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Mammalian cold thermoreceptors encode steady-state temperatures into 
characteristic temporal patterns of action potentials. We propose a 
mechanism for the encoding process. It is based on Plant’s ionic model 
of slow wave bursting, to which stochastic forcing is added. The model 
reproduces firing patterns from cat lingual cold receptors as the param- 
eters most likely to underlie the thermosensitivity of these receptors 
varied over a 25°C range. The sequence of firing patterns goes from 
regular bursting, to simple periodic, to stochastically phase-locked fir- 
ing or ”skipping.” The skipping at higher temperatures is shown to 
necessitate an interaction between noise and a subthreshold endoge- 
nous oscillation in the receptor. The basic period of all patterns is 
robust to noise. Further, noise extends the range of encodable stimuli. 
An increase in firing irregularity with temperature also results from 
the loss of stability accompanying the approach by the slow dynamics 
of a reverse Hopf bifurcation. The results are not dependent on the 
precise details of the Plant model, but are generic features of models 
where an autonomous slow wave arises through a Hopf bifurcation. 
The model also addresses the variability of the firing patterns across 
fibers. An alternate model of slow-wave bursting (Chay and Fan 1993) 
in which skipping can occur without noise is also analyzed here in the 
context of cold thermoreception. Our &udy quantifies the possible ori- 
gins and relative contribution of deterministic and stochastic dynamics 
to the coding scheme. Implications of our findings for sensory coding 
are discussed. 

1 Introduction 

Mammalian cold receptors exhibit a fascinating array of firing patterns 
at different steady-state temperatures over a 25°C range. Figure 1 illus- 
trates how constant temperatures are encoded by lingual cold receptors 
of the cat (Schafer et al. 1988). As temperature increases from 15”C, the 
interburst period, the duration of the active phase of the burst and the 
number of spikes per burst decrease (Fig. 1A). At low temperatures, half 
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Figure 1: (A) Characteristic discharge patterns of bursting cold receptors of the 
cat lingual nerve at different constant temperatures (from Fig. 1 of Schafer et nl. 
1988). The steady-state patterns are recorded at least two minutes after each 5°C 
change. Interspike intervals are digitized with a resolution of 1 msec. The ill ziivuo 
recording method is described in Bade et al. (1979). (8) Same as in (A), but for a 
different single fiber. The mean periods of the firing patterns are different from 
those at corresponding temperatures in (A), highlighting the variability across 
fibers. Here skipping appears around T = 30°C; double spikes are sometimes 
seen (from Fig. 1 of Braun et d. 1990). Note the increase of the interspike inter- 
vals during the active phases of the bursting patterns. (C) Interval histograms 
(bin width is 5 msec) and spike sequences at constant temperatures above and 
below the regular bursting temperature range (from Braun et a/.  1980). (Fig- 
ure 1A reproduced with permission of Elsevier Science BV. Figures 1B and 1C 
reproduced with permission of Springer-Verlag.) 
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the fibers show sporadic firing, while others are either silent or exhibit 
bursting across the low temperature range (Fig. lB,C). At mid-to-high 
temperatures, regular trains of mostly single spikes can be seen. In the 
higher temperature range, the so-called "irregular" discharge patterns are 
observed: spikes are phase-locked to an underlying periodic oscillation 
in the receptor, but a random integer number of cycles of this oscillation 
is skipped between spikes. These skipping patterns produce multimodal 
ISIHs with peaks at integer multiples of the period of the receptor oscil- 
lation (often up  to eight modes can be seen). The bursting patterns yield 
interspike interval histograms (ISIH) with events grouped around the in- 
traburst and interburst periods. There is a large variability in response 
across afferent fibers from a population of cold receptors. A given fiber 
will exhibit one, or many, but seldom all of these patterns as temperature 
is increased. Furthermore, the temperature at which a given pattern is 
observed varies across fibers. 

The smoothness of the continuity between these firing patterns as 
temperature is increased is striking. Another interesting feature of these 
data is the interplay of precisely timed patterns and aperiodicity, the lat- 
ter being manifest in the skipping, and in the fluctuation of the number of 
spikes per burst and of the intra- and interburst periods. Finally, the vari- 
ability across fibers, not fully represented in Figure 1, is intriguing. This 
raises the question of whether a model for the ionic events of bursting can 
account (1) for the aperiodicity seen in single fibers, e.g., by producing 
complex periodic patterns with long transients or deterministic chaos, 
and (2) for the variability across fibers, e g ,  through high sensitivity of 
dynamic behaviors to parameter fluctuations. Another possibility is that 
high-dimensional noise is required to obtain a satisfactory description. 
In particular, if noise is important, why does it significantly affect high 
temperature patterns, e.g., by deleting spikes from an otherwise peri- 
odic pattern, without much altering the basic bursting patterns at mid- 
to lower temperatures? The issue is further complicated by the fact that 
temperature ultimately affects noise levels, which in turn affect the rates 
of various kinetic processes. One must then decide how to model the 
main effects of temperature. 

Cold receptors are free nerve endings, and their small size has pre- 
cluded direct recording of the ionic events governing their excitability. 
This means that intracellular voltage time series are not available: one 
has access only to spike trains, i.e., sequences of times at which firings oc- 
cur. Perhaps as a consequence of this fact, no detailed ionic models have, 
to our knowledge, been proposed to account for the dynamic behaviors 
shown in Figure 1. The same holds for other similar preparations (see 
Braun et al. 1984a), such as the ampullae of Lorenzini, whose patterns are 
similar to those in Figure 1, but follow different sequences as tempera- 
ture varies. The known models have been more of the descriptive rather 
than mathematical type (Braun et nl.  1990; Schafer et 01. 1990). 

Many studies of cold receptors have concluded that their mechanisms 
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of bursting as well as their thermosensitivity should be similar to those 
of pacemaker cells of molluscs. In this paper, we show that a stochastic 
version of Plant’s model for slow wave bursting (Plant 19811, originally 
proposed for the pacemaker activity of the R15 cell of Aplysia, exhibits the 
proper array of firing patterns as certain parameters are varied together in 
step with the temperature. Our study addresses the dynamic mechanism 
behind the patterns of Figure 1, the origin of the aperiodicity of the firing 
pattern for a given cell, and of the variability across cells. 

The paper is organized as follows. Section 2 reviews the encoding 
properties of cold receptors. Section 3 is a summary of the relevant 
physiology of cold receptors. The deterministic and stochastic aspects 
of our model are explained in Section 4. The simulated firing patterns 
are analyzed in Section 5. The enhanced importance of noise at higher 
temperatures is described in Section 6, along with other sources of vari- 
ability of firing patterns within a given receptor and across a population 
of receptors. The effect of the maximal conductance of the slow current is 
discussed in Section 7. This section further considers an alternate niecli- 
anism of thermoreception based on the model of Chay and Fan (1993), 
in which skipping arises without noise. The role of noise and aperiod- 
icity in the encoding process is discussed in Section 8, and the paper 
concludes in Section 9 with a summary of results and an outlook toward 
future investigations. 

2 Encoding by Cold Receptors 

Neurons involved in thermoreception at the periphery must operate over 
a large range of temperatures. A cold receptor is defined as a cell whose 
mean firing rate increases as the temperature decreases below the normal 
physiological set point. However, the curve of adapted mean firing rate 
versus temperature has a maximum, and the mean rate decreases again 
when the temperature is sufficiently cold (see, e.g., Hensel 1974). This 
leads to an ambiguous determination of temperature by higher order 
neurons, since a given mean rate corresponds to two different teniper- 
atures. Iggo and Iggo (1971) were the first to suggest that the different 
temporal patterns of firing seen at higher and lower temperatures could 
be used centrally to resolve this ambiguity. It is known that small vari- 
ations in steady skin temperature do alter thermoregulatory responses, 
demonstrating that accurate information about steady temperatures is 
available centrally. In fact, Dykes (1975) has shown that the temporal or- 
ganization of the impulses provides sufficient information during steady 
temperatures to account for observed thermoregulatory responses. It 
has also been shown that different steady temperatures a t  the periphery 
modify the ISIH of neurons in the preoptic area and hypothalamus, even 
though their mean firing rate may not vary. There is further evidence that 
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the static firing patterns of central neurons in the medulla and thalamus 
closely approximate those seen in the periphery (Poulos 1981). 

The temporal pattern of spikes in the adapted discharge has come un- 
der increasing scrutiny as an oscillatory theory for temperature encoding 
became attractive (Braun ef al. 1980). Based on anatomical, physiolog- 
ical, and pharmacological evidence, these authors have postulated that 
mammalian cold receptors use noise and an internal or "endogenous" 
oscillation to encode steady state temperatures. This same group has re- 
cently shown that shark multimodal sensory cells rely on the interplay 
of noise and oscillating neural activity to differentiate between thermal 
and electrical stimuli (Braun ef al. 1994). According to this theory, the 
amplitude (throughout our study, we mean "peak to peak amplitude") 
of the endogenous oscillation in the cold receptor dips below the spiking 
threshold at high temperature, opening the way for noise-induced firing 
in synchrony with this oscillation. This scheme was confirmed in their 
analog simulation study (Braun et al. 1984b: see below). It is interesting 
to note that skipping is typically seen in other sensory modalities that 
encode oscillatory rather than constant stimuli (e.g. Rose et al. 1967; Sche- 
ich et al. 1973). These latter neurons are tunable in the sense that their 
ISIH will display modes lined up with integer multiples of the imposed 
oscillation. In the cold receptors, there appears to be an endogenous oscil- 
lation, the characteristics of which are affected by temperature. Thus the 
bursting pattern, the mean rate, the subthreshold oscillation frequency, 
and the actual interval distribution can carry information centrally. If one 
assumes, as do  Braun et al. (1984a), that noise extends the encoding range 
by producing skipping, it would appear to play a useful role. This notion 
of "useful noise" has also been suggested in other studies. For example, 
noise can smooth out nonlinear behaviors due, e g ,  to phase-locking 
or rectification and thus linearize input-output relationships (Spekreijse 
1969; French etal. 1972). It has also been shown to enhance the detectabil- 
ity of subthreshold signals (Hochmair-Desoyer et al. 1984; Longtin 1993; 
Chialvo and Apkarian 1993; Douglass ef al. 1993). 

3 Summary of Relevant Electrophysiology of Cold Receptors ~ 

The following facts are based on anatomical, pharmacological, and elec- 
trophysiological evidence. This evidence is indirect, as it is provided 
uniquely by extracellular recordings. It has been hypothesized that cold 
receptor activity in a variety of mammals is governed by identical mech- 
anisms (see Schafer ef al. 1990 and references therein). There is evi- 
dence that the oscillatory processes in cold receptors are independent 
of whether or not action potentials are generated (Schafer ef al .  1988). 
Also, the mean durations of the active and silent phases of the bursting 
pattern are not affected by the number of spikes per burst. The periodic 
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activity of tlie cold receptor is very sensitive to calcium, with increases 
in extracellular calcium diminishing the iiumber of spikes per burst. 

The passive conductances are thought to involve a calcium-activated 
outward conductance, based on the dependence of the firing activity on 
the level of external calcium (Schafer ct 01. 1982). This outward con- 
ductance, which is presumably a potassium conductance, counteracts 
tlie depolarization induced by an accumulation of intracellular calcium 
through a voltage-dependent low thresliold slow calcium conductance. 
It has been reported that the properties of the channel associated with 
the slow inward current are more of the LVA type (Schafer cf nl. 1988). It  
is not clear whether other ions such as sodium are also involved in this 
slow current. The action potential upstroke seems to in ldve  sodium 
ratlier than calcium (Schafer c-f id. 1988). Also, the interspike intervals 
typically increase throughout the active phase. The action potentials are 
initiated i n  the afferent axon. 

Willis cf 01. (1971) have proposed that pacemaker neurons of tlie inver- 
tebrate Ayljpia may be excellent models of mammalian thermoreceptors. 
An excellent re\.iew of this question can be found in Wiederhold and 
Carpenter ( 1982). The implication is that tlie thermosrnsitivity of cold 
receptors is governed by the same mechanisms as that of pacemaker 
neurons. Their discharge is not dependent on tlie activity oi other cells. 
Apart from the well-known increase in the rate of the kinetic processes 
modeled by Hodgkin-Huxley-type gating variables (Hodgkin and Hux- 
ley 19521, their tliermoseiisiti\,ity rests on two basic mechanisms (Car- 
penter 1981; Braun vt 01. 1990). The ratio of the maximum pernieabilities 
G,,, Gh increases with temperature, since the Q,,, of G,,, is higher than 
that of GL. The ensuing depolarizing effect confers a " u w m  receptor" 
character to these cells. Also, the activity of tlie electrogenic Na/K pump 
increases with temperature. As this pump has a livperpolarizing effect, 
i t  underlies the "cold receptor" property. The combination of these two 
effects could then be responsible for the bell-shaped "mem rate vs. tem- 
perature" characteristic of cold receptors. Ouabain, a known inhibitor of 
tl& pump, causes an increase in tlie mean firing rate of cold receptors 
tl'ierau t'f (11. 1975). This result confirmed the presence of an electro- 
genic Na/K pump in these receptors. Carpenter and Alving (1968) have 
studied the millivolt-per-degree-Celcius contribution o f  this pump to tlie 
resting potential of Aid!/: 5 i r i  neurons. 

The critical firing threshold in Aphysin pacemaker neurons has been 
5hoLsn to remain constant despite the changes in resting potential seen 
a t  different temperatures (Carpenter 1967). Finally, tlie niean level of 
depolarization and the temperature are thought to have the main influ- 
cnces on the (peak-to-peak) amplitude, frequency, and niean value of tlie 
endogenous oscillation. These characteristics ultimately determine the 
firing patterns. 
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4 Model 

4.1 Deterministic Dynamics. 

4.1 .1 Modeling Choices. Since the physiological data are indirect, we 
seek a mechanism underlying the patterns of Figure 1, which is general 
rather than a property of a very specific model. This is especially desir- 
able in view of the aforementioned variability across fibers. Our goal is 
to find an ionic model that incorporates an endogenous slow oscillation 
as well as action potential dynamics, and that reproduces the patterns in 
Figure 1A as parameters are varied with temperature in a biophysically 
plausible way. The analog computer model of Braun et al. (1984b) is a 
useful guide toward such a model. It illustrates how a sine wave, a dc 
component and noise at the input of a leaky integrator neuron can, in 
the right proportions, produce all the observed firing patterns. In their 
model, skipping arises when noise interacts with the subthreshold oscil- 
lation. 

There are many classes of models of bursting (Rinzel 1987; Chay et al. 
1995). One possible classification is based on whether or not the bursting 
pattern depends on the firing of action potentials (Rinzel and Lee 1986). 
For spike-driven bursting, the fast dynamics of the system exhibits bista- 
bility. Bursting then occurs when a hysteresis loop is traced out around 
the two branches as a slow variable (such as calcium concentration) oscil- 
lates. For slow wave bursting, there are disjoint regions in the subspace 
of the slow subsystem in which the fast subsystem (governing action 
potentials) is either in a steady state/excitable mode or in a repetitively 
firing mode. The physiological data, summarized in Sections 2 and 3, 
strongly suggest that the bursting does not rely on action potentials, and 
therefore that a slow wave bursting mechanism would be appropriate. 

Plant (1981) has proposed a model for bursting in the R15 pacemaker 
cell of ApIysia. In this model, the intracellular calcium concentration 
[Ca2+Ii is coupled to the membrane potential through its activation of 
outward currents. It is based on a simplified version of Hodgkin-Huxley- 
type equations from earlier studies of the effects of calcium on bursting 
neurons (Plant 1978; Plant and Kim 1976). The following sequence of 
events give rise to the bursting. A slow voltage-dependent inward cal- 
cium current leads to an accumulation of calcium ions in the cell. When 
the Ca2+ concentration reaches a certain level, a calcium-dependent K+ 
current activates. This causes an outward K+ current that repolarizes 
the cell; consequently, the active phase of the burst and the inward Ca2+ 
current cease. During the interburst period, calcium is removed from the 
intracellular space, leading to a decrease in the outward K+ current. This 
is accompanied by a slow depolarization, leading to reactivation of the 
slow calcium current. Eventually the active phase onsets, with activation 
of the fast currents responsible for the action potentials. 
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Other descriptions of slow wave bursting have since been proposed. 
The more accurate neuronal model of Chay (1983) is built on the Plant 
model and shares much of its dynamics. However, it allows for the pos- 
sibility that the calcium concentration is actually a fast variable. Decreas- 
ing the rate constants X of the gating variables in this seven-dimensional 
model leads to lengthening of the bursting period. Also, a subsequent 
study of that model (Chay 1984) has shown that cooling through re- 
duction of the As produces a transition from beating (repetitive firing) 
to bursting. The period however does not increase monotonically as in 
Figure lA, although this is probably due to the presence of chaos. A 
monotonic increase may occur if other parameters are varied concomi- 
tantly with temperature. Nevertheless, this model would be an excellent 
candidate to study the patterns of Figure 1, as are more recent models 
found in Chay rt al. (1995). In particular, the model of Chay and Fan 
(1993), discussed in Section 7.2, has only one slow variable and does not 
rely on [Ca’+I,. Bursting in this model is also of slow wave-type, and 
bifurcation sequences can be found that produce a sequence of patterns 
similar to the one shown in Figure 1A. 

In spite of these and many other models of slow wave bursting such 
as the 11-current model of the R15 pacemaker cell of Aplysin by Canavier 
et al. (19911, we have opted for the Plant model, for three reasons: (1) we 
wish to keep the model as simple and general as possible, (2) there exists 
an excellent analysis of the nonlinear dynamics of the Plant model (Rinzel 
and Lee 1987) that helps us understand the effect of noise in the vicin- 
ity of some of its bifurcations, and (3) this model easily incorporates the 
mechanisms (Section 3) currently accepted as underlying the thermosen- 
sitivity of mammalian cold receptors. In particular, it produces slow 
wave bursting in which [Ca’+], and the slow inward current are “slow 
variables,” as in the recent detailed model of the R15 cell by Canavier 
rt al. (1991, 1993). The model proposed here provides a framework from 
which to proceed; modifications will surely be straightforward as intra- 
cellular electrophysiological data become available. 

4.1.2 Exteizsiotz ofdieMode1 ofP1niif.  The differential equations describ- 
ing Plant’s model are given by equations 4.2-4.7 in Section 4.3 below. 
An extra equation governing the dynamics of the noise, equation 4.8, has 
been coupled to this system (see Section 4.2). For simplicity, a spike in 
a realization of the stochastic process equations 4.2-4.8 is counted as a 
propagated spike if it reaches a threshold chosen as 0 m V  (Carpenter 
1967). Among other interesting features of the Plant model is its ability 
to produce bursts in which the successive interspike intervals increase, 
as seen in the data (Braun rf 01. 1980). This behavior has been explained 
by Rinzel and Lee (1987). 

Since it is not firmly established that the fast inward current in cat 
lingual cold receptors involves only Na+, we keep Plant’s original formu- 
lation (mixed Naf and Ca’+) rather than that of Rinzel and Lee (1987). 
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Likewise, we adopt the calcium-dependent potassium conductance mech- 
anism for the hyperpolarizing phase of the slow wave rather than a cal- 
cium inactivation of the calcium conductance, even though there is now 
much evidence for the latter mechanism in the R15 cell of Aplysia (see, 
eg., Kramer and Zucker 1985; Canavier et al. 1991). Not much difference 
is expected since these two dynamic pictures are very similar (Rinzel and 
Lee 1987). 

The maximal conductance GI (corresponding to the mixed fast inward 
currents) as well as the maximum conductance of the fast outward de- 
layed rectifier GK will be made temperature-dependent, in accordance 
with the facts reported in Section 3. GI and GK are given QIOS of, respec- 
tively, 1.4 and 1.1, corresponding to the values of G N ~  and GK obtained 
by Hodgkin and Keynes (1955). In the following, we will refer to GI as 
GNa for simplicity. We set G, = 0.01 (Plant’s GT) for the slow inward 
conductance (mixed Na+ and Ca2+: Plant 1981). 

If only the As, the pump current, and the G N ~ / G K  ratio are varied, 
satisfactory agreement with Figure 1A is obtained only over a narrow 
range of temperatures. Agreement over a wider range is possible if the 
rate of calcium kinetics p is also varied in step with temperature. There 
is evidence that removal of intracellular calcium is temperature sensitive 
(Barish and Thompson 19831, with cooling likely to cause a decrease in 
rate of removal, i.e., a decrease in p in equation 4.7 (Kramer and Zucker 
1985). For simplicity, we will vary only p, and assign to it the same Qlo 
as the As. 

Many metabolic pumps have been identified in molluscan neurons 
(see, e.g., Canavier et al. 1991). Based on the facts reported in Section 3, 
we model only the electrogenic Na/K pump in the hope that this will 
capture the main effect of temperature on the electrogenic pumps. It is 
modeled simply as a constant additive current I,, as suggested in Junge 
and Stephens (1973). This current has a hyperpolarizing effect that in- 
creases upon warming (Carpenter and Alving 1968); it is not an important 
effect at low temperatures (Willis et al. 1974). Consequently, and for the 
sake of simplicity, I ,  will be made a linearly decreasing function of tem- 
perature. We will not consider variations with temperature of the leak 
current, which in practice has contributions from various pumps. Also, 
all other parameters, including reversal potentials and maximal conduc- 
tances (except G N ~  and GK), will be considered fixed. 

4.2 Stochastic Dynamics. 

4.2.1 Hypotheses on Variability. Plant’s model can exhibit bursting pat- 
terns, as well as high frequency and low frequency beating patterns. It 
can also produce aperiodic patterns as a result of chaotic motion (see 
Section 6). Chaos occurs in many models of bursting (see, e.g., Chay 
1984; Hindmarsh and Rose 1984; Chay and Rinzel 1985; Canavier et 01. 
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1993; for a recent review, see Chay et nl. 1995), and may account for 
some of the aperiodicity in Figure 1. Except for a very narrow parame- 
ter range (Section 7.1), Plant’s model cannot, to our knowledge, produce 
skipping patterns, even as the parameters are varied with temperature as 
described above. Another model in which deterministic skipping occurs 
is discussed in Section 7.2. 

Based on the intuitions offered by Braun etal.’s (1984b) analog simula- 
tions, and of studies of skipping in other sensory systems (the earliest to 
our knowledge is by Gerstein and Mandelbrot 1964; see also Hochmair- 
Desoyer et al. 1984; Longtin 1995a), it appears likely that various sources 
of noise are influencing the ionic dynamics of the cold receptors. Matli- 
ematically, this means that stochastic forces are coupled to the determin- 
istic equations, which are thus converted to generalized Langevin-type 
equations (Horsthemke and Lefever 1984). These stochastic forces are 
known to exist in all nerve cells and fall under the comiiion heading of 
“membrane noise” (DeFelice 1981 ). 

Although at a fundamental level temperature determines “noise” lev- 
els, in neurophysiology its main effect is usually incorporated into the 
rate constants of the gathg variables in the Hodgkin-Huxley formal- 
ism. In other words, temperature appears as a parameter in deterministic 
equations. It is as if the gating variables amplify the effect of temper- 
ature, since their kinetics have high Qlos. However, temperature also 
produces noise that is not accounted for deterministically. We hypothe- 
size, in the spirit of the analog simulations of Braun Ct 01. (1984b), that 
skipping occurs at high temperature because (1) the slow wave becomes 
subthreshold, due mainly to the hyperpolarizing effect of the electrogenic 
pump, and (2) noise randomly induces spiking by bringing the slow wave 
sufficiently close to the threshold for the fast spiking dynamics. 

In the Plant model, the transition between fixed point and repetitive 
firing for the fast dynamics has been shown to be of homoclinic type 
(Rinzel and Lee 1987). Thus, noise induces random crossings of this 
boundary, with the crossing probability being much higher near the crests 
of the slow wave. This would explain the phase preference of skipping, a 
simple extension to the autonomous case of the mechanisms of skipping 
with external forcing (Longtin 1995a). Thus, as temperature increases, 
there is a smooth transition from the bursting patterns with two time 
scales (neglecting the very fast time scale of the action potentials) to 
beating and skipping patterns with one time scale (the interspike period). 

4.2.2 Me~zbriztzc Noise airif Tenzperature. Modeling noise in neural sys- 
tems is a difficult task. Most studies have focused on preparations (such 
as the squid axon) with simpler dynamics than those of cold receptors. 
There are many known sources of membrane noise (Stevens 1972). Each 
kind has its own spectral properties and probability distribution. The 
theoretical descriptions of these properties rest on various assumptions 
regarding, e.g., the proximity of membrane potential to its resting value, 
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the applicability of "equilibrium conditions," and (e.g., in the case of 
conductance fluctuations) the particular microscopic models used. The 
temperature dependence of a noise and its coupling to the deterministic 
equations are also problems. In fact, noise sources are not necessarily 
independent. The strength of one noise can depend on the mean values 
of other state variables, which in turn depend on other noise sources. 
This has been discussed by Lecar and Nossal (1971) in their analysis 
of threshold responses using a reduced voltage-conductance description 
with noise on both variables. 

Thermal current noise can be seen as an additive current noise. For 
a constant voltage, its spectrum is given by 

W(f)  = 4kTRi~ [ $1 
where Z[f) is the membrane impedance (DeFelice 1981). If the impedance 
is that of a parallel RC circuit, the spectrum becomes a constant pro- 
portional to temperature. Thermal noise is proportional to the absolute 
temperature, and thus is expected to increase only by a few percent over 
the range of interest here (see, e.g., Clay 1977). 

Conductance noise has been assumed to be the dominant effect on 
threshold responses in squid giant axon, regardless of temperature (Clay 
1977). The intensity of this noise can decrease with temperature. Con- 
ductance fluctuations are mostly due to the potassium channel, and their 
spectrum has been approximated by the sum of a Lorentzian and of 1 /f 
noise (DeFelice 1981). The cutoff of the Lorentzian increases with tem- 
perature, signifying an increase in bandwidth. Conductance noise is a 
multiplicative noise since it affects the Gs in equation 4.2. 

Electrogenic ion pumps also contribute to the current and voltage 
noise of cellular membranes (Laiiger 1991). The power spectrum of pump 
current noise has the shape of a sigmoidally increasing function, which 
is quite different from the Lorentzian-type spectrum of conductance fluc- 
tuations. Finally, actual fluctuations in temperature are another source 
of noise and depend on the precise environment of the cell; we have not 
found any measurements of these fluctuations. 

Given the complexity of the situation regarding the modeling of noise 
in the best of cases (squid axon), and the fact that intracellular data are 
not available for our study, our model for the noise can only be conjec- 
tural. We simulate the membrane noise by a simple additive term on the 
current balance equation equation 4.2. It includes pump noise, thermal 
noise, and the lumped effects of conductance noise. For simplicity the 
noise is modeled as a continuous-time Ornstein-Uhlenbeck (OU) process 
r l (  t ) .  This noise is gaussian distributed and exponentially correlated. Its 
spectrum is a Lorentzian with a bandwidth of TC' Hz, where T~ is the 
noise correlation time. As the bandwidth and intensity Le., variance) 
D/T' can be adjusted, this noise should provide information about the 
basic behavior of the Plant model in the presence of stochastic forcing. 
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4.3 Choice of Parameters. The model with stochastic forcing is gov- 
erned by the equations: 

dV 
dt  

CM- = G ~ ? ? z : ( V ) ~ ( V I  - V )  + G,x(V* - V )  + G K / I ~ ( V K  - V )  (4.2) 

(4.5) 

(4.6) 

(4.7) 

Here I / (  t )  is the OU process, obtained by low-pass filtering ( ( t ) ,  a gaussian 
white noise: ( ( ( f ) )  = 0 and (<(f)<(s)) = 2Dh(t  - s) (the quantity 2 0  
is the variance of the white noise). The specific forms for the voltage 
dependencies of the gating variables and time constants can be found in 
Plant (1981). Plant's factor of 12.5 in his time constants is not included 
in our value of A. The correlation time of the OU process was chosen as 
rc = 1.0 msec, so that the noise has a larger bandwidth than the fastest 
events in the deterministic equations. In fact, our parameters (see below) 
yield action potential durations of 140 msec at T = 17.8"C down to 20 
msec at T = 40°C. The time scale of all time series, spectra, and statistics 
presented below is approximately 25 times longer than that of the data 
in Figure 1. 

The idea behind the parameter calibration is to establish a range of 
values for GN,, GK, A, and p centered on those of Plant's original model. 
This range is determined by the respective Qlos of these parameters: 3 
for the As and p, 1.4 for G N ~ ,  and 1.1 for GK. The parameters are set to 
values corresponding to T = 40°C, and the pump current Ip is adjusted 
until skipping is seen. In doing so, we have found that p, A, and the 
noise intensity have to be in suitable proportions, since too much noise 
or a value of X that is too high produces too much burstiness in the 
skipping. The range of A was shifted lower and that of p higher with re- 
spect to Plant's original values. As there are many parameters to contend 
with, and many other parameters whose temperature dependencies are 
considered secondary, it is difficult to find the best "temperature path" 
through parameter space. We have settled for a temperature path that 
yields reasonable variations of intraburst and interburst periods along 
with skipping behavior. There is still excessive burstiness, as seen in the 
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ISIHs of Figure 3 at higher temperatures. This could be remedied by 
spending more time adjusting the parameters, such as working with a 
lower value of G,. 

An adequate skipping pattern with many modes is found for T = 40°C 
with X = 4.0, p = 0.0017, G N a  = 7.84, GK = 0.363, lp = -0.05, and 
D = 0.0025 with a correlation time T~ = 1.0. These parameters (except 
for D and T ~ ,  which are kept fixed) are then extrapolated back to values 
below T = 20°C using their Qlos: 

X(T)  = 4(3)(T-4[))/'0 (4.8) 

p ( T )  = 0.0017(3)(T-40)/10 (4.9) 

G ~ J ~  ( T )  = 7.84( 1 .4)(T-40)"0 (4.10) 

G K ( T )  = 0.363(1.1)(T-40)''" (4.11) 

We have found that the lowest temperature for which the sequence in 
Figure 1A can be obtained with this scheme is T = 17.8"C for X = 0.35, 
p = 0.00015, G N ~  = 3.7, GK = 0.294, and Ip = 0.03. For T < 17.8"C, 
the number of spikes per burst begins to decrease. lp is then given a 
linear dependence on temperature between its values for T = 17.8"C and 
T = 40°C: 

I ,  = -0.0036T + 0.094 (4.12) 

Intermediate values of the parameters are then computed for T = 20, 25, 
30, 35, and 37.5"C. 

Numerical integration is performed using a fourth-order Runge-Kutta 
method coupled to the integral algorithm of Fox et al. (1988) for the in- 
tegration of the OU process. This method requires a fixed time step to 
allow proper sampling of the stochastic forces. Unfortunately, a fixed step 
method makes the stochastic simulations of the full model very long. The 
time step is 5 x sec, although results at higher temperatures, where 
the spiking dynamics are faster, are more accurate with 2.5 x The 
resulting firing patterns are described in the next section. 

5 Simulated Firing Patterns 

5.1 Comparisons with the Data. Simulated time series of the voltage 
variable for our "extended Plant model" are shown for different tempera- 
tures in Figure 2. By assuming that each upstroke reaching the threshold 
value 0 mV corresponds to a propagated action potential, a comparison 
between these solutions and the spike trains of Figure 1 is possible. The 
simulated ISIHs corresponding to the parameters used in Figure 2 are 
shown in Figure 3. 

The spike trains and ISIHs are in excellent agreement with those of 
Figure 1. They follow the same sequence as temperature is increased, 
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Figure 2: Time series of the membrane potential at different constant tempera- 
tures obtained from numerical simulations of Plant's model (equations 4.247) 
with electrogenic Na/K pump and noise. The experimentally measured pat- 
terns of Figure 1 are qualitatively reproduced (within a time-scaling factor of 
FZ 25) by varying the following parameters with temperature (see equations 4.8- 
4.12): the rate constant X of the two gating variables h and iz, and of the slow 
inward current s, the global rate constant for the dynamics of intracellular 
calcium concentration p, the maximal conductance of G ~ J ~  and GK, and the elec- 
trogenic pump current Ip. The noise intensity is fixed a t  D = 0.0025 for all 
temperatures. Its correlation time is r, = 1.0 msec. Integration time step is 
5 x 1 O P  sec. 

and their statistics, compiled in Figure 4, are very similar to those for 
Figure 1A (see Braun et nl .  1980). The decay rate of the ISIH envelope 
is not as sharp in our simulation as it is in the data. A small variation 
in the temperature, or in the noise intensity, will produce an ISIH with 
a similar decay rate. It is worth pointing out again that one single fiber 
does not typically exhibit all the patterns in Figure IA, and that there is 
much variability across fibers (Section 1). A simulation at larger noise 
intensity such as D = 0.01 yields slightly broader ISIH peaks, and a bit 
of skipping is then also seen at T = 35°C (not shown). Further, the 



Encoding in Mammalian Cold Receptors 229 

T=17.8 
2ooo 1500 i 

2 2000 

8 1000 

5 

2 
9 1500 
W 

[r 
W 
m 500 

z o  

T=20 

A 

0 5 10 15 20 i 
2000 

T=25 ::::ri 500 

0 
0 5 10 15 20 25 

0 5 10 15 20 25 

0 5 10 15 20 

INTERSPIKE INTERVAL (SEC) 

Figure 3: Interspike interval histograms obtained from numerical integration 
of the Plant model at different temperatures. Parameters are the same as in 
Figure 2. The ISIHs are constructed from 100 realizations of the stochastic 
process (equations 4.2-4.7), each comprising 5 x lo5 time steps after transients 
have died out. In the deterministic case, the ISIHs have a finite number of 
singular peaks. The maxima of the bins corresponding to fast intraburst spiking 
are 4644 at T = 25"C, 6139 at T = 30"C, 9627 at T = 35"C, and 3651 at T = 40°C. 

number of counts at T = 40°C then increases in the lower modes, i.e., 
fewer oscillation cycles are skipped between firings (see Section 8.1 1. 

The interburst period shortens as temperature increases (Fig. 4A), 
causing the mean firing rate (computed from the inverse of the mean of 
the ISIH) to increase (Fig. 4B). At higher temperatures (i.e., for T > 37'0, 
the mean firing rate decreases again, due  to skipping and to the decrease 
in the number of spikes per burst (Fig. 4 0 .  The curve in Figure 48 is 
similar to ones published in Bade rt 01. (1979), although most of their 
mean rate curves decrease over a slightly larger (although variable) 5-10 
degree range. Agreement would be even better if we could adjust the 
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Figure 4: Statistics of simulated firing patterns as a function of temperature. 
(A) Number of spikes per burst; (B) burst frequency (BF  reciprocal of the in- 
terburst period) corresponding to the frequency of the subthreshold oscillation; 
(C) mean firing rate (reciprocal of the mean of the ISIH). The power spectrum 
of the spike trains is used to estimate BE An example of such a spectrum for 
T = 35°C is shown in (D). The power spectra are obtained by averaging the 
spectra from 100 realizations of the same duration as those described in Figure 3 
for the ISIHs. The alias-free spectra with a flat spectral window were obtained 
by convolving each delta-function spike with a sin(271%,t)/(27rfSt) function, ac- 
cording to the method of French and Holden (1971). 

parameters in a way that did not produce slightly higher numbers of 
spikes per burst; nevertheless, the quasilinear shape of the number of 
spikes per burst vs. T (Fig. 4C) agrees with the experiment. The noise 
is seen to not significantly affect the mean number of spikes per burst, 
except above 35°C and below 17.8"C. 

The burst frequency in Figure 4A was measured from the power spec- 
trum of the spike trains k@., the sequence of spiking events, not the 
voltage time series), averaged over many realizations of our stochastic 
model. The method of French and Holden (1971) was used to generate 
spectrally flat alias-free estimates of the power spectra. An example of 
such a power spectrum for T = 35 is shown in Figure 4D. Note that it 
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is not accurate to use the ISIH to estimate the frequency of the pattern 
when bursting is present. The interval corresponding to the first mode is 
then always shorter than the mean period of the oscillation since it lacks 
the contribution of the short intraburst ISI's. 

It is interesting to see how smoothly the frequency of the slow wave 
varies with temperature, as in the data of Braun et al. (1980) where it 
is also almost linear. This frequency probably conveys important infor- 
mation about temperature. Also, there is little difference between this 
curve and the one in the noiseless case, i.e., this frequency is very robust 
to noise. The mean amplitude of the slow wave increases with temper- 
ature, but decreases again at the high temperatures. This variation is 
small (Fig. 2), but together with the DC shifts due to the pump and the 
effects of the other thermosensitive parameters, it determines the differ- 
ent bursting and skipping patterns. 

We found that it is important to increase the ratio of G N ~  to GK with 
temperature. Doing so increases the number of spikes per burst. If 
it were kept constant, the active phase would shorten and drop out 
more quickly. In other words, increasing this ratio increases excitability, 
and slows down the progression through the sequence bursting-beating- 
skipping. 

In our model, the increase in the rate constants of the slow subsystem 
with temperature is responsible for the variation in the period of the 
slow wave, and thus of the bursting pattern (Fig. 4A). Increasing p by 
itself also decreases the period of the slow wave. In view of the excellent 
agreement between our model and the data, it is tempting to conclude, if 
indeed there are two slow variables, that p does have a Qlo comparable 
to that of the gating variables. 

At cold temperatures, our model predicts that the bursting activity 
simply ceases (around T = 13"C), after the number of spikes per burst 
has declined from its value at T = 17°C. The bursting period of R15 
and other pacemaker neurons has also been found to increase, as in our 
model, as the cell cools down (Moffett and Wachtel 19761, and bursting 
ceases when the temperature is too low. It appears that cessation of fir- 
ing in our study is a result of decreased excitability of the fast dynamics, 
since the slow wave amplitude is still large. Some solutions appear to 
be chaotic, with a random number of spikes per burst. While the low 
temperature patterns are stable to noise, spikes are randomly deleted by 
the noise as T decreases below 17.8 (with parameters varying according 
to equations 4.94.13). As mentioned in Section 1, 50% of fibers exhibit 
irregular bursts at low temperature, while the remaining ones are either 
silent or burst regularly throughout the low temperature range. Depend- 
ing on whether the temperature is low or very low, our model can exhibit 
either regular or irregular patterns. It is likely that other effects also come 
into play, such as the deactivation of the Na-K pump at low tempera- 
ture (Willis et al. 1974). Further investigation of this low temperature 
transition is warranted. 
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The effect of increasing extracellular Ca'- on pacemaker cells can be 
very complicated, as it mav impact the dynamics of other currents. But 
assuming the main effect is an increase in Vca (by tlie Nernst formula), 
the result is a hyperpolarization of the slow wave. This in turn decreases 
the number of spikes per burst, effectively converting a bursting cold 
fiber into a nonbursting one as observed experimentally in Schafer r f  (71. 

(1982). We have not investigated tlie potentially more significant effect 
of voltage screening due to this enhanced concentration. 

5.2 Mechanism of Skipping. It1 this section, we discuss the mech- 
anism of skipping in our model. The nonlinear dynamics of the Plant 
model have been studied by Rinzel and Lee (1987) using a decomposi- 
tion of the full equations into slow variables (s .  Cai underlying the slow 
wave and fast variables governing the action potentials ( V .  I Z . ~ ) .  The 
slow wave is an autonomous oscillation (independent of spikes), which 
typically appears at a Hopf bifurcation in the slow subsystem. The active 
phase of the burst begins when the slow wave reaches the threshold volt- 
age for the activation of the fast inward currents. The rapid firing during 
that active phase of the burst corresponds to a limit cycle in the fast sub- 
system. Rinzel and Lee's study emphasized that the likely mechanism 
for slow wave bursting involves a homoclinic transition rather than a 
Hopf bifurcation. Near this transition the period of firing varies strongly, 
and is infinite at the bifurcation point. In contrast, the firing period is 
finite at a Hopi bifurcation. 

When the slow wave is suprathreshold, the fast dynamics "riding" 
this oscillation periodically visit their threshold. Depending how much 
time they spend near threshold, i.e., on the rate at which the homoclinic 
curve is crossed, the duration of the ISIS can vary greatly. For the pa- 
rameters chosen here as well as in Plant (1981), the IS1 increases during 
the active phase, which is also a property of the data in Figure 1. 

Next, we consider the case where the SIOW wave is subthreshold. 
Since this wave brings the fast subsystem periodically near the homo- 
clinic curve, the probability of crossing the curve is also periodic. This 
periodically modulated probability underlies the skipping behavior. For 
tlie noise levels that produce multimodal ISIHs with reasonable widths, 
it appears that the phase preference is quite sharp as this firing probabil- 
i ty closely parallels the amplitude of the slow wave. It is a fact, however, 
that if the slow wave did not exist, a precise time scale for the noise- 
induced firings would still exist, even in the absence of any deterministic 
time scale. Such a noise-induced time scale has been shown by Sigeti 
and Horsthemke (1989) for systems near a saddle-node bifurcation. The 
ISIH is then gamma-like with a low IS1 cutoff, and a well-defined peak. 
The slow wave here has the effect of introducing a modulation on this 
basic ISIH, i.e., it makes it multimodal. The details of this mechanism of 
skipping will be published elsewhere. 
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If only the As are varied with temperature (with a Qlo of 3), a de- 
crease in the period and number of spikes per burst is still observed (not 
shown). As temperature increases, the first spike in a burst becomes sig- 
nificantly higher than the others; at the same time the amplitude of all 
the spikes decreases. Skipping then arises because only the first spike 
is close enough to the propagation threshold. Then, with noise, the first 
spike may or may not propagate during a given cycle of the slow wave. 
But this is a more complicated and less likely mechanism for skipping. 

5.3 Spectral Properties of Solutions. The power spectra of bursting 
neurons can be quite intricate, as is clear from Figure 4D. It is well known 
that the power spectrum of a repetitively firing pattern, modeled by a 
train of Dirac &pulses of period TO, 

a2 

x ( f )  = c S(f - 

is given by a set of delta functions at integer multiples of fo = l/To: 

(5.1) 

The highest peak in Figure 4D corresponds to the fundamental frequency 
of the noisy bursting solution. Its harmonics are visible, as expected for a 
periodic pulsed pattern (equation 5.2). Broad bumps are also seen. In the 
absence of noise, this and other bursting power spectra exhibit an even 
greater number of sharp peaks, with again broad bumps. This structure 
is similar to that seen in spectra of integral pulse frequency modulators 
(IPFM), for which Bayly (1968) has obtained an exact expression. These 
IPFMs are integrate-and-fire devices that, with constant input, fire at 
a precise frequency known as the carrier frequency fc. This carrier fre- 
quency is similar to the high frequency firing during the active phases, 
and corresponds to the large bump around 5 Hz. This bump is broad be- 
cause the firing frequency varies during the active phase (see Section 5.2). 
When an IPFM is driven by a frequency fm < fc, the spike train resembles 
that of a bursting neuron. This modulation frequency and its harmonics 
appear, producing sidebands on the carrier peaks. These harmonics are 
similar to the fundamental peak and its harmonics in Figure 4D. 

The spectra of noisy bursting neurons from Plant's model thus share 
features with IPFM spectra, but are more intricate. One can calculate 
from these spectra a signal-to-noise ratio at the fundamental frequency, 
and the dependence of this ratio on temperature. Preliminary results 
indicate that this ratio is very high for temperatures below 37"C, but 
drops significantly when skipping sets in. The characterization of the 
model spectra and behavior of the signal-to-noise ratio, as well as com- 
parisons to those estimated from the experimental data, will be reported 
elsewhere. 
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6 Sources of Pattern Variability - 

Section 4.3 describes a path through parameter space that yields the se- 
quence of bursting to skipping patterns observed in Figure 1A as the 
temperature increases. Neighboring paths may or may not yield qualita- 
tively similar results. I t  is important to understand what other dynamic 
behaviors exist near this path, because noise will allow the system to 
sample these behaviors. Exploring the vicinity of this path thus yields 
information on the sensitivity of the patterns to parameter variations. 
This in turn indicates how observable a pattern should be in the pres- 
ence of additive or multiplicative noise. In other words, this exploration 
helps determine the "volume" of the path corresponding to the observed 
sequence. 

This section focuses on sensitivity to noise and parameter variations. 
Results may shed light on the origin of aperiodic firing for a given cell. 
Further, they may explain the variability in activity across fibers in the 
same preparation, and across preparations (since different cells may have 
different parameter values). I t  is known, for example, that other recep- 
tors, such as the cold fibers oi the ampullae of Lorenzini, exhibit different 
sequences of bursting, beating, and skipping as temperature increases 
(Iggo and Iggo 1971; Braun ct (11. 1984a). But their basic ionic mecha- 
nisms may be quite similar to those of cat lingual cold receptors. If this 
is the case, their firing patterns may arise as temperature parametrizes a 
different path through parameter space (due to different pump activities, 
ionic concentrations etc.). 

6.1 Critical Slowing Down at High Temperature. We first focus on 
the intluence of noise in the higher temperature range. As temperature 
increases i n  the noiseless model, the amplitude of the slow wave first 
increases, and then decreases for T > 35-C (this is barely visible in the 
simulations with noise of Fig. 2 ) .  At these higher temperatures, the slow 
wave becomes further hyperpolarized due to the Na /K pump. This 
downward shift moves the slow dynamics closer to a Hopf bifurcation 
at which the slow wave disappears and the slow dynamics converge to 
a stable fixed point. Since the limit cycle disappears, this bifurcation is 
sometimes called a reverse-Hopf bifurcation. This effect of I ,  is illustrated 
in the left panels of Figure 5, where for simplicity we have fixed all other 
parameters to their values at 7 = 4f3-C. This Hopf bifurcation of the slow 
dynamics should be distinguished from the homoclinic bifurcation of the 
fast dynamics, at which the fast spiking arises (Section 5.2). The slow 
wave frequency varies slowly across the Hopf bifurcation. 

In Figure 5, the Hopf bifurcation occurs a t  I ,  = -0.068. By compari- 
son, at T = 25 C, we used I, = 0.004 in Figure 2, a value well beyond that 
at which the Hopf bifurcation occurs for this temperature (I1, = -0.08). 
As can be seen with I ,  = -0.0675, the decay time of the slow wave to its 
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Figure 5: Critical slowing down: increased effect of noise on firing pattern at 
T = 40°C as I ,  decreases. Left panels: deterministic case. Slow-wave amplitude 
decreases as I ,  decreases. 1, = -0.0675 is just above the bifurcation point value 
(-0.068). Right panels: stochastic case with D = 0.0025. D and r, are the same 
in each plot. However, the slow wave is increasingly perturbed (the variance of 
the amplitude becomes larger than the mean amplitude) as the Hopf bifurcation 
is approached. Only the I ,  = -0.04 case has spikes in the absence of noise. 

asymptotic amplitude is quite long. In fact, it increases as the bifurcation 
point is approached, and is infinite at the bifurcation point itself. This 
loss of stability implies that noise has a greater influence on the solu- 
tion as I, decreases, even though the noise intensity is constant. This 
is shown in the corresponding stochastic simulations in the right panels 
of Figure 5. This apparent amplification of fluctuations as a bifurcation 
point is approached is known as "critical slowing down" (see, e.g., Hors- 
themke and Lefever 1984). The amplification of noise is most obvious 
for I ,  = -0.0675. 

What this finding implies is that, even though the noise level is as- 
sumed constant, the effect of noise will be higher at high temperature. 
Consequently, the firing probability increases. For example, in going 
from I ,  = -0.05 to Ip = -0.06, the slow wave has become slightly more 
hyperpolarized, and its amplitude has decreased. These two determin- 
istic effects conspire to abolish all spiking. Nevertheless, spiking is still 
seen on some cycles at Ip = -0.06, because the "effective" noise intensity 
is now larger, due to the loss of stability. If the noise were sufficiently in- 
tense, skipping could arise even though I ,  was below the value at which 
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the slow wave comes into existence. If I ,  only shifted the slow wave 
downward without bringing the slow dynamics nearer to the Hopf bi- 
furcation, the amplitude and stability of the slow wave as well as the 
"effective noise intensity" would change only slightly. 

Thus, both noise and critical slowing down contribute to extending 
the encoding range, by allowing spikes to occur over a broader range 
of physiological parameters. This critical slowing down could occur at 
other kinds of bifurcations than the supercritical Hopf bifurcation present 
here, although the implications for encoding may then be different. 

6.2 Period Doubling, Chaos, and Skipping. The model exhibits other 
dynamical behaviors than those discussed up  to now. These behaviors 
occur for parameters in the vicinity of the path defined by equations 4.9- 
4.13. For example, period-doublings leading to chaotic motion occur 
for the T ~~ 20°C parameters as I ,  increases slightly. Since it is diffi- 
cult to visualize the bifurcations and chaotic motion from the full burst- 
ing solution, we have used a first return map representation of the ISI's 
(Fig. 6). The iirst panel for I, = 0.022 corresponds to the noiseless ver- 
sion of the firing pattern at T = 20°C. We see that it is in fact the first 
period-doubled solution of a fundamental bursting pattern occurring for 
I ,  < 0.022. However, the presence of noise produces a pattern with a 
spectral peak centered on that of the fundamental solution (not shown). 
The chaotic motion at I ,  = 0.03 is manifested in the variable number 
of spikes per burst from one cycle to the next. Further, there is the is- 
sue of multistability, a property found in other models (Chay and Kang 
1987; Canavier t>t ol. 1993). If multistability exists in our model, noise 
can perturb the dynamics from one kind of motion to another coexisting 
motion. Noise may thus cause a random sampling of different simple 
and complex patterns, along with their transients. 

There is also another kind of chaotic motion, occurring at a higher 
value of Jp, which can lead to skipping when a small amount of noise is 
present. This is illustrated in Figures 7 and 8. This chaotic motion is 
closely related to that studied in Section 7.2 below. As I ,  increases, the 
number of spikes per burst and the amplitude of the slow wave decrease. 
At some point, the depolarization is not sufficient to cause spiking. Near 
this point, skipping can arise through stochastic forcing of the chaotic mo- 
tion (Longtin 1995a). Due to the low amplitude of the slow wave, this 
form of skipping is not as sharply phase-locked as that at T = 40°C in 
Figure 3. This is seen by comparing the ISIHs of Figure 3 to the one in Fig- 
ure 8. I t  is also apparent that short bursts are sometimes associated with 
this kind of skipping. Thus, depending on the precise balance of hyper- 
polarizing and depolarizing influences, skipping may be seen in a given 
preparation at lower temperatures than in Figure 1 (i.e., lower than 35" or 
so). This may explain some of the differences between the firing patterns 
of cold-sensitive fibers of ampullae of Lorenzini, boa warm receptor, and 
cat cold bursting and nonbursting receptors (Braun et d. 1984a). 
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Figure 6: First return maps of interspike intervals at three values of the pump 
current lp in the absence of noise. The other parameters are those used for 
T = 20°C in Figure 2. As the successive ISIs vary widely, a connected log-log 
plot was used to represent the solutions. A period-doubling cascade occurs as 
Ip increases, with chaotic bursting when lp = 0.03. These behaviors are also 
found at other temperatures. 

6.3 Noise-Induced Bursting from a Beating State. Figure 9 presents 
another kind of firing pattern that may be relevant to the question of 
variability across preparations. This noise-induced bursting occurs for 
T = 40°C with a high value of Ip rather than the low one (-0.05) used in 
Figure 2.  In the noiseless case, the slow wave amplitude and frequency 
decrease as Ip increases, while the duration of the active phase increases 
due to a growing asymmetry in the shape of the oscillation. At I, = 

0.039 the successive active phases merge, and high frequency beating Le., 
periodic firing) ensues. When D > 0 and Ip = 0.04, the slow wave that 
exists for I ,  < 0.039 becomes "sampled" by the noise: bursting is induced 
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Figure 7: Bursting patterns a t  T = 23 C 2s I ,  increases. When D = 0, the 
number of spikes per brirsi as tvell as the peak t o  peak ampIitude of the slow 
~ ‘ a w  are reduced as 1 ,  increases. The solution with I ,  = 0.06 and D = 0 has 
c~ very long period and i5 probabl!7 chaotic. At I ,  = 0.06 and D = 0.0025, a 
skipping pattern appears. 

by the noise. The mean interburst period decreases as D increases over 
<I large range of values. Thus, near this bifurcation, the noise determines 
the time scale of bursting. Numerical simulations show that there does 
not appear to be bistability here. Koise causes the deterministic dynamics 
to sample both behaviors (Horsthemke and Lefever 1984). The duration 
of a repolarization depends on the limit cycle phase when the dynamics 
are perturbed toward the limit cycle regime. 



Encoding in Mammalian Cold Receptors 239 

fl 60 z 
W > w 
IL 40 0 
a: 
W m 
f. 20 
z 

0 

t 
I 

0 20 40 60 

cn 
I- 
2 

w 
9 100 

% 

5 
U 
W 
m 50 

z 

n 
" 0  20 40 60 

INTERSPIKE INTERVAL (SEC) 

Figure 8: ISIHs for noise-induced skipping in the vicinity of chaotic motion 
(refer to Fig. 7 )  for T = 25°C and Ip = 0.06. Note that the distribution of intervals 
when D = 0 is continuous rather than singular: the solution is probably chaotic. 
The modes of this ISIH are considerably broader than those shown in Figure 3. 

7 Deterministic Skipping and Gslow 

In our model, temperature increases the rate of the activation kinetics 
of the slow inward current. In this section, the effect of also varying 
its maximal conductance G,, (Gslow in the following) is described. This 
can lead to a form of skipping without noise (deterministic skipping). 
The possibility that the skipping seen in cold receptors is of deterministic 
origin, and that the sequence in Figure 1A is mostly determined by Gslow, 
is discussed in the context of the recent model of bursting by Chay and 
Fan (1993). Studying the effect of Gslow also suggests possible mechanisms 
for the paradoxical cold response. 
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Figure 9: Noise-induced bursting at high I ,  for T = 10T. When D = 0, tlie 
duration of the active phase increases with IF. At I ,  = 0.039, the successive 
active phases merge. When D j 0 and I ,  = 0.04, the slow wave that exists 
for Ip < 0.039 is sampled by the noise. Near this bifurcation, tlie noise sets 
the mean time scale of the bursting i t  induces. Variations i n  spike heights are 
a plotting artifact due to decimation of the large number of points required to 
represent a solution. 

7.1 Thermosensitivity of G,,,,,, . It has been reported that the slow in- 
ward current responsible for tlie negative slope resistance of pacemaker 
cells is dependent on  temperature (Wilson and  Wachtel 1974; Adams and  
Benson 1985). This means that its activation rate and/or  its inactivation 
rate and/or  its maximal conductance may vary with temperature. In our  
model, the kinetic rate oi activation was given the same Qlo as that of the 
other activation variables (equation 4.6). This current was chosen a s  non- 
inactivating, as discussed in Section 4.1. Its maximal conductance G,,,,,. 
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(G,  in equation 4.2) was kept constant, as its variation with temperature 
has been considered secondary to those of G N a  and Gh, as discussed in 
Section 3. It has also been reported (Nobile et al. 1990) that the calcium 
currents in chick dorsal root ganglion neurons (containing the cell bodies 
of different kinds of sensory neurones) can have high QKIS. LVA-type 
channels have lower Qlos than those of HVA type. The reported val- 
ues for LVA are 1.7 for maximal conductance, 1.9 for activation, and 2.2 
for inactivation. The channels gating the slow currents in cold receptors 
have been reported to have characteristics that are more of the LVA than 
HVA type (Schafer ef 01. 1988). 

The firing patterns produced by our model are sensitive to Gslow. Vary- 
ing this parameter along with the other parameters produces some cor- 
respondence with Figure lA,  especially if G,,,, starts at a lower value. 
However, the range of correspondence is shortened. It is likely, if Gslow 
does indeed vary with temperature, that a more elaborate parameter vari- 
ation scheme is required to reproduce the sequence. The sensitivity of 
the model to G.J,,,~ may then partly explain why fibers usually do not 
exhibit the whole gamut of firing behaviors shown in Figure 1A. 

Figure 10 shows the effect of increasing Gslow at T = 40°C. An increase 
from 0.01 to 0.011 produces a transition from skipping to bursting. This 
bursting is deterministic since it occurs also when D = 0. A further 
increase in Gslow to 0.012 produces a merging of the active phases (as 
in Fig. 9), and high frequency beating ensues. It is tempting to draw 
an analogy between this renewed firing at high temperature and the 
paradoxical cold response (Hensel 1974). This response of cold fibers to 
warm temperatures normally occurs after cessation of firing. Increases 
in Gslow could then be involved in the increased mean firing rate after 
cessation around 45°C. Comparison with data is not possible at present 
as the temporal firing patterns of this paradoxical response have not been 
studied in detail (Hans Braun, personal communication). 

Another interesting finding is that our model can produce determin- 
istic skipping for smaller values of Gslow. This is shown in Figure 11. 
This occurs over a narrow range of values of Gslow. This skipping is 
very sharply phase-locked. Addition of noise to the dynamics produces 
an ISIH with a smoothly decaying envelope, as seen in the data. This 
model behavior, found at different temperatures, may account for some 
of the aperiodicity and response variability across fibers. 

7.2 The Bursting Model of Chay and Fan. The Chay and Fan (1993) 
(CF) model of bursting was motivated by the search for drug treatments 
of certain irregular activities in the brain. We have chosen to study this 
model because it points to other possible mechanisms for the transitions 
between firing patterns in Figure 1A. In particular, it suggests that chaotic 
dynamics may underlie the skipping behavior. This model has a slow 
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Figure 10: Effect of increasing the maximal conductance G, of the slow current 
in equation 4.2 with temperature. Other parameters are a s  in Figure 2 for 
T = 40°C. Deterministic bursting, followed by high frequency beating, can 
be recovered from the skipping regime by increasing G,. This behavior may 
contribute to the paradoxical cold effect. 

inward current Islow given by 

Is~ow = Gslowdf (V - Vs~ow) (7.1) 
The activation variable d and the inactivation variable f are voltage- and 
time-dependent: 

(7.2) 

where y stands for either if or f .  It also has Hodgkin-Huxley-type fast 
action potential dynamics: 

(7.3) 

d y 
~ = b,(V) - y1 l.,(V) d t  
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Figure 11: Deterministic skipping when the maximal conductance G, in equa- 
tion 4.2 is lowered from its value of 0.01 (used up to now) to 0.009548. Other 
parameters are as in Figure 2 for T = 35°C. Left: the skipping occurs in the 
absence of noise, near the onset of bursting. Right: Deterministic skipping in 
the presence of noise (D = 0.0025). 

where n and k are also governed by equation 7.2. The time constants 
are T , ~  = 0.0, Q = 0.2, r,, = 0.3, r d  = 1.0, and 7 = 40.0 (c = 1). Thus 
the activation of Islow is slower than the kinetics of n and k ,  but 40 times 
faster than the inactivation of Islow. The CF model, slightly modified 
from previous models studied by this group, is also of the slow wave 
bursting-type with only one dominantly slow variable, as opposed to two 
in Plant’s model. To our knowledge, an analysis of the CF model in terms 
of fast and slow submanifolds and pseudo-steady states, as Rinzel and 
Lee (1987) have done for Plant’s model, has not been published. When 
Ifast = 0, the five-dimensional CF model undergoes a Hopf bifurcation 
to a low-amplitude slow-wave oscillation as Gslow reaches a value near 
10, and a reverse Hopf bifurcation when Gslow reaches a value near 16.5 
(Chay and Fan 1993). This slow wave underlies the bursting pattern 

The fast dynamics and the activation kinetics of Islow in CF are similar 
to those in Plant’s model. In this latter model, Islow does not inactivate. 
Rather, this current turns off when the voltage decreases due to the cal- 
cium activated K+ current. Rinzel and Lee’s (1987) analysis of Plant’s 
model shows that significant qualitative changes in behavior are not ex- 
pected if instead one assumes calcium inactivation of Islow. The CF model 
differs from these two alternatives in that the inactivation directly and 

when Ifast # 0. 
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solely depends on voltage and time. However, the main and important 
difference between the CF model and that of Plant is that [Ca2+], is not a 
state variable in CF. Thus the CF model applies to preparations in which 
[Ca2+]i is not thought to play an essential role in the genesis of bursting. 

Figure 8 of Chay and Fan (1993) shows a sequence of firing patterns 
for increasing Gslow over a small range. This sequence is similar to that 
seen in Figure 1A. While it is not surprising that other models of slow- 
wave bursting give rise to similar transitions, it is of great interest that 
this model can produce skipping without noise. Given that Gslou. may 
be temperature dependent (Section 7.1 1, this raises the interesting pos- 
sibility that the firing patterns of cold receptors are largely determined 
by variations in Gslow. While this has not been proposed as a primary 
mechanism in the literature on cold receptors (summarized in Section 3), 
we feel nevertheless that it should be seriously considered. This is fur- 
ther warranted by the fact that, although the literature on cold receptors 
strongly suggests that [Ca'+Ii does play a role in bursting, its involvement 
has not been solidly confirmed. Consequently, it would be worthwhile 
to investigate this model in the context of what is known about mam- 
malian cold receptors, i.e., by varying all of the putative thermosensitive 
parameters, and not just GSlOMr. 

We do not attempt a full analysis of the CF model using a parameter 
variation scheme as  in Section 4.3. Rather, we consider the transition 
from beating to skipping, and compare the solutions and ISIHs to those 
in Figure 1. We have constructed the ISIHs for five values of Gslow in 
the range of interest, both without noise, and with a moderate amount 
of noise (D = 10: the scaling is different in CF, thus the higher values 
of D).  The results are shown in Figure 12. The main features of beating 
and skipping are visible in the ISIHs obtained with D = 0. The skipping 
solutions appear indeed chaotic (not shown). Both beating and skipping 
are accompanied by significant bursting; this can probably be removed 
by parameter adjustment. 

There are, however, clear differences with the experimental data. The 
simulated ISIHs have more structure than those in Figure 1, and exhibit 
less phase-locking. The structure for D = 0 is due to the chaotic motion. 
It is partly smoothed out by noise (Fig. 12, right panels). However, some 
structure beyond that seen in the data still remains despite the presence of 
noise, such as the asymmetry and splitting of the first mode associated 
with the slow wave period. The reason why phase-locking decreases 
as Gslow increases in the CF model is that the slow wave amplitude is 
decreasing to zero. This decreased phase-locking is similar to that seen 
in our Figures 7-8 for noise-induced skipping near chaotic motion, at 
which the slow wave amplitude is small. 

In contrast, our model produces multimodal ISIHs with the proper 
structure and a good degree of phase-locking (the peaks are very clearly 
separated, as in the data). This is because the pump current shifts the 
slow wave downward, and noise-induced bursting occurs when the slow 
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Figure 12: Deterministic skipping in the slow wave bursting model of Chay and 
Fan (1993) as their maximal conductance Gslow varies over a small range. Left 
panels: D = 0. The progressive loss of spikes follows the decrease in amplitude 
of the slow wave. This is accompanied by loss of phase-locking. Most solutions 
in this range appear to be chaotic, producing multimodal ISIHs with a more 
complicated structure than those for the noise-induced skipping case (Fig. 3, 
T = 40°C). As Gslow increases above 16.0 the spikes disappear. Right panels: 
D = 2.5, r, = 0.01. The ratio of T~ to the fastest time constant in CF is similar to 
that used for our stochastic simulations of Plant’s model. The structure in the 
noiseless ISIHs is partially smoothed out by the noise. 

wave amplitude is large. Further, for slight changes in the calcium con- 
centration, the experimental ISIHs have many peaks (up to eight), and  
there is still sharp phase locking. It is difficult to see how chaotic skipping 
riding a low-amplitude slow wave as in the CF model could produce this 
effect. Our model can easily produce skipping ISIHs with many modes. 



246 Andre Longtin and Karin Hinzer 

If G,,,,% is lowered below 14.0, the CF solutions go through an inverse 
period-adding sequence, in which a bursting solution bifurcates to an- 
other bursting solution with one less spike per burst. This behavior is 
different from the one seen in Figure 1 A as temperature decreases from 
T = 30-C. Also, the proper variation of the bursting periods is not re- 
produced. I t  is expected that concomitant variation of the kinetic rates, 
especially those for G,,,,, , is necessary to produce proper variations in 
the slow wave period. This will perhaps also produce more sharply 
phase-locked deterministic skipping. 

We conclude that i t  would be very interesting to pursue the study 
of the CF model in the context of cold thermoreception. It is likely that 
other parameters have to be varied along with G,,,,,., and that noise has 
to be coupled to the dynamics, if this model is to agree with the data 
to the extent that our extended Plant model does. The appeal of the CF 
model lies in its conceptual simplicity compared to that of Plant, since 
intracellular calcium dynamics are not present (both models nevertheless 
have five dynamical variables). It should be mentioned that CF also gives 
a paradoxical cold response as G,,,,,. is increased past 17.0. The effect of 
noise on the CF model is further discussed at the end of Section 8.1. 

8 Role of Noise in Skipping and Coding 

Our study suggests that noise accounts for much o f  the aperiodicity ob- 
served in the firing patterns. However, chaotic bursting and skipping as 
well as the effect of noise in the vicinity of bifurcations cannot be ruled 
out, especially as bifurcations and chaotic motion are common features 
of models of bursting (Chay L’t nl.  1995). Whatever the source of aperiod- 
icity, the fact remains that this aperiodicity probably plays a role in the 
encoding of stimuli. 

8.1 Subthreshold and Suprathreshold Skipping. The interaction of  
noise with a subthreshold slow wave can produce skipping. This form 
of skipping arises froin noise-induced phase-locking, as in Figure 5 with 
I ,  = -0.05. In our model, this occurs for 7 > 37’C. Skipping can also 
arise when noise perturbs a deterministic phase-locked pattern, as in 
Figure 5 with I ,  = -0.04. In this case, the slow wave is suprathreshold 
since firing occurs without noise. In our model, this occurs for T < 37°C. 
This form of skipping has also been found for the stochastic version of the 
Fitzhugli-Nagumo neuron equations with periodic forcing by Longtin 
(199%). This latter study shows that it is possible to experimentally 
distinguish between the two forms of skipping if the noise level can be 
varied, e.g., by using an external noise source as in Douglas et n l .  (1993). 

I n  the subthreshold case, increasing the noise will always cause the IS1 
probability to spread to lower multiples of the basic period, i.e., it will 
reduce skipping. This property of the noise-induced skipping occurs 
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because a larger noise reduces the escape time to the firing threshold. In 
the suprathreshold case, increasing D will first perturb the phase-locked 
pattern, with ISIs spreading out to the higher modes of the ISIH. Past 
a certain value of D, the ISIs will move back to the lower modes. For 
example, one way to obtain skipping similar to that seen at T = 40°C is to 
increase the noise intensity at T = 35°C (the basic periods will of course 
be different). While the period of the T = 35 pattern will not change, 
there will be a spread of the probability to larger ISIs, characteristic of 
the suprathreshold case. Hence, the transition from bursting to skipping 
is not clear cut, in the sense that skipping does not necessarily imply 
a subthreshold oscillation. But it is clear that noise increases the range 
of parameters where firings can occur, and thus extends the encoding 
range. 

In the case of deterministic skipping studied in the CF model (Sec- 
tion 7.2), preliminary results indicate that the effect of noise is not system- 
atic. For example, noise will slightly increase skipping for Gslow = 15.25 
and 15.5, but not for the other values investigated. These results suggest 
that the method of distinguishing between different origins of skipping 
using noise can be extended to the deterministic skipping case. 

8.2 Sensitivity to Stimuli and Noise. Wiederhold and Carpenter 
(1982) have suggested a role for regular firing patterns such as burst- 
ing from the point of view of sensory encoding. They argue that sensory 
cells might avoid regular spontaneous firing (such as bursting) if they 
are to encode stimuli at frequencies close to that of the regular activity. 
For example, if an auditory cell fired regularly (they fire very irregu- 
larly), a stimulus at a frequency near its mean spontaneous frequency 
could not easily change this mean rate; the encoding capability would 
be diminished. In contrast, cells with regular spontaneous firing (such 
as bursting) could encode weak stimuli through the modulatory effect of 
these stimuli on the regular activity. Thus, the stimuli would not have 
to exceed threshold to be encoded, since the cell is already biased into a 
suprathreshold region. 

Our study of mammalian cold receptors suggests an interesting ex- 
pansion on this point. Weak temperature stimuli are readily encoded 
through their effect on the bursting period, the duration of the active 
phase, and the number of spikes per burst. The dynamic response (i.e., 
transients) further enhances this sensitivity (Braun et al. 1990). This sen- 
sitivity is also present at high temperature, even though the slow wave 
is subthreshold. This has been shown in recent theoretical (Longtin 1993; 
Chialvo and Apkarian 1993) and experimental (Douglas et al. 1993) stud- 
ies of neurons driven by periodic forcing and noise. When such neurons 
are biased into their subthreshold regions, noise can enhance the expres- 
sion of a small periodic signal through an effect known as "stochastic 
resonance." This occurs when the time scale of firing imposed by the 
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stimulus becomes commensurate with the mean firing time in the ab- 
sence of stimulus. 

Neurons that  exhibit this effect also exhibit skipping. Further, char- 
acteristics of the ISIH, such as the rate of decay of the envelope, are very 
sensitive to parameters such as stimulus amplitude, frequency, and noise 
intensity (Longtin r f  a / .  1994). The multimodal ISIHs in our model are also 
\ w y  sensitive to, e.g., the static temperature and the noise intensity, even 
though the ”periodic signal” is endogenous rather than external. The 
noise helps express the frequency of the underlying slow wave when it 
is subthreshold. Thus, the sensitivity of regular activity can extend to 
skipping. 

8.3 Deterministic versus Stochastic Coding. The issue of whether 
stochastic coding or temporal coding is used by the brain is a burning 
question, especially when it is addressed to cortical information process- 
ing (see Shadlen and Newsome 1994, for a current review; Usher ct n l .  
1994). Trying to answer such questions requires that a precise niean- 
ing be ascribed to ”precise timing” and “stochastic.” I n  the case of cold 
receptors, our study suggests that the code combines deterministic and 
stochastic components. The precise timing of spikes is seen in the pre- 
dictability of firing times that characterize cyclical patterns such as burst- 
ing and beating. However, there are fluctuations within these patterns 
in the exact times at which the firings occur. For example, the interspike 
intervals in a burst do not repeat exactly from one burst to the next; 
likewise, the number of spikes per burst and the time between bursts 
fluctuate. 

A t  high temperatures, the precise timing is seen in the persistence of 
the phase-locking to the slow wave, but the number of cycles between 
firings is random. The probability of firing may itself be part of the 
code, as suggested by Sclieicli r t  171. (1973) in the context of skipping 
cells known as “probability coders” in weakly electric fish. Modeling of 
the next stages of processing of thermal information all the way up to 
the hypothalamus may be needed before a clear understanding of the 
interplay of deterministic and stochastic aspects of the code is achieved. 

If the skipping pattern is indeed relevant to the coding by cold re- 
ceptors, then our model suggests that noise is an important component 
of this code. It endows the cold receptor with a continuous variation 
in firing pattern as temperature varies (this occurs also by smoothing 
out, e.g., period-doubled solutions as in Figs. 2 and 6). Without noise, 
there would be no skipping in our model over the 5-1O’C range where 
i t  is measured. Clearly, too much noise would destroy the multimodal 
pattern. In the deterministic skipping case, an optimal amount of noise 
also appears to be needed to produce a smooth JSIH. Thus, this sense 
may have accommodated to an amount of noise that allows a sufficient 
dynamic range along with a reasonable signal-to-noise ratio. The precise 
sense in which noise could be used optimally by cold receptors will be 
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investigated elsewhere. Suffice it to say that this encoding scheme at 
higher temperatures is similar to that seen over a wide range of stimulus 
amplitudes in other thermal noise-limited senses such as the auditory 
system. 

9 Conclusion 

9.1 Summary of Results. 

0 Our model of mammalian cold receptors accounts for the main 
temporal and statistical features of the sequence of firing patterns 
shown in Figure 1A (Section 5.1). It is necessary to vary seven 
parameters concomitantly to obtain this agreement. The model in- 
corporates the putative thermosensitive mechanisms discussed in 
the physiological literature on cold receptors (Section 3). Based on 
Plant's (1981) five-dimensional ionic model of bursting in the R15 
pacemaker cell of Aplysia, the model provides a framework for the 
oscillatory theory of transduction by these receptors (Braun et al .  
1980, 1984b). Skipping arises here through noise-induced firing 
from a subthreshold slow wave oscillation in the receptor. 

0 We have studied the variability (Section 1) of the firing patterns 
seen across fibers, and across preparations, by exploring behav- 
iors of our model in the vicinity of the parameter path defined by 
equations 4.9-4.13. Section 6 reports our findings on noise-induced 
beating from a bursting state, on period-doubling sequences, and on 
noise-induced skipping from a chaotic low amplitude slow wave. 

0 Our assumption of constant noise intensity is compatible with the 
increasing importance of noise at higher temperatures. This is due 
to the loss of stability of the slow wave at high temperature (Sec- 
tion 6.1). 

0 Our model suggests that spikes drop out at higher temperatures as 
a consequence of hyperpolarization of the slow wave (Section 5.2). 
It is known that action potentials can also be quenched at high 
temperatures ("heat block": see Hodgkin and Katz 1949; Huxley 
1959). This occurs when the rate of rise of the spike cannot keep up 
with the rates of change of the permeabilities that lead to recovery. 
Skipping does not appear to be a form of intermittent heat block. 

0 At very low temperatures, noise has an increased effect on pattern 
variability, as it affects the number of spikes dropping out of the 
bursting pattern (Section 5.1). 

0 The physiological evidence for our model is indirect as it derives 
from extracellular recordings. In view of the diversity and complex- 
ity of the ionic dynamics underlying the firing patterns of bursting 
cells (Adams and Benson 1985; Canavier etal.  1991; Chay etal. 1995), 
it would not be surprising that other models with different currents 
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and/or temperature effects neglected here could also reproduce the 
data. Our model provides a framework from which to proceed for 
studying thermoreception. I t  can easily accommodate new physio- 
logical data as they become available. 

0 Our work provides a good starting point for studying the interac- 
tion of pacemaker dynamics with noise. Further, in the event that 
noise is at the origin of skipping, the discussion of the role of noise 
in Section 8 will likely survive the precise details of future improved 
ionic descriptions. 

0 In our model, the effect of temperature on the slow inward current 
was to increase the rate of the activation kinetics, as the literature 
on cold receptors suggests that variations in G,I,,,. have a secondary 
importance. Incorporating variations of G,l,,,,. with temperature in 
our model requires more assumptions on the behavior of other pa- 
rameters (Section 7.1 ). 

0 Our study discusses an attractive alternate mechanism for the se- 
quence shown in Figure lA, based on the results of Chay and Fan 
(1993) (Section 7.2). We have investigated the behavior of their 
model of slow wave bursting as G,I,,,,. increases to produce a tran- 
sition from beating to skipping. The skipping ISIHs exhibit more 
structure than those in Figure 1. These chaotic solutions likely re- 
quire stochastic forcing to produce smoother ISIHs. Also, the deter- 
ministic skipping is less phase-locked than the stochastic skipping 
in our model. A better assessment o f  their model would require 
a full study of its dynamics as many parameters are varied along 
with G.,lOl,, following a scheme similar to that in Section 4.3. In our 
view, such a study would be of great interest. 

0 Deterministic skipping also occurs in our model at slightly smaller 
values of G,.  The ISIHs are strongly phase-locked, and their enve- 
lope can be nonrnnnotonic. Noise makes the ISIH envelope mono- 
tone decreasing, similar to  those in Figure 1. 

0 Paradoxical cold responses can be obtained in both our model and 
that of Chay alid Fan (Section 7.1). 

9.2 Future Work. 

0 An improvement to our model would include the increase with tem- 
perature of all the maximal conductances in equation 4.2. Other pa- 
rameters may have to change also, such as the Qlos, or the temper- 
ature dependence of the pump. The precise form of these changes 
would have to be surmised from other preparations. 

0 An important next step is to model the dynamic responses, i.e., the 
transient responses to temperature changes. These are well doc- 
umented, and may serve to validate models. This would require 
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proper modeling of the transient behavior of the electrogenic pump 
currents. 

0 The patterns of Figure 1 were reproduced by increasing the global 
rate p of the intracellular calcium kinetics. Perhaps it is sufficient 
to only vary the rate of calcium sequestration. Preliminary results 
indicate, however, that this is not the case. One can also think of 
more detailed modeling of the intracellular calcium kinetics as in, 
e.g., Canavier et al. (1991) or Chay ef al. (1995). 

0 One can test other hypotheses for noise that involve, e.g., changing 
D and T~ with temperature. The inclusion of conductance fluctua- 
tions, e.g., as in Chay and Kang (1988), is an obvious first step. The 
effect of r, should also be investigated, as it can affect the correla- 
tions between the skipping events (Longtin et al. 1994). 

0 Temporal properties (such as correlations) of the experimental spike 
trains, near and in the skipping regime, should be compared with 
those of the simulated spike trains discussed in our paper. Such 
analyses could include return maps of ISIs and spectral analyses. 

0 Externally imposed noise could alter the skipping behavior of the 
receptor (Section 8.1). These changes could be compared to those 
predicted by models. 

0 Multistability (Chay and Kang 1987; Canavier et al. 1993, Chay and 
Fan 1993) may underlie some of the observed variability in cold 
receptors. It is worthwhile investigating this possibility. 
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