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Abstract

The position of a localized region of active neurons (a “bump”) has been proposed to encode information for working
memory, the head direction system, and feature selectivity in the visual system. Stationary bumps are ordinarily stable, but
including spike frequency adaptation in the neural dynamics causes a stationary bump to become unstable to a moving bump
through a supercritical pitchfork bifurcation in bump speed. Adding spatiotemporal noise to the network supporting the bump
can cause the average speed of the bump to decrease to almost zero, reversing the effect of the adaptation and “restabilizing”
the bump. This restabilizing occurs for noise levels lower than those required to break up the bump. The restabilizing can
be understood by examining the effects of noise on the normal form of the pitchfork bifurcation where the variable involved
in the bifurcation is bump speed. This noisy normal form can be further simplified to a persistent random walk in which the
probability of changing direction is related to the noise level through an Arrhenius-type rate. The probability density function of
position for the continuous-time version of this random walk satisfies the telegrapher’s equation, and the closed-form solution
of this PDE allows us to find expressions for the mean and variance of the average speed of the particle (the bump) undergoing
the random walk. This noise-induced stabilization is a novel example in which moderate amounts of noise have a beneficial
effect on a system, specifically, stabilizing a spatiotemporal pattern. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

There has been much recent interest in spatially localized patches of active neurons (“bumps”) as models for
feature selectivity in the visual system [3,4,14], the head direction system [37], and working memory [5,12,22,43].
Both rate models [2,3,6,14,37], in which the firing rates of cells are the variables of interest, and networks of spiking
neurons [4,5,12,22,38], in which the cells communicate by firing voltage “spikes”, have been used in the study of
such structures.

Spike frequency adaptation, in which the discharge frequency of a neuron slowly decreases under a constant
stimulus, is ubiquitous in cortical neurons [25]. One previous study of rate and spiking models capable of bump
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formation, [14], noted that the inclusion of adaptation caused previously neutrally stable stationary bumps to become
unstable, with bumps that travel at a constant speed being stable instead. This presumably has a deleterious effect
on the systems mentioned above which are thought to be capable of sustaining stationary bumps. The main purpose
of our work is to show that the addition of noise to such a system can counteract the destabilizing influence of
adaptation. This “restabilizing” occurs in both spiking and rate models, and is an example, similar in spirit to
stochastic resonance [9,44] and noise-enhanced propagation [17,26], of a situation in which moderate amounts of
noise are necessary for a system to behave in an optimal fashion. In the neural context of interest here, noise is
associated with random synaptic firing, as well as conductance fluctuations, both common in real neural systems [28].

To analyze the effect of the noise, we study a spatially-extended rate model that can be reduced to a set of
six ordinary differential equations, and then show that this system of ODEs undergoes a supercritical pitchfork
bifurcation [11] in bump velocity as the strength of the adaptation is increased—this is the source of the destabilization
of a stationary bump as a result of including adaptation. We add noise to the normal form of the associated supercritical
pitchfork bifurcation, where the variable undergoing the bifurcation is velocity, and investigate the effect of this
noise on the total distance traveled (the time integral of the velocity) after the bifurcation has occurred, i.e. when
the noise-free normal form has two stable non-zero velocity values of opposite sign. We see that for low noise
values the distance traveled is proportional to time, but for larger noise values the instantaneous velocity will change
signs, leading to some cancellation in the integral, and resulting in a smaller net distance traveled, as is observed in
simulations of the spatially-extended networks.

We show that this switching in the noisy pitchfork bifurcation, where the velocity is a continuous variable, can
be further simplified to a persistent random walk [31] in which a particle moves at a constant speed to either the
right or the left on a line, and the probability of changing direction is constant (and related to the noise level through
an Arrhenius-type rate). Both discrete and continuous-time versions of this random walk are discussed. In the
continuous-time version, the position of the particle is the time integral of Markovian dichotomous noise [16,40].
The probability density function satisfies the telegrapher’s equation [15,31,40], which has an explicit solution,
enabling us to find expressions for the mean and variance of the average distance moved during a fixed time for
different noise levels.

The analysis of these random walks provides a good explanation for, and qualitative agreement with, the behavior
seen in the full spiking neuron model. Furthermore, our analysis provides a novel example in which moderate amounts
of noise have a beneficial effect on a system, since for the models mentioned above, moving bumps are undesirable.

While we have considered only neural systems, other model and experimental systems show spatially localized
“spots” which can be made to travel at arbitrarily low speeds by changing a parameter [18,21,33,34,39], and similar
restabilization by noise may be possible in these systems.

In Section 2, we show that adaptation in a network of spiking neurons destabilizes a stationary bump, as has been
observed before [14], but Gaussian white noise restabilizes it. In Section 3, we show the same phenomenon in a
rate model, and show that colored noise is even more effective than Gaussian white noise at stabilizing a bump. In
Section 4, we convert the rate model studied in the previous section to a set of six ODEs, and show that the bump
velocity undergoes a pitchfork bifurcation as adaptation strength is increased. Section 5 discusses the persistent
random walk as a model for bump motion and Section 6 provides a summary. Appendix A has a derivation of the
solution of the telegrapher’s equation.

2. Spiking model

In this section we demonstrate the phenomenon of noise-induced stabilization of “bumps” in a one-dimensional
network ofN integrate-and-fire neurons [4,22] with adaptation. The coupling extends beyond nearest-neighbor and
involves local excitation and longer-range inhibition. The domain is a circle (similar networks have been used to
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model head direction [37] and feature selectivity in the visual system [3,4,14], and such a domain is natural in these
models). The equations governing the voltages,Vi , and adaptation currents,ai , are

dVi

dt
= Ii − ai − Vi + 1

N

∑
j,m

Jijα(t − tmj ) −
∑
l

δ(t − t li ) (1)

τa
dai
dt

= A
∑
l

δ(t − t li ) − ai (2)

for i = 1, . . . , N , where the subscripti indexes the neurons,tmj is themth firing time of neuronj , defined to be the
times at whichVj crosses 1 from below, andδ(·) is the Dirac delta, used to reset the voltage to zero and increment
a. The functionα(t) is a post-synaptic current, which we take to beβe−βt for t ≥ 0 and zero otherwise;Ii is the
constant current applied to neuroni. The connection strength between neuroni and neuronj is Jij. The sums over
m and l extend over the entire firing history of the neurons in the network and the sum overj extends over the
whole network. The variableai is incremented by an amountA/τa wheneverVi reaches 1 from below, and decays
exponentially with time constantτa otherwise.

ForA = 0, the system Eq. (1) is known to support “bumps”, spatially localized patches of active neurons [22].
Since the network is invariant with respect to spatial translation, there is actually a continuum of bumps, parametrized
by their spatial location [14,22]. For smallA, this behavior persists, but asA is increased further, a stationary bump
loses stability to a traveling bump that can travel either leftwards or rightwards. Fig. 1 shows the absolute value of
the speed of a bump as a function ofA (adaptation strength), and an example of a traveling bump is shown in Fig.
2, left. Parameters for Figs. 1–3 areIi = 0.95,N = 60,τa = 5,β = 0.5 and

Jij = 5.4
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Fig. 1. Absolute value of the speed of a bump during a period of 480 time units for the spiking neuron model, Eqs. (1) and (2) as a function
of A. Error bars are±1 standard deviation from the mean. Different initial conditions lead to slightly different values of speed, as Eqs. (1) and
(2) describe a highly non-linear and high-dimensional, possibly chaotic, deterministic dynamical system (e.g. note the fluctuations about the
smooth motion in Fig. 2, left panel).



152 C.R. Laing, A. Longtin / Physica D 160 (2001) 149–172

Fig. 2. Rastergrams of the activity in the integrate-and-fire network Eqs. (1) and (2). Left panel:σ = 0 (i.e. no noise), right panel:σ = 0.3.
A = 0.2 for both. A “dot” represents the firing of an individual neuron. The sloped bands represent moving localized bumps of activity (recall
that the boundary conditions are periodic). The fluctuations in bump size and shape in the left panel are of deterministic origin—see text for
discussion.

i.e. neurons excite nearby neighbors but inhibit distant ones. This form of coupling is sometimes referred to as
“Mexican-hat” [6], and is prevalent in many parts of the nervous system. Note thatJij depends only on the difference
|i − j |.

The reason that adaptation causes a bump to move is as follows: adaptation can be thought of as a slow,
activity-dependent subtractive current. Once a bump is moving, this subtractive current will be greater in mag-
nitude at the trailing edge of the bump than at the leading edge, as the neurons at the trailing edge have been firing
for longer. Since bumps are “attracted” to injections of positive current [6,14] (and “repelled” by negative current),
the adaptation current will cause the bump to continue moving. A small asymmetry in initial conditions is sufficient
to start the bump moving.

We add noise to the system by adding/subtracting (with equal probability, so the mean current is unchanged)
current pulses of the formσe−t/τI (t > 0) to/from eachIi . The arrival times of these pulses are chosen from a
Poisson distribution with mean rate 0.075 Hz, and there is no correlation between arrival times for different neurons
(i.e. the noise is zero-mean shot noise [35]).τI has the value 0.4. Adding noise in this form can significantly decrease
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Fig. 3. Absolute value of the average speed of a bump during a period of 480 time units as a function of noise level, for the spiking neuron
model, Eqs. (1) and (2). Parameter values are given in the text. Dashed lines are±1 standard deviation from the mean. We have setA = 0.2.

the effective speed of the bump. An example is shown in Fig. 2 (right panel). Here, the speed is no longer constant,
but we can easily measure the average speed during a simulation of fixed duration—it is the ratio of the distance
moved by the center of the bump during the simulation to the duration of the simulation. Note that increasing the
noise intensity far enough will break up the bump (not shown), as the noise will then dominate the coupling that
keeps the bump together. Thus, stabilization occurs before break-up as noise intensity is increased.

The absolute value of this average speed during simulations of fixed duration as a function of noise level,σ , is
shown in Fig. 3. The standard deviation of the absolute value of the average speed is also shown. For this Figure, and
other similar ones, the absolute value of the average speed is〈|x(t)|〉/t , wherex(t) is the distance traveled during
time t and the angled brackets indicate averages over realizations, and the standard deviation of this quantity is
calculated using

√
〈|x(t)|2〉 − 〈|x(t)|〉2/t . We see that there are two regimes, with a rapid transition between them.

For low noise,σ < 0.03, the bump travels at a constant, large velocity, to either the right or the left, but without
switches in direction, an example being Fig. 2, left. For strong noise, 0.1 < σ , the bump’s average speed is low, as
the noise seems to disrupt the mechanism (adaptation) that is responsible for the destabilization of the stationary
bump. An example is Fig. 2, right. In the transition regime, 0.03 < σ < 0.1, the bump travels at a nearly constant
speed, but makes one or more abrupt switches in direction during the simulation (not shown), leading to a smaller
average velocity. It is this effective “slowing down” of the bump (in the sense that the average speed during a fixed
amount of time is reduced, rather than the instantaneous speed) that we are concerned with in this paper.

The fact that noise stabilizes a bump before breaking it up in the system Eqs. (1) and (2) is in contrast with the
behavior seen in, e.g. a network of diffusively coupled Fitzhugh–Nagumo excitable elements:

dui

dt
= ui − 1

3u
3
i − vi + D

(
ui+1 − 2ui + ui−1

(δx)2

)
(4)

dvi
dt

= ε(ui − γ vi + b) + ξ(t) (5)
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Fig. 4. The effects of Gaussian white noise on a traveling wave solution in a one-dimensional ring of Fitzhugh–Nagumo excitable cells, Eqs. (4)
and (5). Noise with intensityσ is introduced att = 300. Boundary conditions are periodic, and parameters areD = 1, δx = 1, ε = 0.005,
γ = 0.5 andb = 0.6; u is plotted, with black representing high values and white, low values.

whereξ(t) is a Gaussian white noise term with〈ξ(t)〉 = 0 and〈ξ(t)ξ(s)〉 = 2σδ(t − s). A traveling wave for this
network is shown in Fig. 4, and noise with two different intensities is added after some time. Small noise intensities
(Fig. 4, left) cause fluctuations in the wave’s profile but do not significantly affect its speed, whereas larger intensities
(Fig. 4, right) cause the wave to break up rather than slow down.

3. Rate model

In this section we study a rate model that includes adaptation. Rate models differ from spiking models in that
the quantity of interest is the rate of spiking. Using this description of a network often allows the use of analytical
methods [6]. The rate model we use is given as

∂u(x, t)

∂t
= −u(x, t) +

∫
Ω

J(x − y)F [I (y, t) + u(y, t) − a(y, t)] dy (6)

τa
∂a(x, t)

∂t
= Au(x, t) − a(x, t) (7)

Here, we have letN → ∞, so that space(x) is a continuous variable;Ω is the domain,u(x, t) is the synaptic input
to neurons at positionx, anda(x, t) is the adaptation current at positionx. F [w] is a transfer function that converts
the current flowing into a neuron,w, to the activity of that neuron. Eq. (6), witha = 0, has been discussed by a
number of authors [2,6,22] with respect to the formation of stationary patterns of activity (bumps). Laing and Chow
[22] showed that an equation of the form Eq. (6) could be derived from a network of integrate-and-fire neurons
under the assumptions that the post-synaptic current,α(t), was a Dirac delta function, and that the neurons were
firing asynchronously. The functionF [·] was the “f –I curve”, or the function giving the frequency of firing for a
constant input current,I , for an isolated integrate-and-fire neuron.
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Adaptation was included in Eqs. (1) and (2) as a subtractive current, and we keep that form in Eqs. (6) and (7).
We wanta(x, t) to increase when the neurons atx are active and decay back to zero otherwise, on a time-scale
given byτa . Thus it would be more appropriate to useF [I + u(x, t) − a(x, t)] instead ofu(x, t) as the “drive”
for a in Eq. (7). However, our choice of usingu(x, t) considerably simplifies the later analysis, and the effect
that we are investigating (stabilization by noise of bumps that have been destabilized by adaptation) is observed
in Eqs. (6) and (7), as well as in these equations withu(x, t) in Eq. (7) replaced byF [I + u(x, t) − a(x, t)]
(not shown).

Eqs. (6) and (7) are similar to those studied in [14]. These authors also saw destabilization of a stationary bump
to a moving bump as the strength of adaptation was increased, and the velocity of the moving bump increased
monotonically with adaptation strength.

In a similar way to the system described by Eqs. (1), (2), (6) and (7) also supports stationary bumps whenA is small,
which become unstable to traveling bumps asA is increased (see Fig. 8 for a plot of speed versusA). The parameter
values used areI = −0.1,A = 0.2 andτa = 5, withJ (x) = 0.05+0.24 cosx andF [u] = 0.5[1+ tanh 10u]. The
domain,Ω, is the line, [0,2π), with periodic boundary conditions. The system is integrated by spatially discretizing
it to 100 points, giving a system of 200 coupled ODEs. Explicitly, they are

dui

dt
= −ui + 2π

100

100∑
j=1

JijF [Ij + uj − aj ] (8)

τa
dai
dt

= Aui − ai (9)

for i = 1, . . . ,100, whereJij = J (2π |i − j |/100) andIj = −0.1 for all j .

3.1. Gaussian white noise

First we consider adding independent Gaussian white noise terms,ξi(t), to each of the differential equations for
theai , i.e. we replace Eq. (9) with

τa
dai
dt

= Aui − ai + ξi(t) (10)

where〈ξi(t)〉 = 0, 〈ξi(t)ξj (s)〉 = 2Dνijδ(t − s), andνij = 0 if i = j , and 1 ifi = j . As with the spiking model,
the average speed of these traveling bumps can be markedly reduced by adding noise to the system, as shown in
Fig. 5, even though in this case the noise has a continuous state space, rather than being shot noise as in the spiking
neuron model of Section 2.

Fig. 5 is qualitatively similar to Fig. 3, but there is a difference with regard to the variability of bump speed at
low noise levels. For low noise levels, a traveling bump in the rate model has a well-defined velocity, but in the
full spiking model a traveling bump is the result of the collective behavior of a number of units, each of which
has its own spiking dynamics. Even if no noise is added to the system, these dynamics contribute to fluctuations
in any quantity associated with the network as a whole, and lead to the relatively large fluctuations in the speed
of the bump at low noise levels in Fig. 3. These fluctuations do not appear in Fig. 5 because the rate model is
derived from a network with an infinite number of asynchronous neurons whose fluctuations average out. The
deterministic fluctuations in bump size and shape seen in Fig. 2, left, may actually act in the same way as the noise
does in Fig. 2, right, stabilizing the bump to some extent, although obviously not to the same extent as the external
noise.
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Fig. 5. Absolute value of the average speed of a bump during a period of 750 time units as a function of noise level, for the spatially-discretized
rate model, Eqs. (8) and (10). Parameter values are given in the text. Dashed lines are±1 standard deviation from the mean.

3.2. Colored noise

In this section we investigate the effect of temporal correlations in the noise process. We do this by adding
independent colored noise terms,ηi(t), to each of the differential equations for theai , i.e. we replace Eq. (9) with

τa
dai
dt

= Aui − ai + ηi(t) (11)

where〈ηi(t)〉 = 0, {〈ηi(t)ηj (s)〉} = ενij e−|t−s|/τ , νij is as in Section 3.1, and{· · · } indicates averaging over the
initial distribution ofη(0) values, taken from a Gaussian with mean zero and varianceε [7]. This type of noise,
known as Ornstein–Uhlenbeck noise, also has a continuous state space.

Fig. 6, top, shows a plot of the absolute value of the average speed as a function of noise power,ε, for different
correlation times,τ , as well as for frozen (i.e. time independent) noise taken from the same distribution from which
theη(0) values are chosen. Fig. 6, bottom, shows the standard deviation of the absolute value of the average speed,
plotted separately for clarity. Note the rise and then fall of the standard deviation as noise strength is increased—
this behavior is explained qualitatively in Section 5.2. The qualitative behavior (slowing down of the bump) does
not depend on the noise correlation time, but it is clear that when the noise level is high enough to significantly
slow the bump, a larger value ofτ leads to a smaller average velocity. This can be understood in terms of the
limiting case, frozen noise, where the noise can “pin” the bump so that it has zero velocity for all time, with the
spatial disorder overcoming the adaptation-induced tendency to move (see [14,22] for examples of the pinning of
a bump with spatial disorder in networks of spiking neurons. A similar phenomenon is the failure of a calcium
wave to propagate due to inhomogeneities [42]). When the noise is correlated over a significant amount of time,
τ , it is possible for the bump to be pinned for an amount of time comparable to this before moving again when
the noise has significantly changed. These “pinning episodes” contribute to the lower average velocity. Thus,
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Fig. 6. Top: absolute value of the average speed of a bump during a period of 750 time units as a function of colored noise level or “power”,ε,
for the spatially-discretized rate model, Eqs. (8) and (11). Bottom: standard deviation of the absolute value of the average speed. The standard
deviation is zero only for strong enough frozen noise. See text for details of the noise.

externally imposed (and slowly varying) disorder may be more effective in slowing the bump than fast intrinsic
noise.

This behavior is further illustrated in Fig. 7, where we show the absolute value of the average speed (top) and
average of the absolute value of the instantaneous speed (bottom) as functions of correlation time,τ , for a noise
intensity sufficient to significantly slow the bump. It is clear that for both measures of speed, bump speed decreases
as the noise correlation time increases. The absolute value of the average speed is a measure of how far the bump
is from its starting position after a fixed amount of time, and is perhaps the most relevant quantity in a model of
working memory (where bump position encodes some feature of the memory), but measuring the average of the
absolute value of the instantaneous speed gives a better indication of the fraction of time that a bump is “pinned”
during a particular simulation.

Adding spatial correlations to the noise, as in e.g. [36], may change the effect of noise on the bump, but we do
not investigate that here.
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Fig. 7. Top: absolute value of the average speed of a bump during a period of 2400 time units as a function of noise correlation time,τ , for
Eqs. (8) and (11). Noise powerε = 0.1. Bottom: average of the absolute value of the instantaneous speed. Dashed lines indicate±1 standard
deviation.

4. Reduction to ODEs

Having satisfied ourselves that the rate model in Section 3 behaves qualitatively the same as the full spiking
model in Section 2, both with and without noise, we will now show that the bifurcation from stationary to trav-
eling bumps in Eqs. (6) and (7) is a pitchfork bifurcation [11]. By an appropriate choice of the functionJ in
Eq. (6), we can reduce the system Eqs. (6) and (7) to a set of six ordinary differential equations. Consider the
system, Eqs. (6) and (7), whereΩ = [0,2π) with periodic boundary conditions andJ (v) = B + C cosv, so
thatJ (x − y) = B + C cosx cosy + C sinx siny (if C is positive, this choice ofJ can be thought of as the first
two terms in a Fourier series expansion of a “Mexican-hat” typeJ [3,14]). We can expandu anda as Fourier
series inx, but by doing so and then substituting into Eqs. (6) and (7), one can see that coefficients of terms of
the form cosnx and sinnx for n > 1 will decay exponentially to zero, so we do not include terms of this form in
the expansion. We writeu(x, t) = α(t) + R(t) cos(x − θ(t)) anda(x, t) = γ (t) + κ(t) cos(x − θ(t) − ψ(t)),
whereR andκ are positive.u has a maximum atx = θ , anda has a maximum atx = θ + ψ , soψ measures the
“phase lag” between the maxima ofuanda. Substituting these expressions foru(x, t)anda(x, t) into Eqs. (6) and (7),
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we obtain

dα

dt
+ cos(x − θ)

dR

dt
+ R sin(x − θ)

dθ

dt

= −[α + R cos(x − θ)] + B

∫ 2π

0
F [I + α + R cos(y − θ) − γ − κ cos(y − θ − ψ)] dy

+C cosx

∫ 2π

0
F [I + α + R cos(y − θ) − γ − κ cos(y − θ − ψ)] cosy dy

+C sin x

∫ 2π

0
F [I + α + R cos(y − θ) − γ − κ cos(y − θ − ψ)] siny dy (12)

and

τ

[
dγ

dt
+ cos(x − θ − ψ)

dκ

dt
+ κ sin(x − θ − ψ)

(
dθ

dt
+ dψ

dt

)]
= A[α + R cos(x − θ)] − [γ + κ cos(x − θ − ψ)] (13)

Fourier transforming these equations, we obtain the six ODEs:

dα

dt
= −α + Bf(α − γ,R, κ, ψ) (14)

dR

dt
= −R + C[g(α − γ,R, θ, κ, ψ) cosθ + h(α − γ,R, θ, κ, ψ) sin θ ] (15)

dθ

dt
= C

R
[h(α − γ,R, θ, κ, ψ) cosθ − g(α − γ,R, θ, κ, ψ) sin θ ] (16)

τ
dγ

dt
= Aα − γ (17)

τ
dκ

dt
= AR cosψ − κ (18)

dψ

dt
= −AR sin ψ

τκ
− dθ

dt
(19)

where

f (α − γ,R, κ, ψ) =
∫ 2π

0
F [I + α − γ + R cosy − κ cos(y − ψ)] dy (20)

g(α − γ,R, θ, κ, ψ) =
∫ 2π

0
F [I + α − γ + R cos(y − θ) − κ cos(y − θ − ψ)] cos y dy (21)

h(α − γ,R, θ, κ, ψ) =
∫ 2π

0
F [I + α − γ + R cos(y − θ) − κ cos(y − θ − ψ)] sin y dy (22)

Note thatf , being proportional to the spatial average of the bump’s activity, does not depend onθ , the position
of the center of the bump. We assume thatR andκ are never zero, as such a solution would not correspond to a
bump. Apart from transients, Eqs. (14)–(19) are equivalent to Eqs. (6) and (7), and we now show that stationary
and moving bumps are solutions of Eqs. (14)–(19), and that the transition between them is through a supercritical
pitchfork bifurcation.
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4.1. Stationary bumps

Fixed points of Eqs. (14)–(19) correspond to stationary (zero velocity) bumps. From Eq. (19),ψ = 0 orπ at a
fixed point. Theψ = 0 solution corresponds to a stable bump andψ = π to an unstable one, which we ignore from
now on. We also haveκ = AR (from Eq. (18)) andγ = Aα (from Eq. (17)), i.e. the bump ina is centered at the
same place as the center of the bump inu, and is smaller by a factor ofA.

As expected from the translational invariance of Eqs. (6) and (7), the value ofθ at a fixed point of Eqs. (14)–(19)
is arbitrary. We can see this by writingF [·] as a Fourier series:

F [I + α − γ + R cos(y − θ) − κ cos(y − θ − ψ)]

= a0 +
∞∑
n=1

[an cos(n(y − θ)) + bn sin(n(y − θ))] (23)

wherea0, . . . , b1, . . . , are constants. The integrals in Eqs. (21) and (22) will pick out only the coefficients with
subscript 1, so

g(α − γ,R, θ, κ, ψ) = π [a1 cosθ + b1 sin θ ] (24)

and

h(α − γ,R, θ, κ, ψ) = π [a1 sinθ − b1 cosθ ] (25)

Thus, the termg(α−γ,R, θ, κ, ψ) cosθ +h(α−γ,R, θ, κ, ψ) sinθ in Eq. (15) is actually equal toπa1, a constant,
and the termh(α − γ,R, θ, κ, ψ) cosθ − g(α − γ,R, θ, κ, ψ) sin θ in Eq. (16) is equal to−πb1, also a constant.
Note that these statements are true irrespective of whetherθ is constant or a function of time. Whenψ = 0,
F [I + α − γ + R cos(y − θ) − κ cos(y − θ − ψ)] is even abouty = θ , sob1, b2, . . . are all zero. In particular,
b1 = 0, making the right hand side of Eq. (16) zero, as it must be for a fixed point. Thus, Eqs. (14)–(19) has a
continuum of fixed points, parametrized by the position of the maximum of the bump.

4.2. Moving bumps

From simulations of the rate model, Eqs. (6) and (7), we expect a fixed point of Eqs. (14)–(19) to become unstable
asA is increased, and the system to have an attractor on whichθ(t) = ωt for some non-zero and constantω, with
all other variables constant. Sinceθ ∈ S1, this attractor is actually a periodic orbit. Assuming that we are on the
attractor, dθ/dt = ω and Eqs. (18) and (19) give us

ψ = − tan−1(τω) (26)

so thatψ is non-zero if and only ifω is non-zero. Also, remembering that−π/2 < ψ < π/2 for a stable bump, we
see thatψ andω have opposite signs. This is in agreement with our intuition about the model, viz. that the activity
in a lags behind the activity inu. Eqs. (17) and (18) giveγ = Aα andκ = AR cosψ < AR, so the peak height in
a of a moving bump is less than that of a stationary one. Substituting these values forψ, κ andγ into Eqs. (14) and
(15) we see that on the attractor,α andR must simultaneously solve

α = Bf [(1 − A)α,R,AR cos{− tan−1(τω)},− tan−1(τω)] (27)

and

R = C
{

cos(ωt)g
[
(1 − A)α,R, ωt,AR cos{− tan−1(τω)},− tan−1(τω)

]
+ sin(ωt)h

[
(1 − A)α,R, ωt,AR cos{− tan−1(τω)},− tan−1(τω)

]}
(28)
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where the value oft in Eq. (28) is irrelevant, since (as shown in Section 4.1) the function on the right hand side is
independent oft . Let α = α̃(ω,A) andR = R̃(ω,A) be the equations that define the roots of Eqs. (27) and (28),
and defineψ̃(ω,A) = − tan−1(τω), κ̃(ω,A) = AR̃(ω,A) cos [ψ̃(ω,A)], and γ̃ (ω,A) = Aα̃(ω,A). Then we
can write Eq. (16) as

C
[

cos(ωt)h
(
(1 − A)α̃(ω,A), R̃(ω,A), ωt, κ̃(ω,A), ψ̃(ω,A)

)
− sin(ωt)g

(
(1 − A)α̃(ω,A), R̃(ω,A), ωt, κ̃(ω,A), ψ̃(ω,A)

)]
− R̃(ω,A)ω = 0 (29)

or

ωG(ω,A) = 0 (30)

i.e. a scalar equation in one variable, parametrized byA. We write it in this form because we know thatω = 0
is always a fixed point of Eqs. (14)–(19) and, from Section 4.1, there is no dependence ont in Eq. (29) (ω = 0
is always a solution of Eq. (30) because ifω = 0, ψ = 0, and thereforeb1 in the Fourier representation ofF [·],
Eq. (23), is zero, making the right hand side of Eq. (16) zero). We also know thatωG(ω,A) is an odd function
of ω (thereforeG(ω,A) is even inω). To see this, note that̃R(−ω,A) = R̃(ω,A), and it can be shown that
g(α − γ,R,−ωt, κ,−ψ) = g(α − γ,R, ωt, κ, ψ) andh(α − γ,R,−ωt, κ,−ψ) = −h(α − γ,R, ωt, κ, ψ), so
the left hand side of Eq. (29) is an odd function ofω.

We expect two non-zero solutions of Eq. (30), of equal magnitude but opposite sign, to be created asA increases
through some critical value. To show that this occurs, we expandG(ω,A) as a Taylor series. We can expand about
ω = 0, but should not expand aboutA = 0, as this is a singular limit. Instead, we choose to expand aboutA = 0.15,
i.e. we write

G(ω,A) = µ1 + µ2(A − 0.15) + µ3ω
2 + µ4(A − 0.15)2 + · · · (31)

The valueA = 0.15 was chosen arbitrarily—we expect the bifurcation to occur at a small positive value ofA. The
series expansion, Eq. (31), will be more accurate for values ofA closer to the bifurcation value (A ≈ 0.165, from
Fig. 8) for a given truncation of the series, but as can be seen below, this value works well. Approximate values
of the four coefficientsµ1, . . . , µ4 can be found by numerically differentiating Eq. (30), as explained in [24]. For
the parameter values given in Section 3, we findµ1 ≈ −0.0438,µ2 ≈ 2.6012,µ3 ≈ −9.986 andµ4 ≈ 1.762. In
Fig. 8 we have plotted with a solid line

ω =
√

−[µ1 + µ2(A − 0.15) + µ4(A − 0.15)2]

µ3
(32)

when the expression under the square root is positive, i.e. approximate non-zero roots of Eq. (30), together with
measured values ofω for the system, Eqs. (8) and (9) and Eqs. (14)–(19). The agreement is very good, even having
truncatedG(ω,A) after quadratic order.

Thus we have shown that the instability to traveling bumps asA is increased in the integro-differential system,
Eqs. (6) and (7) is due to a pitchfork bifurcation in the speed of a bump. The pitchfork bifurcation is supercritical.

4.3. Noisy pitchfork bifurcation

We now consider the effect of adding noise to the normal form of a supercritical pitchfork bifurcation in which
the variable is speed. Instead of examining the behavior of this variable, we look at its integral over a fixed amount
of time. We can use this to derive a quantity equivalent to the absolute value of the average speed of a bump, as
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Fig. 8. Absolute value of the speed of a bump for the rate model Eqs. (8) and (9) (◦), Eqs. (14)–(19) (×, using the same parameters as in Eqs. (8)
and (9)), and the expression Eq. (32) (solid line).

plotted in Figs. 3 and 5. The intuition behind this procedure is that the velocity reverses sign at random times, and
since the velocity undergoes a pitchfork bifurcation, we make the ansatz that the main effect of noise on the whole
system will also appear in the normal form of that bifurcation [19]. Consider the system

ω̇ = ω(λ − ω2) + ξ(t), θ̇ = ω (33)

whereθ represents the position of the maximum of the bump andλ plays the role ofA above;ξ is a Gaussian white
noise term with autocorrelation〈ξ(t)ξ(s)〉 = 2Dδ(t − s); λ < 0 corresponds to the caseA less than the bifurcation
value (∼0.165 in Fig. 8). In this case,ω = 0 is a stable fixed point, and the average velocity is zero. Forλ > 0 and
D = 0, there are two stable values ofω, namely±√

λ, corresponding to left and rightward-moving bumps. The
absolute value of the velocity is then

√
λ whenλ > 0 and the absolute value of the distance moved after timet , i.e.

|θ(t) − θ(0)| =
∣∣∣∣
∫ t

0
ω(s)ds

∣∣∣∣ (34)

is proportional tot . For D > 0, there is the possibility ofω(t) changing sign over time, which leads to some
cancellation in the integral. This cancellation causes a the drop in the absolute value of the average speed during a
simulation of durationT , |θ(T ) − θ(0)|/T , as shown in Fig. 9 .

Another way to understand the effect of noise is to examine the behavior of Eq. (33) as a function ofλ for different
noise levels—see Fig. 10. We see that for low noise levels the average speed is close to the deterministic expression,√
λ for λ > 0, 0 otherwise. For larger noise levels there is an interval ofλ values (approximately 0< λ < 0.5 in

Fig. 10) for which the average speed is much less than its noise-free value. The size of this interval increases with
increasing noise level. Thus, noise can be thought of as “delaying” the bifurcation in the sense that it increases the
value ofλ beyond which the average speed of the bump is appreciably greater than zero. This delaying is also seen
in a plot of bump speed versusA for Eqs. (8) and (10) (not shown), and is an example of the postponement [16,27]
of a pitchfork bifurcation. Note that this delay will not occur in Eq. (33) if we just examine the probability density
function forω, since noise-induced transitions are not possible in one dimension [16]. It may, however, occur in a
dynamical equation for|ω|, an issue under investigation.
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Fig. 9. Absolute value of the average rate of change ofθ for the normal form of a supercritical pitchfork bifurcation Eq. (33) during 1000 time
units, i.e.|θ(1000) − θ(0)|/1000, as a function of noise intensity,D; λ = 0.2. The variability is a result of taking multiple noise realizations.
The dashed lines indicate±1 standard deviation. Compare with Figs. 3 and 5.

Fig. 10. Absolute value of average rate of change ofθ for the normal form of a supercritical pitchfork bifurcation Eq. (33) during 1000 time
units as a function ofλ. D = 10−4 (◦), D = 10−2 (×),

√
λ for λ > 0, 0 otherwise (solid line). Error bars indicate±1 standard deviation.
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The process of deriving normal forms for bifurcations in noisy systems is discussed in [19,41], and although we
do not make a quantitative connection between the noise strength in the full system of Eqs. (8) and (10) and in the
one-dimensional normal form Eq. (33), the qualitative behavior in the vicinity of the bifurcation should be the same
for the two systems.

5. Persistent random walk

As a further simplification of the noisy supercritical pitchfork bifurcation normal form, we model the motion of
a bump as a persistent random walk with constant velocity [31], where the probability of changing direction, rather
than that of going in a certain direction, is fixed. The advantage of this form of model is that it allows us to gain even
more analytical insight into the full dynamics of the stochastic model, Eqs. (8) and (10) than was possible with the
stochastic normal form, Eq. (33).

5.1. Discrete time

First, consider the walk on a lattice, i.e. a discrete time process with constant time-step. Letp be the probability
of not changing direction (so the probability of changing direction is 1− p), and consider a walk with three steps.
We use “0” to indicate a step to the right and “1” a step to the left. The possible paths, the probabilities of taking
these paths, and the total distance moved are shown in Table 1, where the factor of 1/2 comes from the initial choice
of moving left or right.

The probabilities of going a distancex, P(x), are then

P(3) = 1
2p

2 (35)

P(1) = p(1 − p) + 1
2(1 − p)2 (36)

P(−1) = p(1 − p) + 1
2(1 − p)2 (37)

P(−3) = 1
2p

2 (38)

and fromP(x) it is straightforward to calculate the mean and variance of the absolute value of the distance traveled
as a function ofp.

Table 1
Possible paths, probability of taking paths, and distance moved, for three steps of a discrete-time persistent random walk

Path Probability Distance

0 0 0 1
2p

2 3

0 0 1 1
2p(1 − p) 1

0 1 0 1
2(1 − p)2 1

0 1 1 1
2p(1 − p) −1

1 0 0 1
2p(1 − p) 1

1 0 1 1
2(1 − p)2 −1

1 1 0 1
2p(1 − p) −1

1 1 1 1
2p

2 −3
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It is possible to enumerate all possible paths of a given length and calculateP(x), but the number of possible
paths increases exponentially with path length. A more efficient method results from noting that it is possible to
calculateP(x) for n+1 steps in terms ofP(x) for n steps, i.e. to use recursion. Our presentation follows Masilover
and Weiss [31]. It is necessary to keep track of the direction from which the walker arrived at its current position
(this is similar to the approach of Masoliver and coworkers [29,30] for calculating mean first passage times for
non-Markovian processes). Letqn(x) be the probability that the walker is at positionx at timen, having been at
x − 1 at the previous time step, andrn(x) be the probability that the walker is at positionx at timen, having been
atx + 1 at the previous time step. Then

qn+1(x) = pqn(x − 1) + (1 − p)rn(x − 1) (39)

and

rn+1(x) = prn(x + 1) + (1 − p)qn(x + 1) (40)

P(x) for a givenn is the sum ofrn(x) andqn(x). Note that ifn is odd (even), the only possible values ofx are odd
(even). Using this notation, Table 1 gives

q3(3) = 1
2p

2 (41)

q3(1) = 1
2(1 − p)2 + 1

2p(1 − p) (42)

q3(−1) = 1
2p(1 − p) (43)

r3(1) = 1
2p(1 − p) (44)

r3(−1) = 1
2(1 − p)2 + 1

2p(1 − p) (45)

r3(−3) = 1
2p

2 (46)

with all other probabilities being zero, and this provides the first step in the recurrence relationship. Note the special
casep = 1, which givesqn(n) = 1/2 andrn(−n) = 1/2 for alln, with all other probabilities being zero, so that the
expected value of|x| is n, with variance zero. Examples ofP(x) at different times and for two different values ofp

are shown in Fig. 11. The top panel hasp = 0.95, and the strong peaks corresponding to never changing direction
are clear. The lower panel hasp = 0.7, and the distribution is more Gaussian-like, although it must have finite
support, asqn(k) andrn(k) must both be zero forn < |k|.

Fig. 12 shows the average speed of a particle undergoing a persistent random walk with speed 1 as a function
of noise level. To relate the probability of continuing in the same direction,p, to the noise level,D, we use an
Arrhenius-type rate associated with the rate of activation of a particle over a barrier [10]. Such a barrier crossing
is likened here to the changes of direction of the bump—more specifically to the barrier crossing ofω in Eq. (33)
(note that Eq. (33) corresponds to the motion of a particle in a double well potential). Specifically, we have 1−p =
e−1/D. The factor of 1 in the exponent is chosen for simplicity—in Section 5.2 we fit such an Arrhenius-type rate
to numerically-obtained data.

The peak in the dashed curve in Fig. 12 nearD = 0.2 is misleading in that it suggests that it is possible for
a particle to move faster than 1, which it clearly cannot. The reason for this peak is that the variance grows very
quickly once the noise level is high enough (0.1 < D in Fig. 12) so that bumps can make a small number of changes
of direction during a walk. Note that the peak in Fig. 12 is also observed in the plot of the absolute value of the
average speed of a bump in the rate model (Fig. 5), for the normal form of the pitchfork bifurcation with noise
(Fig. 9), and could be seen in Fig. 6 if we had plotted mean± standard deviation.
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Fig. 11.P(x) for the discrete-time persistent random walk on a lattice, as calculated using Eqs. (39)–(46) at different values ofx for p = 0.95
(top) andp = 0.7 (bottom). Only odd values ofx are used, asP(x) = 0 for evenx.

5.2. Continuous time—Markovian dichotomous noise

The continuous time version of a persistent random walk is the stochastic differential equation

dx

dt
= I (t) (47)

whereI (t) ∈ {−v, v} and the probability thatI (t) switches from−v to v, or fromv to −v, in time interval dt is
(1/2)β dt . In other words, the velocity is just dichotomous Markovian noise. Then the probability density function
of x, p(x, t), is known [13,16,40] to satisfy the integro-differential equation

∂p(x, t)

∂t
= v2

∫ t

−∞
e−β(t−s) ∂

2p(x, s)

∂x2
ds (48)
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Fig. 12. Absolute value of average speed for the discrete-time persistent random walk during 59 steps. The probability of traveling in the same
direction,p, is given byp = 1 − e−1/D . The dashed lines indicate±1 standard deviation. Compare with Figs. 3, 5 and 9.

Differentiating this with respect to time we obtain the telegrapher’s equation [15,31,40]

∂2p

∂t2
+ β

∂p

∂t
= v2∂

2p

∂x2
(49)

An alternative derivation of Eq. (49) as the continuous version of the persistent random walk discussed in Section
5.1 is given in [31]. The solution of Eq. (49) with initial conditionsp(x,0) = δ(x) (i.e. the particle starts at the
origin) and∂p(x, t)/∂t |t=0 = 0 is derived in Appendix A (see also [15]). It is given as

p(x, t) = e−βt/2

2

{
δ(x − vt) + δ(x + vt) + H (vt − |x|)

×
[

β

2v
I0

(
β

2v

√
v2t2 − x2

)
+ βt

2
√
v2t2 − x2

I1

(
β

2v

√
v2t2 − x2

)]}
(50)

whereH(·) is the Heaviside step function andIn is the modified Bessel function of the first kind of ordern (note
that this equation is also given (although incorrectly) in both [31,40]). The delta functions describe the motion of
particles that never change direction. The Heaviside function reflects the fact that no particle can travel at a speed
greater thanv, and the Bessel functions describe the motion of particles that change direction at least once. The
p(x, t) in Eq. (50) has the same form as theP(x) in Section 5.1, except that the spatial and temporal domains are
now continuous (not shown).

The mean of the absolute value of the distance traveled after timet is then

〈|x(t)|〉 = 2
∫ ∞

0
xp(x, t)dx = e−βt/2

{
vt + β

2v

∫ vt

0
xI0

(
β

2v

√
v2t2 − x2

)
dx

+βt

2

∫ vt

0

x√
v2t2 − x2

I1

(
β

2v

√
v2t2 − x2

)
dx

}
= vte−βt/2

{
I1

(
βt

2

)
+ I0

(
βt

2

)}
(51)

where the angled brackets represent averaging over realizations.
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To obtain the second moment of|x(t)| (or x(t)), we note that after taking the spatial Fourier transform ofp(x, t),

σ(s, t) ≡
∫ ∞

−∞
p(x, t)e−isx dx (52)

we have

〈|x(t)|2〉 = 〈x2(t)〉 = −∂2σ(s, t)

∂s2

∣∣∣∣
s=0

(53)

As derived in Appendix A, Eq. (A.5):

σ(s, t) = e−βt/2
(
β

2
+ ∂

∂t

) {
1√

v2s2 − β2/4
sin

(
t

√
v2s2 − β2/4

)}
(54)

We find that

∂2

∂s2

{
1√

v2s2 − β2/4
sin

(
t

√
v2s2 − β2/4

)}∣∣∣∣∣
s=0

= −4v2 [βt cosh(βt/2) − 2 sinh(βt/2)]

β3
(55)

and substituting this into Eqs. (53) and (54), we have

〈|x(t)|2〉 = 4v2e−βt/2

β3

(
β

2
+ ∂

∂t

) [
βt cosh

(
βt

2

)
− 2 sinh

(
βt

2

)]
= 2v2(βt − 1 + e−βt )

β2
(56)

The standard deviation of|x(t)|/t is
√

〈|x(t)|2〉 − 〈|x(t)|〉2/t , and plotting this as a function ofβ gives a unimodal
function with a maximum at some intermediate value ofβ (or equivalently, noise intensity), as seen in Fig. 6
(bottom). Note that we never calculate the mean ofx(t), which we know to be zero from the symmetry of the
problem.

Another way to calculate the second moment is to note that the autocorrelation ofI (t) is [13,16,35]

〈I (s)I (r)〉 = v2e−β|s−r| (57)

so that

〈x2(t)〉 =
〈∫ t

0
I (s)ds

∫ t

0
I (r)dr

〉
=

∫ t

0

∫ t

0
〈I (s)I (r)〉 ds dr = 2v2(βt − 1 + e−βt )

β2
(58)

Alternatively [31], by multiplying Eq. (49) byx2 and then integrating overx, one obtains the differential equation
satisfied by the second moment

d2〈x2〉
dt2

+ β
d〈x2〉

dt
= 2v2 (59)

The appropriate initial conditions are〈x2〉(0) = 0, d〈x2〉/dt |t=0 = 0, and with these, Eq. (59) has the solution
Eq. (58).

Fig. 13 shows the absolute value of the average speed, Eq. (51), and 1 standard deviation from this (using Eq. (58)),
as a function of noise level. To match Fig. 9, we choosev = √

0.2 andt = 1000. We again use an Arrhenius-type
rate to connect switching rate to noise level, fitting the expressionβ = Φe−q/D to the data points in Fig. 9 (a least
squares fit givesΦ = 0.0895, q = 0.0063).
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Fig. 13. Absolute value of average speed, Eq. (51), as a function of noise intensity for the continuous persistent random walk. In order to match
Fig. 9, we setv = √

0.2, t = 1000, and a least squares fit to the data in Fig. 9 givesβ = 0.0895e−0.0063/D . The dashed lines indicate±1 standard
deviation, from Eq. (58). Compare with Figs. 9 and 12.

6. Summary

Spike frequency adaptation can destabilize bumps in networks of spiking neurons and network rate models,
leading to traveling bumps [14]. We have shown that adding noise to either a spiking model or a rate model that
includes adaptation significantly reduces the average speed of a traveling bump, “restabilizing” it and effectively
negating the effect of adaptation. This restabilization occurs for noise levels smaller than those needed to break
up the bump. To understand this process we studied a rate model that can be reduced to six ordinary differential
equations. From these six equations we constructed a single scalar equation whose non-zero roots are the velocity
of the bump and showed that these roots appear in a symmetric pair as the strength of the adaptation is increased.
Thus, the transition from stationary to moving bump is through a supercritical pitchfork bifurcation in bump speed.

Adding noise to the normal form of a supercritical pitchfork bifurcation, where the variable undergoing the
bifurcation is speed, reproduces the observed drop in the absolute value of the average speed as the noise level is
increased. The reason for this drop is that noise can change the sign of the speed a number of times during the
course of a simulation. Net distance traveled is the integral of speed, so these sign changes result in a decrease in
the overall distance traveled, and thus the average speed. The behavior of the full spiking network can therefore be
understood in terms of this noisy normal form (bump destabilization is also seen if synaptic depression—another
important feature of single neurons—is included, rather than spike frequency adaptation, and adding noise to the
depression dynamics can restabilize the bump).

As a further simplification, we modeled the noisy pitchfork bifurcation as a persistent random walk, in which a
particle moves at a constant speed, but the probability of changing direction is constant (and related to noise level
through an Arrhenius-type rate). If this process is taken to be continuous in time, the probability density function
for position obeys the telegrapher’s equation, which has an explicit solution. From this solution we can explicitly
construct the mean and standard deviation of the absolute value of the average speed of the particle (quantities that
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are easily measured from simulations of a full network, the particle being the bump in this case) and they agree
quantitatively with the behavior of the full network model.

One aspect of the behavior of a spatially-extended system is not well captured by a persistent random walk: for
high noise levels, the position of the maximum of a bump does not necessarily move continuously. The form of
the coupling, Eq. (3), promotes local activity while suppressing more distant activity, and at high noise levels there
can be ongoing “competition” between bumps in a form of “winner takes all” contest. Since the domain is spatially
extended, a bump may appear some distance from one that is in the process of disappearing, leading to an effective
“jump” in the position of the currently highest bump (this type of behavior was also seen in [14], in response to
a suddenly-moved stimulus). For both the noisy normal form Eq. (33) and the persistent random walks in Section
5, the particle is assumed to move continuously, so this type of jumping will not be captured by these simplified
models.

“Restabilization by noise” of a spatiotemporal pattern does not seem to have been discussed elsewhere, although
several papers [8,20] contain results regarding the effects of noise strength (manipulated indirectly by changing the
number of Brownian walkers in a simulation) on moving “spots” in simulations of excitable media. Our results are an
example in the same spirit as stochastic resonance, in which moderate amounts of noise act in a beneficial way (at least
in the context of working memory, where a moving bump would be seen to have a detrimental effect on the task). It is
not clear which aspects of these systems that support bumps (spatially-extended coupling, a slow variable, traveling
structures that appear through a pitchfork bifurcation in speed) are necessary for this restabilization, and the question
of which other systems [6,32] show such behavior is an interesting and open one. Fig. 4 shows a counter-example
of noise-induced restabilization, where noise causes a traveling wave to break up, rather than slow down.

We have also studied both integrate-and-fire and rate models incorporating synaptic depression [1] rather than, or
in addition to, spike frequency adaptation, and such networks also show destabilization of stationary bumps as the
strength of the depression is increased and restabilization when noise is added to the dynamics of the depression.
This will be reported elsewhere [23]. Models of two-species reaction-diffusion systems with global coupling [18,21]
have been observed to support stationary “spots” and “standing pulses”, which begin to move as a parameter is
varied, and a similar phenomenon has been seen in both a model three-component reaction-diffusion system in
which the only coupling is by diffusion [34], and a pair of coupled Ginzburg–Landau equations [39]. The effects of
noise on such systems remains to be investigated.
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Appendix A. Solution of the telegrapher’s equation

Since the derivation of the solution of this equation in [31] is incorrect, and that in [15] has a number of
typographical errors, we rederive the solution here, following [15]. The telegrapher’s equation is

∂2p

∂t2
+ β

∂p

∂t
= v2∂

2p

∂x2
(A.1)

with initial conditionsp(x,0) = δ(x) and∂p(x, t)/∂t |t=0 = 0. The Fourier transform ofp is

σ(s, t) =
∫ ∞

−∞
p(x, t)e−isx dx (A.2)
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which satisfies

d2σ

dt2
+ β

dσ

dt
+ v2s2σ = 0 (A.3)

with initial conditionsσ(s,0) = 1 and dσ(s, t)/dt |t=0 = 0. The solution of Eq. (A.3) with these initial conditions
is

σ(s, t) = e−βt/2

[
cos

(
t

√
v2s2 − β2/4

)
+ β

2
√
v2s2 − β2/4

sin

(
t

√
v2s2 − β2/4

)]
(A.4)

= e−βt/2
(
β

2
+ ∂

∂t

) {
1√

v2s2 − β2/4
sin

(
t

√
v2s2 − β2/4

)}
(A.5)

Sincep is real, the inverse Fourier transform of Eq. (A.5) is

p(x, t) = e−βt/2

2π

(
β

2
+ ∂

∂t

) ∫ ∞

−∞
cos(sx)√

v2s2 − β2/4
sin

(
t

√
v2s2 − β2/4

)
ds (A.6)

= e−βt/2

2v

(
β

2
+ ∂

∂t

) {
H(vt − |x|)I0

(
β

2v

√
v2t2 − x2

)}
(A.7)

and performing the differentiation gives Eq. (50).
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