

Proposition 3.3.

(a) (See [CFK10, Prop. 9].) If ψ ∈ E with wt ψ = λ ∈ P+ , then

(
g ⊗ I N

ψ

) · W (ψ) = 0 ∀N � λ(hθ ),

where θ is the highest root for g and hθ is the corresponding coroot.
(b) (See [CFK10, Th. 3].) If ψ,ψ ′ ∈ E such that Suppψ ∩ Suppψ ′ = ∅, then

W
(
ψ + ψ ′) ∼= W (ψ) ⊗ W

(
ψ ′)

as (g ⊗ A)-modules.
(c) (See [CFK10, Lem. 6].) For ψ ∈ E , V (ψ) is the unique irreducible quotient of W (ψ) (see Definition 1.4).

Remark 3.4. In the case that A is the coordinate algebra of an affine algebraic variety, Proposition 3.2
and parts (a) and (b) of Proposition 3.3 are proven in [FL04] (Theorems 1, 2, and 5, and Proposition 7).

We now turn our attention to the equivariant map algebras. For a (g ⊗ A)-module U , let
ρU : g ⊗ A → Endk U be the corresponding representation.

Lemma 3.5. Suppose ψ ∈ E Γ and x ∈ (Suppψ)Γ . Then, for γ ∈ Γ ,

ρW (ψx) ◦ γ −1 ∼= ρW (ψγ ·x),

where γ · x = {γ · x | x ∈ x}.
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Proof. Let W (ψx)
γ be the (g ⊗ A)-module corresponding to the representation ρW (ψx) ◦ γ −1. Recall

that we identify g with the subalgebra g ⊗ k of g ⊗ A. Thus, via restriction, we can view W (ψx) and
W (ψx)

γ as g-modules. Recall that W (ψx) is a finite-dimensional g-module with wt W (ψx) ⊆ λ− Q + ,
where λ = ∑

x∈x ψ(x). It follows that W (ψx)
γ is a finite-dimensional g-module with wt W (ψx)

γ ⊆
γ · λ − Q + . Furthermore, the γ · λ weight space of W (ψx)

γ is one-dimensional since the λ weight
space of W (ψx) is one-dimensional.

We also know that W (ψx) has unique irreducible quotient V (ψx). By the definition of E Γ , we
have that ρV (ψx) · γ −1 ∼= ρV (ψγ ·x) . Thus W (ψx)

γ has unique irreducible quotient V (ψγ ·x). Let v ∈
W (ψx)

γ be a nonzero vector of weight γ ·λ and let U be the smallest (g⊗ A)-submodule of W (ψx)
γ

containing v . If U �= W (ψx)
γ , then U is contained in the unique maximal submodule of W (ψx)

γ . But
this contradicts the fact that the unique irreducible quotient of W (ψx)

γ has a nonzero γ · λ weight
space. Therefore U = W (ψx)

γ and so v is a cyclic vector. It then follows from Proposition 3.2(b)
that W (ψx)

γ is isomorphic to a quotient of W (ψγ ·x). By symmetry, W (ψγ ·x) is also isomorphic
to a quotient of W (ψx)

γ . Since these modules are finite-dimensional, we conclude that W (ψx)
γ ∼=

W (ψγ ·x). �
Proposition 3.6. Suppose ψ ∈ E Γ and x,x′ ∈ (Suppψ)Γ . Then the restriction to (g ⊗ A)Γ -modules of the
Weyl modules W (ψx) and W (ψx′ ) for g ⊗ A are isomorphic (as (g ⊗ A)Γ -modules).

Proof. We first prove the result in the case that the support of ψ consists of a single Γ -orbit. Suppose
x, x′ ∈ Suppψ . Then there exist a unique γ ∈ Γ such that x′ = γ · x. By Lemma 3.5, we have

ρW (ψx) ◦ γ −1 ∼= ρW (ψx′ ).

Since the restriction of the automorphism γ −1 to (g ⊗ A)Γ is trivial, it follows immediately that the
restrictions of ρW (ψx) and ρW (ψx′ ) to (g ⊗ A)Γ are isomorphic. The general result where the support
of ψ is a union of Γ -orbits now follows from Proposition 3.3(b). �
Definition 3.7 (Twisted local Weyl module). For ψ ∈ E Γ , we define WΓ (ψ) to be the restriction to
(g ⊗ A)Γ -modules of the Weyl module W (ψx) for g ⊗ A, for some choice of x ∈ (Suppψ)Γ . In other
words, WΓ (ψ) := T(W (ψx)). By Proposition 3.6, WΓ (ψ) is independent of the choice of x (up to
isomorphism). We call WΓ (ψ) the (twisted) local Weyl module of (g ⊗ A)Γ associated to ψ .

Lemma 3.8. For ψ ∈ E Γ and x ∈ (Suppψ)Γ , we have Ux(WΓ (ψ)) = W (ψx) and Ux(VΓ (ψ)) = V (ψx).

Proof. By definition, WΓ (ψ) = Tx(W (ψx)). Thus, by Theorem 2.10, we have

Ux
(
WΓ (ψ)

) = UxTx
(
W (ψx)

) = W (ψx).

The proof of the second statement is analogous (see the proof of Theorem 2.10(b)). �
Proposition 3.9 (Tensor product property). If ψ,ψ ′ ∈ E Γ have disjoint support, then WΓ (ψ + ψ ′) ∼=
WΓ (ψ) ⊗ WΓ (ψ ′).

Proof. Choose x ∈ (Suppψ)Γ and x′ ∈ (Suppψ ′)Γ . Then x ∩ x′ = ∅ and, by Proposition 3.3(b), we
have W (ψx + ψ ′

x′ ) ∼= W (ψx) ⊗ W (ψ ′
x′ ). Since x ∪ x′ ∈ (Supp(ψ + ψ ′))Γ , the proposition follows after

restricting to (g ⊗ A)Γ -modules. �
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4. Characterization of local Weyl modules by homological properties

In this section, we show that the local Weyl modules are characterized by homological properties,
extending results of [CFK10] to the equivariant setting.

For λ ∈ P , write λ = ∑
i∈I kiαi , ki ∈ Q, as a linear combination of simple roots, and define

ht λ :=
∑
i∈I

ki .

Recall the usual partial order on P given by

λ � μ ⇔ λ − μ ∈ Q +.

It is clear that

λ > μ ⇒ ht λ > htμ.

Since Γ acts on P+ via diagram automorphisms, it preserves the set of positive roots. Therefore, for
ψ ∈ E Γ , we have

∑
x∈Xrat

ht ψx(x) = ∑
x∈Xrat

ht ψx′ (x) for all x,x′ ∈ (Suppψ)Γ .

Definition 4.1 (Height function on E Γ ). Define the height of ψ ∈ E Γ to be

ht ψ =
∑

x∈Xrat

ht ψx(x) for some x ∈ (Suppψ)Γ .

By the above discussion, this definition is independent of the choice of x.

For a finite-dimensional (g ⊗ A)Γ -module M and ψ ∈ E Γ , let multψ M denote the multiplicity of
evΓ

ψ in M . In other words, multψ M is the number of (irreducible) composition factors of M in the

isomorphism class evΓ
ψ .

Definition 4.2 (Maximal weight module). We call a finite-dimensional (g ⊗ A)Γ -module M a maximal
weight module of maximal weight ψ if multψ M = 1 and, for all ϕ �= ψ ,

multϕ M �= 0 ⇒ htϕ < ht ψ.

Lemma 4.3. The local Weyl module WΓ (ψ) is a maximal weight module of maximal weight ψ .

Proof. If Γ = {1}, the result follows from the fact that the g-weights of W (ψ) lie in wtψ − Q +
by Definition 3.1. Suppose now Γ �= {1} and let ψ ∈ E Γ . Then for any x ∈ (Suppψ)Γ , we have, by
Lemma 3.8, Ux(WΓ (ψ)) = W (ψx). By Proposition 3.3(a), we have that all constituents of W (ψx) have
support contained in x. Thus

multϕ W (ψx) �= 0 ⇒ V (ϕ) ∈ Fx.

By Theorem 2.10 and Lemma 3.8, we then have

multϕ WΓ (ψ) = multϕx W (ψx).
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Thus, for ϕ �= ψ (hence ϕx �= ψx),

multϕ WΓ (ψ) �= 0 ⇒ multϕx W (ψx) �= 0

⇒ wtϕx < wtψx

⇒ htϕ = htϕx < htψx = ht ψ,

where the second implication follows again from the fact that the g-weights of W (ψx) lie in
wt ψx − Q + by Definition 3.1. �

Recall that, for ψ ∈ E , we have wtψ = ∑
x∈Xrat

ψ(x). It is clear that wt ψ is the maximal g-weight
occurring in V (ψ). We have the following characterization of untwisted local Weyl modules in terms
of homological properties.

Proposition 4.4. (See [CFK10, Prop. 8].) Let M be a maximal weight (g ⊗ A)-module of maximal weight ψ .
Then M ∼= W (ψ) if and only if

HomF
(
M, V (ϕ)

) = 0 and Ext1
F

(
M, V (ϕ)

) = 0

for all ϕ ∈ E with wt(V (ϕ)) ⊆ (wt ψ − Q +) \ {wtψ}.

We want to reformulate this theorem and generalize it to the case of equivariant map algebras.

Theorem 4.5. Let M be a maximal weight (g ⊗ A)Γ -module of maximal weight ψ . Then M ∼= WΓ (ψ) if and
only if

HomF Γ

(
M, VΓ (ϕ)

) = 0 and Ext1
F Γ

(
M, VΓ (ϕ)

) = 0 ∀ϕ ∈ E Γ with ht(ϕ) < ht(ψ). (4.1)

Proof. We first prove the theorem in the case Γ = {1}, where it is a slightly modified version of
Proposition 4.4. In this case (g ⊗ A)Γ = g ⊗ A and WΓ (ψ) = W (ψ). We first want to show that
W (ψ) satisfies

HomF
(
W (ψ), V (ϕ)

) = 0 and Ext1
F

(
W (ψ), V (ϕ)

) = 0

for all ϕ ∈ E with ht(ϕ) < ht(ψ). Since the group Γ is trivial, all finite-dimensional (g ⊗ A)-modules
are also g-modules via the identification of g with g ⊗ k ⊆ g ⊗ A. Thus we have weight space decom-
positions as g-modules.

Let λ = wt ψ . Since htϕ < ht ψ , we have λ /∈ wt(ϕ) − Q + and so V (ϕ)λ = 0. Since W (ψ) is gener-
ated by W (ψ)λ , this implies HomF (W (ψ), V (ϕ)) = 0.

Now suppose we have an extension of (g ⊗ A)-modules

0 → V (ϕ) → E → W (ψ) → 0. (4.2)

Let wλ be the preimage in E of a maximal weight vector of W (ψ). Since λ /∈ wt(ϕ) − Q + , we have
dim Eλ = 1, and so wλ is unique up to nonzero scalar multiple. Also, (n+ ⊗ A) · wλ = 0 and so we
have an exact sequence

0 → U → U (g ⊗ A) · wλ → W (ψ) → 0 (4.3)



402 G. Fourier et al. / Journal of Algebra 350 (2012) 386–404
where U is a g ⊗ A-module with Uλ = 0. Since wt(U (g ⊗ A) · wλ) ⊆ λ − Q + , we have wt(U ) ⊆
(λ − Q +) \ {λ}. Thus Proposition 4.4 implies that (4.3) splits, which in turn implies that (4.2) splits.
Thus E is the trivial extension. Therefore Ext1

F (W (ψ), V (ϕ)) = 0.
On the other hand, suppose M satisfies (4.1). We claim that M also satisfies the properties charac-

terizing W (ψ) as given in Proposition 4.4. Let ϕ ∈ E with wt(V (ϕ)) ⊆ (λ − Q +) \ {λ}. Then wtϕ < λ,
hence ht(ϕ) < ht(ψ). The claim then follows from (4.1). Hence the theorem is true for Γ = {1}.

Now consider the case of arbitrary Γ . Let ϕ ∈ E Γ with ht(ϕ) < ht(ψ). We would first like to show
that

HomF Γ

(
WΓ (ψ), VΓ (ϕ)

) = 0 and Ext1
F Γ

(
WΓ (ψ), VΓ (ϕ)

) = 0.

Let τ ∈ HomF Γ (WΓ (ψ), VΓ (ϕ)) be nonzero. Then τ is surjective since VΓ (ϕ) is irreducible, and so
VΓ (ϕ) is isomorphic to a quotient of WΓ (ψ). By Proposition 2.4 there exists η, Suppη ⊆ X∗ , such
that WΓ (ψ) (hence also VΓ (ϕ)) is annihilated by (g ⊗ Iη)Γ . Let x = Suppη. Then

HomF Γ

(
WΓ (ψ), VΓ (ϕ)

) ∼= HomF Γ
x

(
WΓ (ψ), VΓ (ϕ)

)
.

Now, by Theorem 2.10 and Lemma 3.8, we have

HomF Γ
x

(
WΓ (ψ), VΓ (ϕ)

) ∼= HomFx

(
W (ψx), V (ϕx)

)
.

Since htϕx = htϕ < ht ψ = ht ψx , we conclude HomFx (W (ψx), V (ϕx)) = 0 since we know the theo-
rem is true in the untwisted case. Thus τ = 0 and so HomF Γ (WΓ (ψ), VΓ (ϕ)) = 0.

Now let

0 → VΓ (ϕ) → E → WΓ (ψ) → 0 (4.4)

be an extension of (g ⊗ A)Γ -modules with htϕ < htψ . Since E is finite-dimensional, by Proposi-
tion 2.4 there exists η, Suppη ⊆ X∗ , such that (g ⊗ Iη)Γ · E = 0. But this implies

(g ⊗ Iη)Γ · WΓ (ψ) = 0 and (g ⊗ Iη)Γ · VΓ (ϕ) = 0.

Thus (4.4) is an exact sequence in F Γ
x for x = Suppη and hence, by Theorem 2.10 and Lemma 3.8,

0 → V (ϕx) → Ux E → W (ψx) → 0 (4.5)

is a short exact sequence in Fx . Since htϕx = htϕ < htψ = ht ψx , (4.5) splits by the fact that
the theorem is true in the untwisted case. Then Theorem 2.10 implies that (4.4) splits. So
Ext1

F Γ (WΓ (ψ), VΓ (ϕ)) = 0.

On the other hand, suppose M satisfies (4.1). We would like to show that M ∼= WΓ (ψ). Fix
x ∈ (Supp M)Γ . Then M ∈ F Γ

x and so UxM is a module in Fx . By Theorem 2.10 and Lemma 3.8,
it suffices to show that UxM ∼= W (ψx). Since M is a maximal weight module of maximal weight ψ ,
we have Suppψ ⊆ Supp M , hence x ∩ (Supp ψ) ∈ (Suppψ)Γ and UxM is a maximal weight module
of maximal weight ψx . In particular, this implies that the g-weight space of UxM of weight wt ψx is
one-dimensional.

Let mψ be a nonzero element of (UxM)wt ψx . We claim that UxM is cyclic and generated by mψ .
Indeed, if this were not the case, then the submodule generated by v , where v is in a g-complement
of U (g ⊗ A) · mψ would have an irreducible quotient V (ϕ), with htϕ < ht ψ and Suppϕ ⊆ x. Then
Tx(V (ϕ)) = VΓ (ϕΓ ) would be an irreducible object of F Γ

x . Again by Theorem 2.10, we would have

HomFx

(
UxM, V (ϕ)

) �= 0 ⇒ HomF Γ

(
M, VΓ

(
ϕΓ

)) �= 0,

x
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which contradicts (4.1) since htϕΓ = htϕ < htψ . By Proposition 3.2(b), UxM is a quotient of W (ψx).
It remains to show that it is not a proper quotient. We have (UxM)μ = 0 for all μ > λ, so (n+ ⊗ A) ·
mψ = 0, which implies we have an exact sequence

0 → U → W (ψx) → UxM → 0

with U an object of Fx satisfying Uλ = 0 and wt(U ) ⊆ λ − Q + . Applying Tx , we have

0 → TxU → WΓ (ψ) → M → 0. (4.6)

Now applying HomF Γ
x

(−, VΓ (ϕ)), for ϕ ∈ E Γ with Suppϕ ⊆ x, to the short exact sequence (4.6), we
obtain the long exact sequence

0 → HomF Γ
x

(
M, VΓ (ϕ)

) → HomF Γ
x

(
WΓ (ψ), VΓ (ϕ)

) → HomF Γ
x

(
TxU , VΓ (ϕ)

)
→ Ext1

F Γ
x

(
M, VΓ (ϕ)

) → ·· · .

By (4.1), we have

HomF Γ
x

(
WΓ (ψ), VΓ (ϕ)

) = HomF Γ

(
WΓ (ψ), VΓ (ϕ)

) = 0 and

Ext1
F Γ

x

(
M, VΓ (ϕ)

) = Ext1
F Γ

(
M, VΓ (ϕ)

) = 0

when htϕ < htψ . Thus HomF Γ
x

(TxU , VΓ (ϕ)) = 0, whenever htϕ < ht ψ . Since all irreducible subquo-
tients VΓ (ϕ) of TxU satisfy Suppϕ ⊆ x and htϕ < ψ , we have TxU = 0 and hence U = 0. Thus the
theorem follows. �

The following corollary is a twisted version of Proposition 3.2(b). Condition (4.7) below should be
thought of as a twisted analogue of the condition in Proposition 3.2(b) that M is cyclicly generated
by the vector v .

Corollary 4.6. Let M be a maximal weight (g ⊗ A)Γ -module of maximal weight ψ ∈ E Γ such that

HomF Γ

(
M, V (ϕ)

) = 0 (4.7)

for all ϕ ∈ E Γ with htϕ < ht ψ . Then M is a quotient of WΓ (ψ).

Proof. This follows from the proof of Theorem 4.5. �
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